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1. Introduction

It is well known that convexity has a great importance in the study of opti-
mization problems in many areas of applied mathematics, in which convex sets
and functions play a central role. For this reason, convexity has been extended
in many aspects, such as almost convexity [28], abstract convexity [38]. Among
these, near convexity is a very important concept, which can find nice applications
in near equality of sets which is an important generalization of equality of sets
(see, for example, [6, 13]) and duality of optimization problems (see, for example,
8, 10, 11, 17]).

The concept of nearly convex sets was first investigated by Green and Gustin [19].
The nearly convex functions were introduced by Aleman [1] as p-convex (see also,
for example, [16]), which generalize the older midconvex functions [32]. For related
works, please see [12, 23]. In 2013, Bauschke, Moffat and Wang [6] introduced
near equality for sets which extended that given by Brezis and Haraux [13] by
using relative interior instead of interior, and proved many interesting properties
of this notion and also showed it is useful in the study of nearly convex sets in the
sense of Rockafellar and Wets [37, Theorem 12.41, p.554].

In this paper, we shall employ near convexity of sets in the sense of Rockafellar
and Wets [37] (see also, for example, [6]), recalling that this concept is equivalent
to almost convexity introduced in [11]. We first introduce near equality of two
extended real valued functions by using near equality of their epigraphs in the
sense of Bauschke, Moffat and Wang [6]. Similar to near equality of sets, near
equality of two extended real valued functions is also an equivalence relation and
satisfies a squeeze theorem. Then we recall almost convexity of an extended real
valued function introduced in [11, 18]. We say that an extended real valued
function is almost convex if its epigraph is nearly convex, or equivalently, almost
convex. We prove that almost convex functions enjoy many useful properties: in
particular, an almost convex function (respectively, its domain, lower level set) is
nearly equal to (respectively, the domain, lower level set of) its closure, convex hull
and closed convex hull, and almost convexity of an extended real valued function is
equivalent to near equality of itself and another almost convex function. We show
that the operations given by sum, scalar multiple, pointwise supremum, epi-sum
and epi-multiple of almost convex functions preserve almost convexity.

The formulation of the subdifferential of sum and scalar multiple of almost convex
functions on the relative interior of their domain is similar to that of convex
functions under suitable assumptions and the proximal average of almost convex
functions enjoys many nice properties analogous to those obtained by Bauschke,
Lucet and Trienis for lower semi-continuous and convex functions [4]. Moreover,
we prove that the epi-sum of almost convex functions is convex under additional
assumptions and the Moreau envelope function of an almost convex function is
convex and continuously differentiable with the gradient given by the one related
to its closure. As applications, we prove that under some assumptions the solution
set of an almost convex optimization problem is nearly convex, the solution sets
of two almost convex optimization problems are nearly equal if the two almost
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convex objective functions involved do. A further application shows that the
classical Hoffman’s error bound also holds for almost convex inequalities under a
generalized Slater condition.

The paper is organized as follows. In Section 2, we recall some preliminaries on
convex sets and functions in finite-dimensional Euclidean spaces which will be
useful in the sequel. In Section 3, we first give the definitions of near equality and
near convexity of sets and recall some of their properties. Then we define near
equality and recall almost convexity of extended real valued functions. In Section
4, we discuss many properties of almost convexity of extended real valued functions
and the relations between near equality and almost convexity of extended real
valued functions. We investigate several properties of proximal average of almost
convex functions in Section 5. In Section 6, we consider two applications of the
obtained results. In the first application, we investigate near equality and near
convexity of solution sets and optimality conditions for almost convex optimization
problems. The second application is concerned with global error bounds for almost
convex inequalities. Several examples are provided to illustrate these results.

2. Preliminaries on convex analysis

Let N be the positive integers and R™ be the m-dimensional Euclidean space,
where m € N. All vectors in R™ are to be regarded as column vectors. Let R} :=
{z:=(21,...,2p)" € R™:each z; > 0} and R, := {2 := (z1,...,3,) €R™:
each x; > 0}, where the superscript T denotes transpose. Denote by (-,-) and
|| - || the inner product and Euclidean 2-norm in R™, respectively. The distance
d(z, K) of a point z € R™ from K C R™ is d(z, K) := infyek || — y||. The open
and closed balls with radius r > 0 and center xy € R™ are given by B(zg,7) :=
{z e R™: ||z — x¢]| < r} and B(zo,r) :={x € R™ : ||z — xo|| < 1}, respectively.

We denote by R := RU {+oo} the extended real numbers. The operations on
R := RU {—0c0} are the usual ones on R to which we add the following natural
ones: a + (+00) = (+0) 4+ a := +00,Va € R; a - (+00) := +00,Va € (0, 400];
0- (400) := 0; inf ) := 400; +00 > a > —o0,Va € R. Denote by R™ = {z =
(r1,...,2m)" : each x; € R}. Let K be a nonempty subset of R™. Denote by
cl K, aff K, conv K and conv K := clconv K the closure, affine hull, convex hull
and closed convex hull of K, respectively.

We denote by int K and 1i K the interior and relative interior (i.e., the interior
with respect to the affine hull aff K') of K, respectively. Denote by rbd K :=
cl K\ri K the relative boundary of K. General Minkowski scalar multiples and
sums of sets in R™ are defined by tK :={ta:a€ K} and K+ M :={a+b:a €
K,b € M}, respectively, where ¢t € R and K, M C R™.

Let f: R™ — R be an extended real valued function. Denote by dom f := {z €
R™ : f(x) < 400} the effective domain of f. The epigraph of f is denoted by
epi f:={(z,r) e R™"xR: f(xz) <r}. The lower level sets lev<, f and lev_, f are
given by leve, f == {z € R™ : f(z) < a} and lev_, f := {x € R" : f(z) < a},
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respectively, where a € R. We say that f is proper, if dom f # (); otherwise it is
improper. The function f is lower semi-continuous (for short, Isc) at z € R™ if
liminf f(z) > (7).
T—T

and lIsc if this holds for each z € R™. The subdifferential df(x) of a proper
function f: R™ — R at x € R™ is defined by

Of(z) :={s€df(x): fly) — f(x) > (s,y — x) for each y € R™}.

It is clear that if f is proper convex, then df(x) = () when z ¢ dom f, and
df(z) # 0 when = € ri(dom f) [35, Theorem 23.4]. Let K be a nonempty subset
of R™. The indicator function of K is defined by

07 "L‘€Ka
O () = { +o0o, x¢ K.

Clearly, epi 0y = K x R,. The normal cone to K at x € R™ is defined by
Nk (x) :={z*eR™: (z*,y — x) <0 for each y€ K} when z€ K, and Nk (x) := ()
when z ¢ K. It is clear that Jdx(v) = Nk(x) for each ¥ € R™. The conjugate
function of a proper function f: R™ — R is defined by

f(s) = sup {(z,s) — f(x)}.

z€dom f

The support function of K is defined by og(s) := sup(s, ).
reK

It is well known that ok (s) = 0ak(S) = Teconvk(S) = Teomi(s) = ij(s). Let
K C R™ be convex. We say that f is convex on K, if f(tz + (1 — t)y) <
tf(x)+ (1 —1t)f(y),Vz,y € K,Vt € [0,1] and convex, if this holds for K := R™.
The closure (or, lsc hull), convex hull and closed convex hull (or, Isc convex hull)
of f, denoted by cl f, conv f and conv f := cl (conv f), resp., are defined by

epi (cl f) := cl(epi f),

or equivalently (clf)(x) := liminf, ,, f(y) for each x € R™ [37, 1(6) and 1(7)],
(conv f)(x) := inf{z Nif (2 Z)\ixi =z,0' € R™ )\ >0, Z)‘i =1},
=0 i=0 i=0

or equivalently (conv f)(z) := inf{r € R : (z,7) € conv (epi f)} [35, Theorem
5.3] (that is, conv f is the function obtained by taking epi(conv f) to be the
epigraphical closure of conv (epi f)) (see, [37], 21, IV1.3(g)]), and

epi (conv f) := conv (epi f).

It is well known that cl f < f,conv f < f (i.e., cl f and conv f are majorized by
f) and conv f < cl f (respectively, conv f) < f (see, for example, [9, 40]). Also,
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f is Isc if and only if lev<, f is closed for each o € R, and f is Isc (resp., convex)
if and only if epi f is closed (resp., convex), which implies dom f is closed (resp.,
convex). Moreover, the convexity of f implies lev<, f and lev., f are convex for
each o € R. For functions f, g: R™ — R, the epi-sum, also called the epi-addition
or the inf-convolution, is the function fg: R™ — R defined by

(fOg)(x) = inf {f(y)+g(2)}
and the epi-multiple A % f: R™ — R is defined for A > 0 by
(s f)(@) = AF(A ).

The Moreau envelope function ey f := fJ
defined for A > 0 by, respectively,

|? and proximal mapping Py f are

2l

exf() = inf {f(w) + s llz —wlP}, and
Pf(r) = angming egn { f() + o5 lle = w]?}

Notice that the distance function d(-, K) = 0x O || - ||, where K C R™.
The following well-known result is useful in the sequel.

Proposition 2.1. For f,g,h: R™ — I@, we have
h<f<g<=epigCepifCepih,

which implies domg C dom f C domh, leve,g C leve, f C leve,h and
leveo g Cleve, f Clevey h, where a € R. In particular, we have the equivalence
f =9 <= epif = epig, which implies dom f = domg, lev<, f = lev<, g and
leve, f =leve, g, where a € R.

We also need the following lemma. We recall that the sets A and B in R™ are
said to be properly linearly separable if they are linearly separable and, moreover,
they are not both contained in the separating hyperplane [35].

Lemma 2.2. Let A, B be nonempty subsets of R™ and A; (i € I) be nonempty
convex subsets of R™, where I is an index set. Let T: R™ — RP be a linear
operator. Then the following statements are true:

(i) A and B are properly linearly separable if and only if there exists a vector
a€R™ such that inf,c4(a,x) > sup,cpla, ) and sup,e(a, z) > inf,cp(a, x).
Furthermore, if A, B are convez, then ri(clA) =1iA, cl(riA) =clA and
moreover, A and B are properly linearly separable if and only if ri ANri B=).

(ii) If A is convez, then ri A is a nonempty conver set.

(iii) clA+clB Ccl(A+ B) andri(A+ B) =ri A+1i B when A, B are convex.

(iv) aff (Ax B) =aff A x afft B and cl (A x B) =cl A x cl B.
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(v) If riA#0 and riB # 0, then ri(A x B) =11 A X 11 B.

(vi) If Nier (r1 A;) # 0, then cl(NierAi) = Nier (cl A;). Furthermore, if I is finite,
then also ri(MierA;) = Nier (ri Ay).

(vii) If A is convez, then ri(TA) =T(riA) and cl(TA) 2 T'(cl A). In particular,
ri (@A) = a(riA) and cl (aA) = a(cl A), where a € R.

Proof. Statements (i)—(iii), (vi) and (vii) follow from [35, Theorems 6.2, 6.3
and 6.6, Corollary 6.6.2, Theorems 6.5, 11.1 and 11.3] and (iv) is clear (see, for
example, [40]). It is sufficient to prove (v). If ri(A x B) = (), then we have
ri(Ax B) CriA xriB since 1A # () and ri B # (. Suppose ri(A x B) # (.
Let (a,b) € ri (A x B). Then there is » > 0 such that B((a,b),r) Naff (A x B) C
A x B, where B((a,b),r) = {(z,y) € R" x R™ : ||z —al + ||y — b|| < r}. Set
Bi(a,5) :={r € R": |z —a| < 5} and By(b,5) := {y € R™ : |ly = b|| < 5}. Then
Bi(a, 5) X By(b, 5) € B((a,b),r). From the first argument of (iv) it follows that
Bi(a,5)Naff A C Aand By(b, 5) Naff B C B, which yields a € 11 A and b € ri B.
This proves ri (A x B) C1riA x i B.

Conversely, let a € riA and b € ri B. Then there are r{,ry > 0 such that we
have Bi(a,r1) Naff A C A and By(b,mo) Naff B C B. Set r := min{ry,rs}.
Then B((a,b),r) C Bi(a,r1) X By(b,13). Again from the first argument of (iv) we
have B((a,b),r) Naff (A x B) C A x B, that is (a,b) € ri (A x B). This yields
rnAxriB Cri(Ax B). O

The following lemmas are well known.

Lemma 2.3. [35, Theorem 23.8] [37, Propositions 1.38 and 1.39, Exercises 1.28,
2.24 and 2.46, Theorem 2.26] Let « >0, >0, v,A > 0 and f,g: R™ — R.
Then the following statements are true:

(i) c(af)=aclf andcl(clf+clg)=clf+clg.

(ii) O(yf)(xz) = ~Of(x) and, moreover, if f,g are convex and ri(dom f) N
ri (dom g) # 0, then cl(f+g) =cl f+clg and O(f+g)(x) = df (x)+Dg(z).

(iii) If f,g are conver, then af + Bg, fOg and v * f are conver and, moreover,
(a+B)xf=(axf)OB*[)

(iv) epi(fOg) = epif + epig as long as the infimum defining (fOg)(x) is
attained when finite, and epi(y f) = y(epi f).

(v) ax(fOg) = (axf)O(axg) andax (B f) = (aB)+ f.

(vi) If f is proper lsc and convex, then the Moreau envelope function ey f is convex
and continuously differentiable with the gradient Ve, f(x) = (x — Py f(x)).

Lemma 2.4. [37, Theorem 11.1] For any function f: R™ — R with conv f
proper, both f* and f** are proper lsc and convex, and f** = convf. Thus
< f, and when f is itself proper Isc and convez, one has f** = f. Anyway,
regardless of such assumptions, one always has

F* = (e ) = (conv f)* = (com )"
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Lemma 2.5. [35, Theorems 7.4 and 23.4, Corollary 7.4.1] For a proper convex
function f: R™ — R, cl f agrees with f except perhaps at points of rbd (dom f)
and Of (x) is nonempty for each x € ri(dom f). In particular we have the identities
cl(dom f) = cl(dom (cl f)) and ri(dom f) = ri(dom (cl f)).

Lemma 2.6. [35, Theorem 7.6] For a proper convex function f: R™ — R and
a > infyepm f(7), we have the identities cl(lev_, f) = cl(lev_,f) = leve, (cl f)
and ti(lev_, f) =ri(lev_,f) = {z €ri(dom f) : f(z) < a}.

3. Basic results on near equality, near and almost convexity

In this section, we recall near equality, near convexity and almost convexity of sets
and of extended real valued functions [37, 11], analysing their mutual relations
and the connections with related concepts existing in the literature as the further
definition of near convexity introduced in [8]. Then, we introduce near equality
of extended real valued functions.

We first recall the notion of near equality of sets introduced by Bauschke, Moffat
and Wang [6].

Definition 3.1. [6, Definition 2.3] Let A, B be subsets of R™. We say that A
and B are nearly equal, denoted by A~ B, if clA=clB and riA =riB.

The following definition of near convexity of sets is due to Rockafellar and Wets
[37], see also, Bauschke, Moffat and Wang [6]. Based on Lemma 4.1 in [18], almost
convexity of sets was first introduced by Bot, Kassay and Wanka [11].

Definition 3.2. Let A be a subset of R™.

(a)  [37, Theorem 12.41] We say that A is nearly converz, if there is a convex
subset C' of R™ such that
CCACclC. (1)
(b) [11, Definition 2.1] We say that A is almost convez, if cl A is convex and
ri(clA) C A.

As pointed out by Bot (see the acknowledgements in [6]), the concept of near
convexity in Definition 3.2 (a) is equivalent to the almost convexity in Definition
3.2 (b). For completeness we report here the proof.

Proposition 3.3. Let A CR™. Then A is an almost convex set if and only if it
is a nearly conver set.

Proof. Assume that A is nearly convex. Then, there exists a convex set C' C R™
such that (1) is fulfilled. Since (1) implies clA = clC, it follows that cl A is
convex. Moreover, (1) implies that aff A = aff C' and so ri(clA) = ri(clC) =
riC CriA C A.

Assume that A is almost convex. Then, cl A is convex and ri(cl A) C A. Setting
C :=ri(cl A) we have clC = clri(cl A)] = cl A, so that (1) is fulfilled. O
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Remark 3.4. (a) A C R™ is nearly convex if and only if there is a convex subset
C of R™ such that riC' C A C clC. The necessity is clear. The sufficiency follows
immediately from the fact that riC' is convex and clC' = cl (riC) (see, Lemma
2.2 (i) and (ii)). As a consequence, clA = clC and riA = riC which yields
ri A # () (see, [6]). The connections with the concept of near equality of sets are
pointed out in Lemma 3.5.

(b) In[1, 8], a subset A of R™ is said to be nearly convex, if there exists « € (0, 1)
such that ax+ (1—a)y € A for each z,y € A. We observe that if a set A is nearly
convex in the sense of [1] and ri A # (), then A is nearly convex in the sense of
Definition 3.2. To prove this claim, we recall that if a set A is nearly convex in the
sense of [1] with ri A # (), then ri A and cl A are convex sets [1] and ri A = ri(cl A)
[10]. Therefore, setting C' :=ri(cl A) we have

C=r1i(clA)=1iACACclA=cl(clA) =cl(ri(clA)) =clC.

Moreover, it is not difficut to show that there exist nearly convex sets in the sense
of Definition 3.2 that are not nearly convex in the sense of [1]. For example, set

A= {(x1,25) " €R*: 0< a1 <1, 0<2, <1} U {(0,0)7,(0,1)",(1,0) ", (1,1) " }.

The following lemmas will be useful in the sequel.

Lemma 3.5. [6, Propositions 2.4 and 2.5, Lemmas 2.7 and 2.9] Let A, B,C be
subsets of R™. Then the following statements are true:

(i) A=A (i) AxB<= B=xA. (ii)AxBandB~C = A=xC.
(iv) ACBCCandA~C = A=~B=~C.

(v) A s nearly convez, say C C A C clC, where C' C R™ is a convex set
<= A is nearly equal to a convex set
<= A is nearly equal to a nearly conver set = A ~ C'.

With the same arguments used in the proof of Proposition 3.3 it is possible to
obtain the following result.

Lemma 3.6. [11, Lemma 2.1] Let A be a nearly conver subset of R™. Then
ri(clA) =ri A.

A direct consequence of the previous lemma is the following separation theorem
for almost convex sets.

Proposition 3.7. Let A and B be nonempty nearly convex subsets of R™. Then
A and B are properly linearly separable if and only if i ANri B = (.

Proof. Since inf,cx(a,x) = inf,cak(a, ) and sup,cx(a, x) = sup,cq g (a, x) for
cach a € R™ and each nonempty subset K of R™, from Lemma 2.2 (i) we have
A and B are properly linearly separable if and only if cl A and ¢l B are properly
linearly separable. Since A and B are nearly convex, cl A and cl B are convex
(see, Remark 3.4 (a)). Again from Lemma 2.2 (i) it follows that cl A and cl B are
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properly linearly separable if and only if ri(cl A) Nri(cl B) = 0 (see, [35, Theorem
11.3]), or equivalently, ri AN1i B = (), in view of Lemma 3.6. O

Lemma 3.8. [11, Lemma 2.3, Theorem 2.1] Let A; be a nearly convex subset of
R™ for each i € I, say A; C A; C cl A;, where I is an index set and A; C R™ is
convez for each i € I and assume that Nier (i A;) # 0. Then

(i)  Nier A; is nearly conver and Nier A; & Nier A;.
(i) el (MierAi) = Nier (L A;). Furthermore, if I is finite, then also

i (MierA;) = Nier (ri Ay).
(iii) If I is finite, then [],.; A is nearly convex and [],.; A = [[;c; A
Lemma 3.9. [11, Lemma 2.4, Theorem 2.2, Corollary 2.1] Let A be a nearly
convex subset of R™ and let T': R™ — RP be a linear operator. Then
(i)  T(A) is nearly conver.
(i) 1i(T(A) =T (riA)) and cl(TA) D T(clA).
(iii) If T (riA) # 0, then i (T *(A)) = T '(riA) and so T'(A) is nearly

CONvVET.

Now, we introduce near equality of extended real valued functions and recall the
concept of almost convexity [11] of extended real valued functions as follows:

Definition 3.10. Let f,g: R™ — R.
(a) f and g are said to be nearly equal, denoted by f =~ g, if epi f ~ epig, i.e.,

cl(epi f) =cl(epig) and ri(epif)=ri(epig).
(b)  f is said to be almost convez, if epi f is an almost convex (or equivalently,
a nearly convex) (see, Proposition 3.3) set (in R™ x R).

Remark 3.11. (a) Since epi(cl f) = cl(epif) and epi(clg) = cl(epig), from
Proposition 2.1 we have the condition cl (epi f) = cl(epig) in Definition 3.10 (a)
is equivalent to cl f = clg.

(b) In [8], the function f: R™ — R is said to be nearly convex, if there is an
a € (0,1) such that f(az+(1—a)y) < af(x)+(1—a)f(y) for each z,y € dom f.
In this case, f is nearly convex if and only if epif is nearly convex in the sense
of Remark 3.4 (b). Consequently, if f is nearly convex and ri(epi f) # 0 (or
ri(dom f) # (}), then f is almost convex.

4. Properties of near equality and almost convexity of functions

In this section, we shall investigate properties of near equality and almost convex-
ity of extended real valued functions. We first show near equality of two extended
real valued functions is an equivalence relation and satisfies squeeze theorem.

Proposition 4.1. Let f,g,h: R™ — R. Then the following statements are true:

(i) f=f. (i) frg<= g~ f. (iii) f~g and g~ h = f=~h.
(iv) h<f<gand g=h= h~ f=xg.
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Proof. Conclusions (i)-(iii) follow immediately from Lemma 3.5. We prove (iv).
Since h < f < g, from Proposition 2.1 we have epig C epi f C epih. Since g = h,
that is, epig ~ epih, it follows from Lemma 3.5 (iv) that epig = epi f ~ epih,
which yields h =~ f ~ g¢. [

We give the following characterization of almost convexity of extended real valued
functions which has been partially proved in [18].

Theorem 4.2. Let f: R™ — R. The following statements are equivalent:
(i) f is almost convex (i.e., epi f is nearly conver).
(ii) cl f is conver and ri(epi(cl f)) Cepif.
(ili) There exists a convex function f: R™ — R such that
ri (epif) Cepif C cl(epif), which yields cl f = clf.

Proof. (i) = (ii): If epi f is nearly convex, then there exists a convex subset C' C
R™ xR such that C' C epi f C clC. This yields cl C' = cl (epi f) = epi(cl f), which
implies that cl f is Isc and convex and riC' = ri(clC) = ri(epi(cl f)) and clC =
cl(epi(cl f)) (see, Lemma 2.2 (i) and (ii)). It thus follows that ri(epi(cl f)) C
epi f, which proves the assertion.

(ii) = (iii): By (ii) we have ri(epi(cl f)) € epif C cl(epif) = cl(epi(clf)).
Then setting f := cl f yields (iii).

(iii) == (i): It follows immediately from the convexity of epif, taking into account
Lemma 2.2 (i) and Proposition 2.1. O

The equivalence between the first two statements in Theorem 4.2 can be found in
[18]. We note that in statement (iii) of Theorem 4.2 the convex function f can be
chosen as cl f, provided that (ii) holds, but this is not necessary as the following
example shows.

Example 4.3. Consider f: R2 —» R and f: R? — R defined by

(

X, if © > 0, .

. Ty, if T > 0,
xQ(]-_x2)7 if Iy :Oa OSIQS]-, .

. ]-_'r27 if T = 07 Z2 S 17

f(x) =<0, ifx; =0, 25 <0, f(z):= )

) 0, ifxy =0, 29 > 1,
0, ifx; =0, 29 > 1, )

) 400, if z; <O0.
~+00, if x1 <0,

Similar to Bot, Kassay and Wanka [11, Lemma 2.5] we can provide an exact
formulation of the relative interior of the epigraph of an almost convex function,
which coincides with the one stated in the convex case (see, for example, [35,
Lemma 7.3]).

Proposition 4.4. Let f: R™ — R be almost conver with f proper. Then
ti (epi ) = {(z,y) € xi (dom f) x R:y > f(z)}.
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Proof. We follow the proof of [11, Lemma 2.5]. Since f is a proper almost convex
function, from Lemma 3.6 we have ri(epi f) = ri(epi(cl f)) # (. We first note
that Pgm(epi f) = domf and that

(x,y) €ri(epi f) <= x € Prmri(epif) and y € Pglri(epi f) N ({z} x R)],

where Pgrm:R"™ xR — R™ denotes the projection operator on R”™. By Lemma
3.8(ii) and Lemma 3.9 (ii), for all z € Prmri (epi f) = ri (Prm(epi f)) = ri (domf),
we have

0 #ri(epif)N({z} xR) =ri(epif) Nri({z} x R) =ri[(epif) N ({z} x R)].

Then, again by Lemma 2.2 (iii) and Lemma 3.9 (ii), (x,y) € ri(epi f), if and only
if, z € ri (domf) and

y € Pelri(epi f) N ({z} x R)] =1i[Pg ((epi f) N ({z} x R))]
=1 [Pe{(z,y) :y = f(2)}] =1i[f(z) + Ry] = f(2) + Ry

This completes the proof. [

For a proper almost convex function f: R™ — @, from Proposition 4.4, it follows
that, ri(dom f) # 0 < ri(epif) = ri(epi(clf)) # 0 < ri(dom (clf)) # 0.
Moreover, f is proper if and only if cl f is proper, in view of Theorem 4.2 (iii) and
Lemma 2.2 (i). We next prove that an almost convex function (respectively, its
domain, lower level set) is nearly equal to (respectively, the domain, lower level
set of) its closure, convex hull and closed convex hull. We first give the following

Lemma 4.5. Let h: R™ — R. Then infyepm h(x) = infyepm (cLh)(z).
Proof. Let p := inf,cgm h(z) and 7 := inf,cgm (cl h)(x). We declare that p = 7.

In fact, (clh)(x) := liminf h(y) = sup inf h(y) > p for each z € R™, and
yoT a>0 yeB(z,q)
therefore 7 = inf cgm(clh)(z) > p. Since h(z) > (clh)(z) for each z € R™,

we have 7 = inf,ecgm(clh)(z) < p, which implies p = 7. This completes the
proof. [

Proposition 4.6. Let f: R™ — R be almost convex with f proper, say i (epif) C

epi f C cl(epif), where f: R™ — R is a convex function. Then the following

statements are true:

(i) f=eclf=convf~~dconvf~f.

(i) clf =conv f =clf and clf is conver.

(iii) dom f ~ dom (cl f) ~ dom (conv f) ~ dom (conv f) ~ domf, and dom f is
nearly convez.

(iv) dom (cl f) = dom (conv f) = dom (clf).

(V) leveof = leve, (cl f) = leve, (conv f) = leve, (Conv f) =~ leve, f ~ lev, f
~ leve, (cl f) = leve, (conv f) = lev., (Conv f) ~ lev . f, and lev<,f and
lev_of are nearly convez, as long as a > inf erm f(x).
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(vi) leve, (cl f) =lev, (conv f) = lev<, (clf) and
lev_, (cl f) =lev., (conv f) = lev., (clf), where a € R.

Proof. Since f is convex, so is epif. Since ri(epif) C epif C cl(epif), from
Lemma 3.5 (v) we have epi f =~ epif and so f ~ f. We also have ri(epif) C
epi f C cl(epif) = epi(cl f) (resp., conv (epi f) C epi(conv f)) C epi(conv f) =
conv (epi f) C cl(epif) = epi(clf), which yields f > cl f (reps., conv f) > conv f
> clf in view of Proposition 2.1.

(i) It is clear that cl(epif) = epi(clf) = cl(epi(clf)). Since epif is convex,
ri (epif) = ri(cl(epif)) = ri(epi(clf)) (by Lemma 2.2 (i)) and as a consequence,
f ~ clf. It thus follows from Proposition 4.1 (iii) and (iv) that f =~ clf =~
(conv f) ~ (conv f) ~ f.

(ii) From cl f = clf (by Remark 3.11 (b)) and f > cl f (resp., conv f) > conv f >
clf we have cl f =conv f = clf and so cl f is convex.

(iii) Note that domf and dom (clf) are convex. Denote by Pgm: R™ x R — R™
the projection operator on R™. Then from Proposition 2.1 and Lemma 2.2 (vii)
one has

ri (dom f) = ri (Pgm(epif)) = Pgrmri(epif) C Pgm(epi f) = dom f
C dom (cl f) (resp.,dom (conv f)) C dom (conv f) C dom (clf).

Now Lemma 2.5 allows cl (domf) = cl(dom (clf)). By Lemma 2.2 (i) we obtain
ri (domf) = ri(cl(domf)) = ri(cl(dom (clf))) = ri(dom (clf)), which implies
domf ~ dom (clf). Therefore, from Lemma 3.5 (iii)—(v) it follows that dom f ~
dom (cl f) &~ dom (conv f) ~ dom (¢onv f) ~ dom f. The near convexity of dom f
follows immediately from Lemma 3.5 (v).

(iv) This follows immediately from (ii).

(v) If f is improper, then this is clear. Suppose now that f is proper. From f > clf
(resp., convf) >conv f > clf we have leve,, f C lev, (cl f) (resp.,lev<, (conv f))
C lev<, (conv f) C lev<, (clf) = cl (lev<, f), where the last equality follows from
Lemma 2.6, noticing that a > inf,cpm f(z) = inf erm(cl f)(x) (see, Lemma 4.5)
and recalling that clf = cl f (see, (ii)). Observe that

levey f = Pgm[(epi f) N {(u,v) e R™ x R : v < a}],

where Pgm : R™ xR — R™ denotes the projection operator on R™. Since ri (epif) C
epi f and ri{(u,v) e R xR :v < a} = {(u,v) € R xR : v < a}, it follows that

ri (leve, £) = 11 (Pgm|[(epif) N {(u,v) e R x R:v < a}))
= Pgam[ri(epif) Nri{(u,v) € R x R:v < a}]
C Pgari(epif) N {(u,v) e R" xR:v < a}] C leve, f,

where the second equality follows from Lemma 2.2 (vi) and (vii). Hence,
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ri (leve, ) Cleve, f Cleve, (cl f) (resp.,lev<, (conv f))
Cleve, (conv f) C cl (leve, f).

Since lev<, f is convex, from Lemma 3.5 (iii)—(v) it follows that lev<, f is nearly
convex and leve,f = lev, (cl f) = lev<, (conv f) =~ leve, (conv f) ~ lev<,f.
Similarly, we can prove that lev_,f is nearly convex and moreover lev_,f =
leve, (cl f) = lev, (conv f) ~ lev., (conv f) ~ lev_, f. Again from Lemma 2.6,
one has lev<,f ~ lev, f and therefore it follows from Lemma 3.5 (iii) that the
conclusion holds.

(vi) This follows immediately from (ii). O

Remark 4.7. From Proposition 4.6 (iii) and Proposition 4.4 it follows that an
almost convex function f with f proper agrees with cl f on ri(dom f), which
extends Lemma 2.5 to the case of almost convex functions along with Proposition
4.8. This also yields that an almost convex function f: R™ — R is convex and so
continuous.

The following proposition characterizes the subdifferential of a proper almost func-
tion on the relative interior of its domain.

Proposition 4.8. Let f: R™ — R be almost conver with f proper. Then we have

Of (x) = 0(cl f)(x) # O for each x € ri(dom f).

Proof. Notice that cl f is convex and ri (dom f) = ri (dom (cl f)) (see, Proposition
4.6 (ii) and (iii)). Let = € ri(dom f). Then f(x) = (cl f)(x) (see, Remark 4.7),
and O(cl f)(x) # 0 (see, Lemma 2.5). Therefore, it follows from Lemma 2.4 that

s € 0f(x) <= f(2) + ['(s) = {2,5) <= (el f) (2) + (L /)" (s) = (x8)
e s e dclf)(x),

where the first and third equivalence relation follows immediately from the defini-
tion of subdifferential. This proves d(cl f)(z)=0 f(z) for each z €ri(dom f). [

By means of Proposition 4.6 we can extend Lemma 2.6 to almost convex functions.

Proposition 4.9. Let f: R — R be almost convez with f proper and assume
a > infyerm f(z). Then, we have cl(lev_,f) = cl(lev_,f) = leve, (cl f) and

ri(lev, f) =ri(lev_,f) = {z €ri(dom f) : f(z) < a}.
Proof. By Proposition 4.6 (ii), cl f is convex and by Proposition 4.6 (v),
leveof = leve, (cl f) = leve,f, (2)

which yields that lev<, f is nearly convex (by Lemma 3.5 (v)) and

cl(leveaf) = cl(leveaf) = cl (leve, (cl f)) = leve, (cl f),

where the last equality follows from Lemma 2.6 applied to the convex function cl f,
noticing that a > inf cgm f(x) = inf erm(cl f)(z) (see, Lemma 4.5). Furthermore,
(2) yields
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ri(leve f) =r1i(leveof) =ri(leve, (cl f)) = leve, (cl f)
= {x €ri(dom (cl f)) : (cl f)(x) < a},

where the last two equalities follow from Lemma 2.6 applied to the convex function
cl f. Finally, by Proposition 4.6 (iii), we have ri (dom f) = ri(dom (cl f)) and so

{z eri(dom(clf)): (clf)(x) <a} = {xeri(domf): (clf)(zx)<a}
= {z e€ri(domf): f(z) < a},

where the last equality follows from the fact that we have f(x) = (cl f)(z) for
each x € ri(dom f) (see Remark 4.7). This completes the proof. O

In the sequel we characterize the conjugate function of an almost convex function.

Proposition 4.10. Let f: R™ R be almost convex with f proper, say 1i(epif) C
epi f C cl(epif), where f: R™ — R is a convex function. Then, the following
statements are true:

() f* = (clf)* = (conv f)* = (com f)* = £

(ii) dom f* = dom (cl f)* = dom (conv f)* = dom (conv f)* = dom f*.

(iii) levey f* = leve, (cl f)* = leve, (conv f)* = lev<, (conv f)* = lev<, f* and
levey f* = leve, (cl f)* = leve, (conv f)* = lev., (conv f)* = lev, f*,
where o € R.

Proof. From Proposition 4.6 (ii) we have cl f = clf. Therefore the equalities
f* = (clf)* = (conv f)* = (conv f)* = (clf)* = f* follow immediately from
Lemma 2.4.

(ii) and (iii) follow immediately from (i). O

The following proposition shows that the indicator functions of two sets are nearly
equal if and only if the two sets involved do under the assumption that their
relatively interior is nonempty, where the two sets do not need to be convex.

Proposition 4.11. Let K and M be nonempty subsets of R™. Then, the following
statements are true:
(i) IfriK#0 andriM # 0, then dg = oy <= K~ M
—clK =clM and o = oyy.
(ii)  dx is almost conver <= epidx = K x Ry is nearly convex
<= K is nearly convex = cl K is convex.

(iii) If K is nearly convex, then we have cldx = ToNv dx = dax < conv iy and

00k (x) = Ng(x) = Nag(x) # 0 for each z € ri K.

Proof. (i) Note that dx =~ 0y <= epidx ~ epidy <— K xR, =~ M x
Ry <= cl (K xRy) =c (M xRy)andri (K xRy) =1i(M xR, ) <= clK =
cdMandriK = riM <= K =~ M, where the fourth equivalence follows from
Lemma 2.2 (iv) and (v). From K ~ M, we have cl K = cI M and so ox = oy.
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(ii) The equivalence that dx is almost convex <= epidx = K x R, is nearly
convex follows immediately from the definition.

Since g is almost convex, i.e., there is a convex function f: R™ — R such that
ri(epif) C epidx C cl(epif). Now Proposition 4.6 (iii) implies that domdx =~
dom f. Since dom dx = K and dom f is convex, it follows that K ~ domf and so
from Lemma 3.5 (v), K is nearly convex. The equality cl K = cl(domf) follows
immediately from K ~ domf.

Since K is nearly convex, there is a convex set C' C R™ such that C C K C clC.
This allows 0c > dx > dac and then by Proposition 2.1, epidc C epidx C
epidac =clC xRy =cl(CxRy) = cl(epide), where the second equality follows
from Lemma 2.2 (iv). Since C' is convex, so are dc and epidc. This implies that
Ox is almost convex.

(iii) Since K is nearly convex, from (ii) we have dx is almost convex and cl K
is convex. Then, there is a convex set ' C R™ x R such that C' C epidg C
clC. Since C is convex, so is clC. It follows that epi(cldx) = cl(epidy) =
clC and C C conv (epidg) C cl C and so epi(convdx) = cl(epi(convig)) =
conv (epidx) = clC, which yields epi(cldx) = epi (conv dx) D epi(conv k) and
therefore, cldx = conv g < convig, in view of Proposition 2.1. Since epidx =
K x R4, one has epi(cldg) = cl(epidgx) = cl K x Ry (see, Lemma 2.2 (iv))
and thus clox = dqg. Notice that ri(domdyx) = ri K, 00k (x) = Ng(x) and
O(cldk)(x) = dak(r) = Nag(x) for each x € R™. The conclusion 0k (x) =
Ng(x) = Nag(x) # 0 for each x € ri K follows immediately from Proposition
4.8. [

Under certain assumptions, almost convexity of an extended real valued function
is proved to be equivalent to near equality of itself and another almost convex
function.

Theorem 4.12. Let f: R™ — R be a proper function. The following statements
are equivalent:
(i) f s almost convex. (ii) f ~ conv f. (iii) f ~ conv f.
(iv) f=f, where f: R™ — R is a convex function.
(v) f=g, where g: R™ — R is an almost convex function, say

ri(epig) Cepig C cl(epig), where g: R™ — R is a convex function.
Proof. (i)==(ii): This follows from Proposition 4.6 (i).
(ii)==-(iii): Observe that f ~ conv f <= epi f ~ epi (conv f).
This leads to cl (epi f) = cl (epi (¢onv f)) and ri (epi f) = ri (epi (conv f)).
Since cl (epi (conv f)) = epi(conv f) = cl(epi(conv f)) and ri(epi(conv f)) =
ri (cl (epi (conv f))) = ri(epi(conv f)) (by Lemma 2.2 (i)), we obtain cl (epi f) =
cl (epi (conv f)) and ri (epi f) = ri (epi (conv f)), that is, f ~ conv f.
(iii)==-(iv): This is clear by setting f := conv f.

(iv)==(v): This is clear, since a convex function is almost convex.
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(v)==(i): Suppose (v) holds. Then f ~ g and there exists a convex function
g: R™ — R such that ri(epig) C epig C cl(epig). From Proposition 4.6 (i) we
have g =~ g and so f ~ g (by Proposition 4.1 (iii)), that is cl (epi f) = cl(epig)
and ri(epi f) = ri(epig). As a consequence, ri(epig) = ri(epif) C epif C
cl(epi f) = cl(epig), which implies that f is almost convex. O

We also give the following characterization of near equality of (respectively, the
domains, the lower level sets of) almost convex functions.

Theorem 4.13. Let f,g: R — R be almost convex with f and g proper, say
ri (epif) Cepi f C ¢l (epif) and ri(epig) Cepig C cl(epig), where f,g:R™ — R
are convex functions. For any s,t € {f, £, cl f, conv f, conv f} and u,v € {g, g,
clg, conv g, conv g}, we have s = u <=t ~ v, which implies cl f = clg and so
dom (cl f) = dom (clg), lev, (cl f) = lev<, (clg) and lev., (cl f) = lev., (clg),
where a € R.

Proof. Without loss of generality, let s := f, ¢t := f, u := g, v := g. Since
fyg: R™ — R are almost convex, from Proposition 4.6 (i) one has f ~ f and
g~ g. Then f =~ g <= f =~ g follows from Proposition 4.1 (ii) and (iii).

From f & g one has epi (cl f) = cl(epi f) = cl (epig) = epi(clg). Then by Propo-
sition 2.1 cl f = clg and as a consequence, dom (cl f) = dom (clg), lev<, (cl f) =
lev<, (clg) and lev., (cl f) = lev_, (clg). O

Similarly, from Proposition 4.6 (iii) and (v), we can state the following results.

Theorem 4.14. Let f,g: R™ — R be almost convex with J and g proper, say
ri (epif) Cepif C cl(epif) andri(epig) C epig C cl(epig), wheref, g: R™ — R
are convex functions. For any

E F € {dom f, domf, dom (cl f), dom (conv f), dom (¢onv f)} and

G, H € {dom g, domg, dom (clg), dom (conv g), dom (conv g)},

we have FE ~ G << F~ H.

Theorem 4.15. Let f,g: R™ — R be almost convex with J and g proper, say
ri (epif) Cepif C cl(epif) andri(epig) C epig C cl(epig), wheref,g: R™ — R
are convex functions. Let o > max{inf,cgm f(x),inf ecrm g(x)}. For any

EF € {leve,f, leve, (cl f), lev<, (conv f), lev<, (conv f), lev, £,

leveof, leve, (cl f), lev_, (conv f), lev., (conv f), lev_, £} and

G, H € {lev<,g, leve, (clg), lev<, (conv g), lev<, (conv g), lev<, g,

levo,g, levo, (clg), lev_, (conv g), lev., (conv g), lev., g},

we have E ~ G << F ~ H.

From Theorems 4.13, 4.14 and 4.15 we have:

Corollary 4.16. Let f,g: R™ — R be almost conver with [ and g proper, say
ri (epif) Cepif C cl(epif) andri(epig) C epig C cl(epig), wheref, g: R™ — R
are convex functions. If f =~ g, then E ~ G in Theorems 4.14 and 4.15 holds.
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The next result characterizes the set of almost convex functions by using near
equality.

Theorem 4.17. Define Fy. = {f: R™ — R : f is proper Isc and convex} and
Fo = {f: R™ — R : fis proper almost convex}. For each u € Fi, define
Fr={f:R™ = R: fx~u}. Then the following statements are true:

(i)  Fa=Uyer F* and F*NF" =0 for any u,v € F. with u # v.

(iii) For any u,v € Fie, f € F* and g € F*, we have u = v < f =~ g.

(iii) For any uw € Fi. and f,g € F*, we have f ~ g, ri(dom f) =ri(domg) =
ri (domu) and f = g =wu on ri(domu).

Proof. (i) Let h € F,. From Theorem 4.12 one has h ~ ¢onv h. Since conv h €
Fle, it follows that h € F©Wh, This yields F, C Uyer FU

Let h € Uyer F*. Then, there exists u € Fi. such that h € F* and so h = u.
Again from Theorem 4.12 we have h € F,, that is, Uyer F* C F,. This proves
Fa = Uper F*

Let u,v € F. with u # v. Suppose to the contrary that F* N F* # (. Then
there exists h € F* N FY, i.e., h =& u and h =~ v. Now, Proposition 4.1 (ii) and
(iii) imply u ~ v and as a consequence, u = clu = clv = v (by Remark 3.11 (a)),
a contradiction. This allows F* N FY = ().

(ii) Let u,v € F, f € F¥and g € F’. Then f ~ u and g = u. If u = v, then,
from Proposition 4.1 (ii) and (iii), one has f = g.

If f ~ g, then again from Proposition 4.1 (ii) and (iii), v ~ v. Now, Remark
3.11 (a) implies u = clu = clv = .

(iii) Let u € Fi. and any f,g € F*. Then f ~ u and g ~ u and (ii) yields f =~ g.
Now, Theorem 4.12 implies f and g are almost convex, and Remark 3.11 (a) leads
toclf = clu = u = clg. Then, from Proposition 4.6 (iii), we have dom f ~
dom (cl f) and domg ~ dom(clg). It follows that ri(dom f) = ri(domg) =
ri (dom ), which yields f = ¢ = u on ri (domwu), along with Proposition 4.4. [

We now present the operations on sum, scalar multiple and pointwise supremum
of almost convex functions.

Theorem 4.18. Let \; € R, and f;: R™ — R be almost conver with fi proper
for each i€ l, where I :={1,...,n} and neN. Then Y ._; N\if; is almost convex.

Proof. It suffices to prove that f; + fo and \; f; are almost convex. We first prove
that fi; + fo is almost convex. If fi + fo = +o0, then this is clear. Let dom (f; +
f2) # 0. The proof is similar to that in [11, Theorem 4.5]. For completeness, we
include it here.

Define linear operators V: R” xR — R™ xR xRand W: R xR xR™ xR —
R™ x R™ xR by V(z,r) := (z,x,r) and W(z,r,y,s) := (z,y,r + s), respectively.
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We declare epi (fy + f2) = VLW (epi f1 X epi fo)). In fact,

(z,7) € epi(fi + fo) <= fi(z) + folz) <7 = fi(z) <7 — fo(2)
> ((z, f1(2)), (z,7 — fi(x))) € epi fi X epi fo
< (x,2,7) € W(epi fi X epi fo), <= (x,7) € V(W (epi f1 x epi f2)).

Since f; and f; are almost convex, i.e., epi f; and epi f, are nearly convex, from
Lemma 3.8 (iii) and Lemma 3.9 (i) we have W (epi f1 X epi f2) is almost convex.
From Lemma 3.9 (iii), we only need to show V! (ri (W (epi f1 Xepi f2))) # 0. Again
since f1 and f, are almost convex, from Lemma 2.2 (v) we have ri (epi f; X epi fo) =
ri(epi f1) X ri(epi fo) # (). From Lemma 3.9 (ii) one has ri (W (epi f1 X epi f3)) =
W (ri(epi fi x epifa)) # 0. Letting (zo,z0,70) € 1i(W(epifi X epifo)) yields
(zg,70) € V7ri (W (epi f1 X epi f2))).

We now prove Aqfi is almost convex. If Ay = 0, then A\;f; = 0 is convex and so
almost convex. Then

(1) €epi (Mfi) <= Mfilx) <7 = fil2) < Ail
— (z, )\11) € epi fi < (x,r) € U(epi f1),

where U: R™ x R — R™ x R is the linear operator given by U(x,r) := (x, \r).
This yields epi (A f1) = Ulepi fi). Since f; is almost convex, that is, epi f; is
nearly convex, from Lemma 3.9 (i) we have that U(epi f1) is nearly convex and as
a consequence, \; fi is almost convex. Il

Theorem 4.19. Let \; € R, and f;,u;: R™ — R be proper for each i € I, where
I:={1,...,n} andn € N. If f; is almost convex and u; =~ f; for each i € I, then
Y ier il 1s almost conver.

Proof. From Theorem 4.12, u; is almost convex for each ¢ € I and the conclusion
follows immediately from Theorem 4.18. [

Theorem 4.20. Let f;: R™ — R be almost convez for each i € I, sayri(epif;) C
epi f; C cl(epif;) (i € I), where f;: R™ — R(i € I) are convex functions and I
is an index set. If Nierri(epi fi) # 0, then the function F is almost convexr and
F ~ F, where the functions F' and F are defined by F(z) := sup;c; fi(x) and
F(xz) := sup;c; fi(x), respectively.

Proof. Since f; is almost convex for each 7 € I, epi f; is nearly convex. Then by
Lemma 3.8 (i) it follows that epi F' = N;es(epi f;) is nearly convex and epi F' :=
Nicr(epi fi) = Nicr(epif;) =: epi F', which yields that F' ~ F. O
Finally, we investigate the epi-sum and the epi-multiple operations of almost con-
vex functions.

Theorem 4.21. Let o, > 0 and f,g: R™ — R be almost convez with fand g
proper, say ri(epif) C epif C cl(epif) and ri(epig) C epig C cl(epig), where
f,g: R™ — R are convex functions. Then the following statements are true:
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(i)  ax(B*f) is almost convexr and a* (f* ) ~ ax (B*f).

(ii)  If the infimum defining (fOg)(x) is attained when finite, then fOg is
almost conver and fUOg~ fOg.

(iii)  If the infimum defining ((a* f) O (ax g))(x) is attained when finite, then
ax* (fOg) is almost conver and ax (f0g) =~ ax (fOg).

(iv) If the infimum defining ((a = )T (B * g))(x) is attained when finite, then
(ax fYO(B *g) is almost conver and (ax f)O(Bxg)) = (axf)O(L*g).

(v)  If the infimum defining (((aB) * f)O ((af) * g))(x) is attained when finite,
then a*(B*(fOg)) is almost conver and ax(B*(fOg)) = ax(B*(fOg)).

(vi) (a+ B)* f is almost conver and (v + B) * f = (a*£) O (B *f).

Proof. From ri(epif) Cepi f Ccl(epif) and ri(epig) CepigCecl(epig) we get
ri (epif + epig) = ri(epif) + ri(epig) C epi f + epig
C cl(epif) +cl(epig) C cl(epif + epig),
where the first and the last inclusion follow from Lemma 2.2 (iii).
(i) From Lemma 2.3 (v) we have a * (5 x f) = (af) » f and so from Lemma
2.2 (vii), Lemma 2.3 (iii) and (iv),
ri (epi(a* (B*f))) =ri(epi((af) *f)) =ri(afepif) = afri(epif)
Cepi((af)* f)=afepif Caf(cl(epif)) = cl((af)epif)
— cl epi (@) » 1)) = cl (epi (rx (5 £)))

and ax (f«f) is convex, which yields epi (a* (5 *f)) is convex and so a* (5 * f)
is almost convex and a % (8 f) &~ ax (f ) in view of Proposition 4.6 (i).

(i) Since f and g are convex, it follows from Lemma 2.3 (iii) and (iv) and ri (epi f+
epig) Cepif+epig Ccl(epif + epig) that

ri (epi (fOg)) Cepi (fOg) C cl(epi(fOg))
and epi (fOg) is convex. This yields fg is almost convex and fOg ~ fOg
(see, Proposition 4.6 (i)).
(iii) Observe from Lemma 2.3 (v), a *x (f0g) = (a* f)O(a * g) and so the
conclusion follows immediately from (i) and (ii).

(iv) The conclusion follows immediately from (i) and (ii).

(v) Observe from Lemma 2.3 (v), a* (8x (f0Og)) = af * (fOg) and so the
conclusion follows immediately from (iii).
(vi) Since ri (epif) C epi f C cl(epif), from Lemma 2.2 (vii) and Lemma 2.3 (iii)
and (iv), one has
1 (epi (% £) O (8% £))) = ri (epi (0 + B) * £)) = i ((a + B) epif)
— (a4 B)ri (epif) C (a+ B)epi f = epi (0 + B) % f) C (o + B) cl (epif)
— el (o + B) epif) = cl (epi ((a+ B) « £)) = cl (epi ((a % £) O (3 % £))).
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Since (ax f) O (8« f) is convex (see, Lemma 2.3 (iii)), it follows that (a + ) % f
is almost convex and (a + ) x f = (ax£) O (B + ). O

It is well known that for a convex set K C R™, the distance function d(-, K)
is convex (see, for example, [37, Example 2.25]) and that for a convex function
fPR™ — I@, the Moreau envelope function ey f is convex in view of Lemma
2.3 (iii), and moreover if f is Isc and proper, then the Moreau envelope function e, f
is convex and continuously differentiable (see, Lemma 2.3 (vi)). We next extend
the previous results to the case where the involved functions are almost convex.
Note that d(-, K) = §x O||-|| and the Moreau envelope function ey f = f O 5| |2,
where K CR™ A > 0.

We first give the following lemma.

Lemma 4.22. Let P C R™ be a nonempty set. Then d(x, P) = d(z,cl P) for
each v € R™. Furthermore, if P is bounded, then Ap = Aqp, where Ap ad Aqp
denote the diameters of P and cl P, respectively.

Proof. Let z € R™. Since P C cl P, d(z,P) > d(z,cl P). We prove d(z, P) <
d(z,cl P). For any € > 0, there exists = € cl P such that ||z — Z|| < d(x,cl P) +e.
Since € cl P, then there exists {#*} C P such that limy_, o 2¥ = 7 and so
limg 4o |2 — 2¥|| = |2 — Z||. It follows that for any k sufficiently large,

d(z, P) < ||z — || < d(z,cl P) +e,

which yields d(z, P) < d(z,cl P) since € is arbitrary.

The inequality Ap < Aqp is clear. Furthermore, if P is bounded, then cl P is
bounded and closed and so there exist z, § € cl P such that A, p = ||Z—y||. There-
fore, there exist {z*}, {y*} C P such that lim;_, 2" = 7 and limy_,, o y* = ¥
and so ||z* — ¥*|| — ||z — ||, which yields

Ap> Tim ||o = | = |7 — 7l = Aap. .
k——+o0

Proposition 4.23. Let K, D C R™ be nonempty. Then the following statements
are true:

(i)  If K is nearly convex, then the distance function d(-, K) is convet.
(ii) If D~ K, then d(-,D) = d(-, K). Furthermore, if K is nearly convex, then
d(-, D) is convex.

Proof. (i) Since K is nearly convex, there is a convex subset C' of R™ such that
C C K C clC. Then from Lemma 4.22 it follows that d(z,clC) < d(z, K) <
d(xz,C) = d(z,clC) for each x € R™, which yields d(z, K) = d(z,clC). As a
consequence, d(-, K) is convex.

(ii) Since D ~ K, one has cID = cl K and from Lemma 4.22 it follows that
d(x,D) = d(z,cl D) = d(z,cl K) = d(z, K) for each x € R™. Since K is nearly

convex, the conclusion follows directly from (i). ]
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Under suitable additional conditions we can prove f[Jg is convex. To this aim,
we first provide some assumptions which ensure that the epi-sum of two extended
real valued functions is equivalent to that of their closure.

Lemma 4.24. Let f,g: R™ - R. Ifcl (f(x — ) +g) =cl f(z — ) +clg for each
x € R™, then fOg = (clf)O(clyg).

Proof. For each x € R™, one has

(fOg)(x) == inf [f(z —2) +g(2)] = nf (f(z—)+9)(z)

= inf [el (f(z =) +9))(s) = inf [l [z — ) +clg](2)
= inf [(cl f)(x — 2) + (elg) (2)] = (] )T (clg))(x),

where the third equality follows from Lemma 4.5, the fourth equality follows from
the assumption cl (f(z —-) + g) = cl f(x — -) 4+ clg and the fifth equality follows
from the fact that

[cl f(x —)|(2) := liminf f(x —y) =sup inf f(z—y)

Y=z a>0 Y€B(z,a)

=sup inf f(u) = ligl inf f(u) =: (cl f)(z — 2).

a>0 uEB(z—z,a)

This yields fOg = (cl f)O(clg). O
The following lemma (with h := f(z — -) in Lemma 4.25 (i) and (ii) for each
x € R™) provides sufficient conditions on f and g that ensure that

cd(f(x—)4+g) =clf(xr—-)+clg foreach =zeR™.

Lemma 4.25. Let h,g: R™ — R. Then the following statements hold:

(i) If g is conver with dom g = R™ or g is continuous, then cl (h+g) = clh+g.

(ii) IfepihCepihCcl(epih) and epig Cepig C cl(epig), where h,g: R™ — R
are convex functions, and ri(dom h) Nri(dom g)#0, then cl(h+g)=clh+clg.

Proof. (i) From Lemma 2.3 (i), it is clear that clh+g=clh+clg=cl(clh + clg)
< cl(h + g). If g is convex with domg = R™, then ¢ is continuous (see, for
example, [35, Corollary 10.1.1]). Then for each x € R™,

cl(h +g)(x) := lim inf(h + g)(y) = lim inf(h(y) + g(y))

< liminf h(y) + lim sup g(y) = liminf A(y) + liminf g(y)
y—T

y—z y—T y—T
=: (clh)(z) + (clg)(z) = (clh 4+ clg)(x) = (clh + g)(x),
which implies ¢l (h + g) < clh + ¢ and it follows thatcl (h + g) = clh + g.

(ii) Since epih C epih C cl(epih) and epig C epig C cl(epig), clh = clh and
clg = clg and from Proposition 2.1 one has clh < h <h and clg < g <g. From
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Lemma 2.3 (ii) we have cl (h +g) = clh + clg. As a consequence, from Lemma
2.3 (i) it follows that

clh+clg=cl(clh+clg) <cl(h+g) <cl(h+g)=clh+clg=clh+clg,
which yields cl (h + ¢g) =clh +clg. H

The next result shows that f[g is convex under suitable additional conditions.

Theorem 4.26. Let f,g: R™ — R be almost conver with f and g proper. If
cd(f(x—)4+g)=clf(x—"-)+clg for each x € R™, then fOg is conver.

Proof. From Lemma 4.24, we have fOg = (cl f)O(clg). Since f and g are
almost convex, from Proposition 4.3 (ii) one has cl f and cl g are convex and so is
(cl £)O(clg) in view of Lemma 2.2 (iii). This completes the proof. O

The following theorem proves that the Moreau envelope function of a proper
almost convex function is convex and continuously differentiable and the gradient
coincides with the one related to its closure. This plays an important role in the
definition of the proximal point algorithm (see, [36]).

Theorem 4.27. Let f: R™ — R be almost conver with f proper. Then the
Moreau envelope function eyf is convex and continuously differentiable with the

gradient Ve, f(z) = +(x — Pa(cl f)(2)).

Proof. Since f is almost convex, from Proposition 4.3 (ii) one has cl f is convex.
From Lemmas 4.24 and 4.25 (i), one has exf = fO5%| - I* = (1 /) O (| - [1)-

Now the conclusion follows immediately from Lemma 2.3 (vi). [
We give the following example to illustrate Theorem 4.27.
Example 4.28. Consider A := 1 and f: R? — R and g: R? — R defined by

1—1‘2, ifﬂ?l:O, O§$2§1,

07 if$1:0, _1§Q32<0, 1 ) ) )

)= and ) = —||x =7 + xe.

f( ) 0, if0<$1§1, —1<2,<1, g( ) 2)\” || 1 2
+o0o0, else,

It is easy to see that f is almost convex and that

(

0, fo<az; <1, -1 <2y <1,

x?, ifx; <0, =1 <2y <1,

22 + (23 + 1), if 21 <0, 29 < —1,

23+ (xg — 1)2, if x4 <0, 29> 1,
erf(xz)=(fOg)(x) =< (z2 +1)% if0<az <1, 29 < —1,

(1 — 1)+ (mg +1)%, ifxy > 1, 29 < —1,

(rp — 1)2, ifr; >1, —1<zy <1,

(o7 — 12+ (29 — 1)%, ifay > 1, 29 > 1,

(19 — 1)2, fo0<z <1, 29 >1,
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and hence e%f(m) = (f0g)(z) = &*(z,K), where K := {(z1,29)" : 0 < 2y < 1,
—1 < x9 < 1} is closed, convex and bounded (i.e., compact). Moreover, we
have (cl f)(z) = dx(z), (cl f)Og(z) = d*(z, K) and P (cl f)(x) = Pg(x), where
Py : R? — K denotes the projection operator on K. Clearly, e 1 f is convex and

continuously differentiable with the gradient

Ve%f(:v) =2(x—Pxk(x)) = Q(x—P%(clf)(x)). O

We now provide the formulation of the subdifferential of the sum and the scalar
multiple of almost convex functions.

Theorem 4.29. Let \; > 0 and f;: R™ — R be almost conver with fi proper
for each i € I, where I := {1,...,n} and n € N. If Njcrri(dom f;) # 0 and

cl (Do Nifi) = dicrcl(Nifi), then O, Nifi)(x) = > .o Nidfi(x) for each
x € 1i(dom (D ,.; Aifi)) = Nierri(dom f;).
Proof. From Theorem 4.18, Zie ; Aifi is almost convex. Since for each A; > 0,
dom (},.; Aifi) = Nierdom (A;f;) = Nierdom f;. Notice that for each i € I,
cl f; is convex (see, Proposition 4.6 (ii)), cl (A f;) = Acl fi (see, Lemma 2.3 (i)),
ri (dom f;) = ri(dom (cl f;)), dom (> _,.; Aifi) and dom f; are nearly convex (see,
Proposition 4.6 (iii)). Since N;esri(dom f;) # 0, we directly obtain the equation
ri (dom (Y ;o7 Aifi)) = Nierri (dom f;) in view of Lemma 3.8 (ii). From Proposition
4.8 one has 9(Y ., Aifi)(x) =0(cl (3_;c; Aifi)) () for each x €xi (dom (D, ; Aifi)).
Since cl (3o, Aifi) = Dol (Aifi) and

Nierri (dom (Ael f;)) = Nyegri (dom (el f;)) = NMieri (dom f;) # 0,
it follows that for each x € ri (dom (3 ,.; Aifi)) = Nierri (dom f;),

OO " Nifi)(x) =00 (Nfi))(x) = 0> Miel fi) ()

i€l icl el
=Y N fi) (@) = > Ndfilx),
iel i€l

where the second to fourth equalities follow from the facts that for each i € I,
cl(A\if;) = Nicl f;, Lemma 2.3 (ii) and Proposition 4.8, respectively. O

We note that sufficient conditions ensuring that cl (D ,.; A\ifi) = Y., cl(Nifi) are
stated in Lemma 4.25.

5. Proximal average of almost convex functions

In this section, we shall investigate the proximal average of almost convex func-
tions. The formula for the proximal average was first given by Bauschke, Ma-
touskova and Reich [5] to provide an explicit constructive proof of Moreau’s ob-
servation [29] that the set of all so-called proximal mappings is convex. For works
related to proximal average, please see [3, 4].
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Denote by F the set of all proper functions f: R™ — I@, ie.,
F={f:R" Y f is proper},
and let Fi. be as in Theorem 4.17, i.e.,
Fie ={f: R" — R: f is proper Isc and convex}.
Definition 5.1. The proximal average operator is

P:Fx[0,1]xF—F

(F.1.9) = (=00 + 5112+t + 5 1) = 51 1P

1
2
If F := Fi , then Definition 5.1 collapses to that given in [3, 4, 5].

The following lemmas will be useful in the sequel.

Lemma 5.2. [4, Propositions 4.2, 4.8, 4.14, Theorems 4.3, 4.11, Remark 4.4]

Let u,v € F. and t € [0,1]. Then the following statements are true:

(i)  P(u,0,v) =u,P(u,1,v) =v and P(u,t,v) = P(v,1 —t,u).

(ii))  P(u,t,v) € Fe and (w)* := (P(u,t,v))* = P(u*, t,v*) = (w*),.

(iii)  P(u,3,u") =3l - |*.

(iv)  For wy := P(u,t,v) and t € (0,1) we have cl (domw;) = ¢l ((1 — t)domu +
tdomw) and int (domw;) = int ((1 — t)dom u + tdomv).

(v) If0<wuand0<w, then 0 < w; < (1 —t)u+ tv, where w, := P(u,t,v) and
te(0,1).

The following theorem shows that proximal average of almost convex functions en-
joys many nice properties of that of Isc and convex functions obtained by Bauschke,
Lucet and Trienis [4].

Theorem 5.3. Lette€|0,1] and f, g€ F such that f and g are almost convez, say

ri (epif) Cepif Ccl(epif) andri(epig) C epig C cl(epig), wheref, g: R™ — R

are convex functions. Then the following statements are true:

(i)  P(f,t,g) =P(clf,t,clg) =P(clf,t,clg) = P(f t,g).

(ii) P(f,0,9) =l f,P(f,1,9) = clg and P(f,t,9) = P(g,1 — 1, f).

(iii) P(f,t,9) € Fic and ()" := (P(f,t,9))" = P(f*,t,97) = ()¢

(iv) P57 =507

(v) cl(domhy) =cl((1—t)dom f+tdomg) and ri(domh;) =ri((1—1t)dom f+
tdom g), where hy :== P(f,t,g9) andt € (0,1).

(vi) IfO<f and0<g, then 0 < h, < (1—1t)f +tg, where hy :=P(f,t,g) and
t e (0,1).

Proof. (i) Since f,g € F are almost convex and || - [|* is convex, from Theorem

4.18 it follows that f+1]-|* and g+3||-||* are almost convex. Since dom(3]|-]|?) =

R™, Proposition 4.10 (i), along with Lemma 4.25 (i), yields
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S

= (A=)l f+ I 1) + t(clg + Sl 1)) — Sl &
=P(cl f,t,clg) = P(clf,t,clg),

P(f,t,9) = (1= (A + 5]l - ) +#(ellg + 51 7)) -

where cl f = clf and clg = clg follow from Proposition 4.6 (ii). The equality

P(clf, t, clg) = P(f,t,g) follows immediately by using similar arguments.

(ii) From (i) and Lemma 5.2 (i) it follows that P(f,0,9) = P(cl f,0,clg) = cl f,
P(f,1,9) =P(cll,t,clg) =clg and P(f,t,g) =P(clf,t,clg) =P(clg,1—t,clf)

— P91~ 1, f).

(iii) From (i) one has P(f,t, g) € Fi. and Lemma 5.2 (ii) allows (h:)* := (P(f,t,9))*
= (P(clf,t,clg))* = P((cl f)* t,(clg)*) = P(f*.t,g9") =: (h*):, where the fourth

equality follows from Lemma 2.4 or Proposition 4.10 (i).

(iv) From (i), Proposition 4.10 (i) and Lemma 5.2 (iii) we have P(f, 3, f*) =
P(clf, 5.l f*) =P(clf, 3, (cL f)*) = 5l |I*

(v) From Proposition 4.6 (ii), we have that cl f and clg are convex and so are

dom (cl f) and dom (cl g). From Proposition 4.6 (iii), we have dom f ~ dom (cl f),

dom g~dom (cl g), dom f and dom g are nearly convex, which implies cl (dom f)=

cl(dom (cl f)), cl (dom g) = cl(dom (clg)), ri (dom f) = ri(dom (cl f)) and finally
ri (dom g) = ri(dom (clg)). From (i) and Lemma 5.2 (iv) it follows that

cl(dom hy) = cl (domP(cl f,t,clg)) = cl ((1 — t)dom (cl f) 4 tdom (cl g))
=cl((1 —t)cl (dom (cl f)) + tcl (dom (clg)))
=cl((1 —t)cl(dom f) + tcl (dom g)) = cl ((1 — ¢t)dom f + tdom g),

where the third equality follows from Lemma 2.2 (vii) and the fifth equality follows
from Lemma 3.8 (iii) and Lemma 3.9 (ii). Since f and g are almost convex, from
Proposition 4.6 (iii) we have dom f and domg are nearly convex and so from
Lemma 3.8 (iii) and Lemma 3.9 (i), (1 — ¢t)dom f + tdom ¢ is nearly convex. As a
consequence,

ri (dom h;) = ri(cl (dom hy)) = ri(cl ((1 — t)dom f + tdom g))
=r1i((1 —t)dom f + tdomg),

where the first equality follows from (iii) and Lemma 2.2 (i) and the third equality
follows from Lemma 3.6.

(vi) If 0 < f and 0 < g, then from (i), Lemma 5.2 (v) and Proposition 4.6 (ii) we
obtain

P(cl f,t,clg) = P(clf, t,clg)
- )clf+tclg: (I—=t)elf+tclg < (1—1t)f +tg.

IN I/\
RN
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6. Some applications to optimization problems and error bounds

In this section, we consider two applications of the results obtained in Section 4.
The first application is related to near equality and near convexity of solution sets
for almost convex optimization problems. The second one is concerned with the
classical Hoffman’ error bound for almost convex inequalities. Some examples are
given to illustrate our results.

6.1. Applications to almost convex optimization problems

In this subsection, we shall investigate near equality and near convexity of solution
sets and give some refinements on Fenchel duality for almost convex optimization
problems.

Consider the following optimization problem with a set constraint (for short, OP):
inf f(x) subject to =z €S,

where SCR™ and f: R™ — R is a function. Denote by S¢ the solution set of OP.

In the case S := R™, [11, Theorem 2.3] states that any local solution € dom f of
OP is a global solution of OP provided that f is almost convex. We first prove the
following proposition which extends the classical results of convex optimization
problems to the case of OP.

Proposition 6.1. The following assertions hold:
(i) Ifze S and0 e df(z)+ Ng(x), then T € Sy.

(ii)  Suppose that f: R™ — R is almost conver and S is nearly convex. If,
additionally, ri (dom f) N1iS # (0 and T € Sy, then 0 € Of (%) + Ns(z).

Proof. (i) By assumption there exists 2* € 9f(zZ) N (—Ng(z)). Then,
flz)— f(@) > ("2 —x) >0 foreach x €S,

which proves that z € S;.

(ii) We preliminarily observe that & € Sy if and only if epi fN(S % (—o0, f(Z)) = 0.
Notice that epi f and S x (—oo, f(Z)) are nearly convex (see, Deﬁmtlon 3.10 and
Lemma 3.8 (iii)). It follows from Proposition 3.7 that epi f and S x (—oo, f(Z))
are properly linearly separable, i.e., there exist (A\*,0*) € R™ xR with (\*, 6’*) #0,

and o € R such that
(N, 2) +0"r > o for each (z,r) with x € dom f and r > f(x) (3)
and (N, z) + 0"r < a for each (z,r) with z € S and r < f(Z), (4)

with strict inequality for at least one point in any of the previous inequalities.
Next we prove that 6* # 0. Indeed, assume that 6* = 0. Then, the previous
inequalities become

(N, z) > « for each z € dom f and (A", z) <« for each x € S|
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with strict inequality for at least one point in any of the previous inequalities. This
yields that the sets dom f and S are properly linearly separable. By Proposition
3.7, it follows that ri (dom f) NriS = @, a contradiction. Therefore, 6* # 0.

Setting x := Z and r := f(z) in (3) and setting x := z and letting r 7 f(z) in
(4), we obtain that o = (A\*,Z) 4+ 0* f(Z). By (4) we have

(N x—x) <0°(f(x) —r) foreach (z,r) with z € S and r < f(Z), (5)

which implies 6 > 0. Moreover, taking the limit » 7 f(Z) in (5) yields that
A* € Ng(Z). Setting r := f(x) in (3), where x € dom f, and recalling that
a = (N, )+ 0" f(x), it follows that

flz)— f(z) > (—g,x —z) for each z € dom f

and so

*

flz)— f(z) > (—%,x —z) for each x € R™,

which yields —2- €0f(z). Since 3= € Ng(Z), it follows that 0€df(z) + Ng(z). O

The following theorem states that, under suitable assumptions, the solution set
of an almost convex optimization problem with S # R™ is nearly convex.

Theorem 6.2. Suppose f: R™ — R is almost convez, S is nearly conver and
Sy # 0. Assume that there exists & € R™ such that f(z) < f(xo), where xo € Sy,
and ri.S Nri(leve sy, f) # 0. Then, Sy is nearly convex.

Proof. Since f(x¢) > f(2) > infcrm f(x) = infyerm(cl f)(z) (see, Lemma 4.5),
from Proposition 4.6 (v) it follows that lev< s, f is nearly convex. Since ri.S N
1i (levfe) f) # 0 and S is a nearly convex set, by Lemma 3.8 (i), Sy = SN
(lev< sy f) is nearly convex. O

We consider the case where S := R"™. We first prove the following preliminary
result.

Lemma 6.3. Let S:=R"™. Suppose that f: R™ — R and S¢#0. Then, Sy C Sq .

Proof. Let z € Sy. Then, (cl f)(z) := liminf, ,, f(y) > f(Z) for each z € R™.

Since f(z) > (clf)(z) is always true, it follows that f(z) = (cl f)(Z) and so
T € Sdf. ]

The next theorem shows that, under some assumptions, the solution set of an
almost convex optimization problem with S := R™ is nearly convex.

Theorem 6.4. Let S := R™. Suppose f: R™ — R is almost convex. If S #0
and the following condition holds: Neysesoti(levepzg)re f) # 0, where xo € Sy
and €y > 0, then cl Sy = Sa ¢ and Sy =~ Sq¢. Consequently, Sy is nearly convex.

Proof. Since Sy # (), f is proper. We first note that Sy = Neyseso(lev< fiug)+e f)
is the intersection of nearly convex sets (by Proposition 4.6 (v)). Since we have
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Neo>e>0 T (1evpiugy+e f) # 0, from Lemma 3.8 (i) we get that Sy is nearly convex
and from Lemma 3.8 (ii) and Proposition 4.9 it follows that

cl Sf = meo>€>0 cl (levgf(aco)Jre f) = ﬁeo>e>0 (levg(clf)(wo)Jre cl f) = Sclfa

recalling that in the proof of Lemma 6.3, we have shown that zo € S; implies
f(xo) = (cl f)(z9) and zp € Sqs. Since Sy is nearly convex and cl Sy = Sqy, by
Lemma 3.6 one has

IiSf:Ii(Clsf):I‘iSdf and Sf% cf- O]

Example 6.5. Consider the almost convex function f defined in Example 4.3.
It is easy to see that S; = {(z1,72)" € R?* : z; = 0,25 ¢ (0,1)} and so it is
a closed nonconvex set. In consequence, Sy is not almost convex. Note that
Neo>e>0 T (1eVpiugyre f) = 0, where 2y € Sy and €y > 0, so that the assumption of
Theorem 6.4 is not fulfilled. O

The following theorem shows that under certain assumptions the solution sets of
two almost convex optimization problems are nearly equal if the two objective
functions involved are nearly equal.

Theorem 6.6. Let S := R™ and f: R™ — R. If g: R™ — R is almost converz,

f ~ g, Sf # ®7 Sg # ®7 ﬁeo>e>0 ri (levf(aco)—i—e f) 7é @, meo>€>0 ri (levg(yo)—‘rs g) 7£ @7
where xg € Sy, €9 > 0, yo € Sy, €9 > 0, then Sy ~ 5.

Proof. Since ¢ is almost convex and f ~ ¢, from Theorem 4.12 one has f
is almost convex. Then the conclusion is a direct consequence of Theorem 6.4
taking into account that f and g are nearly equal. Indeed, from Theorem 4.13
one has cl f = clg and from Theorem 6.4 we have Sy and S, are nearly convex,
Sy~ clSy, Sy = clS, and the following equalities hold:

cl Sy = Say = Sag = clS,.
Now Lemma 3.5 (i) and (ii) yield S; ~ S,. O
Consider the following optimization problem with inequality constraints:
(OPIC) inf f(x) subject to z€K :={z € S:¢g(x) <0, 1=1,...,1},

where S C R™, f,g;: R™ — R (t=1,...,1) and [ € N. We always suppose that
K is nonempty and the optimal value is finite. The Lagrange function of OPIC,
say Ly,: R™ x RL — R, is given by

Lyg(z, A) = f(z) + Z Aigi(@).

Let Eyg(x) := supyert, Lyg(x, A). Then OPIC is equivalent to

inf Ef,(z) subject to z € S.
Denote by Sg,, the solution set of OPIC.
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Conclusions (i) and (ii) of the following lemma follow immediately from Theorems
4.18 and 4.20, respectively.

Lemma 6.7. Let f,g;: R" — R be almost conver foreachi=1,...,1. Then the
following statements are true:

(i)  For each A € RY, x> Lyy(x, \) is almost convex.
il)  IfNyepe 1i(epi Lpg(c, A (), then E;, is almost convex.
AR, fa fg

Remark 6.8. The assumption Mycg 1i (epi Lsy(-,A)) # 0 in Lemma 6.7 (ii) can
be characterized by using similar arguments as in the proof of Theorem 4.18.

Theorem 6.9. Suppose that f,gi: R™ — R (1 = 1,...,1) are almost converz,
S is nearly conver and Sg,, # 0. Assume that there evists & € R™ such that
f(&) < f(zo), where vy € Sg,,, and

1S N (N i (leveg g;)) N i (leve ) f) # 0. (6)
Then, Sg,, is nearly convez.

Proof. Since K = SN (Nt_;(lev<g;)), by (6) and applying Lemma 3.8 (i) and
Proposition 4.6 (v), it follows that K is nearly convex. Moreover, by Lemma
3.8 (ii) we have that 1i K =i S N (N'_,1i (lev<g g;)) # 0.

Again from (6), ri K Nri (lev< sy, f) # 0 and applying Theorem 6.2 with S := K
we obtain that Sg,  is nearly convex. [

The following remark is given to illustrate the assumption (6).
Remark 6.10. We show that the assumption (6) is equivalent to
ri S Nri(levep,, w) Erg) 7 0

under the assumption that Ni_;ri(lev<yg;) # 0 and ri (lev<yq,) f) # 0. In fact,
according to Lemma 3.8 (ii) it suffices to prove

lev<ry, (eo) Brg = Mt (leveo 9:) N (levesao) f),
where 9 € Sg,,. The inclusion lev<g, (o) Erg 2 Ni_i(leveg gi) N (levesa) f) is
clear. For the converse inclusion, let = € lev<g, (z,) Ffy. Then
! !
Eyg(x) := sup (f(z)+ Z)\igi(x)) < Epy(wo) = sup (f(wo) + ZAiQi($0))‘
AERY, i—1 AERY i=1
Since ¢ € Sg;,, gi(xo) < 0 for each i =1,...,1, it follows that
!
Efg(x) := sup (f(@)+ D Xigilx)) < Epglxo) = fao),
+ i=1

which implies that g;(z) < 0 for each ¢ = 1,...,l and so f(z) < f(xp). This
proves leveg, (z) By C Ni_;(leveg g;) N (lev< @y f)- O
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The following theorem follows immediately from Lemma 6.7 (ii) and Theorem 6.4.
Theorem 6.11. Let S:=R™ and f,g;: R™ — R be almost conver foro=1,...L.
If Sg;, # 0, ﬂ/\eRiri (epiLysg(,A)) # 0 and Neysesori (1evEe,, (wo)te Brg) # 0,

where xg € Sg,, and €y > 0, then Sg,, is nearly conver.

Consider the following optimization problem concerning the sum of two functions:
(OPS) inf f(z) + g(Mz) subject to z € R™,
where M is a m x m real matrix and f,g: R™ — R. Denote by St4 the solution
set of OPS. Set h(z) := f(z) + (go M)(z) := f(z) + g(Mx).
We prove that the solution set of OPS is nearly convex under suitable assumptions.

Theorem 6.12. Let M be a m x m real matriz and let f,g: R™ — R be almost
conver with f and g proper. If Spy # 0 and Neysesoti (levapag)re h) # 0, where
xg € Sy and €y > 0, then Sy, is nearly conve.

Proof. From [11, Theorem 4.5], h is almost convex and by the assumptions,
Theorem 6.4 implies Sy, is nearly convex. 0

6.2. Applications to error bounds for almost convex inequalities

In this subsection, we shall investigate error bounds for almost convex inequalities.
It is shown that the classical Hoffman’ error bound also holds for almost convex
inequalities under a generalized Slater condition.

Consider the following system of inequalities:
re Xy and gi(z) <0 foreach i=1,...,1, (7)

where Xy C R™ is nonempty, g;: R™ — R (¢=1,...,1) are functions and [ € N.
Let K be the set of solutions of (7), i.e.,

K:={re€Xy:gi(x)<0fori=1,...,1} = XoN (N_lev<g gs).

It is clear that K C Nl_;domg; and K = {z € XoN(Ni_;domg;) : 0 € g(x)+R. },
where g(z) = (g1(),...,q(z))". In the following, we shall assume that K is
nonempty. We are interested in the following global error bound for approximate
solutions of (7): there is A > 0 such that

d(z, K) < A|(g(x))y| foreach z € X, (8)

where (g(z)); denotes the vector obtained by replacing each negative compo-
nent of g(z) by zero, i.e., (g(x))y = (max{g(x),0},..., max{g/(z),0})", and
d(z,K) = infyer ||z — yl|. Let P C R' be nonempty convex. Recall that
h:=(hy,...,ly)": R™ — R'is R, -convex on P, if for each x,y € P and ¢ € [0, 1],
we have th(z)+ (1 —t)h(y) € h(tz+ (1 —t)y) +R.. It is clear that h is R -convex
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on P if and only if h; is convex on P for each s = 1,...,l. For convenience, we
set % = +o0 and set ||z]| := 400 if z € R™\R™.

In 1952, Hoffman [22] proved that (8) holds if X, := R and ¢ is an affine mapping
(which is often referred to as Hoffman’s error bound). Robinson [33] proved that
Hoffman’s error bound holds under the assumptions that ¢ is cone-convex and
that a generalized Slater condition holds in a normed linear space.

We state here Robinson’s error bound in finite-dimensional Euclidean spaces.

Lemma 6.13. [33] Let X, be convez and gi: R™ - R (i =1,...,1) be convex. If
(7) satisfies a generalized Slater condition (that is, there exist a real number § > 0
and a point 2° € Xy N (Nt_,(dom g;)) such that

0B(0,1) C g(2") + R, , (9)
then the following inequality holds:

p
p+0

d(z,K) < |z —2°|| for each x € XoN (Ni_,(dom g;)),

where p = d(0, g(z)+RL) = ||[(9(x))+]|. Moreover, if the set K is bounded, then

e, K) < SEa(0,9(r) + BL) = 25 (g(a))s ]

for each x € XoN (N'_,(dom g;)), where Ay is the diameter of K.

As is well known, error bounds have important applications in sensitivity analysis
and in convergence analysis of some algorithms (see, for example, [2, 21, 27,
31]), and are closely related to that of metric regularity, weak sharp minima and
calmness for multifunctions (see, for example, [14, 15, 20, 26]). Recently, the
study of error bounds for convex systems has received a growing interest in the
mathematical programming literature (see, for example, [24, 25, 26, 30, 39]).

We need the following lemma.

Lemma 6.14. If 0 < a < and v > 0, then 2= < B

aty = B+v°
Proof. Observe that if 0 < a < and v > 0, then af + ay < aff + (7, which is
equivalent to aiﬂ < 6% O]
Consider the following system of inequalities:
recXy and (clg;)(x) <0 foreach i=1,...,1[ (10)

Let K be the set of solutions of (10), i.e., K := {x € cl1 X, : (clg;)(z) < 0 for
i=1,...,0} = clXyN (N_leveg(clg)). Tt is clear that K C Ni_,dom (clg;)
and K = {z € cl XoN (N{_;dom (clg;)) : 0 € (clg)(z) + R}, where (clg)(z) :=
((clgr)(@), ... (clgi)(x))".

We have the following results.
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Proposition 6.15. Then the following statements are true:

(i) If the generalized Slater condition (9) holds (that is, there exist a real number
§ > 0 and a point 2° € XN (Ni_,(dom g;)) such that the inclusion (9) holds),
then 2% €cl Xo N (N, (dom (clg;))) such that

§B(0,1) C (clg)(«°) + R, . (11)
(ii) If Xo is nearly conver and g;: R™ — R (1t = 1,...,1) are almost convex

with 11 Xo N (NL_1i (leveg g;)) # O, then the set K is closed and convexr and
cl K D K DriK, which implies K is nearly conver and K ~ K.

Proof. (i) Since 2°€ Xy N (N!_,(dom g;)) and since clg; < g; for each i = 1,...,1,
we conclude NMi_jlevg (clg;) 2 Ni_jlevegg; and g(z°) — (clg)(z") € RY, ie.,
0 € (clg)(z°) — g(a") + R}. Then 2° € ¢l Xy N (N_;(dom (clg;))) and from (9) it
follows that

§B(0,1) C g(a°) + (clg)(2°) — g(2”) + R, + R, C (clg)(2) + R,

which proves (11).

(ii) Suppose X is nearly convex and g;: R™ — R (1=1,...,1) are almost convex
with 11 Xo N (N{_;ri (lev<g gi)) # 0. Then cl X is closed and convex. From Propo-
sition 4.6 (v) we have lev<gg; ~ lev<g(clg;) for each i = 1,...,l, which yields

cl(levygi;) = cl(lev,(clg;)) and ri(lev_,g;) = ri(lev_,(clg;)). From Proposi-
tion 4.6 (i) we have clg; is closed and convex and so K is closed and convex.
Since clg; < g; for each i = 1,...,1, one has N'_ lev<q (clg;) D NL_,lev<g g;. Since
ri Xo N (NE_;1i (leveg g;)) # 0, it follows that

le_( = K =cl Xo N (ﬂizlleVgg (Cl gz)) 2 XO N (ﬂézlleVgo gz>
=K DOri(XgN ( Ni_leveo gi)) = 11 Xo N (N, 1i (leveo g;))
= 1i (cl Xo) N (Ni_;ri (leveg (cl gs))) = i (el Xo N (ML leveg (cl gi))) = 1i K,
where the fourth and sixth qualities follow from Lemma 3.8 (ii) and the fifth

equality follows from Lemma 3.6. This yields cl K O K D i K and so K is nearly
convex and K ~ K in view of Lemma 3.5 (v). ]

Proposition 6.16. The inequality ||((clg)(x))+] < |[(9(x))+|| holds for each
point x € R™.

Proof. Observe that clg; < g; foreachi =1,...,l. Let x € R™ and [ := {1, ..., 1}.
The proof consists of the following three cases:

If (clgi;)(x) > 0 for each i € I, then 0 < (clg;)(x) < g;(z), and for each i € I

|((clg)(x S) < [(g(z))+I
If (clg;)(x) < O for each ¢ € I, then max{(cl g,)(:r) 0} = 0 < max{g,;(x),0} for
each i € I, which implies ||((clg)(x))+|| < ||(g(x))+

(cl

C x) > 0 for each i € Iy and
(clg;)(z) < O for each i € I\Ip, then 0 < (Clgz)(x) < gi(x) for each ¢ € I.
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This leads to max{(clg;)(x),0} < max{g;(z),0} for each ¢ € Iy and also to
max{(clg;)(z),0} = 0 < max{g;(x),0} for each ¢ € I\ly. This proves the in-
equality [|((clg)(@))+[| < [[(g(x))+]] 0

By Lemma 4.22 and Proposition 6.16, any error bound result existing in the
literature related to system (10) can be directly applied to system (7). We next
prove system (7) has a global error bound under suitable assumptions.

Theorem 6.17. Let X, be nearly convez and g;: R™ — R (i = 1,...,1) be almost
convex with 1i Xo N (Ni_yri (lev<g g;)) # 0 and the generalized Slater condition (9)
holds. Then the following inequality holds:

p
p+o

d(z,K) < |z —2°||  for each x € cl X, (12)

where p := d(0, g(x)+RL) = ||(g(2))+]| and 2° is the same as in (9). Furthermore,
if the set K is bounded, then

d(z,K) < %d(o,g(x) +R,) = %H(g(:c)ﬁ” for each x € cl X, (13)

where Ak is the diameter of K, which implies (8) is true.

Proof. From Proposition 6.15(ii), we have that K is closed and convex and
K ~ K. Then Proposition 4.23 (i) yields d(x, K) = d(x, K). Recall that cl Xj is
closed and convex, and clg; (i = 1,...,[) are convex and real valued on the set
cd XoN (Nt (dom (clg;))) (i-e., clg is R -convex on cl Xy N (Ni_; (dom (clg;))) by
Proposition 4.6 (ii). Now from Proposition 6.15 (i), Lemma 6.13 yields

[((clg)(@))+]]
I((clg) (@) ]| +0

d(z, K) = d(z,K) < Il

|z —x

for each = € cl Xy N (Ni_,dom (cl g;)), where 2° is the same as in (9). Again since
clg; < g;foreachi=1,... 1, Ni_,dom (clg;) 2 Ni_,dom g; and from Proposition
6.16, one has [|((clg)(z))+] < [[(g9(z))+] for each z € R™. Consequently,

s 1) < D).

o < g :
< g5 N < s e 09

(9(x)) [l +0

for each = € cl Xy N (Ni_,;dom g;), where the second equality follows from Lemma
6.14. If z € cl Xo\(Ni_,dom g;), then [|(g(z)),|| = +oo and so (14) is true. This
proves (12).

Furthermore, if the set K is bounded, then from Lemma 4.22 and Proposition
6.15 (i), Lemma 6.13 yields

dz,K)=d(z,K) <

Sk

I((clg)(2))+ ] < %H(Q(I)MI
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for each x € ¢l Xy N (N._;dom (clg;)). Again since N_;dom (clg;) 2 Ni_,domg;,
it follows that A
K

(e, 1) < = (g())s
for each z € cl XoN(N!_,dom g;). If x € cl X,\(Ni_,dom g;), then ||(g(z)),| = +o0
and so the above inequality holds trivially. This proves (13), which implies (8). [
The following result follows from Theorem 6.17 immediately.

Corollary 6.18. Let Xy := R™ and g;: R™ — R be almost convex satisfying
Ni_ri(leveg g;) # 0, and assume that the generalized Slater condition (9) holds.
Then the following inequality holds:

i

d(z,K) < |z —2°| for each x € R™,

p+90

where p :=d(0, g(x)+R%) = [|(g())+|| and 2° is the same as in (9). Furthermore,
if the set K is bounded, then (8) is true, i.e.,

A A
(e, K) < (0, g(w) + RY) = =X (g(e)) ]| for each z € R™,

where A is the diameter of K.

The following two examples are given to illustrate Corollary 6.18.
Example 6.19. Consider functions g;, go: R? — R defined by

(

rp — 1, if &1 > —1,
ro(l—x9) —1, ifax;=-1, 0< 2y <1,

g1(x) == ¢ —1, if 17 = —1, 25 <0,
—1, if vy =—1, 29 > 1,
~+00, if 11 < —1,

and

ry—1, ifz; > —1,

— o, ifry=-1, 0< 2, <1,
g2(x) == ¢ —1, if x; =—1, 25 <0,
-1, if 1 =—1, 9 > 1,
~+00, if vy < —1.

\

It is easy to check that g, and gy are almost convex, leveg g1 = {(z1,22)" : =1 <
T S 1,1’2 € ]R} = levSo go and so K := IGVSO %51 N IGVSO g2 = {(ZEl,Ig)T =1 S
71 < 1,25 € R} and ri(leveg g1 Nleveg go) = {(x1,22)" 1 =1 <21 < 1,75 € R}.

Setting x° := (0,0)" leads to g(z°) := (g1(2°), g2(2°))" = (=1,—1)T and so

§B(0,1) C g(z°) + Ri,
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which implies that the generalized Slater condition (9) holds, where 6 := 1. Ob-
serve that

(xl—l,xl—l)T, if ©; > 1,
(9(2))+ = (max{gi(z),0}, max{g:(z),0})" = ¢ (0,0), if —1<a <1,
(+00, +00) T, if z1 < —1,

xr1 — 1, if x> 1,
and d(z,K) =<0, if —1<xz, <1,
—1—x, ifx; <-—1.

V2(xy — 1), if 3 > 1,
Then p:=|l(g(z))+]| =<0, if —1<z <1,
—|-OO7 if T < —1,

p
p+0

which implies that d(z, K) < |z —2°|| for each z € R™.

Example 6.20. Consider the functions g;, go: R? — R defined by

x1 — 1, if x4 > —1,
ro(l—x9) —1, ifax;=-1, 0< 2y <1,
g1(x) == ¢ —1, if x; =—1, 23 <0,
-1, if x1 =—1, 9 > 1,
| +00, if r1 < —1,

xy—1, ifzy>—-1, =2<xy <2,
—Z2, if T = _17 0 S T2 S 17

and g2(x) =< —1, ifx;=—-1, —2<u2,<0,
1, o =1, 2> a5 > 1,
~+00, else.

It is easy to check that g; and gy are almost convex, leveg g1 = {(z1,22)" : =1 <
v < 1Lzg € R}, levegge = {(z1,72)" @ =1 < 2y < 1,-2 < 25 < 2} and
so K = leveggi Nleveggo = {(z1,22)" : =1 < 27 < 1,-2 < 25 < 2} and
ri(leveg g1 Nleveg go) = {(21,20) " 1 =1 <11 < 1, -2 < 35 < 2}

Setting 2° := (0,0)" leads to g(2°) := (g1(2°), g2(2°))" = (=1,—1)T and so
6B(0,1) C g(2”) + R2,

which implies that the generalized Slater condition (9) holds, where § := 1. Ob-
serve that Ax = 2\/5,
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and

Then

which implies that d(z, K) <
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(9(2))+ = (max{gi(z), 0}, max{gi(z),0})"

(x1—1 .131—1)—'—, if$1>1, —ZSI‘QSQ,

(0,0)7, if —1<x <1, =2<12, <2,
B (r1 —1,400)T, if xy >1, =2 > 29 Or 19 > 2,
(+00, +00) T, else,
(2 — 1, ifo; >1, —2< 2y <2,
—1—z, ifex<-—-1 -2<2,<2
d(z,K) = 0, if —1<a2; <1, —2<2,<2,
To — 2, ifxg >2, —1<x; <1,
—2 — X9, if g <=2, -1 <2 <1.

\

\/5(1’1-1), ifx; >1, =2 <129 <2,
p = l(g(x))+ ]l = {0 if —1<a1<1, —2< 3, <2,

400, else,

Ag

=) (g(w))- | for each z € R
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