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A generalization of the Dominance Theorem of Ky Fan on the unitarily invariant norm is ob-
tained in the content of Eaton triple. The results of Zietak on the characterization of the set of
dual matrices of a given matrix and the faces of the unit ball, both with respect to a unitarily
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matrix A with respect to a unitarily invariant norm is related to the subdifferential of the norm
at A. A generalization of So’s characterization of the extreme points of the unit ball is given.

Keywords: Ky Fan’s Dominance Theorem, Eaton triple, unitarily invariant norm, extreme point,
unit ball.

2010 Mathematics Subject Classification: 90C31, 15A18

1. Introduction

Let G be a closed subgroup of the orthogonal group O(V ) on a finite dimensional
real inner product space V . So G is compact. The triple (V,G, F ) is called an
Eaton triple if there exists a nonempty closed convex cone F ⊂ V such that
(A1) Gx ∩ F is nonempty for each x ∈ V .
(A2) maxg∈G(x, gy) = (x, y) for all x, y ∈ F .
It follows from (A2) that Gx ∩ F is a singleton set. Now, for each x ∈ V , define
ψF : V → F by ψF (x) = gx ∈ Gx ∩ F . Clearly the function ψF : V → F is
idempotent, that is, ψ2

F = ψF . From now on we will denote the sole element of
Gx ∩ F by ψF (x). The notion of Eaton triple was first introduced by Eaton [4,
p. 155] in 1987. See [4, p. 157–158] for examples. The Eaton triple (W,H,F ) is
called a reduced triple of the Eaton triple (V,G, F ) if it is an Eaton triple and
W := spanF and H := {g|W : g ∈ G, gW = W} ⊂ O(W ) [23]. It is known that
H is a finite reflection group [17]. See [9] for basic principles of finite reflection
groups. We denote the convex hull of the underlying set S by convS. Niezgoda
∗Corresponding author.
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[17, Theorem 3.2, p. 21] obtained the following characterization of Eaton triples
with reduced triples.
Theorem 1.1. (Niezgoda, 1998) Let V be a finite dimensional real inner product
space and let G be a closed subgroup of O(V ). Suppose that (V,G, F ) is an Eaton
triple. Set W := spanF and H := {g|W : g ∈ G, gW = W} ⊂ O(W ) (with respect
to the induced inner product). Then the following conditions are equivalent.
(1) For any x, y ∈ W , y ∈ conv (Gx) if and only if y ∈ conv (Hx).
(2) (W,H,F ) is a reduced Eaton triple of the Eaton triple (V,G, F ).
(3) For any x ∈ V , π(x) ∈ conv (HψF (x)), where π : V → W is the orthogonal

projection onto W .
In addition, if any of the above conditions holds, then H is a finite reflection
group.

The finite reflection group G is said to be essential relative to V if V0 = {0}. In
this case, F = {

∑n
i=1 ciλi : ci ≥ 0}. The space V is said to be irreducible if V

contains no proper G-invariant subspace.
We now mention some examples from matrix theory.
Example 1.2. Let V = Hn be the space of n× n Hermitian matrices with inner
product

(X,Y ) = tr (XY ), X, Y ∈ Hn.

Let G = Ad (U(n)) be the group of the adjoint action (conjugation) of the unitary
group U(n) on Hn, that is, Ad (U)(H) = UHU∗ for all U ∈ U(n). By the spectral
theorem for Hermitian matrices, for each H ∈ Hn there is a U ∈ U(n) such that

UHU∗ = diag (λ1, λ2, . . . , λn),

where λ1 ≥ λ2 ≥ · · · ≥ λn are the eigenvalues of H. Let

F := {diag (h1, h2, . . . , hn) : h1 ≥ h2 ≥ · · · ≥ hn}

be the set of diagonal matrices in Hn with diagonal elements arranged in non-
increasing order. This ensures that (A1) is satisfied. By a result of Ky Fan
[22, Corollary 1.6, p. 4–5]: for any two n × n Hermitian matrices A and B with
eigenvalues α1 ≥ · · · ≥ αn, β1 ≥ · · · ≥ βn,

max {tr (AUB∗U∗) : U ∈ U(n)} =
n∑
i=1

αiβi,

(A2) is satisfied. Let W = spanF , the set of diagonal matrices. Then (V,G, F )
is an Eaton triple with reduced triple (W,Sn, F ). Sn is not essential relative to
W since W0 = span {In} is the set of fixed points under the action of Sn. If we
identify W with Rn, then the simple roots [25] are αi = ei−ei+1, i = 1, . . . , n−1,
where {ei} is the standard basis of Rn. The corresponding λi are

λi =
i∑

k=1

ek, i = 1, . . . , n− 1.
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Example 1.3. Take V = o(n), the space of n× n real skew symmetric matrices
with inner product (X,Y ) = tr (XY T ) for all X,Y ∈ Kn. Let G = Ad (O(n)) be
the adjoint action (conjugation) of the orthogonal group O(n) on o(n), that is,
Ad (U)(H) = UHUT for all U ∈ O(n). By the spectral theorem for n × n real
skew symmetric matrices, for each H ∈ o(n) there is a U ∈ O(n) such that

UHUT =



[
0 D

−D 0

]
if n = 2m

[
0 D

−D 0

]
⊕ 0 if n = 2m+ 1,

where D = diag (λ1, λ2, . . . , λm) with λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 0. Of course
±iλ1,±iλ2, . . . ,±iλn are the eigenvalues of H (0 is included if n = 2m+ 1). Let

F :=

{[
0 D

−D 0

]
: h1 ≥ h2 ≥ · · · ≥ hm ≥ 0

}
if n = 2m,

F :=

{[
0 D

−D 0

]
⊕ 0 : h1 ≥ h2 ≥ · · · ≥ hm ≥ 0

}
if n = 2m+ 1,

in which D = diag (h1, h2, . . . , hm). Again this ensures that (A1) is satisfied by
the spectral theorem for real skew symmetric matrices, and (A2) is satisfied by
the result of Ky Fan [22, Corollary 1.6, p. 4–5]. Let W = spanF . Then (V,G, F )
is an Eaton triple with reduced triple (W,Sn, F ) if we view Sn as acting on D.

The following example will yield the results of Ky Fan and Zietak via our results.
Example 1.4. Let Cp×q denote the space of p×q complex matrices equipped with
the inner product (A,B) = Re (tr (AB∗)). For definiteness we assume p ≤ q. Let
G be the group of action of U(p) × U(q) on Cp×q defined by A 7→ UAV , where
U ∈ U(p), V ∈ U(q). By the singular value decomposition, for any A ∈ Cp×q, there
exist U ∈ U(p), V ∈ U(q) such that A = UΣV , where Σ = diag (s1(A), . . . sp(A))
and s1(A) ≥ s2(A) ≥ · · · ≥ sp(A) are the singular values of A. Thus (A1) is
satisfied. If F is the cone of p× q real “diagonal” matrices with diagonal entries
in nonincreasing order, and A,B ∈ F , then clearly (A,B) =

∑p
i=1 si(A)si(B). By

a well-known result of von Neumann [26],

max {Re (tr (A(UBV )∗)) : U ∈ U(p), V ∈ U(q)} =

p∑
i=1

si(A)si(B).

This shows that (A2) is satisfied if (A, gB) = Re (tr (A(UBV )∗)), where g :=
(U, V ). Thus (Cp×q, G, F ) is an Eaton triple with reduced triple (W,H,F ), where
W is the space of p × q real “diagonal” matrices and F is the cone of p × q real
“diagonal” matrices with diagonal entries in nonincreasing order. Here H is the
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group that permutes the diagonal entries of Σ ∈ W and changes signs. If we
identify W with Rp, then the simple roots are

αi = ei − ei+1, i = 1, . . . , p− 1, αp = ep,

and the dual basis consists of

λi =
i∑

k=1

ek, i = 1, . . . , p− 1. λp =
1

2

p∑
k=1

ek.

In the coming sections, the notions of Eaton triples and finite reflection groups
are used to extend some results. In Section 2, we extend Ky Fan’s Dominance
Theorem [6]. In Sections 3 and 4 some results of Zietak on the characterization
of dual matrices and on the facial structure of the unit ball are generalized. In
Section 5, a result of So is extended.
Remark 1.5. In [13], Lewis introduced the notion of normal decomposition sys-
tem (V,G, γ) for the study of optimization and programming problems, where V
is a real inner product space and G is a closed subgroup of O(V ) and the map
γ : V → V has the following properties:
(1) γ is idempotent, i.e., γ2 = γ;
(2) γ is G-invariant, i.e., γ(gx) = γ(x) for all x ∈ V

(3) for any x ∈ V , there is g ∈ G such that x = gγ(x).
(4) if x, y ∈ V , then (x, y) ≤ (γx, γy) with equality if and only if x = gγ(x) and

y = gγ(y) for some g ∈ G.
By Theorem 2.4 of [13], the range of γ is a closed convex cone and we denote it by
F . Thus a normal decomposition system (V,G, γ) gives an Eaton triple (V,G, F ).
Conversely if (V,G, F ) is an Eaton triple, then there exists a unique operator
γ : V → F satisfying the above four conditions [17, p. 14] except the equality case.
The reduced triple is almost identical to the normal decomposition (sub)system
[14, Assumption 4.1] while the difference is only the equality case. It is interesting
to notice that the Eaton triple arose from probability while normal decomposition
arises from optimization and programming.

2. Generalization of Ky Fan’s Dominance Theorem

A norm ‖ · ‖ : Cp×q → R is said to be unitarily invariant if ‖UAV ‖ = ‖A‖
for all A ∈ Cp×q, U ∈ U(p) and V ∈ U(q). The characterization of unitarily
invariant norms is well-known and is due to von Neumann [26, 1]. The Ky Fan
k-norms ‖ · ‖k : Cp×q → R, defined by ‖A‖k =

∑k
i=1 si(A), for k = 1, ..., r, where

s1(A) ≥ · · · ≥ sr(A) are the singular values of A where r = min{p, q}. Among
the unitarily invariant norms, they are probably the most important ones due to
the following result of Ky Fan [6], which is what we will generalize.
Theorem 2.1. (Ky Fan’s Dominance Theorem, 1951) Let A,B ∈ Cp×q. Then
‖A‖ ≤ ‖B‖ for all unitarily invariant norms if and only if ‖A‖k ≤ ‖B‖k for all
k = 1, . . . , r where r = min{p, q}.
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To prove the extension, we recall a generalization of a result of Horn and Mathias
[7] on the unitarily invariant norms, due to Tam and Hill [24]. Horn and Mathias
proved that there is a compact set C ⊂ Rr

+↓:= {(a1, . . . , ar) : a1 ≥ · · · ≥ ar ≥ 0},
where r = min{p, q}, such that

‖X‖ = max{‖X‖α : α ∈ C} for all X ∈ Cp×q.

Here ‖X‖α =
∑r

i=1 αisi(X), α ∈ Rr
+ ↓, in which s1(X) ≥ · · · ≥ sr(X) ≥ 0

are the singular values of X (the nonnegative square roots of the eigenvalues of
X∗X or XX∗), and is called the generalized spectral norm if α 6= 0. Indeed,
C may be taken as C = {(s1(A), . . . , sr(A)) : ‖A‖D ≤ 1, A ∈ Cp×q} where
‖A‖D = max∥X∥≤1 |tr (AX∗)| is the dual norm of A. The Horn-Mathias quasi-
linear representation of unitarily invariant norms indicates the importance of the
generalized spectral norm.
Let V be a real Euclidean space with inner product (·, ·). Then the dual norm
‖ · ‖D : V → R of a norm ‖ · ‖ : V → R is defined as

‖A‖D = max
∥X∥≤1

(A,X),

that is, the dual norm of A is simply the norm of the linear functional induced by
A. It is clear that

‖A‖D = max
∥X∥=1

(A,X), ‖ · ‖ = ‖ · ‖DD.

It is easy to see that ‖ · ‖ is G-invariant if and only if ‖ · ‖D is G-invariant.
Let (V,G, F ) be an Eaton triple. For any nonzero α ∈ F , we define

fα(A) = (α, ψF (A)).

Though fα is G-invariant, since fα(gA) = (α, ψF (gA)) = (α, ψF (A)) for all g ∈ G,
it is not necessarily a norm. The criteria for fα being a norm are given in the
following theorem obtained by Tam and Hill [24].
Theorem 2.2. (Tam and Hill, 2001) Let (V,G, F ) be an Eaton triple with reduced
triple (W,H,F ). Suppose that H ∼= H0 ×H1 × · · · ×Hk is a decomposition of H
into its irreducible components where Hi = H|Wi

, with H0 = {id}, i = 1, . . . , k,
and W = W0+W1+ · · ·+Wk is an orthogonal direct sum. Let α ∈ F be a nonzero
vector. Then ‖ · ‖α : V → R defined by ‖x‖α = (α, ψF (x)) is a norm if and only
if H is essential relative to W , πi(α) 6= 0, where πi : W → Wi is the orthogonal
projection onto Wi, for all i = 1, . . . , k, and ω0(α) = −α where ω0 is the longest
element of H.

One can extend the definition of fα to nonzero B ∈ V : fB(A) = (ψF (B), ψF (A)).
In other words, α = ψF (B). By (A2), fB(A) = maxg∈G(A, gB).
Theorem 2.3. (Tam and Hill, 2001) Let ‖ · ‖ be a G-invariant norm on V where
(V,G, F ) is an Eaton triple. Let C = {ψF (A) : ‖A‖D ≤ 1, A ∈ V } ⊂ F , a
compact set. Then

‖X‖ = max{fα(X) : α ∈ C}, for all X ∈ V.
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We are now ready to prove the following generalization of Ky Fan’s result.
Proposition 2.4. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F )
such that H is essential relative to W . Let A,B ∈ V . If fλi(A) ≤ fλi(B) for all
i = 1, . . . n, then φ(A) ≤ φ(B) for all G-invariant norms φ.

Proof. Let φ be a G-invariant norm. By Theorem 2.3 there exists a compact
set C such that φ(A) = maxα∈C fα(A). Since C is compact, the maximum must
be attained at some α ∈ C. Since C ⊂ F and H is essential relative to W ,
α =

∑n
i=1 ciλi, where ci ≥ 0 for all i = 1, . . . , n. Thus

φ(A) = (
n∑
i=1

ciλi, ψF (A)) =
n∑
i=1

cifλi(A)

≤
n∑
i=1

cifλi(B) = (α, ψF (B)) ≤ φ(B).

Example 2.5. Theorem 2.4 yields Ky Fan’s Dominance Theorem via Exam-
ple 1.4, where H is essential relative to W . It is not the case for Example
1.2 in which the symmetric group Sn is not essential relative to W . If A =
diag ( 1

n−1
, . . . , 1

n−1
,−1) and B = diag (1, 0, . . . , 0), then fλi(A) = i

n−1
≤ 1 =

fλi(B) for all i = 1, . . . , n− 1 which means the first largest n− 1 eigenvalues of A
are majorized by the first largest n− 1 eigenvalues of B and indeed it is the case.
However, ‖A‖n = 2 > 1 = ‖B‖n. Theorem 2.4 applies for the traceless case of
Example 1.2 for if the eigenvalues of a traceless Hermitian A are majorized by the
eigenvalues of a traceless Hermitian B, then the absolute values of the eigenvalues
of A are weakly majorized by the absolute values of the eigenvalues of B [1, p. 42].
Thus ‖A‖n ≤ ‖B‖n and Theorem 2.4 says so.

Remark 2.6. In Theorem 2.4, the condition that H is essential relative to W is
necessary. If W0 6= {0}, then choose A,B ∈ W0 with A 6= B. Since A,B ∈ W0,
ψF (A) = A, ψF (B) = B and thus fλi(A) = fλi(B) = 0 for all i = 1, . . . , n.
Consider the G-invariant norm φ(A) = (A,A)1/2 and we have φ(A) 6= φ(B). The
condition fλi(A) ≤ fλi(B) for all i = 1, . . . n, amounts to ψF (A) ∈ conv (HψF (B)),
or equivalently, ψF (B)− ψF (A) ∈ dualWF [24].
Though fλi is a convex G-invariant function, it may not be a norm. If fλi ,
i = 1, . . . , n, are norms, then the converse of Theorem 2.4 is clearly true. The
necessary and sufficient condition for fλ being a norm is given in Theorem 2.2.
That −1 ∈ H is a sufficient condition and holds for the case Cp×q which yields
Ky Fan’s Dominance Theorem.

Due to the importance of the functions fλi , i = 1, . . . , n, we want to compute the
dual of fλi , i = 1, . . . , n, when they are norms.
Theorem 2.7. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ).
Suppose W is irreducible. If fλi : V → R defined by fλi(x) = (ψF (x), λi), x ∈ V ,
i = 1, . . . , n, are norms, then fDλk(x) = max

j=1,...,n
(ψF (x), λj)/(λk, λj), for all x ∈ V.
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Proof. Since fDλk isG-invariant, we may assume x ∈ F . Now fDλk(x) = max{(x, y):
fλk(y) = 1} and by (A2) we may assume y ∈ F . By Theorem 2.2, H is essential
relative to W and thus y =

∑n
j=1 cjλj for some cj ≥ 0. So

fDλk(x) = max{
n∑
j=1

cj(x, λj) :
n∑
j=1

cj(λk, λj) = 1, cj ≥ 0, j = 1, . . . , n}.

Let (dkj) be the inverse of the Cartan matrix (〈αi, αj〉). Since λk =
∑n

j=1 dkjαj,
where dkj > 0 for all k, j [8, p. 72], (λk, λj) = dkj(αj, αj)/2 > 0, and the set
S = {

∑n
j=1 cjλj :

∑n
j=1 cj(λk, λj) = 1} is an affine hyperplane. The intersection

S ∩ F is evidently a convex set. Since fλk(y) = 1, y ∈ S. Hence y ∈ S ∩ F . Each
y =

∑n
j=1 cjλj ∈ S ∩ F can be rewritten explicitly as

∑n
j=1 cj(λk, λj)[λj/(λk, λj)],

a convex combination of λj/(λk, λj). So we have

(x, y) = (x,
n∑
j=1

cjλj) = (x,
n∑
j=1

cj(λk, λj)[λj/(λk, λj)])

=
n∑
j=1

cj(λk, λj)(x, λj/(λk, λj))

≤
n∑
j=1

cj(λk, λj)(x, λi/(λk, λi)) = (x, λi/(λk, λi))

for some i = 1, . . . , n. Thus the maximum is attained among cjλj such that
cj(λk, λj) = 1, j = 1, . . . , n. Therefore

fDλk(x) = max{(x, y) : fλk(y) = 1}

= max{(x,
n∑
j=1

cj(λk, λj)[λj/(λk, λj)]) :
n∑
j=1

cj(λk, λj) = 1}

= max
j=1,...,n

(x, λj)/(λk, λj).

Example 2.8. With respect to Example 1.4 and p = q = n, the symmetric
matrix ((λk, λj)) is:

Λ =



1 1 1 1 · · · 1 1
2

1 2 2 2 · · · 2 1
1 2 3 3 · · · 3 3

2

1 2 3 4 · · · 4 2
· · · · · · · · ·

1 2 3 4 · · · n− 1 n−1
2

1
2

1 3
2

2 · · · n−1
2

n
4


Direct observation leads to the conclusions that fDλn(A) = 2fλ1(A) = 2s1(A) and

fDλk(A) = max{fλ1(A), 2fλn(A)/k} = max{s1(A), (
n∑
i=1

si(A))/k}

whenever k ≤ n − 1. So the dual of the Ky Fan k-norm is, following [1, p. 90],
max{s1(A), (

∑n
i=1 si(A))/k}, k = 1, . . . , n.
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The irreducible root systems associated with the finite reflection groups are well
known [9]. One can readily compute the dual norms of fλj , j = 1, . . . , n. We need
the following lemma to prove our next result which is a slight extension of the
previous theorem.
Lemma 2.9. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ) such
that H is essential relative to W , H ∼= H1×· · ·×Hr is a decomposition of H into
its irreducible components, where Hi = H|Wi

, with H0 = {id}, i = 1, . . . , r, and
W = W1 + · · ·+Wr is an orthogonal direct sum so that F = F1 + · · ·+ Fr. Then
(Vj, Gj, Fj) is an Eaton triple with reduced triple (Wj, Hj, Fj) where Vj := GFj
and Gj := G|Vj , j = 1, . . . , r.

Proof. We first establish that Vj = GFj is a subspace of V . By (A1),

V = GF = G(F1 + · · ·+ Fr) = GF1 + · · ·+GFr

⊂ spanGF1 + · · ·+ spanGFr ⊂ V.

Since GFk ⊥ GFl if k 6= l, we conclude that spanGFi = GFi, and thus Vi = GFi
is a subspace.
Clearly Gj = G|Vj is well defined, that is, G leaves Vj invariant for all j since
GVj = GGFj = GFj = Vj. Moreover Gj is a group. Thus Vj = GFj = GjFj since
Fj ⊂ Vj. Hence (A1) is satisfied for (Vj, Gj, Fj). To see (A2), let x, y ∈ Fj ⊂ F .
Since Gj contains the identity,

max
g∈G

(x, gy) ≥ max
g∈Gj

(x, gy) ≥ (x, y) = max
g∈G

(x, gy).

The last equality is due to (A2) for (V,G, F ). Therefore, (x, y) = maxg∈Gj
(x, gy),

and (A2) is satisfied. Since (Wj, Hj, Fj) is an irreducible Eaton triple for j =
1, . . . , r [24, p. 105], we have Wj = spanFj ⊂ Vj. We need to show that Hj =
{g|Wj

: g ∈ Gj, gWj = Wj}. Now

Hj = H|Wj
= {h ∈ H : hWj = Wj, h|Wk

= id, k 6= j}
= {h = g|W : g ∈ G, gW = W, h|Wj

Wj = Wj, h|Wk
= id, k 6= j}

=

{
h = (g1 × · · · × gr)|W1+···+Wr :

gj ∈ Gj, gjWj = hWj = Wj,

h|Wk
= id, k 6= j

}
= {gj|Wj

: gj ∈ Gj, gjWj = Wj}.

Hence (Wj, Hj, Fj) is a reduced triple of (Vj, Gj, Fj).
Proposition 2.10. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ).
Suppose that H ∼= H1 × · · · × Hr is a decomposition of H into its irreducible
components, where Hi = H|Wi

, with H0 = {id}, i = 1, ..., r, and W = W1+· · ·+Wr

is an orthogonal direct sum so that F = F1 + · · ·+ Fr. Let {αj,1, . . . , αj,nj
} be the

simple roots for Hj, j = 1, . . . , r. Suppose fλj,k : V → R, 1 ≤ j ≤ r, 1 ≤ k ≤ nj
defined by fλj,k(x) = (λj,k, ψF (x)) is a norm. Then

fDλj,k(x) = max
t=1,...,nj

(ψFj
(x), λj,k)/(λj,k, λj,t), for all x ∈ V.
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Proof. Apply Lemma 2.9 to (V,G, F ). Then apply Theorem 2.7 on each Eaton
triple (Vj, Gj, Fj) with reduced triple (Wj, Hj, Fj).

We remark that the assumption that H is essential relative to W in Theorem 2.10
is necessary for each fλj,k being a norm. See Theorem 2.2.

3. Dual elements and facial structure

Motivated by [29] we introduce the notion of the φ-dual elements to A ∈ V ,
where φ : V → R is a norm (not necessarily G-invariant): An element K ∈ V
with φ(K) ≤ 1 is said to be a φ-dual element to A if φD(A) = (A,K). It is
clear that if A 6= 0, then the φ-dual elements K of A are in the unit sphere
Sφ = {A ∈ V : φ(A) = 1}. The set of φ-dual elements to A is a compact convex
set (possibly empty) and is denoted by DV (A : φ), that is,

DV (A : φ) := {K ∈ V : φD(A) = (A,K), φ(K) ≤ 1}.

If A 6= 0, then DV (A : φ) := {K ∈ V : φD(A) = (A,K), φ(K) = 1}. Clearly,
DV (αA : φ) = DV (A : φ) for any α > 0 and DV (αA : φ) = −DV (A : φ) for any
α < 0. We will denote by Bφ = {A ∈ V : φ(A) ≤ 1} the unit ball in V associated
with the norm φ. Clearly DV (0 : φ) = Bφ. A norm φ : V → R is said to be
strictly convex if X1, X2, X := 1

2
(X1 + X2) ∈ Sφ implies X1 = X2 = X. For

example, the Schatten p-norms, 1 < p < ∞, are strictly convex. We remark that
DV (A : φ) ⊂ Sφ is a singleton set if A 6= 0 and φ is strictly convex.
Given a norm φ on V 6= {0}, a convex set F ⊂ Bφ is called a face of Bφ if B,C ∈ F
whenever αB + (1 − α)C ∈ F for some 0 < α < 1, and B,C ∈ Bφ [29]. In other
words, every closed line segment in Bφ with a relative interior point in F has both
endpoints in F [19, p. 162]. The empty set and Bφ itself are faces of Bφ, known as
the trivial faces. Extreme points of Bφ are simply zero-dimensional faces of Bφ.
Since Bφ is compact, so are its faces [19, Corollary 18.11]. A nontrivial face F is
called an maximal face of Bφ if there are no other nontrivial faces of Bφ containing
F properly.
Example 3.1. (1) Consider V = R3 equipped with the max norm φ. Then Bφ

is simply the unit cube. The nontrivial faces of Bφ are the corners, the edges
(notice that the faces of a face of Bφ are faces of Bφ) and the walls. The walls
are the maximal faces.
(2) Consider V = R3 equipped with the 2-norm φ. Then Bφ is simply the usual
unit ball. The points on the unit sphere are the extreme points and there are no
other nontrivial faces. This is true for any strictly convex norm φ on a vector
space V and [21, Theorem 2] is merely a particular case.

Example 3.2. Let φ be a norm (not necessarily G-invariant) on V . Note that
each DV (A : φ), A 6= 0, is a face of Bφ: if αK1 + (1 − α)K2 ∈ DV (A : φ) ⊂ Sφ,
0 < α < 1, and K1, K2 ∈ Sφ,

φD(A) = (A,αK1 + (1− α)K2) = α(A,K1) + (1− α)(A,K2) ≤ φD(A),

since (A,Ki) ≤ φD(A)φ(Ki) ≤ φD(A). Thus (A,Ki) = φD(A), for i = 1, 2.



582 C. L. Dolberry, T.-Y. Tam / Ky Fan’s Dominance Theorem ...

The following is an extension of [29, Theorem 4.1] and the idea of the proof is from
[21, 29]. Also see [21, 28]. It gives some relationship between the facial structure
of Bφ and the sets of dual elements associated with a norm φ on V .
Theorem 3.3. Let V 6= {0} be a real inner product space and let φ be a norm
on V . Let F ⊂ Sφ be a nontrivial face of the unit ball Bφ. Then we have⋂
H∈F DV (H : φD) 6= ϕ. Hence

(1) there exists A ∈ V such that F ⊂ DV (A : φ), and
(2) each maximal face of Bφ is of the form DV (A : φ) for some A 6= 0.

Proof. Each DV (H : φD) is closed in the compact set Bφ so it is sufficent to
show that the family {DV (H : φD) : H ∈ F} has the finite intersection property
[16, p. 170]. Let H1, . . . , Hk ∈ F. Since F ⊂ Sφ, φ(Hi) = 1 for all i = 1, . . . , k.
By the convexity of F, Ĥ := 1

k
(H1 + · · · + Hk) ∈ F so that φ(Ĥ) = 1. Let

K ∈ DV (Ĥ : φD). So, since φD(K) = 1,

1 = φ(Ĥ) = (Ĥ,K) =
1

k

k∑
i=1

(Hi, K) ≤ 1

k

k∑
i=1

φ(Hi)φ
D(K) ≤ 1.

Thus (Hi, K) = 1 for all i = 1, . . . , k. Hence K ∈ ∩ki=1DV (Hi : φ
D).

(1) Any A ∈ ∩H∈FDV (H : φD) satisfies F ⊂ DV (A : φ) since for each H ∈ F,
φD(A) = 1 and 1 = φ(H) = φDD(H) = (H,A).
(2) This follows from Example 3.2 and the definition of maximal face.

In view of the above theorem, we remark that if F = Bφ, then simply set A = 0
and the case is trivial. We state [29, Theorem 4.1] as a corollary.
Corollary 3.4. (Zietak, 1993) Let Bφ be the unit ball with respect to a unitarily
invariant norm φ, and let a convex subset F be a proper face of Bφ. Then there
exists a matrix A, A 6= 0, such that F ⊆ DV (A : φ).

4. Characterization of the dual elements

In this section we generalize some results of Zietak. The following is a generaliza-
tion of [29, Theorem 3.1].
Proposition 4.1. Let V be a real inner product space and let G ⊂ O(V ). Suppose
A ∈ V and A = gB, for some g ∈ G. Let φ be a G-invariant norm on V . Then
DV (A : φ) = gDV (B : φ).

Proof. Since φD is G-invariant (as well as φ) and g is orthogonal,

K ∈ DV (A : φ) ⇔ (A,K) = φD(A), φ(K) = 1

⇔ (B, g−1K) = φD(B), φ(g−1K) = 1 ⇔ g−1K ∈ DV (B : φ).
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The notion of dual elements of A ∈ V is related to the subdifferential of φ at A:
∂φ(A) = {K ∈ V : φ(B) ≥ φ(A) + (K,B − A) for all B ∈ V }.

It is easy to see that ∂φ(A) is a closed convex set and 0 ∈ ∂φ(A) implies A = 0.
More generally the subdifferential can be defined for convex functions φ : V → R:

∂φ(x) = {ξ : φ(x′) ≥ φ(x) + (ξ, x′ − x) for all x′ ∈ V },
and the elements of the subdifferential of φ at x ∈ V are called subgradients of φ
at x. Geometrically φ(x′) ≥ φ(x)+ (ξ, x′ − x) for all x′ ∈ V means that the affine
function h(x′) := φ(x) + (ξ, x′ − x) is a nontrivial supporting hyperplane to the
convex set epiφ (the epigraph of φ) at the point (x, φ(x)) [19, p. 215]. We will
make use of the following well known result so we state it explicitly.
Proposition 4.2. Let V be a real inner product space and let A ∈ V . Suppose φ
is a norm. Then K ∈ ∂φ(A) if and only if φ(A) = (A,K) and φD(K) ≤ 1. Thus
∂φD(A) = DV (A,φ).

The Supporting Hyperplane Theorem [20, p. 58] states that given a closed convex
subset C of V with a boundary point x, there exists w ∈ V such that (w, x) ≥
(w, y) for all y ∈ C. If we let C be the closed unit ball with respect to a norm
φ and φ(x) = 1, then the set of all w such that (w, x) = 1 which satisfy the
Supporting Hyperplane Theorem is precisely the set of φD-dual elements of x. To
see this, let w ∈ DV (x, φ

D). Then
(w, x) = 1 ≥ φD(w) = max

φ(y)≤1
(w, y) ≥ (w, y)

for all y ∈ C. Conversely, if w satisfies the Supporting Hyperplane Theorem and
(w, x) = 1, then φ(x) = 1 = (w, x), and φD(w) = maxφ(y)≤1(w, y) ≤ (w, x) = 1.

Example 4.3. Consider the space R2 and let φ be the 1-norm. Then φD is the
max norm. Let C be the unit ball with respect to φ and take x = (1, 0). Then

DR2(x, φD) = {z : φ(x) = (x, z), φD(z) ≤ 1}
= {z : z1 = 1, |z2| ≤ 1} = {(1, z2) : |z2| ≤ 1}.

It is easy to see that any w ∈ DR2(x, φD) satisfies the Supporting Hyperplane
Theorem and that (w, x) = 1. In this case there are infinitely many such w (and
thus many hyperplanes), since x is a “corner” of the unit ball.
To see what happens when x is not a “corner” of the unit ball, let us consider the
same x on the unit ball CD with respect to φD. Since φD(x) = 1, it must be that
(w, x) = 1 for w ∈ DR2(x, φ). Hence w1 = 1. Also φ(w) ≤ 1, so w2 = 0. Thus
w = x is the only element of R2 satisfying the Supporting Hyperplane Theorem
such that (w, x) = 1, and hence there is only one supporting hyperplane at x.

Proposition 4.4. (1) Let V be a real inner product space and let x ∈ V and
g ∈ O(V ). Let φ : V → R be a convex function such that φ(gx) = φ(x) for
all x ∈ V . Then ∂φ(gx) = g∂φ(x).

(2) Let (V,G, F ) be an Eaton triple. Let φ : V → R be a G-invariant convex
function. Then ∂φ(x) = g∂φ(ψF (x)), where gψF (x) = x, x ∈ V .
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Proof. The second part follows immediately from the first, which follows from
a well-known result in Convex Analysis [19, Theorem 23.9], stating that for a
convex function f : Y → R on a finite dimensional normed space Y and a linear
mapping A : X → Y from X from a finite dimensional space X into Y ,

∂(f ◦ A) = A∗((∂f)(x)), for all x ∈ X.

Alternatively, one may get the second part in the following way:

ξ ∈ ∂φ(x) ⇔ φ(x′) ≥ φ(x) + (ξ, x′ − x) for all x′ ∈ V

⇔ φ(gx′) ≥ φ(gx) + (gξ, gx′ − gx) for all x′ ∈ V

⇔ φ(y) ≥ φ(gx) + (gξ, y − gx) for all y ∈ V ⇔ gξ ∈ ∂φ(gx).

Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ). It is clear that
the restriction φ̂ : W → R of a G-invariant norm φ : V → R on W is also an
H-invariant norm. On the other hand, if φ̂ : W → R is an H-invariant norm,
then one can define φ : V → R by φ(x) = φ̂(ψF (x)) which is a G-invariant norm.
This is a generalization [24] of von Neumann’s well-known result on the one-to-one
correspondence between unitarily invariant norms and symmetric gauge functions
[26] as well as the result of Davis [3]. This is also true for G-invariant convex
functions [24]. Given γ ∈ F , how do we obtain DW (γ : φ̂) from DV (γ : φ)? We
now give the answer in the following proposition.

Lemma 4.5. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ). Let
φ : V → R be a G-invariant norm and denote by φ̂ : W → R the restriction of φ
on W . Then (̂φD) = (φ̂D), that is, the dual of the restriction is the restriction of
the dual.

Proof. Notice that φD is also a G-invariant norm. For any x ∈ W ,

(̂φD)(x) = φD(x) = max
φ(u)≤1, u∈V

(u, x) ≥ max
φ̂(z)≤1, z∈W

(z, x) = (φ̂)D(x).

In other words, (̂φD) ≥ (φ̂)D. Moreover we may assume that x ∈ F . Let u ∈ V

such that φ(u) ≤ 1 and (̂φD)(x) = (u, x). By (A2), (u, x) ≤ (gu, x), where
gu ∈ F , g ∈ G. Since φ(u) = φ(gu), we can replace u by w := gu ∈ F ⊂ W , that
is, (̂φD)(x) = (w, x), where w ∈ F with φ(w) ≤ 1. So (̂φD)(x) ≤ (φ̂)D(x) and
thus (̂φD) = (φ̂)D.

Proposition 4.6. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ).
Let φ : V → R be a G-invariant norm and denote by φ̂ : W → R the restriction of
φ on W .
(1) Then for each γ ∈ W , DV (γ : φ) ∩W = DW (γ : φ̂).
(2) If X ∈ DV (A : φ), then ψF (X) ∈ DW (ψF (A) : φ̂).
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Proof. (1) X ∈ DW (γ : φ̂) ⇔ X ∈ W, φ̂(X) ≤ 1, (γ,X) = φ̂D(γ)

⇔ X ∈ W, φ(X) ≤ 1, (γ,X) = (̂φD)(γ) since (̂φD) = (φ̂)D

⇔ X ∈ W, φ(X) ≤ 1, (γ,X) = φD(γ) ⇔ X ∈ W, X ∈ DV (γ : φ).

(2) If X ∈ DV (A : φ), then φ(X) = 1 and

φD(A) = (X,A) ≤ (ψF (X), ψF (A)) ≤ φ̂D(ψF (A))

= φ̂D(ψF (A)) = φD(ψF (A)) = φD(A).

Thus ψF (X) ∈ DW (ψF (A) : φ̂) since φ̂(ψF (X)) = φ(X) = 1.

Proposition 4.6 is an extension of [28, Theorem 4.1] and its first part enables us
to compute DW (γ : φ̂) if we know DV (γ : φ). On the other hand, we want to
know how to recover DV (γ : φ) if we know DW (γ : φ̂). To this end we need to
recall some basics about Clarke’s generalized gradient.
Let Y be a subset of V . A function f : Y → R is said to be Lipschitz [2, p. 25] on
Y with Lipschitz constant K if for some K ≥ 0,

|f(y)− f(y′)| ≤ K‖y − y′‖, y, y′ ∈ Y, (1)

where the norm is induced by the inner product. We say that f is Lipschitz near
x if for some ϵ > 0, f satisfies the Lipschitz condition (1) on the set x+ ϵB, where
B is the open unit ball. The Lipschitz condition clearly implies continuity.
Let f be Lipschitz near a given x ∈ V and let 0 6= v ∈ V . The Clarke directional
derivative [2, p. 25] of f at x in the direction v is defined as

f o(x; v) := lim sup
y→x t↓0

f(y + tv)− f(y)

t
, (2)

where y ∈ V and t > 0. The Clarke generalized gradient of f at x, denoted by
∂f(x), is defined as

∂f(x) := {ξ ∈ V : f o(x; v) ≥ (ξ, v) for all v ∈ V }. (3)

When f is smooth (continuously differentiable) at x, ∂f(x) coincides with the
usual gradient ∇f(x), that is, ∂f(x) = {∇f(x)}. It is known [2, p. 27–28] that
∂f(x) is a nonempty compact convex subset of V and

f o(x; v) = max
ξ∈∂f(x)

(ξ, v),

that is, f o(x; ·) is the support function of ∂f(x).
Remark 4.7. The definition of ∂f(x) in [2, p. 27] is given as a subset of V ∗, the
dual space of V since the setting there is for a general Banach space. Riesz’s
representation theorem for V tells us that linear functionals on V are uniquely
represented by vectors in V . Thus we have (3) since we are primarily concerned
with finite-dimensional inner product spaces.
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To prove our next result we need the following lemma due to Tam and Hill [25].
Lemma 4.8. (Tam and Hill, 2016) Let U ⊂ W be open and H-invariant. Suppose
that the function f : U → R is H-invariant and locally Lipschitz around µ ∈ F .
Then ∂(f ◦ ψF )(µ) = conv ({kγ : k ∈ Gµ, γ ∈ ∂f(µ)}).

Theorem 4.9. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ). Let
φ : V → R be a G-invariant convex Lipschitz function and denote by φ̂ : W → R
the restriction of φ on W . Then

∂φ(A) = conv (GA∂φ̂(ψF (A))),

where GA := {g ∈ G : A = gψF (A)}.

Proof. We first notice that φ̂ : W → R is convex and Lipschitz, and φ = φ̂ ◦ψF .
Since φ is convex and Lipschitz, the subdifferentials of φ and φ̂ coincide with the
Clarke’s generalized gradients of φ and φ̂ [2, Proposition 2.2.7] respectively, and
thus we have

∂φ(A) = g ∂φ(ψF (A)) by Proposition 4.4, where g ∈ GA

= g ∂Cφ(ψF (A)) = g ∂C(φ̂ ◦ ψF )(ψF (A)) since φ̂ ◦ ψF = φ

= g conv (GψF (A)∂Cφ̂(ψF (A))) by Lemma 4.8
= conv (GA∂φ̂(ψF (A))) since g GψF (A) = GA.

Proposition 4.10. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ).
Let φ : V → R be a G-invariant norm and denote by φ̂ : W → R the restriction of
φ on W . Then

∂φ(A) = conv (GA∂φ̂(ψF (A))),

where GA := {g ∈ G : A = gψF (A)}. Hence

DV (A : φ) = conv (GADW (ψF (A) : φ̂)).

In particular, when γ ∈ F , we have
DV (γ : φ) = conv (GγDW (γ : φ̂)) and Gγ = {g ∈ G : gγ = γ}.

Proof. As a norm φ is clearly convex. So it suffices to show that φ is Lipschitz.
Now for any y, y′ ∈ V , we have

|φ(y)− φ(y′)| ≤ φ(y − y′) = max
α∈C

(α, ψF (y − y′)) by Theorem 2.3

≤ max
α∈C

(α, α)1/2(ψF (y − y′), ψF (y − y′))1/2 ≤ K(y − y′, y − y′)1/2,

where K := maxα∈C (α, α)1/2 is the Lipschitz constant for φ. Hence

DV (A : φ) = ∂φD(A) by Proposition 4.2

= conv (GA∂(̂φD)(ψF (A))) by Theorem 2.2
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= conv (GADW (ψF (A) : ((̂φD))
D)) by Proposition 4.2

= conv (GADW (ψF (A) : (φ̂)
DD)) by Lemma 4.5

= conv (GADW (ψF (A) : φ̂)) since (φ̂)DD = φ̂.

We remark that the last statement of Theorem 4.10 generalizes [29, Theorem 3.2]
if one considers the fact that GγDW (γ, φ̂) is a convex set for Example 1.4 [29].
See [27, Theorem 2]. It is also the case for Example 1.2 [12, Theorem 3.12]. See
Remark 3.12 of [24].
Example 4.11. When γ = 0, Gγ = G, and DV (γ : φ) = conv (GγDW (γ : φ̂))
becomes Bφ = conv (GBφ̂), where Bφ is the unit ball in V with respect to the
norm φ and Bφ̂ is the unit ball in W with respect to φ̂. Indeed Bφ = GBφ̂

Example 4.12. (1) Following Example 1.2, let φ(A) =
∑n

i=1 |λi(A)|, the sum
of singular values of the Hermitian matrix A (Ky Fan’s n-norm). Evidently it
is a unitary similarity norm. It follows that [1] φD(A) = maxi=1,...,n |λi(A)|, the
operator norm. Let γ = diag (γ1, . . . , γn), where γ1 > · · · > γn. Then Gγ is
the group of similarity via the group U(1)⊕ · · · ⊕ U(1) which denotes the group
of diagonal unitary matrices. Now K ∈ DW (γ : φ̂) means that K is a real
diagonal matrix,

∑n
i=1 |ki| = 1 (since γ 6= 0 and thus DW (γ : φ̂) ⊂ Sφ) with

maxi=1,...,n |γi| =
∑n

i=1 γiki. So
Case 1: |γ1| ≥ |γn| (so γ1 ≥ 0): k1 = 1, and k2 = · · · = kn = 0. So
GγDW (γ : φ̂) = DW (γ : φ̂) = {diag (1, . . . , 0)}. On the other hand, X ∈ DV (γ : φ)
means γ1 =

∑n
i=1 γixii with

∑n
i=1 si(X) = 1 . Notice that the diagonal ele-

ment of X, (|x11|, · · · , |xnn|) is weakly majorized by the vector of singular val-
ues of X, (s1(X), . . . , sn(X)). So x11 = 1 and x22 = · · · = xnn = 0 and thus
X = diag (1, 0, . . . , 0). So DV (γ : φ) = DW (γ : φ̂).
Case 2: |γ1| < |γn| (so γn ≤ 0): kn = −1, and k1 = · · · = kn−1 = 0. So GγDW (γ :
φ̂) = DW (γ : φ̂) = {diag (0, . . . , 0,−1)}. Similarly DV (γ : φ) = DW (γ : φ̂).
(2) Continuing with the above example, let γ = In instead. Clearly Gγ is the
entire unitary group. Now K ∈ DW (γ : φ̂) means that K is a real diagonal matrix,∑n

i=1 |ki| = 1 and 1 =
∑n

i=1 ki. Thus ki ≥ 0 for all i = 1, . . . , n. Hence

DW (γ : φ̂) = {diag (k1, . . . , kn) : ki ≥ 0, i = 1, . . . , n,
n∑
i=1

ki = 1}, so that

GγDW (γ : φ̂) =

{
Udiag (k1, . . . , kn)U−1 :

U ∈ U(n), ki ≥ 0,

i = 1, ..., n,
∑n

i=1 ki = 1

}
.

On the other hand, X ∈ DV (γ : φ) means that X is a Hermitian matrix,∑n
i=1 xii = 1 with

∑n
i=1 si(X) = 1. Notice that (|x11|, · · · , |xnn|) is weakly ma-

jorized by (s1(X), . . . , sn(X)). So 0 ≤ xii for all i = 1, . . . , n and
∑n

i=1 xii = 1.
Thus the eigenvalues of X must be nonnegative. So X must be of the form
Udiag (k1, . . . , kn)U−1 for some U ∈ U(n), where ki ≥ 0, for all i = 1, . . . , n, with∑n

i=1 ki = 1. Hence DV (γ : φ) = GγDW (γ : φ̂). Indeed by [23, Theorem 11],
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{Udiag (k1, . . . , kn)U−1 : U ∈ U(n), ki ≥ 0, i = 1, . . . , n,
∑n

i=1 ki = 1}
= conv {Udiag (1, 0, . . . , 0)U−1 : U ∈ U(n)}.

We remark that we have similar result when φ is the operator norm.

We have the following extension of the first part of Example 4.12. The result
takes care of the regular points γ ∈ W , that is, the points in IntWF .
Theorem 4.13. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ).
Let φ : V → R be a G-invariant norm and denote by φ̂ : W → R the restriction
of φ on W . If ψF (A) ∈ IntWF , then DV (A : φ) = gDW (ψF (A) : φ̂), where
A = gψF (A). In particular, if γ ∈ IntWF , then DV (γ : φ) = DW (γ : φ̂) ⊂ F .

Proof. In view of Proposition 4.1, it suffices to show the last statement. Suppose
γ ∈ IntWF , the interior of F in W . Let X ∈ DV (γ : φ). We may assume
φD(γ) = 1 since DV (γ : φ) is invariant under positive scaling of γ and the case
γ = 0 is trivial (Example 4.11). So 1 = φD(γ) = (γ,X) and 1 = φ(X) =
maxα∈C(α, ψF (X)), where C = {β ∈ F : φD(β) ≤ 1}. Let p(X) be the projection
ofX under the orthogonal projection p : V → W with respect to the inner product.
Since γ ∈ C ⊂ F ⊂ W , we have (γ,X) = (γ, p(X)) = (γ, ψF (X)). By [17,
Theorem 3.2], p(X) is in conv (HψF (X)), where H is a finite reflection group,
that is, p(X) =

∑k
i=1 cihiψF (X) where hi ∈ H and ci > 0 with

∑k
i=1 ci = 1,

and hiψF (X), i = 1, . . . , k, are distinct. Thus
∑k

i=1 ci(γ, hiψF (X)) = (γ, ψF (X)).
By (A2) (γ, hiψF (X)) ≤ (γ, ψF (X)) and thus (γ, hiψF (X)) = (γ, ψF (X)) for all
i = 1, . . . , k. Suppose hiψF (X) 6= ψF (X). By [8, p. 22], each nonzero ψF (X) −
hiψF (X) is a nonnegative combination of the simple roots, that is, for each i =
1, . . . , k, there exist nonnegative numbers dj ≥ 0, j = 1, . . . , n, not all zero, such
that ψF (X)− hiψF (X) =

∑n
j=1 djαj. Now, γ ∈ IntWF , and we have (γ, αj) > 0

for all j = 1, . . . , n so that (γ, ψF (X) − hiψF (X)) > 0, a contradiction. So
p(X) = ψF (X). By considering (X,X) = (ψF (X), ψF (X)), we have X = ψF (X).
Thus DV (γ : φ) ⊂ F . By Proposition 4.6, DV (γ : φ) = DW (γ : φ̂).

In view of Example 4.12 and Theorem 4.13, one may guess that if γ ∈ IntWF ,
then DV (γ : φ) = DW (γ : φ̂) ⊂ F is a singleton set. The following example shows
that it is not true.
Example 4.14. Let φ(A) =

∑k
i=1 si(A), the Ky Fan k-norm on Cn×n. Note

that φD(A) = max{s1(A), (
∑n

i=1 si(A))/k} [1, p. 90]. Choose appropriate n, k,
and γ ∈ IntWF (γ1 > γ2 > · · · > γn > 0) such that γ1 = (

∑n
i=1 γi)/k. Now

A ∈ DW (γ : φ̂) means that A = diag (a1, . . . , an) with a1 ≥ · · · ≥ an ≥ 0 by
Theorem 4.13,

∑k
i=1 ai = 1, and γ1 = φ̂D(γ) =

∑n
i=1 γiai.

One may have more than one A ∈ F satisfying the above condition. For example
n = 3, γ1 = 1, γ2 = 2/3 and γ3 = 1/3 and k = 2. Then both A = diag (1, 0, 0) and
A′ = diag (1/2, 1/2, 1/2) satisfy the conditions. Thus DW (γ : φ̂) is not a singleton
set in F . This also shows that the corresponding Ky Fan’s k-norm is not strictly
convex.
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5. The unit ball

Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ). Let φ : V → R be
a G-invariant norm and denote by φ̂ : W → R the restriction of φ on W . Then we
evidently have Bφ̂ = Bφ ∩W , that is, the unit ball of φ̂ in W is the intersection
of W and the unit ball of φ in V . Thus one can determine Bφ̂ from Bφ easily.
On the other hand one can easily show that Bφ = GBφ̂ (see Example 4.11). We
summarize this as:
Proposition 5.1. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ).
Let φ : V → R be a G-invariant norm and denote by φ̂ : W → R the restriction of
φ on W . Then: (1) Bφ̂ = Bφ ∩W , and (2) Bφ = GBφ̂.

We state the following theorem of Tam [23, Theorem 10] which is used in the
proof of our next result.
Theorem 5.2. (Tam, 2000) Let (W,H,F ) be a reduced triple of the Eaton triple
(V,G, F ). If x, y ∈ V , then (x+y)∗ ≺H x∗+y∗, or equivalently, x∗+y∗−(x+y)∗ ∈
dualWF .

Recall that a norm φ : V → R is said to be strictly convex if the condition X1,
X2, X := 1

2
(X1 +X2) ∈ Sφ implies X1 = X2 = X. The following is an extension

of [28, Theorem 3.1].
Theorem 5.3. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ). Let
φ : V → R be a G-invariant norm and denote by φ̂ : W → R the restriction of φ
on W . Then φ is strictly convex if and only if φ̂ is strictly convex. In this event,
DV (γ : φ) = DW (γ : φ̂) ⊂ F is a singleton set for any γ ∈ F .

Proof. Suppose that φ is strictly convex. If X,X1, X2 ∈ Sφ̂ with X = 1
2
(X1+X2),

then they all belong to Sφ and thus X = X1 = X2.
On the other hand, suppose that φ̂ is strictly convex. If X1, X2, X ∈ Sφ, where
X := 1

2
(X1 +X2), then

1 = φ̂(ψF (X)) = φ̂(ψF (
1

2
[X1 +X2])) = φ̂(

1

2
[ψF (X1 +X2)])

= max
α∈Ĉ

(α,
1

2
ψF (X1 +X2)) (by Theorem 2.3)

≤ 1

2
max
α∈Ĉ

(α, ψF (X1) + ψF (X2)) (by Theorem 5.2)

≤ 1

2
max
α∈Ĉ

(α, ψF (X1)) +
1

2
max
α∈Ĉ

(α, ψF (X2))

=
1

2
φ̂(ψF (X1)) +

1

2
φ̂(ψF (X2)) = 1,

where Ĉ = {ψF (A) : (φ̂)D(A) = 1, A ∈ W}. So 1
2
[ψF (X1)+ψF (X2)] ∈ Sφ̂. By the

strict convexity of φ̂, 1
2
[ψF (X1) + ψF (X2)] = ψF (X1) = ψF (X2). We now proceed
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to show that ψF (X) = ψF (X1) by contradiction. Suppose ψF (X) 6= ψF (X1). We
may assume that ψF (X), ψF (X1) = ψF (X2) ∈ Sφ̂. By the strict convexity of φ̂,
the element Y := 1

2
(ψF (X)+ψF (X1)) 6∈ Sφ̂. For all i = 1, . . . , n, by Theorem 5.2,

(λi, ψF (X)) =
1

2
(λi, ψF (X1 +X2)) ≤

1

2
(λi, ψF (X1) + ψF (X2)) = (λi, Y ),

and (λi, Y ) =
1

2
(λi, ψF (X) + ψF (X1)) =

1

2
(λi, ψF (X)) +

1

2
(λi, ψF (X1))

=
1

4
(λi, ψF (X1 +X2)) +

1

2
(λi, ψF (X1))

≤ 1

4
(λi, ψF (X1) + ψF (X2)) +

1

2
(λi, ψF (X1))

= (λi, ψF (X1)),

since ψF (X1) = ψF (X2). So by Theorem 2.4, φ̂(ψF (X)) ≤ φ̂(Y ) ≤ φ̂(ψF (X1)).
Thus Y ∈ Sφ̂, a contradiction.
Hence ψF (X) = ψF (X1) = ψF (X2) ∈ F . Now let ‖X‖ = (X,X)1/2. Evidently
it is a G-invariant strictly convex norm since it is induced by the inner product.
Since X,X1, X2 are of the same length with respect to ‖ · ‖, X = X1 = X2 and
thus we have the desired result.
If either one of the events happens, DV (γ : φ) and DW (γ : φ̂) are singleton sets
since φ is strictly convex. By Proposition 4.6 (1), they are identical. Now if
γ 6= 0, X ∈ DV (γ : φ) means φD(γ) = (X, γ) and φ(X) = 1. Notice that φD(γ) =
(X, γ) ≤ (ψF (X), γ) ≤ φD(γ) since φ(ψF (X)) = 1. Thus ψF (X) ∈ DV (γ : φ)
which is a singleton set. So X = ψF (X) ∈ F .

We state [28, Theorem 3.1] as a corollary of Theorem 5.3.
Corollary 5.4. (Zietak, 1988) The unitarily invariant norm ‖ · ‖φ is strictly
convex if and only if the symmetric gauge function φ is strictly convex.

The following is an extension of a result of So [21, Theorem 1].
Theorem 5.5. Let (V,G, F ) be an Eaton triple with reduced triple (W,H,F ). Let
φ : V → R be a G-invariant norm and denote by φ̂ : W → R the restriction of φ
on W . Then ExtBφ = GExtBφ̂, where ExtBφ̂ denotes the set of extreme points
of Bφ̂.

Proof. Suppose that A ∈ ExtBφ. Let g ∈ G such that A = gψF (A). Let
ψF (A) = tx+(1−t)y, for some x, y ∈ Bφ̂, 0 < t < 1. Evidently φ(gx) = φ(gy) = 1
and A = tgx+(1− t)gy. Thus gx = gy and hence x = y. So ψF (A) ∈ ExtBφ̂ and
thus we have the inclusion ExtBφ ⊂ GExtBφ̂.
On the other hand, suppose a ∈ ExtBφ̂. We now proceed to show that ga ∈ ExtBφ

for all g ∈ G. Without loss of generality we may assume that a ∈ F . Let
ga = tX + (1 − t)Y , for some X,Y ∈ Bφ, 0 < t < 1. Set x = g−1X and
y = g−1Y . So a = tx+(1− t)y and then a = tp(x)+ (1− t)p(y) where p : V → W
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is the orthogonal projection. By [17, Theorem 3.2], p(x) is in conv (HψF (X))
so that φ(p(x)) ≤ φ(ψF (x)) = φ(x) = 1 by the triangle inequality. Similarly
φ(p(y)) ≤ φ(y) = 1. Now

1 = φ(a) ≤ tφ(p(x)) + (1− t)φ(p(y)) ≤ tφ(x) + (1− t)φ(y) = 1.

So φ(p(x)) = φ(x) = 1 and φ(p(y)) = φ(y) = 1. Since a ∈ ExtBφ̂, a = p(x) =
p(y). We then have a ∈ conv (HψF (x)). However, a ∈ ExtBφ̂ implies that
a = hψF (x) for some h ∈ H and since a ∈ F , a = ψF (x) [9, p. 22]. Similarly a =
ψF (y). It follows that x = p(x) = ψF (x) by considering (ψF (x), ψF (x)) = (x, x)
and similarly y = p(y) = ψF (y). Hence g−1X = g−1Y so that X = Y which is the
desired result.

We now state [21, Theorem 1] as a corollary to Theorem 5.5.
Corollary 5.6. (So, 1990) Let B∥·∥φ be the unit ball with respect to a unitarily
invariant norm ‖ · ‖φ, and let Bφ be the unit ball with respect to the symmetric
gauge function φ. Then A is an extreme point of B∥·∥φ if and only if A is unitarily
equivalent to diagx for some extreme point x of Bφ.

Acknowledgement. Thanks are given to the anonymous referee for his/her
suggestions.
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