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A set A, in the extended complex plane, is called convex with respect to a pole u, if for any
z,y € A the arc on the unique circle through z,y, and u, that connects x and y but does
not contain wu, is in A. If the pole u is taken at infinity, this notion reduces to the usual
convexity. Polar convexity is connected with the classical Gauss-Lucas’ and Laguerre’s theorems
for complex polynomials. If a set is convex with respect to w and contains the zeros of a
polynomial, then it contains the zeros of its polar derivative with respect to w. A set may
be convex with respect to more than one pole. The main goal of this article is to find the
relationships between a set in the extended complex plane and its poles.

Keywords: Zeros and critical points of polynomials, Gauss-Lucas’ Theorem, Laguerre’s Theorem,
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1. Introduction

A circular domain (open or closed) is the interior or exterior of a circle, or a
half-plane determined by a line in the complex plane. The critical points of a
polynomial are the zeros of its derivative. The classical Gauss-Lucas’ theorem says
that the critical points of a polynomial of degree n > 2 are located in the convex
hull conv{zy,...,2,} of its zeros {z1,...,2,}. In other words, every closed half
plane in the complex plane that contains the zeros, also contains the critical points.
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The polar derivative of a polynomial with respect to a pole u, see equation (12)
for the definition, extends the notion of a derivative and provides more flexibility
by allowing one to change the pole. In fact, when the pole u approaches infinity,
the zeros of the polar derivative converge to the critical points of the polynomial.
An analogue of the Gauss-Lucas’ theorem is a result by Laguerre. It states that
if a circular domain contains the zeros of a polynomial, but not the pole u, then
it contains all zeros of the polar derivative with respect to u, see Theorem 3.9.
Laguerre’s result implies the Gauss-Lucas’ theorem since one can take the pole u
to be outside of a closed half plane, containing the zeros of the polynomial, then
let w approach infinity and use the fact that the zeros of the polar derivative are
continuous with respect to u.

The starting point of this work is Proposition 3.8. It is a simple observation that
extends the Gauss-Lucas’ theorem to polar derivatives in a way that strengthens

the Laguerre’s theorem. It states that if zp,..., 2z, are points in the extended
complex plane and are the zeros of a polynomial, then the zeros of its polar
derivative with respect to a pole u are in the set conv,{z1, ..., 2,}, defined by (3).
It is a fact that if D is a circular domain that contains z1, ..., z, but not u, then
D contains conv,{z1, ..., 2.}

The set conv,{z1,...,2,} is the convex hull of the points 2, ..., z, with respect

to the pole u. A set A is called convex with respect to a pole u, if for any z,y € A
the arc on the unique circle through z,y, and wu, that connects  and y but does
not contain u, is in A. If a set is convex with respect to u and contains the zeros
of a polynomial, then it contains the zeros of its polar derivative with respect to w.
A set may be convex with respect to several poles. The main goal of this article
is to study the relationships between a set in the extended complex plane and its
poles.

2. Notation

Let C be the complex plane and let C* := C U {oo} be the extended complex
plane. It is well-known, that for any three distinct points 21, 29, and u in the
extended complex plane C*, the unique circle C' defined by 21,z and u can be
parametrized as follows

1
C:{zEC:z:u—Fﬁ, WheretE]RU{oo}}.
21—u Zo—U
In particular, when ¢ € [0, 1] the point
1
2=U+ (1)
le:tlt + ZQt—'U,

goes over the arc of C' starting at z; and ending at z5, not containing u; when
t € [—00,0] it goes over the arc of C starting at u and ending at z;, not containing
z9; and when t € [1, 0o] the point z goes over the arc of C' starting at z5 and ending
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at u, not containing z;. Thus, throughout this work, we use the notation

1
S PR

Z1—Uu 20—
for distinct z1, z9,u € C and call it the arc between z; and zy with respect to u.
The right-hand side of (1) can be viewed as a Mébius transformation with respect
to any of zy, 29, or u:

1 (= (I =t)u)zy —tuzy (21 —tu)zg — (1 —t)uz
A=t oty —ut+(1—t)z  (1—t)zmt+tz —u

21—u Zo—U

u +

(1 —t)z1 + tzo)u — 2129
u—tz — (1 —1t)z

This allows one to extend the definition by continuity as follows. For distinct
21,29 € C, let

arceo|z1, 22] := {(1 — t)z1 + tzo : t € [0,1]},
be the segment between z; and z,. For distinct u, 29 € C, let

2o — (1 —=t)u
t

1 €0, 1]},

arc,[oo, z3| 1= {

be the ray in C* with origin z, in the direction opposite from wu (traversed from
00 to 29 as t € [0,1]). And for distinct u, z; € C, let

21 —tu

arc,[z1, 00| = { :t €0, 1]},

be the ray in C* with origin z; in the direction opposite from u. Finally, if any of
the points u, 21, zo in C* are equal, with common value v € C*, then define

arcy|z1, zo] := {v}. (2)

One readily shows that the set arc,[21, 22| converges to arc |21, 22| as u approaches
infinity. We also use the following variations of the notation

1
arc,(z1, 29) = {u—i— T te <0,1)},

21—u Zo—U

where the symbol ‘(” stands for ‘(" or ‘[" and the symbol ‘)’ stands for ‘)’ or ‘|’

Next, Dlc; r| denotes the closed disk with centre ¢ € C and radius r, while D(c¢; 1)
denotes the open such disk. By C(z1,u, z9) we denote the circle through three
distinct points zq,u, z3 in C, oriented from z; through u to ze. By D[z1,u, 23] we
denote the closed circular domain, having the circle C'(z1,u, z2) as its boundary,
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and lying to the left of it. Similarly, D(z1,u, 22) denotes the open such circular
domain.

Let arc|zy, u, 23] be the arc on the unique circle, determined by the three distinct
points 21, u, 2o, that starts at z;, goes through u and ends in 25. We use the
variations arc(zy,u, z3) to indicate whether the end points are included or not.
For example, we say that arc(zy, u, z9) is the open arc from z; through u to zs,
where the points z; and z are not included.

Let 21,25 € C be distinct. Denote by ray(z1, 22) the ray with origin 27, passing
through z5. Denote by ray(z;v) the ray with origin z in the direction of vector v.
Denote by line[zy, 23] the line through z; and z,. Such lines are assumed oriented
from z; to zo, so that we can talk about the left half plane and right half plane
determined by it.

By A° we denote the complement of a set A in C*.

3. Main definition and motivation
3.1. Main definitions

Given any points z1,..., 2z, € C* and a u € C distinct from them, define the set

1 n
——€C:t; >0 with Zti:1}. (3)
Zi:l Py i=1

Call this set the convex hull of z1, . .., z, with respect to the pole u. The expression

convy{z1,...,2,} = {u +

1 n
u+ ———— for some t; > 0 with Zti =1 (4)

2
i=1 z;—u =1

is called a convexr combination with pole u. It is easy to see that

since u & {z1,...,2,}, we have u & conv,{z1,...,2,}. (5)
The set conv,{z1,...,2,} should be considered a subset of C*. That is, it may
contain co. For example, if z; = oo, then let t{ = 1 and t, = --- = ¢, = 0.
Another case is when u € conv{zy,...,2,}. Then, 0 € conv{z; — u,...,z, — u},

implying that 0 € conv{1/(z; —u),...,1/(z, — u)}. Hence, there are t; > 0 with
Yo t; =1, such that > 1"  t;/(z —u) =0.

For z1,...,z, € C and u = oo, define

convee{21,...,2,} :=conv{zy,..., 2, }
and note that (5) extends to the case u = 0o as well.
It is easy to see that for u € C, the Mobius transformation

T(:) = ——  with T-Y(2) :u+§ (6)

Z—U
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satisfies
T(convy{z1,...,2,}) = conveo{T(21),...,T(zn)} (7)

Indeed, this follows from the fact that

. 1 -
if 2 =u+ = then T(z) = > 4T(2). (8)
i=1 z;—u i=1
Lemma 3.1. Let z,...,2, € C* and let u € C* be distinct from them. Let
{um} C C be a sequence converging to u, such that w,, & {z1,...,z,} for all m.
If vy, € convy, {21,...,2,} are such that the sequence {v,,} converges to v € C*,
then v € convy{z1,...,2,}.
Conversely, if v € conv,{z1, ..., 2.}, then there is a sequence {v,,} C C, converg-
ing to v, such that v, € conv,, {z1,...,2,} for every m.
1 . n
Proof. Let v, =u, + ————— for some ¢/* > 0 with > " ¢/ = 1.

Y
=1 zi—um

Without loss of generality, the sequence {tI"} converges to t; as m approaches
infinity, for all ¢ = 1,...,n. Clearly, t; > 0 with >  ¢; = 1.

If u € C, then just taking the limit in the displayed equation concludes the case.
If w = oo, then z1,..., 2, € C. Using that >_." ¢/ =1, one can show

i=1"1

n—1 n m :

o e+ 1 up (D 1 2) + lower order terms in u

m T m - . .
S i u~! 4 lower order terms in u

i=1 zj—um

The result follows after taking the limit as m approaches infinity.

The converse follows easily by going backwards in the displayed equations. O

The basic idea of polar convexity is somewhat old and explained well in [1, p.
53-54]. In fact, we have the following result, given in [1, Problem 104].

Proposition 3.2. Let u, zq,...,z, € C* with u different from z1,...,z,. The set
convy{z1,...,2,} is the intersection of all closed circular domains that contain
the points z1, ..., 2z, and have u on the their boundary, with the point u removed.
Moreover, if a,b € conv,{z1,...,2,}, then arc,[a,b] is in conv,{z1, ..., 2,}.

Definition 3.3. A set A C C* is called convex with respect to the pole u € C* if
for any z1, 29, € A, we have arc,[z1, 23] C A.

Sometimes we say that A is convex with respect to u or that it is u-convez for short.
For example, every circular domain D is convex with respect to any u € clD°.
Convex sets with respect to a pole have analogous properties to convex sets. If
A is convex with respect to u, then since T'(A), defined by (6), is convex in the
usual sense, one can define notions from convex analysis, see [3], such as relative
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interior of A, relative boundary, extreme points of A with respect to u, etc. in an

intuitive way. Thus, if A is convex with respect to v and {z1,...,2,} C A, then
conv{z1,...,2,} C A. 9)
In other words, if u is different from {z,...,z,}, then the smallest u-convex set
containing those points is conv,{z1,...,2,}. But if u € {z1,...,2,}, then the
smallest u-convex set containing {z1, ..., z,} is
{u}Uconv,{z : 2z #ufori=1,...,n}, (10)

where we used (2). Thus, we extend definition (3) as follows.

Definition 3.4. For any u, z1,...,2, € C*, define the set conv,{z1,...,2,} to
be the one given by (3), when u & {z1,...,2,}; and to be the one given by (10),
when u € {z1,...,2,}.

Care needs to be exercised, since the set conv,{zi,...,z,} does not behave in a
continuous way when u & {z1, ..., 2z,} converges to a point in {z1,...,2,}. Rela-
tionship (7) holds in the extended sense as well and (5) can now be restated as

u € convy{z1,...,2,}, ifand only if u € {z1,...,2,}. (11)

As explained in the next subsection, of bigger interest is the relationship between
a set and the set of all its poles.

Definition 3.5. Denote by P(A) the set of all poles of A. That is, u € P(A), if
and only if A is convex with respect to w.

Lemma 3.6. For any A G C*, we have (int A) N P(A) = 0.

Proof. Suppose that u € (int A) N P(A). Since A # C*, there is a circle C'
through u, that is not entirely contained in A. Since u € int A, there are points
21,29 € (int A)NC, such that arc[z, u, 23] C A. Therefore, the complement arc in
C, arc,[z1, 29, is not entirely contained in A, a contradiction with the fact that u
is a pole of A. ]

Non-degenerate Mobius transformations 7'(z) = (az + b)/(cz + d) are one-to-one
and send circles onto circles (lines are considered circles through infinity), hence
arcy[z1, 22 is mapped onto the arc arcy)[1'(z1), T(22)]. Thus, if A is convex with
respect to u, then T'(A) is convex with respect to T'(u). The Carathéodory’s

theorem [3, Theorem 17.1], and (7), show that every v € conv,{z1,...,2,} is a
convex combination with pole u of at most three points among {z1, ..., 2,}.
qo 1
In detail, if v=u-+
i
Z1—u z22—U zZ3—Uu
th = v h = L
en v=u-+ n b , Where w:=u-+ ta/(ta i) N TR

Z1—u w—u 22—U Z3—U
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This shows v € arc,[z1,w] and w € arc,[z2, z3). Thus, if T'(2) is a non-degenerate
Mobius transformation, we conclude that T'(v) € arcp[T(21), T'(w)], where T'(w)
is on arcy(y [T'(22), T(23)]. In other words

T(convy{z1,...,2n}) C convpy{T(21),...,T(zn)}

The former set contains the points 7'(z1),...,7T(2,) and is polar with respect to
T'(u), while the latter set is the smallest with these properties. This shows the
following lemma.

Lemma 3.7. For any u, 2y,...,2, € C* and a non-degenerate Mdébius transfor-
mation T(z), one has

T(convy{z1,...,2n}) = convpy{T(21), ..., T (zn)}-

3.2. Relationship with critical points of polynomials

Polar convexity allows one to understand better the relationship between the zeros
of a polynomial and its critical points. The famous Gauss-Lucas’ theorem says
that the critical points of a polynomial

p(2) = (2= 21) - (2 = 2n)

are located in conv{Zzi,..., 2, }.

A notion more flexible than the derivative is that of a polar derivative. Denote
by P,,, where n > 0, the set of all polynomials of degree at most n. (The degree
of a polynomial that is a non-zero constant is zero and the degree of 0 is defined
to be —1.) Let P_; := {0}. For any u € C* and n > 0, the linear operator

Dy:Pn— P
defined by Dy (p; 2) = { Z}Zg) — (z—uw)p'(2) i Z 7:é z, (12)

is called the polar derivative of p(z) with pole u. Finally, if 0 € P_1, define
D,(0;z) := 0 € P_;. It is obvious that

.1 ,
hence the zeros of D, (p;z) approach the zeros of p'(z) as u approaches infinity.
Note that if p(z) € P,, for n > 1, is a constant polynomial (different from zero),
then D,(p;z) € P,_1 is a non-zero constant, whenever u # oo. Similarly, for
p(z) € P, for n > 1, we have that D,(p; z) = 0, if and only if p(z) is a constant
multiple of (z — u)".

If the polynomial p(z) € P, has actual degree m € {0,1,...,n}, then it is conve-
nient to consider oo as a zero of multiplicity n — m. Constant polynomials in P,,
have a single zero, namely oo, of multiplicity n. The polynomial (z — u)™ € P,
for 1 < m < n, has two distinct zeros: v and oo.
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The Mébius transformation (6) defines the map
T[] :Pu— Pn, by Tlpl(2) == (z — u)"p(T(2)). (14)

It sends a polynomial p(z) € P,, with zeros {z1,...,zm,00,...,00} to the poly-
nomial T'[p](z) with zeros {T(21),..., T (zm), T (c0),..., T (c0)}. If in the
last n-tuple, ¢ of the numbers are infinity, then the degree of T'[p](z) is n —¢. The
connection between D and T is

Du(T[pl; 2) = T[P](2). (15)

The verification of these claims is a straightforward calculation.
A result extending the Gauss-Lucas’ theorem holds for polar derivatives.

Proposition 3.8. Let p(z) € P, be a polynomial of degree m and assume zeros
21y 2n €C*. Let ue C*. If Dy(p; 2) #0, then all its zeros are in conv,{z1, ..., z2p }.

Proof. Suppose u = oco. In this case we are in the realm of the Gauss-Lucas’
theorem, but we need to show that it formally holds for polynomials in P,,, with
n > 1. Indeed, let p(z) € P,, be a polynomial of degree m. Since D, (p; z) # 0, we
have m > 1. So, let z1,..., 2, € C be its finite zeros; and let 2,41 = ... = 2, :=
0o. Then, p/(z) € P,_; has m—1 finite zeros and oo is a zero of multiplicity n—m.
Thus, all zeros of p/(z) are in conve{21,. .., 2, }, using the extended Definition 3.4.

Suppose now u#oo. The zeros of p(z):=T""[p](z) are z;:=T(z), for i=1,...,n.
Let 01,...,0,_1 be the critical points of p(z), that is, the zeros of p'(z) € P,_;1.
By the first part of this proof, they are contained in conve{21,..., 2, }.

Applying (15) to p(z) and using the fact that T'[p](z) = p(z), we obtain
Du(p; 2) = Du(T'pl; 2) = TP (2)-

Since the zeros of the latter polynomial are v; := T~(9;) for i = 1,...,n—1,
we obtain that {v; : ¢ = 1,...,n — 1} are the zeros of D,(p;z) € P,_1. Using
(7), which holds in the extended sense of Definition 3.4, we obtain that v;, for

1=1,...,n— 1, are contained in
T eonve {21, ..., 2n}) = convy{z1,..., 2, }.

This concludes the proof. O

Proposition 3.8, albeit being an elementary consequence of the Gauss-Lucas’ theo-
rem, strengthens another fundamental result in the geometric theory of polyno-
mials, see [2, p. 98], stating that:

Theorem 3.9. (Laguerre) Let p(z) be a polynomial of degree n > 2 and let u € C.
A circular domain containing the zeros of p(z), but not the point u, contains all
zeros of the polar derivative D, (p; z).
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To see that Proposition 3.8 strengthens Laguerre’s theorem, note that if D is a
circular domain not containing u, then D is convex with respect to u. Hence, if
D contains the zeros of p(z), then conv,{z,...,2,} C D. All that justifies our
interest in the set of poles of a given set A as the next self-evident result states.

Theorem 3.10. Let A C C* be any set and let P(A) C C* be the set of its poles.
Then, for any natural n, any z1,...,z, € A, and any u € P(A), the zeros of
D.(p; z) are in A, where p(z) := (z — 21) - - (2 — 2p,), provided that D,(p;z) # 0.

4. Properties of conv,{z,...,2,}

The next result shows a duality property of polar convexity.

Theorem 4.1. Let u,v, 2y, ..., 2, be any points in C*, then
v E€convy{z,..., 2.} and v & {z,...,2,} implies u € convy{z1,..., 2.}
Proof. Suppose for concreteness that zq,..., 2z, € C and 2,41 = -+ = 2, = 0.
Let v € convy{z1,...,2,} and v & {z1,...,2,}. This implies that the points
{z1,...,2,} are not all equal. We consider several cases.
Case la. Suppose that u,v € Cand u & {z1,...,2,}. Then, by (11), we see that
u ¢ conv,{z1,...,2,} and hence v # u. By definition, v can be expressed as
1
v=Uu+ ——————,

n i
Zi:l z;u—u
for some p; > 0,4=1,...,n with Y | u; = 1. Since v # u, we calculate

/ n/

B i pi(v —u) ulv—zl—i-zz—u)
U—U_Zz—u z—u_z(z—u (v —u) Z u)(v —u)

= =1

Tl n/ /

U—Zz +Z pi(zi — u) _i pi(v — 2;) +ZLM

u)(v—u) = (Zi_u)<v_u)_i:1 (zi—uw)(v—u) v—u

=1

This shows that

(I piv—2z) 1= pi(v
= 1= 1— i
U—u; (z; —u) v—u o ; (z; — u) ZM

Multiplying the numerator and denominator of each term with the conjugate of
its denominator results in

S s Sl N N
7 i=1
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So, we have

Z:u] u_zﬁ) _ (1_iﬂi) +nzﬂi(v|;ii)z(?)7

or equivalently

milz =P (1 )+ @= (v = 2)
[u— 22 Z“Z SR Dy el

j=1 =1

Conjugating both sides and solving for u, using that v & {z1,...,2,}, gives:

(]'_Zz 1“%)+z] 1%

S pi(zi—v)
=1 Ju—z|?

(1_22 1“1) +Z] 1H\]u‘zjz T;l 1
/U+ :U+—7

Zn’ wilzi—v]2 1 Z” t;
i— 1=1 z;—v

i=1 |u—z;?2 2z;—v

u=v+

where
oo — |2 L2
(sl = o)/ (fu = =) N
- (1= ) + 5 (w25 = o)/ (Ju = 2512) 16)
1 T 1 _ : /
( le,u)/( —") fori=n"+1,...,n
(1= ) + 50 (g2 — of?)/ (Ju = 2512)
This shows that u € conv,{z,...,z,}. The opposite direction, in the case when
vé&{z,..., 2}, is symmetric.

Case 1b. Suppose that one of u,v € C* is infinity. One of them must be
finite. Let T'(z) be a Mobius transformation sending both u and v to finite points.
Then, by the previous case, T'(u) € convy{T'(21),...,T(2,)} and reversing the
transformation concludes the case.

Case 2. Suppose that u € {z1,...,2,}. Then
conv,{z1,...,2,} = {u} Uconv,{z; : z; Fufori=1,... n}.

If v = u, then we are done for trivial reasons. Supposing v # wu, implies that
veconv,{z:ziAufori=1,... n}.lfve{z:z#ufori=1,...,n}, then

convy{z1,...,2,} = {v}Uconv,{z : z; Zvfori=1,...,n}

and we are done, since the last set contains .
Now suppose finally, that v & {z; : z; Zu for i = 1,...,n}. Then, by Case 1, we
see that u € convv({zi cziFAufori=1,... ,n}) C convy{z1,..., 2} O
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Corollary 4.2. (Weak duality) Let u,v,z1,...,2, be points in C*, satisfying
u,v € {z1,..., 20}, then

v E€convy{z1,...,2,}, if and only if u € conv,{z1,..., 2.}
Corollary 4.3. Let u, z1,...,z, be any points in C*. The set conv,{z1,...,2,}
is unbounded, if and only if co € {z1,...,2,} oru € conveo{z1,...,2,}.

Corollary 4.4. Letu,v,z,...,z, be points in C*, withu,v & {z1,...,2,}. Then,
v is on the relative boundary of conv,{z1, ..., z,}, if and only if u is on the relative
boundary of conv,{z1,..., 2}

Proof. If v is in conv,{z1,...,2,}, then v # u or else (11) is violated. Since
v & convy{zy,...,z,} is equivalent to u & conv,{z1,...,2,}, it is sufficient to
show that v is in the relative interior of conv,{z1,...,2,}, if and only if u is in
the relative interior of conv,{z1,..., z,}.

Suppose that u,v € C. Then, v is in the relative interior of conv,{z1,...,2,},
if and only if T'(v) is in the relative interior of convo{T(21),...,T(z,)}, where
T(z) = 1/(z —u). By [3, Theorem 6.9], this happens, if and only if T'(v) =
Yo miT(z), for some m; > 0,4 =1,...,nwith "  m; = 1. This is equivalent
tov=u+1/>"", mi/(z — u)). Using (16), in the proof of Theorem 4.1 Case
1.a, one can see that t; > 0 for all ¢ = 1,...,n, implying that u is in the relative
interior of conv,{z1,...,2,}.

If v € Cand u = oo, then all {z1, ..., 2,} are finite. If v is in the relative interior of
convee {21, .., 2}, then either the latter set has a non-empty interior, or all points
{#z1,...,2,} are on a segment. In the first case, the image of conv.{z1,...,2,}
under 7'(z) := v+1/(z—v) has a non-empty interior and oo is in it. In the second
case, that image is a straight line with a missing open segment. Thus, oo is in its
relative interior. This shows, that oo is in the relative interior of conv,{z,..., z,}

The case v = oo and u € C, is handled analogously. [

Proposition 4.5. Let u,v,z1,...,z, be any points in C*, not on a circle, with
u # v. Then, neither of the sets convy{z1,...,z,} and conv,{z1,...,z,} contains
the other.

Proof. We only show that conv,{z1,...,2,} € conv,{z1,...,2,}, with the op-
posite non-inclusion being similar. We need to exhibit a w € conv,{z1,...,2,}
that is not in conv,{z1,...,2,}. Note first, that the points z,...,z, cannot all
be equal and the set {z1,...,2,} \ {u, v} contains at least two distinct points.

Case 1. Suppose that v & {z1,...,2,} and v & {z1,...,2,}. Then by (11),
v & convy{z,...,2,}. If v € convy{z1,...,2,}, then we are done by setting
w := v above. So, suppose v ¢ conv,{z1,...,z,}. Consider the points: @ := T'(u),
0:=T(v),and 2; :=T(z),1=1,...,n, where T is defined by (6). That is, & = oo,
and

T(conv,{z1,...,2,}) = convee{Z1,..., 2}
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The premise of this case, implies that oo & {Z1,...,2,}, hence the latter set
is the ordinary convex hull of {Z,...,2,}, and the finite point v is not in it.
Since the points {Z1,...,2,} and 0 are not on a straight line, there is a closed
half plane, with boundary passing through (at least) two distinct points from
Z1, ..., 2n, containing the convex hull of 21, ..., Z,, but not containing v. Suppose
the two points are Z; and Z;. Choose any point @ on the segment (2;, 2;), such
that w ¢ {0} U{%1,...,2,}. The set convg{z1,...,2,}, is in the same closed
half plane as well. In other words, we have w € convo.{Zi,...,2,} and 0 ¢
convg{Zzi,...,2,}. Reversing the transformation 7', and letting w := T (),
we have w € conv,{z1,...,2,} and v ¢ conv,{z1,...,2,}. By Theorem 4.1, we
have w ¢ conv,{z1, ..., z,}, concluding the argument. For reference, we note that

w # v.
Case 2. Suppose that u & {z1,...,2,} and v € {21,..., 2z, }. Then,
convy{z1,...,2,} = {v}Uconv,{z :z #vfori=1,... ,n}.

Apply Case 1 to the points u,v, and {z; : z; # v for i = 1,...,n}, clearly not on
a circle, to conclude that there is a point w # v, such that

w € convy{z; :z; #vfori=1,...,n} Cconv,{z1,...,2,}
that is not in conv,{z; : z; # vfori = 1,...,n}. Since w # v, we get w ¢
convy{z1, ..., 2}

Case 3. Suppose that u € {z1,...,2,} and v &€ {z1,...,2,}. This case is similar
to Case 1, so we use the same notation and summarize the differences. We have
v & convy{z,...,2,} and may assume v ¢ conv,{zi,...,2,}. For the transfor-
mation T,(z) := 1/(z — v) with 0 = oo, we have

T,(convy{z1,...,2,}) = convoo{Z1,..., 2},

the convex hull of {Z1,...,2,}. There is a closed half plane, with boundary pass-
ing through (at least) two distinct points from Z;, 2;, containing the convex hull
and @ being in the interior of the half plane. Thus, the open arc arcg(2;, 2;) is
contained in the complement of the closed half plane. Any point w on it is in
convg{Zy,..., 2, } but not in convo.{z1, ..., 2,}. Reversing the transformation, we
get w € convy{z1,...,2,} and w ¢ conv,{z1, ..., z,}. Moreover, w # v.

Case 4. Suppose that u € {z,...,2,} and v € {z,...,2,}. In that case we

must have n > 4. Proceed as in Cases 2 and 3. O

The condition in Proposition 4.5 that the point are not on a circle is necessary.
Indeed, if the points are on a circle, with z; # z5 being adjacent, and with u # v

between z; and zy, then conv,{z1,...,2,} = conv,{z1,..., 2z, } = arc,[z1, 23]
Proposition 4.6. Let v, zy,..., 2z, be any points in C*.
(a) If v,z1,...,2, are on the same circle C and {z,...,z,} \ {v} contains at

least two points, then

ﬂ convy{z1,..., 2.} = cl(C\conv,{z1, ..., 2,}) U{z1,..., 2, }.
w€CONVy{z1,....,2n }
UQ{Zlv---azn}
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(b) Ifv,z1,...,2, are not on the same circle, then

ﬂ convy{z1,..., 2} ={v}U{z1,..., 2}
ueCONVy{z1,....2n}
ué{z1,....,2n}

Proof. (a) Without loss of generality, suppose that, the points zi,...,z, are
ordered clock wise on the circle C, with v being between z; and z,. Then,

convy{z1,...,2,} = arcy|z1, z,|.
For any u € conv,{z1, ..., 2,}, different from z1, ..., z,, if u is between z; and z;, 1,
then conv,{z1,...,2,} = arc,[z;, z;41] contains arc|z;,v, z,] but does not contain

arc(z;, u, ziy1). The result follows from here.

(b) Using Theorem 4.1, it is easy to see that the right-hand side is contained
in the intersection on the left-hand side. To show the opposite inclusion, take
x & {z,...,2,}, such that

T € ﬂ convy{z1,..., 2}

ue€CONVy{z1,....,2n}

ug{z1,....,2n }
That is, for any w € conv,{z1,..., 2.}, such that w & {z,...,2,}, we have
xr € convy{z1,...,2,}. In other words, for any w € conv,{z1,...,2,}, such that
wé&{z1,...,2,}, we have w € conv,{z1,...,2,}. Equivalently,
convy{z1,...,2,} Cconvy{z1,..., 2.}
According to Proposition 4.5, this happens only if z = v. 0

Example 4.7. (a) P(0) = C* and P(C*) = C*.

(b) Suppose the distinct points zy, uy, 22, ug are co-circular, say positioned clock-
wise in this order on the circle. Then

P(arc|z1, ui, 29]) = arc|zs, ug, z1].
(c) Proposition 4.5 shows that if u, 2y, ..., z, are not on a circle, then
P(conv,{z1,...,2,}) = {u}.
(d) For any closed circular domain D, we have P(D) = cl(C* \ D).

(e) Let Dy and D; be two closed discs with int (D N Dy) # @), and such that none
contains the other. Then,

P(Dy N Dy) = cl(Dy U Dy,
P(cl(Dy UDs)) = DyN Dy, and  P(cl(Dy \ Do) = cl(Ds \ Dy).

(f) The last example readily generalizes to n closed circular domains Dy, ..., D,,
such that D; N D; has non-empty interior and D; ¢ D; for all distinct 7,j =
1,...,n. For any zero-one vector x € R", define the set

A, ={2e€C:zeD;ifr;=1and zecl(D) ifx; =0fori=1,...,n}.
Then, we always have A._, C P(A,), where e € R" is the all-one vector.
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5. Sets convex with respect to several poles

Recall that for any A G C*, we have (int A) NP(A) = @. Another simple observa-
tion is that for any A, B C C*, we have P(A)NP(B) C P(ANB). The intersection
of two sets, convex with respect to u, is also convex with respect to u.

For any set A C C* and u ¢ int A, denote by conv,(A) the smallest set, with
respect to inclusion, containing A and convex with respect to u. Analogous to
Proposition 3.2, conv,(A) is the intersection of all circular domains that contain
A and have u on its boundary. To see that just apply the transformation (6) and
use standard results from convex analysis.

Next, we consider sets that are convex with respect to more than one pole. For any
A, U C C*, such that (int A)NU = (), let convy(A) denote the smallest set, con-
taining A and convex with respect to every u € U. The minimality in the definition
implies, that if U C V, then convy(A) C convy (A). Analogously, if A C B, then
convy (A) C convy(B). Finally, if T'(z) is a non-degenerate Mobius transforma-
tion, then similarly to Lemma 3.7, one establishes T'(convy (A)) = convyn (T (A)).

Figure 5.1: Ilustrating the proof of Lemma 5.1.

Lemma 5.1. Let 2z, 2o, u1, us be distinct points in C* not on a circle. Let Dy be
the closed circular domain, such that z1, zo,uy € 0Dy and uy & Dy. Similarly, let
Dy be the closed circular domain, such that zq, z9,us € 0Do and u; & Ds. Then

CONV {4, upt {21, 22} = D1 N Dy = convy, {convy, {21, 22} }.

If z1, 20, u1, us are co-circular, then conV{uwz}{zl, 29} is that circle or just the arc
arcy, |21, z2], depending on whether {z1, z2} and {uy,us} interlace or not.

Proof. We only consider the case when both D; and Dy are bounded, as shown
on Figure 5.1. The other possibilities are analogous. The boundary of D; N Do
is the union of the arcs arc,, [21, 2] and arcy,[z1, 22| and is in convyy, u,3{21, 22}
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Let 2y be an arbitrary point in the interior of D; N Dy. There is a circle through
uy and zg, intersecting arc,,|[z1, 22| in two points, call them v and w. (One can
choose that circle to be tangent to the boundary of D; and contained in it.) Since
v,w are in convyy, 4,1{21, 22}, we conclude that z, € arc,, [v, w] is also there. This
shows that convyy, u,1 {21, 22} 2 D1ND,. The opposite inclusion and the iterative

representation follow readily. [
The next result shows how to construct the set conV{ul,,_,yum}{zl, ..+, Zp} induc-
tively.
Theorem 5.2. Let {uy,...,un} and {z1,...,z,} be non-intersecting sets in C*.
Then

CONV{uy . um {215 2} = convy, {conviy,, . 13{71, -+ 20} } (17)

Proof. One inclusion is easy. Indeed, we have

CONV{yy w3215 -5 Zn} 2 CONViwy w3215 Zn )

and since the former set is convex with respect to u,,, the minimality in the
definition implies

CONV{yy, um}t 215+ -y Zn} 2 convum{conv{uh_,_,um_l}{zl, . zn}}

To show the opposite inclusion, all we have to do is demonstrate that the latter
set is convex with respect to uy, and by symmetry it is convex with respect to all
Uy, ..., Um—1. The minimality property of COHV{ul,...,um}{Zl, ..+, Zn}, then confirms
the opposite inclusion.

The proposition is trivial when m = 1. It is also easy to see in the case m = 2
and n = 2. Note that the set conV{uhm,um}{zl, ..., Zn} contains all crescents

CONV oy, ;11 Zss 2t }-
The rest is divided into several cases. Without loss of generality, we may assume

that u,, = oo, which means that all zy, ..., z, are finite. Before we continue with
the case study, we consider a simplifying step.

Claim. If the proposition holds for m = 2 and n — 1, then for z,, we may assume
that 2, € convyy, so}{21,- -, Zn-1}-

Proof. Since, COHV{ul’Oo}{Zl, ..., Zp} is the smallest set containing z1,. .., z, and
convex with respect to u; and oo, if 2, € convyy, so}{21,- ., 21}, we have
CONV{y; 00} 21, - Zn—1sZn} © CONV{y, 00} 1215+ -, 2Zn—1}
= convoo{convul{zl, . zn_l}} C convoo{convul{zl, e Zne1s zn}}

The opposite inclusion follows from general principles, as explained in the begin-
ning of the proof. We are done with the claim. ]

Note that both sets conve,{z1,...,2,-1} and conv,,{z1,..., 2, 1} are contained
in convyy, oo} {21, -, 2n-1}, as well as every crescent convy, «o}{%, %}
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Case 1. Let m = 2 and n = 3. Special case, when 21, 25, 23 are on one line
are handled using the claim. So, suppose that zi, zo, 23 form a non-degenerate
triangle. The lines line[zy, 25|, line[zy, 23], and line[zs, 23] divide the plane into
seven regions. We distinguish several different sub-cases, depicted on Figure 5.2.

uy

Figure 5.2: Illustrating Case 1 in the proof of Theorem 5.2.

Case la. Suppose that vy is in the triangle with vertices 21, 23, 23, see Figure 5.2a,
then,

convy, {21, 29, 23} = D|z1, u1, 25] N D]z, u1, 21] N D]z, uy, 23]. (18)

(This is the set outside of the dashed arcs on the figure.) If u; is in the interior of

the triangle, then conv..{conv,,{z1, 292, 23}} = C*, which is convex with respect
to uy. While, if w; is on one of its edges, say u; € (21, 22), then

conveo{convy, {z1, 20, 23} } = D|z1, u1, 22].

That is the closed half-plane to the left of line[zq, z5]. It is convex with respect to
Uuq.
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Case 1b. Suppose that u; is in the sector with vertex z; bounded by the rays
ray|z1; 21 — 22| and ray[zy; 21 — 23], see Figure 5.2b. Then,

convy.{convy, {21, 22,23} } =

= convy, {21, 22, 23} U CONV{y, 0o} {21, 22} U cOnvyy, oo} {21, 23}

(Note that if w; is on the ray[zi;2z; — 23], then the formula still holds, where
by Lemma 5.1 we have convyy, «o}{21,23} = [21, 23], since the points 2, 23 and
{u1,00} do not interlace. Similarly, if u; is on the ray[z1;21 — 22].) This set is
convex with respect to uy, since it can be represented as an intersection of a closed
disk and two half-planes, not containing wu; in their interiors.

Case 1c. Suppose that u; is in the region bounded by the segment [z1, 23] and the
rays ray|z1; 21 — 23] and ray[zo; 20 — 23], see Figure 5.2c. If u; is inside of the disk
Dlz1, 25, 23], then 23 is in the crescent convyy, «3{21, 22} and we are done by the
claim. So, suppose in addition, that u; is outside of the disk D][zq, 25, 23]. Then

conveo{convy,, {21, 22, 23} } = convy, {21, 22, 23} U convyy, s3{21, 22}

This set is convex with respect to uq, since it can be represented as an intersection
of two closed disks and one half-plane, not containing u; in their interiors.

Case 2. Let m = 2 and n = 4. The claim shows that, without loss of generality,
every zi, zo, 23, 24 is an extreme point, with respect to oo, of conveo{z1,...,24}
and is an extreme point, with respect to uy, of conv, {z1,...,24}. The claim
also implies that z4 is not in the sector with vertex 2z and bounded by the rays
ray|zo; 2o — 21] and ray[z9; 29 — 23], since then zo € conv{z1, 23, 24 }. Analogously,
24 is not in the sector with vertex z3 and bounded by the rays ray[zs; 25 — 21| and
ray|zs; 23 — zq]; and z4 is not in the sector with vertex z; and bounded by the rays
ray[z1; 21 — 22| and ray[zq; 21 — 23]. The case when u; is in the quadrilateral with
vertices 21, ..., 24 is handled analogously to Case la.

.
U

Figure 5.3: Illustrating the situation at the beginning of Case 2a in the proof of
Theorem 5.2.

Case 2a. Suppose the points u; and 2z, 29, 23 are positioned as in Figure 5.2b.
By the claim, we may assume that 24 & convyy, o1{21, 22, 23}
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If z, is in the region bounded by the segment [29, 23] and the rays ray[zs; 20 — z1]
and ray|zs; 23 — 21, see Figure 5.3, then

conveo{convy, {z1,...,2z4}} =

= CONVoo {21, ..., 24} Uconvyy, oot {22, 24} Uconvyy, 3123, 24}

This set is convex with respect to uq, since it is the intersection of two closed half-
planes (not containing w; in their interior), namely with boundaries line[zy, 23]
and line[zy, z3] with two disks Dluy, 29, z4] and D|z3, uq, 24].

Figure 5.4: Illustrating Case 2a in the proof of Theorem 5.2.

Suppose now that zy is in the region bounded by the segment [z, z5] and the rays
ray[z1; 21 — z3) and ray[zs; 20 — 23]. (The case when z4 is in the region bounded
by the segment [z1, z3] and the rays ray[z1; 21 — 2o] and ray|zs; 23 — 29] is handled
analogously.) The line line[uy, z5] and the circle C'(uq, 22, z3) divide that region
into three parts, as illustrated on Figure 5.4a. We consider each part separately.

Case 2a.A. Suppose that z, is in part A, see Figure 5.4b. In that case z3 is in
convy, {21, 23, 24} and we are done by the claim.
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Case 2a.B. Suppose that z4 is in part B, see Figure 5.4c. Then

conveo{convy, {z1,...,24}} =

= CONVoof{ 21, ..., 24} Uconvyy, oot {22, 23} U convyy, «3{22, 24}

This set is convex with respect to uy, since it is the intersection of two closed half-
planes (not containing w; in their interior), namely with boundaries line[zy, z3]
and line|[zy, z4] with two disks D[uy, 22, 23] and Dluy, 24, 22).

Case 2a.C. Suppose that z, is in part C, see Figure 5.4d. Then

conveef{convy, {21, ..., 24} } = conve{z1, ..., za} Uconvyy, o1 {22, 23}

This set is convex with respect to uy, since it is the intersection of three closed half-
planes (not containing wu; in their interior), namely with boundaries line[zy, 23],
line[zq, z4], and line[zy, z4] with the disk D[uy, 29, z3).

Case 2b. Suppose the points u; and 21, 29, 23 are positioned as in Figure 5.2c.
By the claim, we may assume that 24 & convyy, o1{21, 22, 23}

Case 2b.i. Suppose that z; is in the region bounded by the segment [z, 23] and
the rays ray|[z1; 21 — 29| and ray|zs3; 23 — 22]. (The case when z4 is in the region
bounded by the segment [z, 23] and the rays ray|zs; 2o — z1] and ray|zs; z3 — 23] is
handled analogously.)

Figure 5.5: Illustrating Case 2b.i.a in the proof of Theorem 5.2.
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Case 2b.i.a. Suppose, in addition, that z; is in the disk D[uy, 29, z3]. Then, the
line line[uy, z1] and the circle C'(uy, 22, 23) divide that region into three parts, as
illustrated on Figure 5.5a. (The line line[uy, z1], stops when it intersects the circle
C(uq, 29, 23).) We consider each part separately.

Case 2b.i.a.A. Suppose that z, is in part A, see Figure 5.5b. In that case z3 is
in conv,, {z1, 22, 24} and we are done by the claim.

Case 2b.i.a.B. Suppose that z, is in part B, see Figure 5.5c. Then

convoo{convul{zu ceey 24}} =

= CONVoo{ 21, ..oy 24} U CONV gy, 0o} {21, 24} U convyy, o3 {22, 23} U convyy, oo} {23, 24}

This set is convex with respect to wuq, since it is the intersection of one closed
half-planes (not containing u; in their interior), namely with boundary line[zq, 23]
with three disks D][z1, uy, 24], D]uy, 22, 23], and D[uy, 23, 24].

Case 2b.i.a.C. Suppose that z, is in part C, see Figure 5.5d. Then

conveo{convy, {z1,...,24}} =
= CONVoo {21, ..., 24} Uconvyy, oot {22, 23} U convyy, 3123, 24}
This set is convex with respect to uq, since it is the intersection of two closed half-

planes (not containing w; in their interior), namely with boundaries line[z1, 23],
line[zq, z4] with two disks D|uy, 29, 23] and D[uy, 23, 24].

Case 2b.i.3. We are still in the case, where z; is in the region bounded by
the segment [z1, 23] and the rays ray[z1;21 — 2o] and ray[zs; 23 — 23]. Suppose,
in addition, that z; is outside of the disk D[uy, 29, z3]. Then, the line line[u;, z]
and the circle C'(uq, 29, 21) divide that region into three parts, as illustrated on
Figure 5.6a. We consider each part separately.

Case 2b.i.J.A. Suppose that z, is in part A, see Figure 5.6b. In that case

conveo{convy, {21,. .., 2z} } = convyy, o1 {21, 22},

which is convex with respect to u;.

Case 2b.i.3.B. Suppose that z, is in part B, see Figure 5.6¢c. In that case

conveo{convy, {z1,...,24}} =

= CONVoof{ 21, ..., 24} Uconvyy, oot {21, 24} Uconvyy, «3{22, 24}

This set is convex with respect to uy, since it is the intersection of a closed hyper-
plane with boundary line[z, 23] (not containing wu; in its interior) and the disks
D[Ul, 24, Zl]a D[ub 22, Z4]-

Case 2b.i.3.C. Suppose that z4 is in part C, see Figure 5.6d. In that case

conveo{convy, {z1,. .., 2z} } = convee {21, ..., 24} Uconvyy, oo} {22, 24}
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Figure 5.6: Illustrating Case 2b.i. in the proof of Theorem 5.2.
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This set is convex with respect to wuy, since it is the intersection of the closed
hyperplanes with boundary line[z, 23] and line[z, z4] (not containing u; in its
interior) and the disk D[uy, 22, 24].

Case 2b.ii. Suppose that z, is in the region bounded by the segment [z1, 25| and
the rays ray|[z1; 21 — 23] and ray|zq; 20 — 23], see Figure 5.7. This case falls into
those considered above, after one relabels the points z1, 29, 23, 24 as z3, 29, 24, 21.

Figure 5.7: Illustrating Case 2b.ii in the proof of Theorem 5.2.

Case 3. Let m = 2 and n > 5. Recall, that the goal is to show that the
set convoo{convul{zl, e zn}} is convex with respect to u;. Suppose that this
holds for m = 2 poles and n — 1 points. By the claim, we may assume that
Z1,...,2, are all extreme points of conve{z1,...,2,}. Let a,b be any points
in convoo{convul{zl, . ,zn}}. It is not difficult to see, that there is a subset
of {z1,...,2,}, consisting of n — 1 points, say {z1,...,2,_1}, such that a,b €
conve{21,...,2,-1}. (Here we use the condition n > 5.) By the induction hy-
pothesis

arcy, [a, b] C convoo{convul{zl, . zn,l}} C convw{convul{zl, . ,zn}}.

Case 4. Finally, consider the general case, m > 2 and n > 2. The goal is to show
that the set Convoo{Conv‘[ul,m,umfl}{zl, cee zn}} is convex with respect to u;. Let
a,b be any points in the convex hull of convyy, . u,._.3{#1,-..,2,}. Then, there
are six points

V1, ..y Ug € CONV{yy, um 131215+ Zn )

such that a € conve{v1,v2,v3} and b € conve{vy, vs,v6}. (By Carathéodory’s
theorem in dimension two, see [3, Theorem 17.1].) Now, Case 3 shows that

arcy, [a,b] C conve{convy, {vi, ..., ve}}
and we are done, since
convoo{convul{m, . ,116}} C convoo{conV{ulwumfl}{zl, . ,zn}}.

The proof of the theorem is complete. [
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The next corollary can be used as the basis of an algorithm for constructing polar
convex hulls with several poles.

Corollary 5.3. Let {uy,...,un} and {z1,...,2,} be non-intersecting sets in C*.
Then convViy,  u.3i%1, ..., 20} = convy,, {conv,,  {---conv, {z1,...,2,}}}.
The result does not depend on the order in which the convex hulls are taken.

Corollary 5.4. Let {uy,...,un} and {z1,...,2,} be non-intersecting sets in C*.
Then the set conV{uhm’um}{zl, ..y Zn} has empty interior, if and only if the points
{ur, ..., up}t and {z1,...,z,} are on a circle.

Proof. Apply the Mobius transformation T'(z) = 1/(z — u,,) to both sides of (17)
to obtain

T(conviy,,  umi{21,---s2n}) = convoo{conV{T(ul)MT(umfl)}{T(z1), . ,T(zn)}}.

-----

T(z,)} is contained in a line. This implies that T'(uy),...,T(u,_1) are also on
that line. O

Theorem 5.5. Let {uy,...,uy} and {z1,...,2,} be non-intersecting sets in C*,
such that con\I{ul,,_.,um}{zl, ..y Zn} has non-empty interior. Then, the boundary
of conviy,, . w.3{21,- -, 2n} is a simple curve, made of finitely many circular arcs.
FEach arc has the following properties:

(a) it connects two points from {z1,...,z,} and is a part of the boundary of a
closed circular domain D, containing all {z1,..., z,};

(b) the boundary of D contains a pole u; but u; & intD for all j # i;

(c) the set conviy,, w,3{21,-.-,2n} @s equal to the intersection of all such closed
circular domains D.

Proof. The proof is by induction on m. The case m = 1 is easily seen by apply-
ing the Mébius transformation 7'(z) = 1/(z — u;) to the set convy, y3{z1,..., zn},
turning it convex, for which the corollary is trivial, then reversing the transfor-
mation. Assuming the theorem holds for m — 1, apply the Mébius transformation
T(z) =1/(z — uy,) to both sides of (17) to obtain

T(conviy,, umi{Z1, - s2n}) = convoo{conV{T(ul)7_,,7T(um_l)}{T(zl), . ,T(zn)}}

The induction hypothesis applies to convirw,), . r@wn 317 (z1),...,T(2n)}. To
simplify the notation, we omit 7" and show convoo{conv{uh._,,umfl}{zl, . ,zn}}
satisfies the description in the statement. (Then, one reverses the Mobius trans-
formation to complete the argument.) Since the latter set has non-empty interior,
the points {uy,...,uy—1} and {z1,..., 2, } are not all collinear.

Case 1. Suppose that n = 2. If m = 2, then conv,, {z1, 20} = arc,, [21, 22] and
its convex hull is a circular segment that satisfies the conditions of the statement.
So, suppose m > 3, then there are poles that are not on the line line[zq, z5].
If all poles are on one side of line[zy, 25|, then convyy,, . ,3{%1, 22} is the lens
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formed by the two outermost arcs arc,,[z1,22], i = 1,...,m — 1. Its convex hull
is a circular segment again. If there are poles on each side of line[zy, 2], then
CONV{y,, .um 13121, 22} is & convex lens.

Case 2. Suppose that n > 3. According to the induction hypothesis, the set
CONV{uy ... um_1}121, - - - » Zn } is equal to the intersection of all closed circular domains
D such that a) {z1,...,2,} C D; b) some u; is in 0D and u; ¢ intD for all j # 3;
and c) arcy,[2j, 2] = 0D N O(convyy, . u,_1{#1,-- ., 2n}) for some z; and 2.

We now focus on the convex hull of convyy, . u,. .3{%1,-..,2:}. It is the inter-
section of all closed half-planes whose boundary has a point in common with the
boundary of convyy, ., 1{#1,...,2.}. Let H be such a closed half-plane.

Case 2a. Suppose that the boundary of H is tangential to the boundary of
CONV{yy . um_1 3121, -, 2n} at a point w. By the induction hypothesis w is on an
arc arcy, |21, z2], which is a part of the boundary of a closed circular domain D,
where z; and z, are distinct and on 0D.

Suppose that D is unbounded. Let z3 be distinct from z; and z;. Consider the
lines line[u;, z1] and line[u;, z3]. The situation is illustrated on Figure 5.8. Point
z3 cannot be on the same side of the line linefu;, z1] as arc,,[21, 2], since then
arcy, |21, z3] is not contained entirely in the domain H. (If w = z;, then no matter
where z3 is, arc,,[21, 23] is not contained entirely in H.) Similarly with line[u;, 2s].
Hence, z3 needs to be in the sector with vertex u; opposite from arc,, |21, z2]. Then,
the segments (21, 23] and |29, 23] are in convyy,  u,.1{21,...,2,}. At least one of
these segments contains a point that, together with w are on the same side with
respect to one of the lines linefu;, z;] and line[u;, 25]. This is a contradiction.

This shows that D is bounded, hence convex. Since convyy, . u,,_1{%1,---,2n} is
contained in D, the half-plane H does not contribute to the convex hull of that
set. We can discard it.

Figure 5.8: Illustrating Case 2a in the proof of Theorem 5.5.

Case 2b. If the boundary of H and the boundary of convyy, . 3{%1,-.-, 2%}
are not tangential, then one can rotate H around the common boundary point,
until the boundaries become tangential (in which case we discard H by the pre-
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vious case), or the two boundaries touch at more than one point. These points
must be sharp (or else we are in the previous case) and by the induction hypoth-
esis are in the set {z1,...,2,}. Say z; and zy are two of them. The half plane
H cannot contain a pole u;, for j € {1,...,m — 1}, in its interior or else the
arc arcy,[z1, zp] is in convyy, . u,_ 13121, .., 20} but not in H. Thus, the closed
circular domain H satisfies properties a) and b) in the statement of the theorem
and convyy,, w3121, -, 20} is equal to the intersection of all such closed circular
domains. The induction is complete. [

The proof of Theorem 5.2, Case 1, gives a description of convyy,, u,3{21, 22, 23}
as intersection of closed circular domains. The next corollary generalizes that
representation, giving a geometric description of conV{uhm,um}{zl, <oy Zn}. Tt also
extends Lemma 5.1 to more than one pole.

Corollary 5.6. Let {uy,...,uy} and {z,...,2,} be non-intersecting sets in C*,
such that conv{uhm’um}{zl, ..., Zn} has non-empty interior. For eachi=1,...,m,
define the set of closed circular domains

L; = {D:uieaD and uj € intD for all j #1i,5=1,...,m,
{z1,...,2,} C D with |{z,...,2,} NOD| > 2}.

Then CONV iy, um} 215 Zn} = m ﬂ D. (19)

i=1DeL;
If L; =0, for some i, then we use the convention MNpes, D =C*.

Proof. The set on the right-hand side of (19) is convex with respect to every u;,
i =1,...,m and that it contains {z,...,z,}. Therefore, it contains the smallest
set with those properties, showing that

CONV{yy,. w3 {215 - Zn} C ﬁ ﬂ D.

=1 DE,Ci
The opposite inclusion follows from Theorem 5.4. O
Corollary 5.7. Let {uy,...,uy} and {z,...,2z,} be non-intersecting sets in C*,
such that convyy, w1121, .-, 20} has non-empty interior. Then

convyz, . z{ur, . um} C P(COHV{ul,...,um}{Zl, ey zn}) - ﬂ ﬂ cl(D%). (20)

i=1 DeLy

Proof. Forany D € L;, we have {uy, ... ,u,} C cl(D) and {z1,...,2,}ND° = (.
Hence, cl(D°) is convex with respect to all zy,. .., z,, implying that

convy,,  ofur, ... un} Ccl(DC).

In other words, for any v € convy,, . ..3{u1,...,Un}, we have v ¢ int D. This
implies that v is a pole of convyy,, . w,.1{#,. .., 2} or the first inclusion in (20).
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Suppose now that v is a pole of COHV{ul,...,um}{Zl, .., Zn}. This means that for
any two points a and b from that set, the arc arc,|a, b] is in it as well. Let D € £;
and let z, and z, be two distinct points on the boundary of D. Since

arcy |2k, ze] C conviy,, . w3tz -, 2} C D,
we conclude that v € cl(D°). O

The first part of the next corollary follows from the definitions, while the second
part uses inclusion (20).

Corollary 5.8. If z, € convyy, w3121, --s2n-1}, then

CONV{yy L2015 - 3 Zn—1, Zn} = CONV iy, wn3i21,- -+, Zn—1}-
If U, € convy,  oy{u1, ..., Um—1}, then
CONV {uy, o um} 215 - -5 Zn} = CONVyy un {215+, 20 )

Theorem 5.9. For any A C C*, we have A C P(P(A)).

Proof. We first take care of a few trivial cases. If A is empty, then P(A) = C*
and P(P(A)) = P(C*) = C*. Hence, A C P(P(A)). If A contains one point only,
then P(A) = C* and the result holds again. If P(A) is empty, then P(P(A)) = C*
contains A. If P(A) contains only one point, then gain P(P(A)) = C*.

Thus, suppose that A and P(A) both contain at least two points. Fix z; € A and
distinct uy,us € P(A) arbitrarily. We have to show that z; is a pole of P(A),
that is, arc,, [u1,us] € P(A). In other words, we need to show that for every
v € arc, [uy,us] and any 29,23 € A, we have arc,[z, 23] € A. The case when
{u1,us} and {z1, 29, 23} are all on a circle can be verified by considering several
trivial cases. We omit the details and assume that the five points are not on a
circle. Using (20), we obtain

v € arc,, [ur, ug] C convys, ., s {ur, us} C Pconvyy, w1 {21, 22, 23}).
Since u; and us are poles of A and 2z, 29, 23 € A, we conclude that
CONV fy; up} {21, 22, 23} C A
and the proof is complete. O
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