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We establish a Fenchel-Moreau type theorem for proper convex functions f: X — L°, where
(X,Y,(-,-)) is a dual pair of Banach spaces and L° is the space of all extended real-valued
functions on a o-finite measure space. We introduce the concept of stable lower semi-continuity
which is shown to be equivalent to the existence of a dual representation

fl)= sup {(z,y) - f"(v)}, ze€X,
yeLO(Y)

where L°(Y') is the space of all strongly measurable functions with values in Y, and (-,-) is
understood pointwise almost everywhere. The proof is based on a conditional extension result
and conditional functional analysis.
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1. Introduction

This article contributes to vector duality by providing a notion of lower semi-
continuity and proving its equivalence to a Fenchel-Moreau type dual representa-
tion. Let (Q, F, i) be a o-finite measure space, (X, Y, (-, -)) a dual pair of Banach
spaces and L° the collection of all measurable functions x: Q — RU{#o0}, where
two of them are identified if they agree almost everywhere. Consider on L° the
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order of almost everywhere dominance. Let f: X — LY be a proper convex func-
tion. We prove that stable lower semi-continuity (see below) is equivalent to the
Fenchel-Moreau type dual representation

fl@) = suwp {(z,y) = ["(y)}, veX, (1)

yeLO(Y)

where L°(Y') is the space of all strongly measurable functions y: @ — Y modulo
almost everywhere equality, f*(-) = sup,cx{(z,-) — f(x)} is the convex conjugate
and (z,y)(w) := (x,y(w)) almost everywhere.

The idea is to extend the algebraic and topological structure of f: X — L° to a
larger L°-module context in such a way that a conditional version of the Fenchel-
Moreau theorem can be applied. More precisely, we first extend the duality pairing
(-,+) to a conditional duality pairing on L°(X)x L°(Y"). We consider on L°(X) the
stable weak topology o,(L°(X), L°(Y)) which can be viewed as the conditional
analogue of the weak topology o(X,Y).

For a discussion of topologies in conditional settings or L%-modules, we refer the
reader to [3, 4, 5, 11].

We call a function f: X — LY o,-lower semi-continuous if its extension f, to
step functions given by fi(>°, xxla,) == >, f(xk)1a, is lower semi-continuous
w.r.t. the relative o,(L°(X), L°(Y))-topology (notice that the space LY(X) of step
functions with values in X is a subset of L°(X)). We prove that o -lower semi-
continuity is sufficient to extend f: X — L° to a stable proper L°-convex and
os(L°(X), L°(Y))-lower semi-continuous function F': L°(X) — L°. Building on a
conditional version of the Fenchel-Moreau theorem, we find the conditional dual
representation

F(z)= sup {{z,y) = F"(y)}, =€ LX), (2)

yeLO(Y)

for a conditional convex conjugate F*: L°(Y) — LY. Finally, by restricting (2) to
X, we arrive at the representation (1).

In optimization Fenchel-Moreau duality is an important result for strong duality
and related regularity conditions, see [9] for vector optimization results based on
the Fenchel-Moreau duality in this work. Our Fenchel-Moreau theorem cannot
be obtained from scalarization techniques [1, 2], set-valued methods [6, 7, 17] or
vector-space techniques [13, 20]. The module approach in [4, 16] cannot be applied
since a Banach space is a priori not an L°-module. A similar approach to ours is
taken in [15] with the tools of Boolean-valued analysis [14], albeit in the context
of norm topologies. For further results in vector and conditional duality, we refer
the reader to [2, 8, 10, 18, 19].

The remainder of this article is organized as follows. In Section 2 we introduce the
setting and prove the main extension result. In Section 3 we derive a vector-valued
Fenchel-Moreau theorem.
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2. Extension of stable lower semi-continuous functions
2.1. Preliminaries

Let L° L%, and L° denote the spaces of all measurable functions on a o-finite
measure space (2, F, u) with values in R, R, ; and [—o0, +00], where two of them
are identified if they agree almost everywhere (a.e.). In particular, all equalities
and inequalities in L° are understood in the a.e. sense. Every nonempty subset
C of LY has a least upper bound sup C' := esssup C and a greatest lower bound
inf C':= essinf C' in L° with respect to the a.e. order.

Throughout all functions on 2 are assumed to be (strongly) measurable and we
identify functions which agree a.e.. Given a set Z, we denote by L%(Z) the space
of all step functions ), zila,: Q@ — Z, where (z) is a sequence in Z, (A4y) is a
partition of 2, and ), 2,14, denotes the function which is equal to 2, for almost
all w € Ag. If Z is partially ordered we consider on L%(Z) the partial order
doexrla, > ulp whenever xy, > y; for all &, with w(Ar N By) > 0. Given a

function f from Z to a set Z, its extension to step functions fs: L2(Z) — L%(Z)

is defined b
e f(zzklAk> 1=Zf(2k)1Ak-
% %

A set H of functions on (2 is called stable (under countable concatenations) if it is
non-empty and ), hyla, € H for every sequence (hy) in H and every partition
(Ag) of Q. A stable family (h;)ier in H is a family (h;) in H indexed by a stable
set I of functions on €2 such that

Z hila, = hzk ixla,
k

for every sequence (i) in I and every partition (Ay) of Q. A stable net (h,) in
H is a stable family indexed by a stable set of functions with values in a directed
set. If the directed set is N the stable net (h,,) is a stable sequence in which case
the index set equals L2(N). A stable family (h,,) is a stable finite family if it is
indexed by a stable set of the form {m € LY(N): 1 < m < n} for some n € LY(N).
Let I and (H;), i € I, be stable sets of functions on 2. Then (H;);cs is called a
stable family of stable sets if

ZHlklAk = {ZhlklAk : h"Lk S Hlk} = sziklAk
k k

for every sequence (i) in I and every partition (Ay) of €.

Remark 2.1. Given a stable family of stable sets (H;);c; there exists a stable
family (h;);er such that h; € H; for all i € I. This follows by the same arguments
as in [3, Theorem 2.26], where the statement is shown within conditional set
theory.

2.2. Stable lower semi-continuity

Let (X,Y,(:,-)) be a dual pair of Banach spaces such that

(i) [z, y)| < ||lz|||ly]| for all z € X and y € Y, and
(ii) both norm-closed unit balls are weakly closed.
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Example 2.2. (a) Let X be a Banach space, Y its topological dual space en-
dowed with the operator norm and (z,y) := y(x).

(b) Let X = P and Y = Lq on a finite measure space (5,8, v) with 1 < p,q < 0o
and 1/p+1/qg < 1and (f,g) == [, fgdv.

(¢c) Let X = By(S) be the Banach space of bounded measurable functions on
a measurable space (5,S) endowed with the supremum norm, Y = M(S) the
Banach space of finite signed measures endowed with the total variation norm

and (f, u) fsfdy

(d) Let X = C3(5) be the Banach space of bounded continuous functions on
a completely regular Hausdorff space endowed with the supremum norm, ¥ =
M.,.(S) the Banach space of finite signed inner regular measures on the Borel
o-algebra of S endowed with the total variation norm and (f, u) := |. g fdv.

We denote by L°(X) and L°(Y) the spaces of all strongly measurable functions
on ) with values in X and Y. We understand X as a subset of LY(X) C L°(X)
via the embedding # — zlg. Recall that the norm of X extends to L°(X) by
|lz|| := lim, o0 ||| € L, where (z,) is a sequence in L%(X) such that x, — z
a.c.. In particular, for every z € L°(X) and each r € LY | there exists & € L(X)
such that ||z — Z|| < r. Similarly, the duality pairing (-,-) can be extended from
X xY to LX) x L°(Y') by setting (x,y) := lim, o0 (T, yn) € LY, where (z,,) is
a sequence in L2(X) such that z,, — z a.e. and (y,) is a sequence in L%(Y") such
that y, — y a.e.. Observe that, for all x € L°(X) and y € L°(Y),

(@, )] < ll=llllyll- (3)

Next, we endow L°(X) with a topological structure given by the following neigh-
borhood base. For every x € L°(X), define

V(x) = {V(’?;m)lngn (x): 7 € LY., (Ym)1<m<n stable finite family in LO(Y)} :

Vg emen (@) = {T € LY(X): (& —2,ym)| <7 forall 1 <m <n}.
We notice that V() is a stable family of stable sets. Indeed, for each r € LY
and every stable finite family (y,,)1<m<n in L°(Y") the set Viieme, (x) In L°(X)

is stable. For every n = > .n;la; € LY(N), r € LI, and yy,ys,--- € LO(Y) the
stable set Vigm (x) is determined through the element Zj (7,15, Y15 Y2, -+ - Ynjs

1< <n
0,0,...)1y, in the space of all strongly measurable functions on {2 with values in
the Banach space of sequences (7, 1,91, %2,...) € R X R x [*°(Y) with finite norm

[(r,ns 91,92, - - )l = [r| + [n| + sup; [|y;]|. Denoting by I the stable set of all
i (rn Yy, Yny, 0,0,000) 1, for no= 3 7imyla; € LYN), r € LY, and
Y1,y2, -+ € LUY), one has V(z) = (Vi(x))ier where Vi(z) = V(i ) () for

i =2 (r,ng, Y1, Y2, Yn;» 0,0, )1, This shows that V(z) = (Vi())ier is a
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stable family of stable sets. In the following we frequently view V(x) as a set of
functions on € by identifying it with the stable set I.

The topology induced by the neighborhood base V(z) is referred to as a stable
topology and is denoted by o,(L°(X), L°(Y")) or simply by o,. Stable topologies are
introduced in [3] within conditional set theory, we refer to [11] for their connection
to (€, \)-topologies and L°-topologies. In this topology a stable net (z,) in L(X)
converges to z if and only if |[(z, — x,y)| — 0 a.e. for all y € L°(Y"). Moreover, a
stable subset C of L°(X) is closed if and only if x € C for every stable net (z,)
in C' which converges to x.

Definition 2.3. (a) A function f: X — L° is called o,-lower semi-continuous, if
f(x)<liminf, fi(z,) for every stable net (z,) in L%(X) which converges to z € X.

(b) The function f is said to be proper convez, if f(z) > —oo for all x € X and
f(z') € L° for some 2’ € X, as well as f(Ax + (1 — \)z) < Af(x) + (1 — \)f(2)
for every A € R with 0 < A <1andall z,7 € X.

Proposition 2.4. Fora function f: X — L the following properties are equivalent.

(i) [ is os-lower semi-continuous.

(i) f(x) = supyey nf{fu(Z): T € VN LX)} for all v € X. )

(iii) The sublevel set {x € LY(X): f,(x) < a} is closed for each a € L°.

Proof. By stability the properties (i) and (ii) can equivalently be formulated for
all z € LY(X).

(i) = (ii): Fix z € X. Obviously, one has

d:= sup inf{f,(Z): € VNLY(X)} < f(z).
Vev(z)

On the other hand, fix £ € L%, and consider the stable family of stable sets

{;1: cVNLYAX): inf arctan(f,(%)) +e > arctan(fs(:c))} .

ZeVNLI(X) Vev(x)
By Remark 2.1, there exists a stable family (zv)yey) with 2y € VN LY(X) and

inf t s(T > t s
ievlﬁnLg(X) arctan(f(z)) + ¢ > arctan(fs(zy))

for all V€ V(z). Since the stable index set V(z) is ordered by reverse inclusion,
the family (zv)yey(s) is a stable net which by construction converges to x. By
os-lower semi-continuity of f it follows that

arctan(d) > lxi/mvi(n)f arctan(fs(zy)) — e > arctan(f(x)) — €.
eV(x

(ii) = (iii): Let a € L° and (z,) be a stable net with f,(z,) < a which converges
to x € L2(x). Then one has

fs(z) = sup inf{fy(3): ¥ € VN LYX)} < liminf fi(z,) < a.
Vev(z) @
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(iii) = (i): Let (z,) be a stable net in L%(X) which converges to z € X. By
Remark 2.1, there exists for every ¢ € L} | a stable subnet (25) of (2,) such that

arctan(fs(z5)) < liminf arctan(fs(z,)) + €

for all 8. Since x5 — =z it follows that arctan(f(z)) < liminf, arctan(fs(z,)) + ¢,
showing that f is o,-lower semi-continuous. Il

Remark 2.5. Let X =Y = L? on (0, 1] endowed with the Lebesgue measure on
its Borel o-algebra, and consider the identity map id: L? — L2?. Although the
sublevel set {z € L? : id(x) < a} is o(L?, L?)-closed for each a € L°, the identity
map id is not og-lower semi-continuous.

Indeed, fix V(i , __ (0) € V(0), and notice that

sup [z, ym)| < ||z|]| sup ||ym|| for all z € LS(LQ)
1<m< 1<m<n

by (3). We can assume that r/sup,<,,<, [|[4m|| > 7 for a constant 7 > 0, otherwise
we partition (0,1] = |J, Ax and carry out the following argument on each Aj.
Then, there exists a sequence (¢;) in R which converges to +oo such that

~

r=Y aflusm€Vy \ (0)NLAL*) foralll €N,
where zF = —alsa ) € L? for all 1 < k < [. On the other hand, id,(7;) = —¢
for all [ € N, and therefore it follows that

id(0) =0 > —oo = sup inf {id(Z): £ € VN LIL*)}.
Vev(0)

In particular, the identity id does not have an extension in the sense of Theorem
2.7 below.

2.3. Extension result

Our goal is to extend a o-lower semi-continuous function f: X — L to a stable
function F': LO(X) — L°. We need the following definitions.

Definition 2.6. A function F': L°(X) — LY is called

(i) stable, if F(3", xxla,) =Y., F(xx)1la, for every sequence () in L°(X) and
each partition (Ay) of 2,

(ii) os-lower semi-continuous, if F(z) < liminf, F(x,) for every stable net (x,)
in L°(X) converging to x € LY(X),

(iii) LO-linear, if F is L%-valued and F(Az+%) = AF(z)+F(z) forall z, 7 € L°(X)
and \ € LY,

(iv) L°-proper conver, if F(x) > —oo for all x € L°(X) and F(z') € L° for some
' € LY(X), as well as F(Az + (1 — \)Z) < AF(z) + (1 — \)F(z) for every
A€ L% with 0 <A <1andall z,7 € L°(X).
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Next, we state the main extension result.

Theorem 2.7. For every o,-lower semi-continuous function f: X — L° there
exists a stable, og-lower semi-continuous function F: LO(X) — LY which satisfies
F|x = f. Moreover, if f is proper convez, then this extension can be chosen
L°-proper convez.

Proof. Define F(x):= sup inf{f,(Z): 2 € VNLYX)}, =€ L%X).
Vey(z)

Notice that for every x € L(X) and V;  _ (z) € V(2) it follows from (3) that

sup [z — 2, ym)| < [lox — zl| sup |lym[l =0

1<m<n 1<m<n
for every sequence () in L2(X) such that z — z a.e., which shows that

v () N LY(X) # 0.

(ym)lgmgn

Hence, F'is a well-defined stable function since f; is a stable function on the stable
set V' N LY(X). Moreover, it follows from Proposition 2.4 that F is an extension
of f. That F satisfies the desired properties is shown in the following two steps.

Step 1. We show that F is o-lower semi-continuous. Fix z € L°(X) and
e € LY. There exists V = V(Zm)lgmgn(x) in V(x) such that
arctan(F(z)) — e < inf{arctan(f,(2)): 2 € V N LY(X)}.

Fix z € V(T/2 (z). For V = V(T/2 (z) € V(z) it follows from the triangle

ym)lgmﬁn ym)lgmﬁn

inequality that V' C V. Since V N LY(X) C V N LY(X), we obtain
arctan(F(z)) — e < inf{arctan(f,(2)): 2 € VN LY(X)}
so that arctan(F(z)) — e < arctan(F'(z)).

This shows that for every ¢ € LY | there exists V¢ € V(x) such that arctan(F'(x))—
e < arctan(F'(z)) for all z € Ve. Hence

arctan(F(z)) —e < sup inf{arctan(F(z)): z € V'}.
Vev(z)

By letting ¢ | 0, and since supy ¢y, inf{arctan(F'(2)): 2 € V} < arctan(F(z)) is
trivially satisfied, it follows from the strict monotonicity of arctan that

F(z) = sup inf{F(z): z € V}.
Vey(z)

In particular, F(z) < liminf, F(z,) for every stable net (z,) in L°(X) which
converges to z € L°(X).

Step 2. We show that F' is L-proper convex when f is proper convex. Since F
is an extension of f there exists 2’ € X C LY(X) such that F(2/) = f(2) € L°.
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Note that for every A € L%(R) with 0 < XA < 1 it follows from convexity

fs()‘x + (1 o )‘)2) < Afs(£) + (1 - A)f8(2)7 for all T,z € LS(X)
Fix 2,2 € L°(X) and A € L%(R) with 0 < A < 1. Let

V - ‘/(Zm)lﬁmfn()\x + <1 - )\)Z> e V<>\aj + (1 - A)2)7
W= Viiemen @) € V(@) and W=V (2) € V(2).

For 7 € WNLYX) and 2 € W' N L%X) it follows that Az + (1 — \)Z is in
V' N LY(X), which shows that
inf{f,(%): 2 € VN LYAX)}
<inf{f;(AMT+(1—=N)2):2e WNLYX), 2e WNLAX)}
<inf{\fo(Z)+ (1 =N fo(2): 2 e WNLYX), 2€ W NLYX)}
= Ainf{f,(Z): 7 € WNLYX)} + (1 — N inf{f,(2): 2 € W' N LYX)},
where we used the convention —oo + oo = +00. Therefore we have for every
V e V(Ax + (1 — \)z) there exist W € V(z) and W' € V(z) such that
inf{f,(%): T € VN LYX)}
< ANinf{fs(7): 2 € WNLYX)} + (1 — N inf{fs(2): 2 € W' N LYX)}.
By taking the supremum on both sides of the previous inequality, one obtains
FAz+ (1—=XNz2) < AF(z)+ (1= NF(2).
The last inequality also holds for A € L° with 0 < A < 1 by approximating A with
step functions in LY(R) and using the o,-lower semi-continuity of F'.

By way of contradiction, suppose there exist x € LY(X) and A € F with u(A) > 0
such that F(x) = —oo on A. Let g € L°(X) with F(zy) € L°. From L°-convexity
we have F'(Azg+ (1 — A)z) = —oo on A for all 0 < A < 1. Since Azg + (1 — Nz
converges to xp as A tends to 1, it follows from og-lower semi-continuity that
F(z9) = —oo on A which is a contradiction. O

3. Fenchel-Moreau type duality for vector-valued functions

We consider the setting of the previous section. Let (X,Y,(:,-)) be a dual pair
of Banach spaces such that |(z,y)| < ||z||||y| for all x € X and y € Y, and both
norm-closed unit balls are weakly closed. Recall that (-,-) extends to L°(X) x
LO(Y) with values in L°, and satisfies |(z,y)| < ||=|/|ly]| for all z € L°(X) and
y € L°(Y). The next result shows that (L°(X), L°(Y), (,+)) is an L°-dual pair.

Lemma 3.1. The functions
y s (o, LOY) = L° and xw (,y): L°(X) — L°
are stable and L°-linear for all x € L°(X) and y € L°(Y).

Moreover, for every x € LY(X) with pu(x = 0) = 0 there exists y € L°(Y) such
that p({x,y) = 0) = 0, and symmetrically, for everyy € LY(Y) with u(y = 0) =0
there exists v € L°(X) such that u({z,y) =0) = 0.
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Proof. We only show the separation argument. To that end, fix r € L°(X) with
p(z = 0) = 0. Then there exists r € LY, with r =", rz14, for a sequence (ry)
in (0,00) and a partition (Ay) of Q such that 014 ¢ Cjs,.(x)14 for all A € F with
w(A) > 0, where Cs,.(z) := {Z € LYX): ||z — || < 3r}. Further, there exists
z® € LY(X) such that ||z — 2°|| < r. By the triangle inequality, 014 & Cy,(2°)14
for all A € F with p(A) > 0. We can assume that 2® and r are defined on the same
partition, i.e. 2° = ), 2714, by changing if necessary to a common refinement.
Then it holds

Cor(2%) = {& € L°(X): &1a, € Cop ()14, for all k}.

Since O (x3) == {& € X: ||& — a}|| < 2r} is 0(X,Y)-closed in X, by strong
separation there exist y, € Y \ {0} and a constant d; > 0 such that

inf (:i,yk> > 5k >0

FeCH, ()

for all k. It follows that
inf (Z,y) >0 >0, 4
sef (B) 2 (4)
where y := Y, yrla, and § := Y, d;la,. Indeed, let Z € C,(2®) and (Z,) be a
stable sequence in C,.(2)NL2(X) with ||Z, —Z|| — 0 a.e.. We have ||z} — x| < 27y
whenever p(Ax N BY) > 0, where &, = >, 7'1pp. From the stability of the
extended duality pairing (-, -) we obtain

(Tn,y) = Z@?aykﬂkame >0 >0,
el

so that (Z,y) = (T — Zp,y) + (Tn,y) > (T — Ty, y) + 0 — § > 0, which shows (4).
Since x € C,.(z*) we conclude p({(z,y) =0) = 0. O

In view of the previous result conditional functional analysis becomes applica-
ble. By an adaptation of the classical results for dual pairs, it follows from the
conditional fundamental theorem of duality (see e.g. [12, Corollarly 4.48] in the
setting of conditional set theory; for an adaptation to the present L°-setting, see
[11, Proposition 6.6]) that every o,(L°(X), L°(Y))-continuous, L%-linear function
h: L°(X) — L is of the form (-, y) for some y € L°(Y"). In particular, the L°-dual
space of (L°(X),0,(L°(X),L°(Y))) can be identified with L°(Y). As a conse-
quence, an application of a conditional version of the Fenchel-Moreau theorem,
see e.g. [11, Theorem 6.3.], yields that every L°-proper convex, stable, o,-lower
semi-continuous function F': L°(X) — LY has the dual representation

F(z)= sup {{(z,y) —F"(y)}, =€ LX), ()

yeLO(Y)

for the LO-convex conjugate F*(y) := sup,crox){(z,y) — F(z)} for all y € LO(Y).
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Now we are ready to state our main result.

Theorem 3.2. Let f: X — L° be a proper convex function. Then f is oy-lower
semi-continuous if and only if it has the representation

f@)= sup {(z,y) = f*(y)} foralzelX, (6)

yeLO(Y)
where f*: LO(Y) — L° is given by
f*(y) = sup {(z,y) = f(x)}

zeX

Proof. Suppose that f is og-lower semi-continuous. It follows from Theorem
2.7 that there exists an L%-proper convex o,-lower semi-continuous extension
F: [°(X) — L°. By (5), one obtains

F(z) = es;1(»y){<x,y> - F(y)}, @€ LX),

for the L%-convex conjugate

F(y) = mesgl&){(x,y) —F(x)}, yeL(Y).

Since

[ (y) = sup{(z,y) — f(x)} < sup {(z,y) — F(2)} = F"(y) (7)

zeX z€LO(X)

and (z,y) — f*(y) < f(x) for all y € L°(Y), one has for all x € X
f(@)=F(z)= sup {{z,y) = F*(y)} < sup {{z,y) = ["(y)} < f(2).

yeLO(Y) yeLO(Y)

Conversely, suppose that f satisfies the representation (6). Let (x,) be a stable
net in L2(X) which converges to x. Since Z + (,y) is o,-lower semi-continuous
on L2(X) for all y € L°(Y), it follows that

flx)= suwp {{z,y) - ()}

yeLO(Y)

< liminf sup {(za,y) — f*(y)} = liminf fs(za),
@ yeLl(Y) @
where in the last equality we used that (6) also holds for f; on L2(X) by stability.
This shows that f is os-lower semi-continuous. [

Remark 3.3. Let f: X — L° be a proper convex, o,-lower semi-continuous func-
tion. Then the extension F' in Theorem 2.7 is mazimal in the sense that G < F
for every L%-proper convex, og-lower semi-continuous extension G of f. In fact,
we have F* < G* by the same argumentation as in (7), and therefore

F(z)= sup {(z,y) — F*(y)} > sup {(z,y) —G*(y)} =G(z), (8)

yELO(Y) yeLO(Y)

where the last equality follows from (5).
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