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1. Introduction

In recent decades, the strong laws of large numbers (SLLN) for sequences of
unbounded random sets gave rise to applications in several fields such as opti-
mization and control, stochastic and integral geometry, mathematical economics,
etc. In 1981, Z. Artstein and S. Hart [1] obtained a strong law of large numbers
for independent identically distributed random variables whose values are closed
subsets of R? and applied it to a problem of optimal allocations. Later, F. Hiai [13]
and C.Hess [10] independently proved similar results for random sets in an infi-
nite dimensional Banach space with respect to the Mosco convergence. Moreover,
C. Hess [11] obtained a convergence result on the Wijsman topology of SLLN for
sequences of pairwise independent identically distributed random sets in a sepa-
rable Banach space. In particular, C. Hess was able to show that the SLLN for
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the slice topology follows from the SLLN for the Wijsman topology, provided the
space has a strongly separable dual (see [11, Proposition 3.9]). The SLLN for
a double array of independent (or pairwise independent) random sets was intro-
duced by C. Castaing, N. V. Quang and D. X. Giap [6, 7] with Mosco convergence,
Wijsman convergence and Slice convergence.

On the hyperspace, there are many topologies in which the Hausdorff metric is the
strongest. However, when the closed sets are unbounded, the Hausdorff distance
between them is usually equal to infinity. Therefore, it is not well-suited to the
case of random sets with unbounded values. For the space of all closed (possibly
unbounded) subsets of a Banach space X, denoted by ¢(X), at first the Painlevé-
Kuratowski convergence was introduced; it corresponds to the Fell topology, but
it is only suitable in a finite dimensional space. The Mosco convergence is an
interesting infinite dimensional extension of the Painlevé-Kuratowski convergence
and it is suited to reflexive spaces. The Mosco convergence was also introduced for
studying variational inequalities. One may ask for a topology on ¢(X) that involves
more explicitly the norm of the space X by means of a distance between sets which
is useful to study the rate of convergence. In order to fulfill this requirement, one
considers the case where ¢(X) is endowed with the Wijsman topology. Indeed,
when X is separable, it is metrizable and separable. Unlike the Mosco topology, it
has interesting properties even in the non-reflexive case. The Wijsman topology
is also useful for studying the convergence of best approximations.

On the other hand, in the special case of random sets with convex values, it
is possible to prove the SLLN with respect to a topology 7, the so-called slice
topology, which is stronger than both the Mosco topology and the Wijsman topol-
ogy, and even in non-reflexive Banach spaces 7 has “nice” properties, such as
metrizability, second countability and variational inequalities. The slice topol-
ogy on ¢(X) is the weak (or initial) topology determined by the family of gap
functionals {D(C,.) : C' is a nonempty slice of a ball}. However, in the practical
applications of probability theory, we need to consider sets C that are bounded
and convex. In this context, the best candidate seems to be the gap topol-
ogy given by the weak (or initial) topology corresponding to the gap functionals
{D(C,.) : C is a nonempty bounded convex set}.

The SLLN for sequences of pairwise independent and identically distributed ran-
dom sets with the gap topology established by Terén [23]. In this paper, combining
Teran’s method in [23] with our techniques for building a double array of selec-
tions to prove the “liminf” part of Painlevé-Kuratowski convergence, we establish
some SLLN for double arrays of independent (or pairwise independent) random
sets with the gap topology under various settings. Some illustrative examples are
provided.

This paper is organized as following: In Section 2, we introduce some basic notions:
hyperspace of a Banach space, random set, Painlevé-Kuratowski convergence,
Wijsman convergence, Slice convergence, convergence in the gap topology. In
Section 3, we prove the strong law of large numbers for a double array of pairwise
independent random sets, compactly uniformly integrable in the Cesaro sense.
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Finally, Section 4 is concerned with the strong law of large numbers for a double
array of independent (or pairwise independent) closed valued random variables in
a real separable Banach space with or without any geometric property. The type
of convergence considered here is convergence in the gap topology.

2. Preliminaries

Throughout this paper, let (£2, A, P) be a probability space, (X, ||.||) be a separable
Banach space. Let X* be the dual space of X and S* be its unit sphere. In the
present paper, R (resp. Q) (resp. N) will denote the set of all real numbers (resp.
rational numbers) (resp. positive integers).

Let ¢(X) (resp. k(X)) be the family of all nonempty closed (resp. compact) subsets
of X. For any A, B € ¢(X), clA, coA, coA denote the norm-closure, the convex
hull and the closed convex hull of A respectively; the distance function d(., A) of
A, the support function s(., A) of A, the norm ||A|| of A and the gap D(A, B)
between two sets A and B are defined by

d(z,A) =inf{||lz —y| 1y € A}, z € X,
s(z*, A) = sup{(z*,y) : y € A}, x* € X¥,
[A[l = sup{|lz[| : = € A},
D(A, B) =inf{|lz —y|| 12 € A,y € B},
and also, for any r > 0, we put A" = {x € X : d(z, A) < r}.

Let U~ = {C € ¢(X) : CNU # 0}, where U C X. Let B.x) be the o-field
on ¢(X) generated by the sets U™, taken for all open subsets U of X. We recall
that B.(x) is the Effros o-field. A mapping F' : Q — ¢(X) is said to be a random
set if it is (A, Be(x))- measurable; namely, for every open subset U of X, we have
F~Y(U7) € A. Given a random set F, we define a sub-o-field of A by setting
.AF = {Fﬁl(U) U € BC(:{)}.

For each F-measurable random set F', the family of all F-measurable random
elements f with f(w) € F(w) a.s., is denoted by S%(F), where F is a sub-o-field
of A. Shorter notation for S%(.A) is S9%.

For 1 < p < oo, L?(2, A,P,X) = LP(X) denotes the space of A-measurable
1

functions f : 2 — X such that the norm || f||, = (E||f||?)? is finite.

Set SL(F)={f e LP(Q,F,P,X): f(w) € F(w), as.}. If F = A, then S%.(F) is
denoted by Sh.

For any sub-o-field F of A and any F-measurable random set F', the expectation
of F over ), with respect to F, is defined by E(F,F) = {Ef : f € SL(F)}, where
Ef = [, fdP is the usual Bochner integral of f. We denote E(F, A) for short by
EF. We note that E'F' is not always closed.

For notational convenience, for a,b € R, max{a,b} is denoted by a V b and
min{a, b} is denoted by a A b. The logarithms are to the base 2, for a € R,
log(a V 1) will be denoted by log™ a.
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Let N = {n = (ny,...,nq) : n; € N,;1 <i < d} be a set of d-dimentional positive
integer lattice points (d > 1). Denote np,x = max{ni,...,nq}.

Let us denote by s the strong topology of X. The array {z, : n € N¢} of X is said

to converge to an element x € X as ny,, — 00, denoted by s- lim =z, = x if
Nmax—00

for every £ > 0, there exists N € N such that ||z, — z|| < € for ny., > N.
Let {A, : n € N} be an array in ¢(X). We put
s-liminf A, ={r € X:x =35 lim z,,2, € Ay,n € N4},

Nmax—00 Nmax—00

s-limsup A, ={r € X:x =5 lim mx, 7 € Ay, k € N},

Nmax—00 Kmax—00
where {Ap, : k € N} is a sub-array of {4, : n € N¢}.

An array {4, : n € N¢} converges to A, in the sense of Painlevé-Kuratowski,

relative to the topology s, as npy., — oo, if s- liminf A, = s-limsup A, = A.
Nmax—>00 Nimax—> 00

Clearly, this is true if and only if the following inclusions hold:
s-limsup A, C A C s- liminf A,.
Nmax—>00 Nmax =00
The Wijsman convergence on ¢(X) is the pointwise convergence of distance func-
tions. This means that an array {A, : n € N?} C ¢(X) converges to A as

N — 00 with respect to Wijsman convergence, if for every x € X, one has
d(x, A) = . hn_lm d(x, Ap).

An array {A, : n € N} C ¢(X) converges in the slice topology to A as Ny, — 00
if D(An,C) — D(A,C) as nyax — oo for all nonempty slices C' of balls, and
it converges in the gap topology to A as Np.x — oo if D(An, C) — D(A,C) as
Ny, — 00 for all nonempty bounded closed convex subsets C' of X.

A double array of random elements { f,., : m > 1,n > 1} is said to be uniformly
integrable in the Cesdro sense if

tim sup (mn) ™ 30> B (I flLgs,0050 ) = 0.

T—r00 m,n>1 o1 =1

A double array of random elements { f,,,, : m > 1,n > 1} is said to be compactly
uniformly integrable in the Cesaro sense (Cesaro CUI for short) if for every e > 0,
there exists a compact subset K of X such that

sup (mn)~" ZZE@finl(ﬂj(.)%K)) <e.

mn21 i=1 j=1

In general, compactly uniform integrability in the Cesaro sense is stronger than
the uniform integrability in the Cesaro sense, but they are equivalent in the real
or the identically distributed case. For more details, see [24].

Let A be a subset of €2, the complement of the set A with respect to €2 is denoted
by A€
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As in [20], a double array of random sets {F,,, : m > 1,n > 1} is said to be
compactly uniformly integrable in the Cesaro sense (Cesaro CUI for short) if for
every € > 0, there exists a compact subset K of X such that

oup (mn) 303 E(IF 1L, ) < =

m,n>1 =1 j—1

Now we proceed to state our main results.

3. SLLN for a double array of random sets compactly uniformly
integrable in the Cesaro sense

In this section, we introduce and prove a SLLN for a double array of pairwise
independent, Cesaro CUI random sets.
At first, we give some lemmas which will be used later.

Lemma 3.1. Assume that {F,,, : m > 1,n > 1} is a double array of Cesiro CUI
random sets. Then

(1) {fiwn : m > 1,n > 1} is a double array of Cesiro CUI random elements,
where fyn € S%mn, forallm>1,n>1.

(2) {s(z*, Fpun) : m > 1,n > 1} is a double array of uniformly integrable in the
Cesaro sense random variables, for every x* € S*.

Proof. Since {F,,, : m > 1,n > 1} is a double array of Cesaro CUI random sets,
for all € > 0, there exists a compact subset K of X such that

sup ( ZZE(H il 0cr): ) <&,

mn>1 Pt
where (Fiy() € K)° = {w € Q1 Fy(w) € K}* = 0\ {w € : Fy(w) C K},
For (1), since f;; € S%ij, i > 1,7 > 1, we obtain
(fij()¢ K) C (Fi;(0) C K)“foralli>1, j > 1.

This implies || fi;]| 15, 00¢x) < |1 Fisll L(r, )crye foralldi > 1, j > 1.

1 m n 1 m n
Hence %ZZEOlfinl(fij(_)gK)) < %ZZE(H illLr,¢ )CK)C>_
=1 j=1 i=1 j=1
Thus
1
s LSS Bl 060 < s S S B (1 ) <=
i=1 j=1 i=1 j=1

For (2), since K is the compact subset of X, it is bounded and so there exists
a positive constant M such that K C {x € X : ||z|| < M} =: I. Therefore, if
F;;(.\)C K then |s(z*, F};)| <|s(z*, I)| <||I||=M for all z*€S* and i > 1, j > 1.
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Thus, for each a > M, we get
(Is(z*, Fij)| > a) C (F;;(.) C K)“foralli>1,7 >1and 2" € S™.
This implies,
s(z", Fij) |1 (s, i) >a) < |1 F5l|1(F,;()cr)e foralli > 1,5 > 1 and 2% € S™.

Hence, for all 2* € S*,

1 1 m n
— E( * F)|Lser a><_ E( 1 )

Therefore, we obtain

n

sup —ZZE( s, Fig) |1 (js(a ”-)\>a>>

mn
m,n>1 i=1 j=1

< sup —ZZE(H e, O )<e. O

mn
m,n>1 =1 j=1

Lemma 3.2. ([13, Lemma 3.1])

(1) For each random set F with St # (), cOEF = coFE(F, Ar).

(2) Let F, G be two identically distributed random sets. For each f € Sp(Ar),
there exists a g € SL(Ag) such that f and g are identically distributed.

(3) For identically distributed random sets F, G with St.#0, E(F, Ar)=E(G, Ag).

Lemma 3.3. ([6, Proposition 3.5]) Let {x, : m > 1,n > 1} be a double array
of elements in a Banach space X such that

1 n
(1) For each m > 1, EmeJ%x as m — oo,

J=1
m

1
2) Fi hn>1 — in — — 00,
(2) For eachn > 1, m;x r as m — o0

1 m n .
(3) —ZZ:E”%x as mAn — oo, where x is a member of X. Then,
M .
1
—Zinj%a: as mVmn — oo.
mn “ X
=1 j=1

Lemma 3.4. Let A be a subset of X, B be the closed unit ball of a fized arbitrary
equivalent norm of X and let r > 0. If A is a compact set then

@A+ r.B =co(A+r.B). (1)
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Proof. For any = € (coA + r.B), there exists x; € co0A and y; € r.B such that
xr =21+ y1. We have,

<[E*,LE> = <ZL'*,C(31 +y1> = <{[‘*,LU1> + <$*,y1>
< s(z*, A) + s(z*,r.B) = s(z*, A+ r.B), for all 2" € X

We recall that z € ¢6(A+r.B) if and only if (z*, x) < s(z*, A+r.B) for all z* € X*.
Therefore, x € €0(A + r.B). On the other hand, since A+ r.B C ¢6A + r.B, to
prove ¢o6(A + r.B) C t0A + r.B, we need only show that ¢6A + r.B is a closed
convex set.

Clearly, coA + r.B is a convex set.

Now, let {x,, : n > 1} be a sequence in ¢0A + r.B such that x,, - = as n — oo.
Then, for each n > 1, there exists ) € c6A and y! € .B such that x, = x! +y!.
Moreover, since X is complete and A is a compact subset of X, then ¢oA is also a
compact set. Therefore, there exists a subsequence {xz,, :k > 1} of {z) :n > 1}
such that x), — x; € G0A as k — oo. At this point y, — y1 as k — oo. Hence,
y1 € .B (by r.B being a closed set).

We get, z,, = x,llk + y}tk — 21 +y; € c0OA+r.B as k — oo. Therefore, z =
x1 + y1 € c0A + r.B and we deduce that coA + r.B is a closed set. Hence, the
proof is complete. [

The hypothesis of compactness of the set A in the above lemma cannot be dropped.
The following example will show that Lemma 3.4 can be fail without the assump-
tion of the compactness of the set A.

Example 3.5. Let X be a non-reflexive Banach space. Let B be the closed unit
ball with respect to the norm on X and let r be a fixed positive real number. By
applying James’ Theorem (see [17, 15]), we can choose an z* € X* which does not
attain its norm on the closed unit ball B, i.e., there isno x € B with (x*, z) = ||z*||.
Clearly, ||z*|| > 0. Weput A = {z € X: (z*,x) > r||a*||}. Since z* is a continuous
linear functional, then the set A is closed and convex, and so coA = A. By the
definition of supremum, there exists a sequence {x, : n > 1} C B such that
(x*,x,) — ||z*]| as n — oo. Therefore, (z*, x,) > 0 for all n sufficiently large,
and so without loss of generality, we can assume that (z*, z,,) > 0 for all n. Put

i)l

Yn = Torny -In for every n > 1. We get that

rll="

(T, yn) = (27,

(z*, Ty)

which implies y,, € A. Moreover,

TT, (

This implies that 0 is a limit point of A + rB, because y,, + (—rz,) € A+ rB for
everyn > 1. If 0€ A+rB, i.e., there exist xq € A and y, € B satisfying xo+7ryo = 0,

x
yn + (—raxy)|| = )H ’ | H ‘ |zn|| = 0 as n — oc.
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then zg = —ryo € rB. This yields zg € AN (rB). Since xy € A, (x*,xo) > r|lz*.
Since 7o € rB (i.e., 2> € B), we have |[(z*, x0)| < [|2*||.[|zo]| < r||z*[|. Therefore,

(z*,m0) = r||o*| is equivalent to (2*, %) = |lz*||. This contradicts the choice of
x*. Hence, 0 ¢ A+ rB. This shows that the set A+ rB (is equal to ¢c6A + rB) is
not closed, and so the conclusion (1) is not true. O

The Beer-Tamaki’s lemma for the multidimensional case with the convergence as
Ny, — 00 was proved in [9, Lemma 4.5]. Similarly, we can get this result with
the convergence as np,,, — 0.

Lemma 3.6. Let A € ¢(X) and {A, : n € N4} be a d-dimensional array in c(X)
(d>1). If (An)" — A" as npax — 00 in the sense of Painlevé-Kuratowski, relative
to the topology s, for every r > 0, then Ay, — A as Ny — 00 in the Wijsman

topology.

For the sake of completeness, we need the following useful lemma.

Lemma 3.7. Suppose that F, F,, n € N? are the random sets in the separable
Banach space X. If F(w) C s- liminf Fy,(w) a.s., then

Nmax—00

limsup d(z, Fy(w)) < d(z, F(w)) for every x € X, a.s.

Nmax—00

Proof. Since X is separable, there is a countable dense subset D of X. From
F(w) C s- liminf Fy,(w) a.s., there exists a negligible N € A such that for every
—00

Nmax

we N\ N: F(w) C s- liminf F,(w). (2)

Nmax—00

Fix w € Q\ N. Then, for any z € D and p € N, there exists y € F(w) satisfying
1
|z =yl < d(z, F(w)) + .

By (2), for each n € N9, there exists f, € Fu(w) such that f, — y as Ny — 00.
Therefore,

limsup d(z, Fa(w)) < lim |l — fo()]| = lz - yl| < d(z, F(w)) + %-

Nmax—>00 Nmax =200
Letting p — oo, we get limsup d(z, F(w)) < d(z, F(w)). (3)
Nmax—>00

Next, we recall that the distance function d(.,C) : ¥ = R (C C X) is 1-Lipschitz;
i.e., for every z,y € X,

|d(z, C) = d(y, C)| < d(x,y) = [l —y]. (4)

For any x in X, there exists a sequence {zy : k > 1} C D satisfying klim Tp = T.
—00
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Then, for each n € N% and k > 1,
d(z, Fa(w)) — d(z, F(w)) < |d(z, Fa(w)) — d(zg, Fa(w))| +
+ |d(ze, Fa(w)) — d(ak, F(w))| + [d(zk, F(w)) — d(z, F(w))]
< 2d(x, zx) + |d(@r, Fu(w)) — d(zk, F(w))] (by (4)).
Letting n,,,x — 0o, we have

limsup[d(z, Fi(w)) — d(x, F(w))] < 2d(z,zx) (by(3)). (5)

Nmax—00
By taking & — oo in (5), we obtain
lim sup[d(x, Fn(w)) - d(ﬂ?, F(w>>] <0,

Nmax—>00
which yields the desired conclusion. O

The theorem below will establish the SLLN for a double array of pairwise indepen-
dent, Cesaro CUI random sets with respect to the gap topology based on Teran’s
method [23] and the technique of Castaing, Quang and Giap [6].

Theorem 3.8. Let 1 < p < 2 and {F,,, : m > 1,n > 1} be a double array of
pairwise independent, Cesaro CUI random sets and satisfying the following two
conditions:

B\ Frn
ZZ ||mn 7 o,

m=1n=1
(i) there exists X € k(X) such that
X C s- ll\I/Illnf (clE(Fpn, Ag,,)), (6)
mVn—oo
limsup s(z*, clEF,,,) < s(z*, X), z* e X" (7)
mVn—00

Then —cl E g Fij(w) = coX a.s. in the gap topology as m \V n — oo.
mn
=1 j=1

k
Proof. For z € ©0X and ¢ > 0, select 21, ..., 2 € X such that |1 > a;—zf <e.
i=1
We choose an array {z;; : 1 <i <k,1 < j <k} of members of X such that
Titj—1 if Z+]§/{5—|—1
Tij = . . .
Titj—1—k if 4 +7 > k+1.
k
It is easy to check that Z T; = Z Z x;;, and for each s =1,... Kk,

i=1 j=1

1< 1< 1< 1<
Ele:EZIxZS7 %ZIJ:Z:EZIIS]
1= 1= J]=

=1
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By (6), for each x;; € X, 4,5 = 1,...,k, there exists 2z € clE(F,,,|AF,,) such
that |[24, — x| = 0 as mVn — oco. Therefore, there exists v = € E(F,.,|AF,.,)
such that ||y% — 2% || — 0 asmVn — oo.

Hence, there exists a double array {f;; : ¢ > 1,7 > 1} of f;; € Sllﬂj (Ar,) such that
foreacht=1,...,kand j=1,....k

| E fls—1)heti (b1t — Tig]| = 0 as sVt — oo. (8)

Put ymn = Efpn, forallm > 1n>1.1fm=(s—1k+p, n=(t—1)k+q,
where 1 <p <k, 1< g <k, then

ES SRR 38
<H%§:zn: (fij(w) = vij)

i=1 j=1

RIS B |

i=1 j=1 i=1 j=1

=1 j5=1

=M IATERS ) o2

|+ (9)

(10)

For (9), since {F,,, : m > 1, n > 1} is a double array of pairwise independent,

Cesaro CUI random sets with Y~ >~ (mn) PE|| F,,||” < oo, by Lemma 3.1 we

m=1n=1
get that {f,, : m > 1,n > 1} is a double array of pairwise independent, Cesaro
CUI random elements satisfying

53 o) Lol < 32 3 () PE < 20

m=1n=1

Hence, by applying the SLLN for the double array {fm,, : m > 1,n > 1} of
pairwise independent, Cesaro CUI random elements (see [20, Theorem 3.2]), we
get a.s. asmVn — oo

H% i Zj:(fij(w) — Yij)

For (10), we have

1 m n 1 k k k k 1 s t
H% > Vi~ 2 DD wy| < % >, o Z D Myanei—vrss — ]
=1 j=1 =1 =1 =1 j=1 =1 r=1
k k s

+%ZZ;ZHW Dk, (¢= 1k+JH+ ZZ ZHys 1)k, (r— 1)k ||

i=1 j=1 = zl]l r=1

1 k k
- .

=1 j=1

‘ S0 (11)

E H%éémm - Bfy)
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By (8) and by the same argument as in [6, Theorem 3.8], we obtain

k
%Zzyu k2z::;xij

i=1 j=1

1 Zm 1Z
m i=1 e k i=1 "
1 Z” 1 Z’“
n J=1 e k i=1 "

Combining this with (11) and by Lemma 3.3, we get

k
B ShoTRRE) 38

i=1 j=1 i=

— 0 as mAn— oo,

— 0 as m — oo, for each n > 1,

— 0 as n — oo, for each m > 1.

k
1
This implies z izlxz € s- liminf —clz Z Fij(w) as.

mVn—oco TN
=1 j=1

Thus, coX C s- liminf —CIZ Z F;;(w) a.s. Therefore, there is a null subset

mVn—oco TN
i=1 j=1

Ny of Q so that, for every w € 2\ Ny and x € ¢06.X, we can choose

xmne—CIZZFw yform>1 n>1

i=1 j=1

such that lim x,,, = x. Therefore, for any y € r.B, \}im (T +y) =+,
mvn—oo

mVn—oo
where B is the closed unit ball with respect to the fixed arbitrary equivalent norm

of X and r > 0. Hence, we obtain

WX + 7B C s i 'f(—l Fii(w B>
coX + 71 C s- limin mnczz J +r

mVn—oo
=1 j=1

Since X € k(X) , by Lemma 3.4 we have coX + r.B = ¢o(X + r.B). Combining
this with the separation theorem,

coX +r.B= ﬂ {z: (z", x) < s(z",c0X +71.B)}.
T*eS*
Since X is separable, there exists a countable Mackey dense subset D* of S* with
coX +rB = ﬂ {z: (2", z) <s(z*,c0X +7r.B)}
xz*eD*

- m {z: (", x) < s(z*,e6X)+ s(z",r.B)}.

z*eD*
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Next, by (6) and Lemma 3.2, we get

)
s(x®, X) < s(x”, s- liminf (clE(Fmn, Ar,,,))) < liminf s(z*, clE(Fpn, Ar,,,))

mVn—oo mVn—oo

= liminf s(z*,C0E(Fpn, Ap,,,)) = liminf s(z*,cOEF,,,)

mVn—oo mVn— oo

= liminf s(z*, clEF,,,).

mVn—oo
Combining this with (7), we obtain
E(s(z*, Fon)) = s(a*, clEF,,,) — s(z*, X) = s(2",¢0X) < 0o as mVn — oo,

which yields
1 m n . .
— g E E(s(z*, Fi;)) = s(z*,c0X) as mVn — oo. (12)
mn
i=1

=1 j=1
Next, since { F},,, : m > 1,n > 1} is a double array of pairwise independent, Cesaro

CUI random sets and Z Z (mn) PE||Fpmnl|P < 0o, by Lemma 3.1 it follows that

m=1n=1
{s(z*, Fun) : m > 1, n > 1} is a double array of pairwise independent, uniformly
integrable in the Cesaro sense random variables satisfying

o o o o0
ZZ mn) PE|s(x*, Fiun)P < ZZ mn) PE||Fp||P < oo.
m=1 n=1 m=1 n=1

Hence, by applying the SLLN for the double array {s(z*, Fyn,) : m > n > 1} of
pairwise independent, uniformly integrable in the Cesaro sense random variables
(see [20, Theorem 3.1]), we get

m

. Zi <5($*7Fij(w)) - ES(I*,E]-)>’ — 0 a.s. asmVn— oo.
L

1 m
— Z s(x*, Fi;(w)) — s(z*,c0X) a.s. as mVn — oo.

Therefore, there is a null subset Ny of Q such that for every w € Q\ Ny and as
mVn — oo,

n

s(x*,%dzz}% >_Tinz s( )) — s(x*,c0X).

i=1 j=1 i=1 j=1

Fix any w € Q\ Ny. If z € s-limsup (#clz > Fij(w) + r.B), there exists
mVn—o00 i=1j5=1
ms Tt

xste—clz Z F;j(w) and yg € r.B for s,t > 1 such that z= lim (x4 + yst).

i=1j= sVi—o0
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Therefore,

(% 2) = (2*, lim (zg+ys)) = Hm (2%, x4 + ys)

sVt—o00 sVt—o00

= hm ((l‘*7xst> + <x*7yst>) S hm sup(x*, xst> + hm SUP<$*,yst>

sVt—o00 sVt—o00 sVt—o0

<1 ( 1 Fij(w ) I * 1B
<limsups(z msntc ;Z j(w) ) + limsup s(z*,r.B)

sVt—00 sVi—o0
= s(z*,c0X) + s(z*,r.B) for every z* € D*.

This implies z € coX + r.B. Hence

1
s-lim sup (—CIZZF (w )—i—rB) CcoX +r.Bforallwe Q\ N,.
Put N = Ny U Ny. Then N has probability zero and for every w € Q\ N,

—CIZZFU )+7r.B—coX +r.B,

=1 j=1

in the Painlevé-Kuratowski sense, relative to the topology s, as m V n — oo, for
all > 0 and for B being the unit ball of any equivalent norm, in which the choice
of N7 and Ny does not depend on B and r.

Therefore, by Lemma 3.6 and by the equality A" = A + r.B,

%CIZZF’J ) —coX asmVn— oo,

=1 j=1

in all the Wijsman topologies generated by equivalent norms, except on the set
Q\ N. Combining this with [3, Theorem 5.2] and [4, Theorem 3.1}, we obtain this
convergence for the gap topology in the convex case.

Thus, in the convex case, we achieve convergence in the slice or the gap topology.
It remains to prove that this convergence extends to the non-convex case. Let A
be a non-empty bounded closed convex set. We must prove that

1 m n
D (—CIZZEj(w),A> — D(coX,A) a.s. asmVn— oo

except on a null set simultaneously valid for all such A.

By the definition of the gap functional, we get

D(coX,A) = inf inf [z —y| = 1nf d(y,coX)

recoX yeA

Therefore, D(coX, A) < d(y,coX) for all y € A. (13)
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Moreover, for any ¢’ > 0, we can find y € A such that

Furthermore, by (13), we get

D (%cl SNk w), A) <D (%cl SN Fyw), A)
i=1 j=1 i=1 j=1

< d(y, %CIZZFU(OJ)) (15)

For any w € Q\ N, by virtue of our intermediate results for the gap and Wijsman
topologies, we obtain

1 m n
D(—chZ%FMw),A) — D(coX,A) as mVn — oo, (16)
mn
i=1 j=1
and vhm d(y, —CIZ Z ) = d(y,coX) forall y € A. (17)
mVn—oo
=1 j5=1

Combining (14), (15), (16) and (17), we conclude that

lim sup D(%cliiFij(w),A) — D(coX,A)| <¢

mVn—oo i=1 j=1
This with the arbitrariness of ¢’ > 0 yields the desired result irrespective of the

nonempty closed bounded convex set A. O

The example below shows that condition (ii) cannot be obtained from other con-
ditions.

Example 3.9. Considering X = R, p > 1 and two random sets Fy, F5 : Q — ¢(X)
defined by Fy(w) = [0,1] and Fy(w) = [—1,0], for allw € Q, we have EF; = [0, 1]
and EFy, = [—1,0].

We define the random sets F,,,, : Q@ — ¢(X) by

B Fi(w) if m+mnisodd
Fon(w) = { Fy(w) if m+nis even,

forevery w e Q,m>1,n > 1.

Clearly, A, = {0,Q}. Therefore we infer that {F,,, : m > 1,n > 1} is a double
array of independent random sets and for all m > 1, n > 1,

[ ]0,1] if m+mnisodd
EFm, = { [—1,0] if m+niseven

and E||F,..| = 1.
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Moreover, we consider the compact set K = [—1,1]. We easily see for any ¢ > 0

sup ( ZZE{HFle( (Fy()cK))y =0 <¢€

m,n>1 i=1 j—=1

and Z Z(mn) PE||Fpnl? = Z Z(mn) P < oo . Furthermore, clEF,,, =

m=1n= m=1n=

EF,,, for every m > 1, n > 1, and so s- liminf clE'F,,, = {0}. Therefore, if

m\Vn—o0

there is a compact set X satisfying (6), then X = {0}.
At this point, considering x* € X* defined by (z*,z) = x for every x € X, we get

limsup s(z*, clEF,,,) =1, and s(z*, X) =0,

m\Vn—o00

and therefore (7) does not hold. In consequence, such a double array of random
sets {an :m > 1,n > 1} is pairwise independent, Cesaro CUI and satisfies

Z Z (mn)PE|| Fpy||P < oo, but the condition (ii) does not hold. O

m=1n=1

The following example shows that in the Theorem 3.8 condition (ii) cannot be
dispensed with.

Example 3.10. Let X = R, 1 < p < 2 and {4, : n > 1} C A be a family of
pairwise independent events such that P(()~, 4,)) > 0.

Consider two sequence of random sets {F}, : n > 1} and {G,, : n > 1} defined by

. [0, 1] if we A2n o [—1, 0] if we A2n+1
Fn(w) B { [_170] if we (AQn)Ca Gn(w> B [07 1] if we (A2n+l)cv

for every n > 1. We construct a double array of random sets F},, for m,n > 1 as
follows:

F.(w) if m=1
Fon(w)=<¢ Gulw) if m=
{0} it m >3,
for every w € Q. It is easy to see that {F,,, : m > 1, n > 1} is a double array of

pairwise independent random sets. Moreover, for every € > 0, choose the compact
subset K = [—1,1] of X such that

sp () 303 B (11, ) =0 < =

m,n>1 i—1 j—1

and so the double array {F,,, : m > 1,n > 1} is Cesaro CUIL On the other hand,
since

1 if m=12
p: ) )
B[ { 0 if m>3,
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we have ZZE’L::LW” QZ— < 00.

m=1n=1

Next, we put S,,, = %cl Yo Z;‘:l F;;. For every w € (0, Ay,

n

e ZFU Z[O 1] =[0,1]

] 1

n

and Son(w ZFQJ Z[ 1,0] = [-1,0].

g 1

Therefore, the limit of the double array { Sy, : m > 1,n > 1} as mVn — oo with
respect to the gap topology does not exist almost surely. Thus, the conclusion of
Theorem 3.8 is not true without the condition (ii).

4. SLLN for a double array of independent closed valued random
variables in a separable Banach space

Now we introduce the SLLN for a double array of random sets in a Rademacher
type p Banach space.

Theorem 4.1. Suppose that X is a Rademacher type p Banach space, where
1 <p<2 Let{Fy,:m>1 n>1} be a double array of independent random
sets satisfying the following conditions:

B\ Fn ||
ZZ ||mn I o,

m=1 n=1

(ii) there exists X € k(X) such that

X C s- h\r/n inf (clE(Fyun, Ar,,.,)), (18)
mvVn—oo
limsup s(z*, clEF,,,) < s(z*, X), z* € X*. (19)
mVn— o0

Then —«cl E g F;j(w) = X a.s. in the gap topology as m V n — oo.
mn
=1 j=1

Proof. By applying [6, Theorem 3.8], we get

coX C s- };\%gli%clzz:ﬂ]

i=1 j=1

Similarly as in the proof of Theorem 3.8, we obtain

X + 7B C s i 'f(—l Fii(w B)
coX +r.b C s Ilmin mnczz j +r

mVn—oo
i=1 j=1
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By (18), (19), and Lemma 3.2, we get
E(s(z*, Fon)) = s(z*, clEF,,,) — s(z*, X) = s(2*,¢0X) as m V n — oc.

Therefore, —ZZE s(x*, Fi;)) — s(x",c0X) as mVn — oo.

=1 j=1

Moreover, since {Fy,, : m > 1,n > 1} is a double array of independent random
sets, {s(a*, Fiyn) : m > 1, n > 1} is a double array of independent random
variables with

>y Rl gy BBl

m=1 n=1 m=1 n=1

Hence, by applying the SLLN for the double array of independent random vari-
ables in LP(R) (see [21]), we obtain

m

1
—ZZ( s(x™, Fij(w Es(m*,ﬂj)>—>0 a.s. as mVmn — 0o.
mn <

Thus, there is a null subset Ny of ) such that for every w € Q\ Ny, as mVn — oo

s(az*,%cliiﬂﬂw)) mnzz ", Fij(w)) — s(x*,c0X).

i=1 j=1 i=1 j=1
For the rest of proof, we proceed as in the proof of Theorem 3.8. [

The following theorem will establish the SLLN for a double array of pairwise
independent identically distributed random sets with respect to the gap topology.

Theorem 4.2. Suppose that {F,, : m > 1,n > 1} is a double array of pairwise
independent random sets, having the same distribution as X which is a k(X)-valued
random set satisfying E(]| X | log™ || X]|) < oo. Then,

— ZZF] — WEX

lel

almost surely, in the gap topology, as m V n — oo.

Proof. By applying [6, Theorem 3.7], we get

coF X C s-liminf — Z Z Fij(w

mVn—oo MmN
=1 j5=1

Therefore, there is a null subset N7 of € so that, for all w € Q\ Ny and = € GOE X,
we can choose

1 m n
mn € — F;; forallm>1, n>1
Tnn € mnzz ;(w) for all m n

i=1 j=1
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such that \}im Tmn = «, which yields
mvVn—oo

vlim (Tn +y) =z +y for any y € r.B,

mvVn—oo

where B is the closed unit ball with respect to the fixed arbitrary equivalent norm
of X and r > 0. Hence, we obtain

n

1 m
WEX +r.B C s liminf <mn S JZ; Fy(w) +1.B),

mVn—o0o
=1

Since X (w) € k(X),w € Q, we have that EX € k(X¥). By Lemma 3.4, c6EX +
r.B=co(EX +r.B).

Similarly as in the proof of Theorem 3.8, there exists a countable Mackey dense
subset D* of S* satisfying

coEX +1r.B = ﬂ {z: (z", z) < s(a*,C0EX) + s(x*,r.B)}.

r*eD*

Next, since {Fy,, : m > 1,n > 1} is a double array of pairwise independent
random sets, having the same distribution as X, {s(z*, F,,,) : m > 1,n > 1} is
a double array of pairwise independent identically distributed random variables
and

E(]s(z", X)[log™ [s(2", X)|) < E(| X|[log™ | X]]) < oc,

and so, by virtue of Etemadi’s SLLN [8], there exists a null subset Ny of € such
that for every w € Q\ Ny, as m V n — oo,

(o o ) = 1 2 Sl Pl

i=1 j=1 i=1 j=1

— E(s(z*, X)) = s(z",c0EX) < o0

For the rest of the proof, we proceed as in the proof of Theorem 3.8 noting that
E(coX) =coEX (see [18, Theorem 1.17, page 154]). O

Remark 4.3. The compactness of values of the random set X ensures that we
can use Lemma 3.4 to prove Theorem 4.2. Moreover, if X is a convex compact
valued random set, then using the embedding method, we get the same result with
respect to the Hausdorff distance convergence.

Open problem. Can an example be given to show that if X is only a closed
valued random set, then the conclusion in Theorem 4.2 is not true?
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