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1. Introduction

A basis of optimization methods is the duality relation between a feasible direction
and a linear functional that approximates an objective function [3], [4], [5], [7].

If the set of feasible directions and the objective function are smooth and strictly
convex, then the duality relation is a bijection: each linear functional uniquely
defines the optimal (dual) direction and each direction is related to the dual linear
functional. However, in many optimization problems it is impossible to specify a
direction or a linear functional. In this case we have a pair of dual (conjugate)
cones.

Geometrical reasoning shows that the “narrower” a cone, the “wider” the conju-
gate cone. Thus, to formalize this relation it is necessary to define the parameters
that describe the dispersion of a cone.

The paper is organized as follows. In Section 2 we introduce a cutting hyperplane
instead of the supporting hyperplane. In this case the supporting vector is replaced
by a cone.

In Section 3 we study properties of dual cones. First, we consider a generalization
of the Riesz representation theorem and show how a linear functional can be
represented by a vector dual to this functional in some metric (inner product).
Then a pair of dual cones in the dual spaces can be replaced by a pair of dual
cones in one space. In conclusion of Section 3 a measure of dispersion for a cone
is introduced. For this we fix an axis of the cone (it can be any interior ray of
the cone in some metric) and the deviation |Jw|| from the axis measured at some
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fixed distance s from the vertex of the cone. Thus the dispersion of a cone can be
characterized by these (interrelated) indices: either by ||w]| or by s.

After establishing the measure of dispersion for a cone the derivation of the uncer-
tainty relations is straightforward (Section 4). We derive the uncertainty relations
in two cases: for the pair of dual cones and for a cone interval. In the latter case
the uncertainty relation has a clear interpretation in optimization methods: the
limit of the uncertainty relations is defined by the chosen distance from the initial
(current) point to the final point.

In Section 5 we consider a different approach to the uncertainty relations where
the uncertainty is described by a ball at the end (or at the beginning) of a vector.
We establish the uncertainty relations for this case and show that they are a
consequence of the geometric structure of the cone interval defined by the dual
cones.

In Section 6 we analyze the connection of the uncertainty relations to the notion
of e-subdifferential [12].

2. Statement of the problem

Before the statement of the problem we consider two examples.

Example 2.1. Let the state space of a control system (CS) be a smooth manifold
M:; a point x € M be a state of CS. CS is defined by the set of feasible velocities
B(z) on the tangent bundle TM. If M is the Riemann manifold, B(z) is an
ellipsoid in the tangent space T, M.

A local approximation (at the state x or at the time t) of an objective function is
defined by a linear functional p*. Then the optimization problem (in 7, M)

sup p*(u) (1)
u€B(x)

determines the optimal velocity from the point x for the given p*.

In static optimization problems, p*(x) = d®(z), d®(z) is the first differential of
the objective function ®(x) (if it exists) [3], [5], [7], [8]. In dynamic optimization
problems the evolution of v and p* is described by the conjugate equations; Equa-

tion (1) is the Pontryagin’s maximum principle, p* is the generalized momentum
[10]. [

Example 2.2. Let the vector v in a real Hilbert space define the trajectory of CS.
For a Hilbert space a natural assumption is to define a feasible set by a quadratic
form in H, and an objective function — by a linear functional in H*. Then the
choice of the optimal trajectory is reduced to the problem of the type (1) in the
space H. Such an approach is used in model predictive control [11]. O

Taking into account these examples we state the problem.

We consider a real finite-dimensional Hilbert space X. In this space the feasible
set B = {u](u,Gu) < 1} is given, where G is a (bounded) positive self-adjoint
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operator in X. This operator defines the metric in X: ||ul|% = (u, Gu). We will
use G as the label of this metric, g is the label of original metric (u, v) of the space

X. The Hilbert space with the metrics g and G will be denoted as X and X (G).
The set B is the ellipsoid in the metric ¢ and the ball in the metric G.

We fix a linear functional p* € X* on X and, instead of the optimization problem
(1), consider the following system of equations

(u, Gu) <1, (2)
p*(u) = s, (3)

where the value s > 0 is given. For a normalized linear functional: 0 < s < 1.

The system (2) and (3) defines the cross-section of the ellipsoid (2) by the hyper-
plane (3). The set of all vectors Au, where u satisfies (2), (3) and A > 0, defines
the proper cone [3] denoted as Cs(p*).

We consider the value of p*(u) as the goal for the choice of the (optimal) direction;
correspondingly, Cs(p*) is the cone of improving directions, because p*(u) > 0 for
all u € Cy(p*).

If s = 1, then (3) defines the hyperplane that supports the ellipsoid (2) at the
vector v,: p*(v,) = (vp, Gvp) = 1. In this case the cone Cy(p*) is reduced to the
ray Av,, A > 0, which determines the optimal (dual) direction for the given p*.
Thus, the specification of s, 0 < s < 1, produces the uncertainty in the choice of
a direction (for the given goal p*).

These constructions can be repeated in the dual space X*:

(p",Gp*) < 1, (4)
p*<1}) = Sx;, (5>

where v € X and s, > 0 are given.

The corresponding cone CZ (v) in X* characterizes the uncertainty in the choice
of the goal p* (for the given direction v).

Problem (1) or the system (2), (3) for s = 1, define the duality relation between
the given goal p* and the optimal direction v,. This dual relation is generalized
if 0 < s <1 and leads to the dual (conjugate) cones.

Geometrical reasoning shows that the “narrower” the cone C, the “wider” the
conjugate cone C*. In the next sections we will formalize this relation.

3. Dual cones

Let p* be a linear functional on X. The linear functional p* defines the decom-
position of the space X into the direct sum: X = X, & N(p*), where X, is the
one-dimensional subspace of X spanned by the vector v, N(p*) is the null space
of p*: p*(w) =0, w € N(p*).
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Any vector u € X can be represented as
u=sv+w, we N(p). (6)

We will choose the vector v = p orthogonal to the subspace N(p*): (p,w) = 0. In
this case

p*(p)  (p:p)
In particular, p*(u) = (p, ), if p*(p) = (p,p) (e.g., p*(p) =1 and (p,p) = 1).

Equation (7) is the Riesz representation theorem: a given linear functional p*
is related to the vector v = wv, in such a way that (7) is true for all u € X.
Conversely, a given vector v € X is related to p} for which (7) is true.

p(u)  (p,u) 7)

Equation (7) can be generalized for a metric G:

= . (8)
In this case the vector v is orthogonal to the subspace N(p*) in the metric G:
(Gv,w) = 0.

The vectors in X and X* connected by (7) or (8) are dual; correspondingly, a
mapping X — X* is a duality mapping.

For the metric G the duality mapping is defined by
p = Gu. 9)

Equation (9) also follows from the solution of the optimization problem (1) with
the feasible set defined in (2). Thus, p*(u) = (p,u) = (Gv,u) for all u € X (in
the normalized case).

The vectors p and v in (9) can be considered as two representations of the linear
functional p* (correspondingly, in metrics g and G).

Remark 3.1. For a Banach space the duality mapping X — X* is defined as

D(v) = {p" € X" [p"(v) = [lp"[l[llol, [Ip*]l = [lv[l}-

and in general it is multivalued [4]. For example, ||v|| = ||v||p, where ||v|| 5 is the
Minkowski functional for the set B, which is assumed to be convex and central-
symmetric [12]. O

We will now generalize the notion of duality for cones [3]. Let C' and C* be the
closed convex cones in X and X*.

Definition 3.2. The cone C* is dual to the cone C if
C*={p" e X"|p"(u) >0, ueC}. (10)
Hence, C={zeX|p(u) >0, p-eC}. (11)

Thus, the cone C' contains all directions u that improve values p*(u) for all p* € C*.
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Above we have shown that a bilinear form on X* x X is related to a bilinear form
on X x X. Therefore the pair of dual cones in X* x X can be related to the pair
of dual cones in the space X:

C={pl(p,u) 20, ue C}, (12)

C={ul(pu) 20, peC}. (13)

In (12) and (13) we do not specify the metric of the space. Because p in (12) and
(13) is a representation of the linear functional p* (in some metric), the cone (13)
can also be interpreted as the cone of improving directions.

We fix a number a, 0 < a < 1, and define the elliptic cone

Ca(p) = {u € X[ (p,u) = afpl[|[ull}, (14)

where « is the cosine of the angle between the axis Ap, A > 0, of the cone and its
extremal rays Au.. Any vector u € X can be represented as u = sp+w, (p,p) = 1,
(p,w) = 0. Then (p,u) = s. This equation defines the hyperplane H,(p) with the
normal p. The cross-section of the unit ball by this hyperplane defines the cone

Cs(p) = Cs(p*):
Cilp) ={Mu e X, A >0[u=sp+w, (p,w) =0, [w]| <[w},  (15)

according to (2), (3) and (7).

The dispersion of a cone can be characterized either by the (maximal) value of
deviation ||w]|| from the axis Ap, A > 0, at the fixed distance s from the vertex of
the cone or by the distance s for the fixed ||wl|. Hence, Cs(p*) = Cs(p) = C(w).

According to the Pythagorean theorem these characteristics are connected with
each other: [Jul|?> = s* + ||w||?>. For ||ul]?> = ||p||* = 1: s = a in (14) and (15). For
w = PBwy, ||wo| = 1, we have o + 3% = 1, where 3 is the maximal value of the
sine of the angle between the axis Ap, A > 0, of the cone and its extremal rays.

Clearly, Cy(p) C Cs(p), if 1 > s > & > 0, ||w| is fixed, and C(w) C C(w'), if
||| > [|Jw]], s is fixed.

Remark 3.3. As sp = Pyu and w = P,u, where Pyu and P,u are the orthogonal
projections onto the subspaces X, and X, we obtain that s* = (u, P,u) and
|lw||* = (u, Pyu). Thus, the dispersion of a cone can be characterized either by
the value of (u, Pyu) or (u, P,u).

Remark 3.4. For the fixed metric G the ellipsoid Eg = {w | (w, Gw) < 1 — s?},
w=u— sv,, (Guy,,w) =0, ||u|le¢ = |vpll¢ =1, is the cross-section of the ellipsoid
(2) and the cone Cy(p*) by the hyperplane (3); in this case the axis Av,, A >0, is
orthogonal to the hyperplane (3) in the metric G.

If a direction is considered as a random vector with the mean vector v and the
covariance matrix X, then we can define the dispersion (concentration) ellipsoid
6]: Ex = {u|((u—10),27 (u—10))) < 1}. In the latter case the cone (15) is the
cone of dispersion with the axis A\v, A > 0.
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In this context the parameter s can be considered as a random variable that
defines the accuracy in the constructing the supporting hyperplane.

Remark 3.5. An elliptic cone can be defined in a linear space: the cone C is
elliptic, if any interior ray Av, A > 0, of C' determines the center of symmetry for
a hyperplane section of C' [1].

For a Hilbert space it means that for any interior ray Av, A > 0 of an elliptic cone
there is the metric G = G, and the hyperplane: (p,u) = s, p = Gv, that define
the ellipsoid E¢g, where w = u — sv, u € C.

4. Uncertainty relations: I
Let C' = Cy(v) = C(w) and C = C,(v) = C(w) be the dual cones.

Here u = sv +w, (v,w) =0,u € C; p=svtw, (v,w)=0,p€ C: i.e., the cones
C' and C differ only by the (maximal) deviations ||w]|| and ||@|| from the same axis
and at the same distance from the vertex of the cone.

By the definition of dual cones (p,u) > 0 for all u € C' and p € C. In particular,
this inequality holds for v~ = sv — w. Then (p,u~) = s%|v||* — ||@]|||w]|| > 0.

We denote by o(u) = |lw|| and o(p) = |[w|| the dispersions of the cones C' =
Cs(v) = C(w) and C' = Cy(v) = C(w). Finally,

a(u)a(p) < s*[|v]|*. (16)

As v is the same vector in the cones C' and C' we can set |[v|| = 1. Then (16)
becomes o(u)o(p) < s

Thus, there is a maximum for the product of the dispersions, and increasing the
dispersion o (u) of the cone C' leads to decreasing the dispersion o(p) of the dual
cone C and vice versa.

Remark 4.1. For the maximal deviations: ||@,.||||w.|]| = s*||v]|?>. This equality
also follows from the similarity of the rectangular triangles defined by the vectors

sums u, = SU — W, and p. = sv + W,:

[well _ s[lv]]

sllvll - Jlwel

If the cone C(w) is given, then the dual cone C(w), [|@]| = s*||v||*/||w]|, is defined.
In particular, if ||| = [Jw| = s[lv[|, then C' = C. If [Jw|| < s|[v]|, then C C C
and C' C C if |Jw|| > s|v]|.

Remark 4.2. If we introduce a measure of accuracy for specifying a direction
(instead of the dispersion), then (16) becomes similar to Heisenberg’s uncertainty
relation: the more the accuracy of specifying the direction u, the less precisely
the goal of the direction (the generalized momentum) p is determined [9)].

We will now consider the case which has a clear interpretation in optimization
theory.
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Let x1 be the current point in an optimization process, By, (11) = {z]| ||z — x1]| <
s1} be the feasible set, and ¢(z) = ||z — x2|| be the (current) objective function.
As above, we do not specify the metric of the space, but assume that norms that
define the feasible set and the objective function are the same. In this case there
exists a separating hyperplane [3]:

py(u) = (v, u) = s1, (17)

where the vector hv, (v,v) = 1, connects the points x; and x5 and is orthogonal
to this hyperplane which supports the balls B, (x1) and Bs,(z3) at sjv.

Let u be the vector from the point x1: z = x1 + u. We represent this vector as
u=$1v+w, (v,w) =0, (v,v) = 1. Similarly, let —u be the vector from the point
To: 2 =g — U, —U = —S0 +w, (v,w) =0, (v,v) =1.

In this case the vector u + @ defines the path from the point x; to the point xs:
To =1+ u+ U= 2z+ u, where (v,u) = sq, (v,u) = s9, 51 + 5o = 1.

We consider the balls B, (z;) and B,,(z2) with the radii ¥ = s? + |Jw||* and
r2 = s2 + ||w||?>. The intersections of the corresponding spheres, where ||w|| is a
parameter, define the hyperplane (17) [1].

If ||w| < ||well, ||we]| is given, then the intersections of these spheres the cone
interval define Cy,, (713 22) = Cy, (21) N O, (22), where Au € Cy, (z1), A > 0, and
A€ Cf (z2), A 0.

The cone interval Cs ,, (x1; x2) consists of feasible paths u+ 4 from the point x; to
the point x5. All these paths change their direction at the points of the hyperplane
(17), except the path xo = x1 + hv, h = s1 + so.

Remark 4.3. A proper cone C' defines a partial ordering on X [3]:
r<y Sy—zrzelCsycl(x).
The order cone or the cone interval is defined as

Cla,y) ={z]zx <2<y} =Clx)NC(y).

We will choose the value |lw,|| in such a way that the cone C, will be dual to
the cone (s, (denoted as Cy, (z2). In this case for all feasible paths the direction
w is improving with respect to u: (u,w) > 0. In particular, for the extremal rays
(te, Ue) = 0, i.e., u, is the conjugate direction to . (in the metric which defines
the cone interval Cs s, (z1;22)).

From the inequality (u, %) > 0 and the representations of the vectors u and @ it
follows that sys9 — [|w||* > 0 for (v,v) = 1. Thus

s152 > [l (18)

As was shown the value s; defines the maximal length of the path along v with
the dispersion less than [|w||. The similar meaning has the value sy. The relation
(18) shows that the product of these values is limited from below by the given
dispersion |Jw||.
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To compare the dispersions of the cones Cj, (z1) and C(z2) it is necessary that
the vectors w and w must be defined at the same distance from the vertices of the
cones: §; = S9 = S. In this case 2s = h.

From (u,u) = 0 it follows that ||w]|||w]|| = s*. This equality is the known equality
from the school geometry which relates the height of a rectangular triangle to the
projections of its legs on the hypotenuse.

For interior paths u + @ of the cone interval Cs,,,(x1;22) we have b’ < h and
(u,u) > 0. Finally,

_ 1
[@llw] < 7 7% (19)
This inequality has a clear interpretation: if the distance from the initial point
21 to the final point x5 is limited from below by the value h > 0, then the more

the dispersion of feasible directions, the less the dispersion of conjugate directions
and vice versa.

5. Uncertainty relations: 11

We will now consider a different approach describing uncertainty.

Let the ray Au, A > 0, be the direction from the point zi: 2z = z; + Au. We
consider the set of vectors u, |[u — v|| < p, v and p are given. This set defines the
cone from the point x; with the axis v:

Cow1) = {Au, A = 0] flu —vf| < p}. (20)

We note that the definition of the cone is symmetric w.r.t. the vectors v and w.
Thus, in the case considered the uncertainty in the realization of a direction from
the point z; is represented by the cone (20).

We denote by B,(x3) the ball of radius p with center at x5 = 21 + v. Then
Co(x1) ={ u, A>0ju=v+y,y € By(z2)}.

Let Aue, A > 0, be the tangent ray from the point z; to the ball B,(z2), 12 =
x1+u. be the tangent point (Aue, A > 0, is the extremal ray of the cone (20)). By
the projection theorem u, = P, v, where P, v is the orthogonal projection onto
the one-dimensional subspace defined by the vector u.. Thus

Ue =V + Ye, Ue = Py v, yo = Py v, (Ue,ye) = 0. (21)
We shall also use the representation of the vector u, considered in Section 4:
Ue = SU + We, SV = Pytie, we = Pyuue, (v,w,) = 0. (22)

We will analyze relations between parameters that specify the cone (20).

The representations (21) and (22) of the vector u. give |Juc||* = (ue,v + ye) =
(v,ue) = (v, 50+ w,) = s|[v||?, ie., ||u||* = s|[v]*>. In a similar way by using the
representations of the vector y.: y. = —v +u. = —v + sv + w, = —sTv + We,

sT =1 — s, we obtain that ||y.||* = —(v,y.) = sT||v|*.
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Thus |[ue|* + ||vell* = s|[v||* + sT||v||* = ||v||*>. Finally, (ue,y.) = 0 implies that
sTs[|vll* = [lwe]|* (cf. (18)).

We set: ||ye|| = p, |[uel| = p and ||we|| = . From the above equations we see that
the cone (20) for the given vector v is characterized by the interrelated parameters
p, p, s, s, and 0. Moreover, these parameters define the cone dual to the cone
(20) if we assume that 4, = y. and g, = u,:

Ch(ze) ={ u, A\>0|u=—v+y,y€ Bs(x1)}. (23)

The extremal rays of the cone (23) are the tangent rays to the ball Bj;(z4); the
point x1o is the intersection of the tangent rays from the points x; and x5 to the
balls B,(z2) and B;(z1). Thus @t = —v+7. = —sTv+we, (Ge, Je) = 0, (v, w.) = 0,
where 4, = —FPy, v, Yo = Py.v.

The intersection of these cones define the cone interval C,(z1) N Cp(x2). If w, =
Pyu. = Py, then C,(z1) N Cj(z9) = Cs(z1) N Cor ().

In the general case the parameters that specify the dual cone are defined inde-
pendently of the (primal) cone (20). But in all cases the cone intervals defined by
the dual cones will be similar:

kv =2, ky. = U, ktue = Y, kw, = we, k > 0. (24)

Further we will omit the lower index e for the notation of the extremal rays.

As was shown in Section 4 to establish uncertainty relations it is necessary to
consider the product of uncertainties.

Proposition 5.1. Let the extremal rays of the dual cones C,(x1) and Cz(x2) be
represented as (21), (22) and

u=—-v+y=-sv+w, §=235(v), (u,y) =0, (v,0) =0. (25)
Then @l lull* = ssloll*|lvll* = @l wllzlllv] = lyl*IF]®, (26)

where ||yl = p, Il = p, s +5=1.

Proof. As was shown above the representations (21) and (22) of the vector u lead
to ||ul|* = s||v[|?. In a similar way the representation (25) of the vector @ gives
|a||*> = 5]|o||>. Then the first equality in (26) is the direct consequence of these
representations of the vectors u and wu.

The second equality in (26) follows from the duality relation: (@, u) = 0.

From the representation: y = —v +u = —sTv +w, st = 1 — s, it follows that
lyl|> = sT||v||?. Similarly we get ||g]|> = 57||v||?, 57 = 1 — 5. The duality relation
(7,y) = 0 gives s*s™[[v[l[|lv]| = [J@||[w]. Then [[gl*[yl* = llw]lwllo]lv]l =
|l@||?||u]|?. Hence 5s = 57s™, or 5+ s = 1.

Note that the equality ||@||||u|| = ||y||||7]| also follows from the similarity relations
(24): Nlallllull = lIkyllllzgll = lly Izl 0
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Remark 5.2. The relations (26) can also be obtained from the similarity of the
rectangular triangles defined by the vector sums in (21), (22) and (25). This
remark and the Remarks 3.1 and 4.1 show that the uncertainty relations also hold
in a Banach space.

Remark 5.3. The points xo = z; + v and zj5 = x; + sv for which p* = ||v]|||sv||
holds are called conjugate w.r.t. the sphere of the radius p. Similarly, the points
x1 = 29 — v and zy; = Ty — sTv are conjugate w.r.t. the sphere of the radius p if
p® = ||v]||lsTv||. The conjugate points are used for the construction of the Green
function of a sphere.

We consider particular cases of (26).

Let v = kv. Then (25) becomes 41 = —v+y; = —sv+wy, where u; = ku, y; = ky,
wy = kw. In this case (26) gives pip® = 5s||v||* = || |[||w||||v]]? for ||u—v] < p
and ||, — v|| < py. In particular, p2p* = 5s = ||w.||||w]| for [Jv]| = 1.

Let s||o||*> = 5||v||?, then k& = y/s/5. In this case (26) gives p?p? = 5%||v||* =
s?[[ol*, or pp = s for ||v] = L.

Letu=v+y=sv+wand t = —0v+y = —5v+w, S+ s = 1, i.e., the dual cones
are defined by the same deviation vector w (for the fixed vector v: xs = 21 + v).

By using (24) we obtain from (26) that
I

= [[wl*lv]]*. (27)

prp® = 3sllv

In particular, pp = ||w]| for ||v|| = 1. Note that the equalities in (27) hold for the
extremal vectors of the cone interval y and y: (y,y) = 0, p = ||ly|| and p = ||y].
For any vectors of the cone interval

pp > 0, (28)
where o = ||w]|| and ||v|| = 1.

In conclusion of this section we state the uncertainty relations in the following
form.

Proposition 5.4. If the uncertainty in the realization of the direction is limited
by the value p: ||lu —v|| < p, then the uncertainty in the realization of the dual
direction is limited by the value p/o, o > 0: ||u —v|| < p/o.

Note that, according to Section 3, the last inequality can also be written in the
form ||u* — v*|| < p/o, which is similar to the relations considered in [5].
6. The s-subdifferential

In the above sections a basic notion was the feasible set. In this section the basic
notion will be the objective function.

We will consider the objective function in a Hilbert space X in two forms:

q(r) = 5 (& — o), Gl — ), (29)
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where G is the positive (bounded) self-adjoint operator, x. is the null of the
function ¢, and

1
q(x) = E(I’ Az) + (b, x) + c. (30)
Clearly q(z) = qi(2), if G = A, Gz, = b, 5(z.,Gx.) = c.
In the space X(G) the objective function (29) can be written as q(u) = 3||ullZ,

ull = (u,Gu), u =  — z.. The function (29) defines the level sets F,(z.) =
{u] (u,Gu) < p}, p > 0. These sets are ellipsoids in the space X and balls in the
space X(G).

Let v* = dg(x) be the first differential of the function ¢ at the point x = z.+v. The
representation of the linear functional v* € X* in the space X is called gradient.
Hence, the vector Gv is the gradient of the function ¢ at the point x = z. + v

in the space X and v is the gradient of the function ¢ at this point in the space
X(G).

Further we will not specify the metric of the space. Besides, we will omit the
multiplier 1/2 in the definition of the objective function.

We fix the point zy = x.+vo and define the ball B,(z.) = {u| ||u]| < p}, p = [Jvol-

The first differential of the function ¢ at the point ¢, the linear functional vj =
dq(zo) € X*, defines the hyperplane: vj(u) = (v,u) = p with the normal v,:
vy(vn) = (vn,v,) = 1, that supports the ball B,(x.) at the point zo: ¢(z) >
q(zo) + vi(x — x) for all z € X.

We also define an e-subdifferential vi € X* of the function ¢ at the point zy [12]:
q(x) > q(xo) — e +vi(x — x0), (31)

or |[ul*> > |lvol|> — & + v (u). The linear functional v} defines the hyperplane:

vi(u) = (v, u) = p. with the normal v.: v¥(v.) = (v, v.) = 1. According to (31)

this hyperplane supports the ball B, (z.) at the point xo. = z. + y. and contains
the point zo = x, + vo: (1)5, UO) = (Uaaya)'

We calculate p.. Let Aug, A > 0, be the tangent ray from the point x( to the ball
B, (x.). Then y. = vy + uo, (ug,y:) = 0, zo. = xc + Y. = 2o + up. From (31) we
get [[y:l1> = [lvoll* — [luoll* or pZ = p§ — &, where p. = [|yc[|, po = [lvoll, & = [luoll*.

Note that these calculations were made in the space X (G). Hence p? = (y., Gy.);
the vector y. is dual to v¥ (or to v.) in the space X(G), and (ug, Gy.) = 0,
Gy. = v..

We will call the ball B,_(z.) the target set. The value p, estimates the uncertainty
in the determination of the target z.: if p. — 0, then B, (z.) — z..

The ball B,_(z.) defines the cone:
Ce(xo) ={Au, A >0|u=—vo+vy, y € B, (x.)}. (32)

All hyperplanes that support the ball B, (z.) and have the common point x, are
tangent to the cone (32).
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We will call this cone the cone of feasible directions u from the point xq: © = zo+u.
In a similar way we define the ball B z(zo) = {u| |lu| </} and call it the feasible
set. This set estimates the uncertainty in the determination of the point z;.

The ball B /z(z0) defines the cone:

Co(ze) ={M, A >0|u=vy+7, y € B s(x0)} (33)

All hyperplanes that supports the ball B (o) and have the common point x.
are tangent to the cone (33). We call the negative cone C- (x.) the cone of target
directions to the point z.: x. = x + u.

Thus the e-subdifferential of the (smooth) function g(x) defines the pair of dual
cones and the corresponding uncertainty relations considered in Section 5.
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