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1. Introduction

Let X and Y be real topological vector spaces. Assume that D is a convex subset
of X and K is a convex cone in Y (i.e. K +K ⊂ K and tK ⊂ K for all t ≥ 0).
Denote by S(Y ) the family of all nonempty subsets of Y .
A set-valued map F : D → S(Y ) is called:
• K-convex, if, for all x1, x2 ∈ D and t ∈ [0, 1],

tF (x1) + (1− t)F (x2) ⊂ F (tx1 + (1− t)x2) +K; (1)

• K-concave, if, for all x1, x2 ∈ D and t ∈ [0, 1],

F (tx1 + (1− t)x2) ⊂ tF (x1) + (1− t)F (x2) +K; (2)

• K-midconvex (or K-Jensen convex), if (1) is assumed only for t = 1
2
, i.e.

F (x1) + F (x2)

2
⊂ F

(
x1 + x2

2

)
+K (3)

for all x1, x2 ∈ D;
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• K-midconcave, if

F

(
x1 + x2

2

)
⊂ F (x1) + F (x2)

2
+K (4)

for all x1, x2 ∈ D (cf. e.g. [1], [4], [5], [16], [19]).
Note that if F is K-convex with K = {0} then it is convex, that is its graph is a
convex subset of X × Y . If F is single-valued and Y is endowed with the relation
≤K of partial order defined by

x ≤K y ⇐⇒ y − x ∈ K,

then conditions (1) and (2) reduce to the following conditions:

F (tx1 + (1− t)x2) ≤K tF (x1) + (1− t)F (x2)

and tF (x1) + (1− t)F (x2) ≤K F (tx1 + (1− t)x2),

respectively. In particular, if Y = R and K = [0,∞), we obtain the standard
definitions of convex and concave functions. We say that a set-valued map F is
midconvex (midconcave) if it satisfies condition (3) (condition (4)) with K = {0}.
A set-valued map F : D → S(Y ) is said to be K-continuous at a point x0 ∈ D if
for every neighbourhood W of zero in Y there exists a neighbourhood U of zero
in X such that

F (x0) ⊂ F (x) +W +K and F (x) ⊂ F (x0) +W +K

for every x ∈ (x0 + U) ∩ D. In the case where K = {0} the K-continuity
means the continuity with respect to the Hausdorff topology on S(Y ). If K is a
normal cone (i.e. there exists a base W of neighbourhoods of zero in Y such that
W = (W −K) ∩ (W +K) for every W ∈ W) and F is a single-valued function,
then the K-continuity means continuity.
It is known that K-convex set-valued maps defined on an infinite-dimensional
space need not be K-continuous and K-midconvex set-valued maps may be dis-
continuous even if they are defined on an open interval in R. However their
K-continuity follows from other regularity assumptions, such as K-lower semi-
continuity at a point, K-upper boundedness on a set with a non-empty interior
(or on a set of positive Lebesgue measure, or on a second category set with the
Baire property), measurability, closedness of the epigraph, etc. (cf. e.g. [1], [5], [12],
[16], [17], [19], [20]).
In this paper we give some new results of this type which are tightly connected
with the following problem formulated by K. Baron and R. Ger in 1983.
Problem 1.1. [3, P239] Does the upper boundedness of an additive or midconvex
function on some universally measurable set which is not Haar-null imply the
continuity of the function?
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The notion of a Haar-null set was introduced by J. P. R. Christensen [6] in 1972.
More precisely, he defined a universally measurable subset B in an abelian Polish
group X to be Haar-null if there exists a σ-additive probability Borel measure µ
on X such that µ(B + x) = 0 for all x ∈ X. Moreover, he proved that in each
locally-compact abelian Polish group the notion of a Haar-null set is equivalent
to the notion of a set of Haar measure zero.
In 2013 U. B. Darji [7] introduced a subideal of the σ-ideal of meager sets in an
abelian Polish group, which is a topological analog to the σ-ideal of Haar-null sets.
Darji defined a Borel subset B of an abelian Polish group X to be Haar-meager if
there exists a continuous map f : K → X from a nonempty compact metric space
K such that for every x ∈ X the set f−1(B + x) is meager in K.
It turned out that Haar-null sets and Haar-meager sets have analogous properties
(see e.g. [8]–[11], [13]). One of them is the fact that in any non-locally compact
abelian Polish group there are two closed neither Haar-null nor Haar-meager sets
A,B whose sum A + B has empty interior (see [13], [14]). That is why Problem
1.1 is worth of extending to the case of a Borel set which is not Haar-meager.
The positive answer to Problem 1.1 has been recently given in [2] thanks to a new
concept of null-finite sets.
Recall that in a real linear metric space X a set A ⊂ X is called null-finite if there
exists a null-sequence (i.e. a sequence tending to zero) (xn)n∈N in X such that the
set {n ∈ N : x+ xn ∈ A} is finite for every x ∈ X.
The following crucial properties of null-finite sets have been proved in [2].
Theorem 1.2. [2, Theorems 5.1 and 6.1] Each Borel null-finite set in an abelian
Polish group is Haar-meager. Each universally measurable null-finite set in an
abelian Polish group is Haar-null.

In this paper we prove that every K-midconvex set-valued map which is par-
tially K-upper bounded on a non-null-finite subset of D, as well as every K-
midconcave set-valued map K-lower bounded on a non-null-finite subset of D,
has to be K-continuous. Consequently, we characterize additive set-valued maps
partially bounded on a non-null-finite set. Finally, using Theorem 1.2, we present
a positive answer to Problem 1.1 in the case of set-valued maps.

2. Preliminaries

We recall here some known facts which will be needed in the proof of our main
results.
Let X and Y be real (Hausdorff) topological vector spaces and D ⊂ X be an open
convex set. Denote by B(Y ), BC(Y ), C(Y ) and CC(Y ) the families of all nonempty
bounded subsets, nonempty bounded convex subsets, nonempty compact subsets
and nonempty compact convex subsets of Y , respectively.
It is well known that for any set A ⊂ D and s, t ∈ R we have (s+ t)A ⊂ sA+ tA
and, if A is convex and s, t ≥ 0, then (s+ t)A = sA+ tA.



566 E. Jabłońska, K. Nikodem / Set-Valued Maps ...

Lemma 2.1. [16, Lemmas 3.1, 4.1, Theorems 3.1, 4.1] Let F : D → S(Y ) be a
set-valued map. Then the following conditions hold:
(a) if F is K-midconvex, then

qF (x) + (1− q)F (y) ⊂ F (qx+ (1− q)y) +K

for all x, y ∈ D and all dyadic q ∈ [0, 1];
(b) if F is K-midconcave and convex-valued, then

F (qx+ (1− q)y) ⊂ qF (x) + (1− q)F (y) +K

for all x, y ∈ D and all dyadic q ∈ [0, 1];
(c) if F : D → C(Y ) is K-midconvex and K-continuous, then it is clK-convex;
(d) if F : D → CC(Y ) is K-midconcave and K-continuous, then it is clK-

concave.

A set-valued map F : D → S(Y ) is called:
• K-upper bounded on a set A ⊂ D, if there exists a bounded set B ⊂ Y such

that
F (x) ⊂ B −K for all x ∈ A;

• partially K-upper bounded on a set A ⊂ D, if there exists a bounded set
B ⊂ Y such that

F (x) ∩ (B −K) ̸= ∅ for all x ∈ A;

• K-lower bounded on a set A ⊂ D, if there exists a bounded set B ⊂ Y such
that

F (x) ⊂ B +K for all x ∈ A;

• partially K-lower bounded on a set A ⊂ D, if there exists a bounded set
B ⊂ Y such that

F (x) ∩ (B +K) ̸= ∅ for all x ∈ A.

Clearly, K-upper (lower) bounded set-valued maps are partially K-upper (lower)
bounded. Moreover, in the case when K = {0}, (partial) K-upper bounded-
ness and (partial) K-lower boundedness are equivalent assumptions, called simply
(partial) boundedness.
The following result of the Bernstein-Doetsch type will be useful in the sequel.
Lemma 2.2. [16, Corollary 3.3, Theorem 4.4] Let F : D → B(Y ) be a set-valued
map. If one of the following conditions holds:
(a) F is K-midconvex and partially K-upper bounded on some subset of D with

nonempty interior;
(b) F : D → BC(Y ) is K-midconcave and K-lower bounded on some subset of

D with nonempty interior,
then F is K-continuous on D.
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Remark 2.3. If a set-valued map F : D → B(Y ) is K-midconvex (K-midconcave,
respectively), x0 ∈ D and y0 ∈ F (x0), then the set-valued map F̃ : D−x0 → B(Y )
defined by

F̃ (x) := F (x+ x0)− y0, x ∈ D − x0,

is also K-midconvex (K-midconcave) and 0 ∈ F̃ (0). Moreover, F̃ is K-lower
bounded (partially K-upper bounded, respectively) on the set A− x0 if and only
if F is K-lower bounded (partially K-upper bounded) on A, and F̃ is K-continuous
on D− x0 if and only if F is K-continuous on D. We will use this observation in
the proofs of main results.

By the definition of K-midconvexity we get the following fact.
Lemma 2.4. If F : D → S(Y ) is K-midconvex and 0 ∈ F (0), then, for all x ∈ D

F (2x) ⊂ 2F (x) +K and 1

2
F (x) ⊂ F

(1
2
x
)
+K.

Now, let L be a convex cone in X. A set-valued map A : L → S(Y ) is called
additive if it satisfies the Cauchy functional equation A(x1 + x2) = A(x1) +A(x2)
for all x1, x2 ∈ L.
Each additive set-valued map A : L → S(Y ) is midconcave. If, moreover, F is
convex-valued, then it is midconvex (see [16, Remark 5.1.]).
A set-valued function A : L → S(Y ) is said to be linear, if it is additive and
A(tx) = tA(x) for all x ∈ L and t ∈ (0,∞).
Lemma 2.5. [16, Theorem 5.3.] If a set-valued function A : L → CC(Y ) is addi-
tive and continuous, then it is linear.

3. Main results

Theorem 3.1. Let X and Y be real linear metric spaces with invariant metrics.
Assume that D is an open convex subset of X, A ⊂ D is a set which is not
null-finite and clA ⊂ D, and K is a convex cone in Y . If a set-valued map
F : D → B(Y ) is K-midconvex and partially K-upper bounded on A, then F is
K-continuous on D. If, moreover, all values of F belong to C(Y ), then F is
clK-convex.

Proof. Let F be K-midconvex and partially K-upper bounded on A. Without
loss of generality we may assume that 0 ∈ D and 0 ∈ F (0) (cf. Remark 2.3).
Since F is partially K-upper bounded on A, there exists a bounded set B ⊂ Y
such that F (x) ∩ (B −K) ̸= ∅ for every x ∈ A. Define

B̃ :=
⋃

t∈[0,1]

tB. (5)
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Clearly, B̃ is also bounded and B̃ ⊂ pB̃ for every p ≥ 1. Moreover,

F (x) ∩ (B̃ −K) ̸= ∅, x ∈ A. (6)

Suppose, contrary to our claim, that F is not K-continuous on D. Then, in view
of Lemma 2.2, F is not partially K-upper bounded on any set with nonempty
interior. In particular, F is not partially K-upper bounded on any neighbourhood

Un :=
1

4n
BX ∩ 1

2n
D ∩

(
− 1

2n
D

)
, n ∈ N, (7)

where BX denotes the open unit ball in X. Therefore, for every n ∈ N and the
bounded set B̃ + BY , where BY is the open unit ball in Y , there exists xn ∈ Un

such that
F (xn) ∩ (B̃ +BY −K) = ∅. (8)

Since xn ∈ 1
2n
D, 2kxn ∈ D for every k ≤ n. Moreover, ρX(2kxn, 0) ≤ 2kρX(xn, 0) ≤

1
2n

, which means that the sequence (2nxn)n∈N is a null-sequence in X (ρX denotes
here the metric in X). The set A is not null-finite, so there exists a ∈ X such that
the set Ω := {n ∈ N : a + 2nxn ∈ A} is not finite. Then a ∈ clA ⊂ D. Choose
k ∈ N so large that 2−k+1a ∈ −D (such number k exists as −D is a neighborhood
of 0). By (6) we have

F (a+ 2nxn) ∩ (B̃ −K) ̸= ∅, n ∈ Ω,

and hence, using the fact that B̃ ⊂ 2nB̃, also

F (a+ 2nxn) ∩ (2nB̃ −K) ̸= ∅, n ∈ Ω. (9)
Observe now that for every number n ∈ Ω, n > k, by Lemma 2.1 we have

F (2n−kxn) +K = F

(
−2−k+1a

2
+

2−k+1a+ 2n−k+1xn

2

)
+K

⊃ 1

2
F (−2−k+1a) +

1

2
F (2−k+1a+ 2n−k+1xn).

Hence, using Lemma 2.4 and the fact that K is a cone, and multiplying both sides
by 2k, we get

2nF (xn) +K ⊃ 2k−1F (−2−k+1a) + F (a+ 2nxn). (10)

Since the set C := 2k−1F (−2−k+1a) is bounded, we can take n0 ∈ Ω, n0 > k, such
that 2−n0C ⊂ BY . By (9) there exist b ∈ B̃ and k ∈ K such that

2n0b− k ∈ F (a+ 2n0xn0).

From here, using (10) we have

2n0b− k + C ⊂ 2n0F (xn0) +K,
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and hence
b+ 2−n0C ⊂ F (xn0) +K. (11)

On the other hand
b+ 2−n0C ⊂ B̃ +BY . (12)

Condition (11) is contrary to (12) because, in view of (8),

(F (xn0) +K) ∩ (B̃ +BY ) = ∅.

Thus F is K-continuous on D. If, moreover, F : D → C(Y ), then, by Lemma 2.1,
F is also clK-convex. This finishes the proof.

Now, using a similar method as in the proof of Theorem 3.1, we will prove an
analogous result for K-midconcave set-valued maps. Note, however, that this
result can not be obtained as a consequence of Theorem 3.1. Namely, the fact
known for single-valued functions: “f is concave if and only if −f is convex”,
does not hold for set-valued maps. Therefore, even if some properties of K-convex
and K-concave set-valued maps are analogous, they have to be proved separately.
Theorem 3.2. Let X and Y be real linear metric spaces with invariant metrics.
Assume that D is an open convex subset of X, A ⊂ D is a set which is not
null-finite and clA ⊂ D, and K is a convex cone in Y . If a set-valued map
F : D → BC(Y ) is K-midconcave and K-lower bounded on A, then F is K-
continuous on D. If, moreover, all values of F belong to CC(Y ), then F is
clK-concave.

Proof. Let F be K-midconcave and K-lower bounded on A. In view of Remark
2.3, without loss of generality we may assume that 0 ∈ D.
Since F is K-lower bounded on A, there exists a bounded set B ⊂ Y such that

F (x) ⊂ B +K ⊂ B̃ +K for each x ∈ A, (13)

where B̃ is given by (5).
For the proof by contradiction suppose that F is not K-continuous on D. Then,
in view of Lemma 2.2, F is not K-lower bounded on any neighbourhood Un given
by (7). Thus, for every n ∈ N and the bounded set B̃ + BY + F (0) there exists
xn ∈ Un such that

F (xn) ̸⊂ B̃ +BY + F (0) +K. (14)

Since the sequence (2nxn)n∈N is a null-sequence in X and the set A is not null-
finite, there exists a ∈ X such that the set Ω := {n ∈ N : a + 2nxn ∈ A} is not
finite. Then a ∈ clA ⊂ D. Choose k ∈ N so large that 2−k+1a ∈ −D. According
to (13) we have

F (a+ 2nxn) ⊂ B̃ +K ⊂ 2nB̃ +K, n ∈ Ω. (15)
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By the K-midconcavity of F , for every number n ∈ Ω, n > k,

F (2n−kxn) ⊂
1

2
F (−2−k+1a) +

1

2
F

(
a+ 2nxn

2k−1

)
+K

and, in view of Lemma 2.1,

F

(
a+ 2nxn

2k−1

)
⊂ 1

2k−1
F (a+ 2nxn) +

(
1− 1

2k−1

)
F (0) +K.

Hence, since K is a cone,

F (2n−kxn) ⊂
1

2
F (−2−k+1a) +

1

2k
F (a+ 2nxn) +

(
1

2
− 1

2k

)
F (0) +K.

Consequently, in view of Lemma 2.1,

F (xn) ⊂
1

2n−k
F (2n−kxn) +

(
1− 1

2n−k

)
F (0) +K

⊂ 2k−n−1F (−2−k+1a) + 2−nF (a+ 2nxn) + (1− 2−n − 2k−n−1)F (0) +K.

Now, setting C := 2k−1F (−2−k+1a) + (−2k−1 − 1)F (0), according to (15) we get

F (xn) ⊂ 2−nC + 2−nF (a+ 2nxn) + F (0) +K ⊂ 2−nC + B̃ + F (0) +K. (16)

Since C is bounded, we can take n0 ∈ Ω, n0 > k, such that 2−n0C ⊂ BY . Then,
by (16),

F (xn0) ⊂ BY + B̃ + F (0) +K

which contradicts (14).
Thus F is K-continuous on D. By Lemma 2.1, if F : D → CC(Y ), then it is also
clK-convex. This ends the proof.

Remark 3.3. In the above theorem the assumption that F is K-lower bounded
on A can not be replaced by the weaker assumption that F is partially K-lower
bounded on A. For instance, if a : R → R is a discontinuous additive function and
K = [0,∞), then the set-valued map F : R → BC(R) defined by

F (x) = [−|a(x)|, 0 ] , x ∈ R,

is K-midconcave and partially K-lower bounded on the whole R, but it is not
K-continuous. Clearly, F is not K-lower bounded on any “large” set.

Since additive set-valued maps with convex values are midconvex, from Theorem
3.1 (for K = {0}) and Lemma 2.5, we obtain the continuity and linearity of such
maps under the assumption that they are partially bounded on a ”large” set.
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Theorem 3.4. Let X and Y be real linear metric spaces with invariant metrics.
Assume that L is an open convex cone in X, A ⊂ L is a set which is not null-finite
and clA ⊂ L. If F : L → BC(Y ) is an additive set-valued map partially bounded
on A, then it is continuous on L. If, moreover, all values of F are in CC(Y ), then
F is linear.

The above theorem generalizes Theorem 5.1 from [16], where an analogous result
is proved for additive set-valued maps bounded on a set with a nonempty interior.
In the same way as in the proofs of Corollaries 11.3 and 11.4 in [2], we can show
that each Borel non-Haar meager set A ⊂ D (universally measurable non-Haar
null set A ⊂ D, respectively) contains a subset B such that clB ⊂ D and B is
also a Borel non-Haar-meager set (a universally measurable non-Haar-null set).
Therefore, using Theorem 1.2 and Theorem 3.1, we obtain the following set-valued
counterparts of the classical results of A. Ostrowski [18] and M.R. Mehdi [15].
Corollary 3.5. Let X be a real linear Polish space and Y be a real linear metric
space with an invariant metric. Let D be an open convex subset of X and K be a
convex cone in Y . Assume that A ⊂ D is either a non-Haar-null universally mea-
surable set or a non-Haar-meager Borel set. If F : D → B(Y ) is a K-midconvex
set-valued map partially K-upper bounded on A, then F is K-continuous on D.

Analogous results, under the assumptions that X = Rn and A is a set of positive
Lebesgue measure, or X is a real topological vector space and A is a second
category set with the Baire property, were obtained in Theorems 3.5 and 3.6 in
[16].
Similarly, using Theorem 3.2, we get a counterpart of Theorems 4.8 and 4.9 in
[16].
Corollary 3.6. Let X be a real linear Polish space and Y be a real linear metric
space with an invariant metric. Let D be an open convex subset of X and K be a
convex cone in Y . Assume that A ⊂ D is a universally measurable set which is
not Haar-null (or a Borel set which is not Haar-meager). If F : D → BC(Y ) is
a K-midconcave set-valued map K-lower bounded on A, then F is K-continuous
on D.

Corollaries 3.5 and 3.6 answer Problem 1.1 in the case of K-midconvex (K-
midconcave) set-valued maps. The solution of Problem 1.1 in the case of additive
set-valued maps we obtain by Theorems 1.2 and 3.4.
Corollary 3.7. Let X be a real linear Polish space and Y be a real linear metric
space with an invariant metric. Let L be an open convex cone in X. Assume that
A ⊂ L is either a non-Haar-null universally measurable set or a non-Haar-meager
Borel set. If F : D → BC(Y ) is an additive set-valued map partially bounded on
A, then F is continuous on L.
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