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B-convexity was defined by the author and D. Horvath [B-convezity, Optimization 53(2) (2004)
103-127] as a suitable Painlevé-Kuratowski limit of linear convexities. Recently, an alternative
algebraic formulation over the whole Euclidean vector space was proposed by the author in
further articles [Some remarks on an idempotent and non-associative convex structure, J. Convex
Analysis 22 (2015) 259-289; Separation properties in some idempotent and symmetrical convex
structure, J. Convex Analysis 24(4) (2017) 1143-1168].

In this paper the structure of the polytopes arising in such a context is analyzed. It is first
established that this notion of convexity has the interval and decompositions properties but
fails the recursive property. Among the key results of the paper, it is proven that a polytope
defined over R"™ is the Painlevé-Kuratowski limit of a suitable sequence of generalized convex
polytopes. Some analogues to the Helly, Radon and Caratheodory theorems are derived in limit.
A separation theorem for B-polytopes is stated extending an earlier result recently established
in the last paper mentioned above for fixed B-convex sets. Finally, considering the Kuratowski-
Painlevé limit of a suitable sequence of linear halfspaces the external representation of a B-
polytope is established over R™. It follows that the interior of a B-polytope defined over R"
satisfies the convexity criterion proposed in the second paper mentioned above.
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1. Introduction

B-convexity was defined in [9], as a suitable Painlevé-Kuratowski limit of linear
convexities. An algebraic formulation was established over R’} making the formal
transformation + — max over the nonnegative Euclidean orthant. In such a case
B-convex sets are homeomorphic to the convex sets derived from a large class
of idempotent algebraic structures introduced in [15]. Along this line, B-convex
functions were analyzed in [1]. Hahn-Banach like separation properties [11] as
well as fixed point results have been established in [10] and [16]. Some alternative
idempotent convex structure were also proposed in [2] and [18]. In [6] a special
class of idempotent magma was considered in which associativity was relaxed to
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preserve both symmetry and idempotence. It has been shown that such a notion
of convexity is equivalently characterized from the Kuratowski-Painlevé limit of
the generalized convex hull of two points defined in [9]. More recently, some
separation results over R™ were established in [7].

This paper continues and extends some investigation started in [6]. It is shown
that this definition of B-convexity satisfies the interval property. This we do by
using some limit properties of B-polytopes for two points. However, it is also
shown that the new formalism proposed in [6] fails the recursive property.

Considering the general case of a B-polytope, involving several points, an extension
of the definition of intermediate points introduced in [6] is proposed. To do that,
a special notion of idempotent and nonassociative determinants is defined. Hence,
it is possible to give an algebraic characterization of the intersection between a
B-polytope and an n-dimensional orthant. Along this line, it is proven that a
B-polytope is the Painlevé-Kuratowski limit of the sequence of generalized convex
sets involved in B-convexity. As an immediate consequence, a convergence result
in the sense of the Hausdorff metric is obtained. Among other things, it is shown
that some classical results like Caratheodory, Helly and Radon’s properties hold
in limit.

The existence of this limit has some important implications to analyze the prop-
erties of B-polytopes over R™. In [7] a convex separation framework was proposed
as well as an extension of some known results established over posets. In this
paper, a general separation theorem is derived for two B-polytopes. Along this
line, it is shown that they have an external representation over R™ with respect
to the class of halfspaces introduced in [7].

The paper unfolds as follows. Section 1 presents the framework of B-convexity.
Section 2 focusses on the convexity of a B-polytope for two points, the interval,
decomposition and recursive properties are analyzed. Section 3 presents some
geometrical aspects of the notion of B-polytopes and provides some analogues of
the Helly, Radon, and Caratheodory properties in limit. Section 4 considers dual
properties of B-polytopes. A separation result is established and it is shown that
they have an external representation.

2. Idempotent and non-associative convex structure
2.1. Generalized means and convexity

The notion of generalized means was introduced by Hardy, Littlewood and Polya
[13] and extended to the field of optimization theory by Avriel [3, 4] and Ben
Tal [5]. In particular Avriel introduced the r-convex functions that generalize
the log-convexity concept. This notion was extended from an algebraic point of
view by Ben Tal [5] who showed that transposing an algebraic structure via an
isomorphism, a particular form of convexity can be derived over a vector space.
In [9], B-convexity is introduced as a limit of linear convexities. More precisely,
for all p € N, a bijection ¢,: R — R defined by

Op: A — NPT (1)
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and @, (1, ...,z,) = (©p(21), ..., op(x)) was considered; this is basically the ap-
proach of Ben-Tal [5] and Avriel [3]. A field structure on R, for which ¢, becomes
a field isomorphism, can then be defined. Given this change of notation via ¢,
and &, we can define a R-vector space structure on R" by

AP =0 p,(N).0y(x)) = Az forall A €R, and
o y =0, (Py(z) + Pp(y)) forall z,y € R"

We call these two operations the indexed scalar product and the indexed sum
(indexed by ). For all positive natural numbers m, let us denote [m| = {1, ..., m}.

Pp
The ¢,-sum, denoted ), of (x1, ..., x,,) € R" is defined by

S = (X #,000) @)
i€[m] i€[m]

and the ®,-conver hull of a finite set A C R” is defined by

Co®(A) = {Z ty 7 :Z t, = gpf(l),x € Apy(ty) > 0} , (3)

T€EA z€A

which can be rewritten as

Co® (A) = {@;1(Zt§p+1.q>p<x)) (BT — e e A, > o}. (4)

z€A T€EA

This definition can be made more explicit by showing that:
Co® (A) = @, (Co(®,(A)) ). (5)
For simplicity, throughout the paper we denote for all x,y € R™:
p Pp
r+y=x-+y. (6)

Moreover, for all L C R, we simplify the notations denoting Co?(L) = Co®r(L).
The Kuratowski-Painlevé® lower limit of the sequence of sets {A(p)}peN, denoted
Li, 0o AP is the set of points x for which there exists a sequence {zP)} of points
such that ® € A® for all p and z = limy, oo z®); the Kuratowski-Painlevé upper
limit of the sequence of sets { AP}y, denoted Ls, . aw, is the set of points x for
which there exists a subsequence {z®*)},cx of points such that 2+ € A®+) for all
k and x = limy_,o 2(P*); a sequence {A(p’f)} ren Of subsets of R™ is said to converge,
in the Kuratowski-Painlevé sense, to a set A if Lsp_mA(p) = A= Lip_mA(p), in
which case we write A = Lim,_, AP,

We now define B-convexity and its characterization in terms of Kuratowski-Pain-
levé limit of ®,-convex sets. Let A C R’ be a finite part. The definition

I Though this terminology is usual, it seems that Peano also was at the origin of this notion.
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of B-convex sets is based on the definition of the Kuratowski-Painlevé limit of

a sequence of ®,-convex sets. For a non-empty finite subset A C R™ we let
Co*(A) = Lsp_,cCoP(A). When A C R, it was shown in [9] that we have:

Co™(A) = {\/ tyx:t, €0, 1],I£1€aj<tx = 1} = Lim CoP(A).

p-)OO
T€EA

Moreover, it is also proved that the sequence {C'o?(A)},en is Hausdorff convergent.

B-convex sets have a number of remarkable properties. In particular they are
linked to the linear convex hull operator Co?. If L C RY is B-convex, then
L = Limy oo CP(L) = (,2yCoP(L). For all S C R, we denote Co™(S) =
Limy_,oo CoP(S). Properties of this operation are developed in [9]. In particular,
for all S C R%, Co™>(S) is B-convex

2.2. Analgebraic structure extended to the whole Euclidean vector space

) x it |z > |y
For all z,y € R we have ligrn rT+y= %(:E +y) if Jz| = |y (7)
—r+00 .
P Y it x| < |yl

In the following it is established that, though the operation H does not satisfy
associativity, it can be extended by constructing a non-associative algebraic struc-
ture which returns to a given n-tuple a real value. For all z € R" and all subset
I of [n)?, let us consider the map &;[z]: R — Z defined for all o € R by

¢rlz)(a) =Card{i € [ : x; = a} — Card{i € [ : z; = —a}. (8)

This map measures the symmetry of the occurrences of a given value « in the
components of a vector x.

For all x € R™, let J;(z) be a subset of I defined by

Tila) = {i € I+ &ile(w;) # 0} = I\(r[) 7 (0)), (©)

where ¢[z](j) = &/[z](x;) for all j € I. J;(x) is called the residual index set of x.
It is obtained by dropping from I all the i’s such that Card{j € I : z; = z;} =
Card{j € [ : z; = —x;}.

For all positive natural numbers n and for all subsets I of [n], let F;: R" — R
be the map defined for all x € R™ by

maXiesz, ) @ i &z](maxies, @) |2i]) > 0
Fi(z) =< mineg,mz;  if &lr](maxes, @ |z]) <0 (10)
0 if  &[z]( maxseg, () |zi]) = 0.

where &[] is the map defined in (8) and Jr(z) is the residual index set of z.
The operation that takes an n-tuple (zi,....,x,) of R" and returns a single real

2For all positive natural numbers n, [n] = {1,...,n}.
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element F ;(zq,...,z,) is called a n-ary extension of the binary operation H. For
all natural numbers n > 1, if I is a nonempty subset of [n], then, for all n-tuples
x = (x1,...,2,), one can define the operation

¥p
HH i = lim Z%:Fl(f)- (11)
e P e

Clearly, this operation encompasses as a special case the binary operation defined

in equation (7). Clearly, for all (z1,z3) € R?, EHie{l 5y Ti = 01 M .

There are some basic properties inheritable from the above algebraic structure. If
all the elements of the family {z;};c; are mutually non symmetrical, then:

EEl T, = argm/ex{|)\| cAE {$Z}Z61}

el

The algebraic structure (R, H, -) can be extended to R™. Let us consider m vectors
M 2™ e R™, and define

M« = ( M ... @ x§g>>. (12)

Jj€[m] J€[m] J€[m]

Along this line an extended definition of B-convexity for R" was suggested in
[6]: A subset C' of R" is called B*-convex if for all z,y € C and all t € [0, 1],
x Bty € C. It has been equivalently established that a set ¢ C R™ is B*-convex
if Co*({z,y}) C C forall z,y € C.

3. Interval property
3.1. Intermediate points

For the sake of simplicity we write Co® (z,y) in place of Co® ({z,y}). A notion
of intermediate points was considered in [6] to show that the sequence of sets
{Co™ (z,y)}pen has a Painlevé-Kuratowski limit denoted C'o™(z,y) that can be
expressed trough an explicit algebraic formula in terms of the idempotent and
non-associative algebraic structure defined in the paper. To do that, a notion of
intermediate points was introduced in [6]. In the following the key results are
briefly summarized. For all (z,y) € R™ x R", let us consider the map v: R" x
R"™ x [0, +00] — R™ defined by:

Y(z,y,t) = (max{1,t}) " (zBty), forallt>0 (13)

and by y(z,y, +00) = y. For all (z,y) € R*xR", let Z(x, y) be the subset defined
by Z(x,y) = {i € [n] : x;y; < 0} and let n(x,y) be its cardinal. Remark that
v(z,y,0) = x. For all i € Z(z,y) and all tf € Ry a point v € R" is called
i-intermediate point between z and y if there is some tF €]0, +00[ such that

vy, 1)) = (v(z,y,1)), = 0. (14)
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For all i € Z(z,y), the map t — ~;(z,y,t) has a unique zero t; = “”’ = |x‘| >0
and there is a unique ¢-intermediate point

)= (e (g

max{|z], [4i[ } max{|z], [4i[ }

Moreover, limy oy (z,y,t) = x and limy,, o y(z,y,t) = y. Define O(z,y) =
{0,400, =3t i € I(z,y)}. I I(z,y) = 0, then O(z,y) = {z,y}. Forallz,y € R"
such that Z(x,y) # 0, let {in }mep(zy) be an index sequence of Z(x,y) such that

szarglenZl(ai){—% i>m} forall m e [n(z,y).

Let [ denote the Hadamard product. We have for all m € [n(x,y) — 1]:

) Ey(z,y, — %) > 0. (16)

im 'im+1

v(z,y, —

Yin(z,y)

n(z,y)+

Moreover z [ v(x,y, —Z?l) > 0 and v(x Y, — Zina, ”) Dy > 0. Define t; = 0,
i1
y)]. A sequence {t; },.7¢

X - *  — _Tim
tin(z,y)ﬂ = +oo and ] = . for all m € [n(z,

of O(z,y) satisfying the conditions of equation (16) is called an intermediate
sequence. Moreover, let I'(x,y) = {y(z,y,t7) : t7 € O(x,y)} be the set of the

i-intermediate points together with = and y. It was established in [6] that:

n(z,y)

U B[V 0yt ), (@ y L) |- (17)

In order to show that C'o™(z,y) is the Painlevé-Kuratowski limit of the sequence
{C0(z,y)}pen it is useful to define a notion of i-intermediate points of order p.
For all natural numbers p, let us consider the map v®: R” x R” x [0, +00] — R
defined by

t
):C ¥ <T>y, for allt >0 (18)

VP (x,y, 1) = (
15t

P
141
and by 7P (z,y,+00) = y. For all i € Z(x,y), we say that y?)(z,y,t}) is an

1-intermediate point of order p between x and y if ’yi( (x,y,t7) = 0. For all p € N,
there is a uniqueness i-intermediate point of order p

Y (2, y, 1) = (%)x 1 (#)y (19)

] + [yl i =+ vl

% . It was shown in [6] that for all i € Z(x,y)

lim %) (z,y, 1) = v(z, ¥, ), (20)

p—00
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where £; = 0,47~ =+ooand ] = —i%ﬁ for all m € [n(z,y)]. Moreover:

n(x,y)

U Co”( 35 T ),'y(p)(x,y,tfmﬂ)) (21)

Along this line, the following result was established in [6]:

Proposition 3.1. For all z,y € R", let {t; } 75’ " be an intermediate sequence
of O(z,y). Then

(z,y)

Co>™(z,y) = Lim CoP(z,y) = UB[MHJ, W@yt )|
p—+00
x
o x2
22 4 2@ A
2(5)
- /
[ (p,
0 0 Yo | 72
- T > T
y<1) 3 i
" y(®)
y Wy |
y®3 (p)
/ T
33(3) I
2(4) ?; Y1

Figure 3.1: Examples of sets Co>(z,y)  Figure 3.2: Limit of CoP(x,y)

As an immediate consequence of Proposition 3.2, one can give the following for-
mulation of a B-polytope in the case of two points *:

Proposition 3.2. [6] For all z,y € R",
Co™(z,y) = {t:v Brez B sy Bwy : max{t,r,s,w} =1,t,r,s,w > O}.

Moreover, it was established that this limit entirely characterizes a Bf-convex set.

Proposition 3.3. [6] A subset C' of R" is B*-convex if and only if for all z,y € R"
Co>™(z,y) C C.

In the following we establish that Co™(x,y) is B*-convex.

3.2. On the convexity of Co™(z,y)

To prove the interval property, we need to establish that for all z,y € R",
Co™(z,y) is Bf-convex. Given two sequences {zP},cy and {y®P},cn of R", the
next result establishes a sufficient criterion for the convergence of the sequence

2 ¥ Y} en to x B y. This criterion will be useful to prove the convexity of

Co™>(x,y).

3 We use the convention that for all («, 8,7,6) € R*, a BBy HE§ = F (e, B,7,0).
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Lemma 3.4. Let {zP},cn and {y®},en be two sequences of R™, which respec-
tively converge to x and y. Suppose that there ezists a subset I of [n]| such that:

(i) 2P = —y') for alli € I; (i3) x; # —y; for alli € [n)\I. Then:

lim z® i y?) =z By.

pP—00

2P

2p+1 (p)2P 1y 1o
p)
7 +yz

Proof. Suppose that ¢ € I. In such a case ( )2P+1 = 0.

Moreover, one has x; = —y; and x; Hy; = 0. Consequently,

2p+1 2p+1, 1
(xl('p) p+ n yi(p) p+ )2p+1 =2, By =0

) (p)

for all p € N and all ¢ € /. This implies lim,,_, :L'v(;p —217— y; =x;By; foralli e [.

Suppose now that i € [n]\I, z; # —y;. If x; = y;, then, since z; # —y;, we deduce
that x; # 0 and y; # 0. Consequently, there is some py € N, such that for all

P > Do, xz(p)yl(p) # 0. Suppose for instance that z;,y; € eR, with € is +1 or —1.

From [9] we have

2p+1 21, 1
lim (mgp) o + l(p) e )2P+1 = emax{x;, y; } = x; By;.
p—00

Assume now that |z;| # |y;|. Suppose, for example, that |z;| > |y;|. We have

(p) 2p+1 1

2p+1 2p+1 ) Prey
i 9 = (14 () )7

(2
pP—00 p—0 Zz;

Since |%| < 1, there is some ¢ €]0, 1] and some natural number p, such that

yzﬁp)
2P

7

< ¢ for all p > p.. This implies that for all p > p.

1 (p) 2p+1 1 1

(=)™ < (1 (U) )7 < (e )T

(p) . 2pt+1 ﬁ
%) ) = 1, which com-

Taking the limit on both side yields lim,_, (1 + (

Z;

pletes the proof. O
Remark 3.5. Let {a,}pen and {8, }pen be two sequences of real numbers. In
general one cannot deduce that lim,_, oy, i By, = a8 B from the fact that that
lim, ., o, = o and lim, ., 3, = B. Suppose for example that for all natural
numbers p, o, = 2% and Bp = —1. Therefore, we have lim, ,.,a, = 1 and
lim,,~ 5, = —1. Hence a B = 1H (—1) = 0. However,

o+ B, = ((277)%+ = 1) = 1% = 1.

Therefore, in such a case, lim, . o, —Ify— By # B B. O
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The next statement uses the fact that an intermediate point between two interme-
diate points of order p in C'oP(x,y) is also an intermediate point between x an y.
Such a property is not evident a priori for two intermediate points of Co™(x,y).
It was shown in [6] that if {u®},en and {v®},cy are two copositive sequences
of an n-dimensional orthant K (which implies that u® Fo® > 0 for all natural

p
numbers p) respectively converging to u and v, then lim, o u® + v =y B .

Proposition 3.6. Let z,y € R", and assume that Z(x,y) # 0. For all u,v €
Co>(x,y) and all i € I(u,v), any i-intermediate point between w and v, is a
1-intermediate point between x and y. Equivalently, we have:

D(uy0) = {u,0} U {2 (@, 0, 1) - £ € O2,9),1 € T(u,0)}.
Proof. Suppose that u,v € Co™®(z,y). Since from (17)

n(z,y)
U B[v(ﬁv,y,t?m),’y(:&y,t?m+1)] = Co™(z,y)
m=0

there exists i,,,% € I(x,y) such that

u € B[W(x,y; _y,m)ﬂ(%y; __“)} and v € B[y(m,y; —%),v(x,y; —

im Yimt1 1 Yirq

where we assume that i, > i,,. If v and v are copositive then i,, = ;. If i; > i,,,
then Z(u,v) = Uk_, {ix} C Z(x,y). Suppose by hypothesis that 4,, < i, the case
i = 1; being trivial.

By hypothesis we know that there are v, By, o, 8, € [0, 1] with max{a,, 8,} =1
and max{a,, #,} = 1 such that

i Lip,
u=ayy(z, y; ——) Bayy(z,y;——),
im im+1
X; xZ;
and U:av’Y(l}y;__l)Baﬁv’}/(xvy;_ﬁ)‘
] t41
Let us denote  u"” = [T’y (x,y; — + " (x,y; — )],
Qy + ﬁu Yim Qy + ﬁu Yimir
v ) v Z;
and v = [QTV@)(%?J; ~Zay 4 677(”)(96,% —ﬁ)]
Oy + 51} Yi Qy + ﬁv Yira
Since YP)(z,y; —z’_"") and @) (x,y; —z%m“) are copositive:
im Tm+1
i Lim,
lim u” = a2, y; — ) B By (@, y; — L),
=0 y’bm im+1
Moreover, v?)(z,y; —z—l) and v (z,y; —Z“l) are also copositive and we have:
2 Y41
. (p) Ty, Lipq
lim o = ayy(z,y; ——) B By (z,y; ——).

p—roo U 41
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By construction, note that from equation (21):

i x?:'lfL
s 00p< (@, y; — z,m)m(p)(x,y;——“)>

im yim+l

ZT; T
and v?) e Co? (7(”) (, 55 ==1), 7P (@, y; —ﬂ))
i 141
Furthermore, since CoP(z,y) is ¢,-convex, using from equation (19), there are
an - intermediate point between u and v and an i-intermediate point of order p
between u® and v® and an intermediate value ¢; = —i with

__xim+1 < T _ﬁ

Yimt1 Yi Yi,
Hence, since u®,v® € CoP(z,y), t; = —z— is such that
1 p tz (p) Z;

P+ ——o® = AP (g =),
1+t 1+t Yi

However, from Lemma 3.4 and equation (20):

1 p tz () _ 1 tz

lim uf + vV = u B v
pooo g B ¢, 1 ¥ ¢, max{1,t;} max{1,t;}

p—o0 i i

).
Consequently, v(z, y; —z—) is an ¢-intermediate point between u and v. Il

The next statement is an immediate consequence of Proposition 3.6.
Proposition 3.7. For all z,y € R" and for all u,v € Co>(z,y), we have
Co™(u,v) C Co™®(x,y).
Proof. Suppose that u,v € B*[z,y]. There exist 4,,,%; € Z(x,y) such that
l'l'm fEim
Tm Tm+1

X Tip,
ve E[v(ﬂf y,—y—) (@Y —— )]-

) 141

u € B[v(ﬂc’,y;

Therefore: Co™(u,v) =B [u,’y(x, y; L ﬂ U
Z'7714»1

-1
u B[vxy, m =) (@, s — x’““)]U]B[ (2,95 — 1), 0).

k=m+1 K Tht1 Yy

Since B[u,’y(x,y;—xfm“ )} UIB%['y(x y,—%) ] C Co*>®(z,y) and

Yipp41
-1
ZT; Lipyy o
U By = ) =) € 0o (),

k=m-+1 U s

we deduce that Co™(u,v) C Co™(z,y). O
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Proposition 3.8. For all z,y € R", Co™(x,y) is B*-convez. Moreover, we have
Co>®(z,y) = B[z, y].

Proof. The first statement follows from Proposition 3.7. Moreover, this implies
that Bf[z,y] C Co>(z,y). However, since B[z, y] is B*-convex, Co™®(x,y) C
B[z, y], which ends the proof. ]

Given a convexity, a convex-hull operator associates to each subset S of R", the
smallest convex set which contains it. Let [-] this maps which associate to each
set the convex hull [-]. For all z,y € R", the interval property means that if
u,v € [x,y], then Ju,v] C [z,y]. Let us consider the interval defined for all
2,y € R" by [2,y] = B[z, y].

Proposition 3.9. B*-conver sets have the interval property.

Proof. Since B[z, y] = Co™(z,y) it is B*-convex. Thus, from [6], for all u,v €
B[z, ], Co™®(u,v) C B*[x,y] and consequently B*[u,v] C B[z, y], which ends the
proof.

A convexity has the decomposition property if for all z € [x,y], we have [z,y] =
[z, 2] U [z, y]. In the following, we prove that Bf-convex sets have this property.

To do that, one considers the intermediate points between two points x and y
defined in [6].

Proposition 3.10. Bf-convex sets have the decomposition property. Moreover,
for all z,y € R™ B*z, y] = B*[I'(z,y)].

Proof. Suppose that z € B[z, y]. There exists 4,, € Z(z,y) such that:

l/I: m xi'm
z € B[’V(Sc,y; —yz ), v(x, v ——“)]-

tm 7:'rrH»l
Therefore:
m—1 . . N
Bz, 2] = | B[v(x,y;—i)m(:c,y;——”““ )} UB[fy(:z:,y;— %),4
k=0 ylk ikJrl ylm
and
n(z,y)+1 - . N
Bleg) = | B yi—25), (@, y - —0) | UB| 2 y(w ;) |
k=m+1 Yir i1 i1

Since the decomposition property holds for oppositive vectors, we have:

|

Tm+1

X

m

ik 41 ik

B* |y(z, y; —

Hence:

n(z,y)—1 '
Blo, ] UB syl = | Bl —22), (e, 5 ——22)| = Bz, 2),

k=0 1k yik+1
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which ends the first part of the proof. Moreover, since we have I'[z, y] C B[z, 1],
the decomposition property implies that

BNe,y)] = | By —2) 55— 2] = B, 2] =

k=0 i lt1

3.3. On the recursive property

In this section, we focus on the case of a B-polytope of the form Co>(A). It is
shown that the recursive property is not satisfied for such an algebraic structure.

For all x € R", the recursive property means that

[S U {z}] = (JHz} U {y)] (22)

yes

Let us consider the points x = (—1,—1), y = (=1,1), and z = (1,1) in R%

2
y

Co>({z,y,2})

L
x

Figure 3.3: Non-Recursive Structure

It is easy to see that for all u € B*[x,y]\{z} = Co>®(z,y)\{z} and that we have

B[u, 2] = B*[u, y] UB [y, 2] = Co™(u,y) U Co™(y, 2). (23)
Moreover, for all p
B[z, 2] = Co™(z,2) = CoP(x, 2). (24)
Thus:
Co’'({z,y, 2}) = Co™({z,y,2}). (25)

Hence Co>*({z,y, z}) is the triangle [z, y, z]. It follows that

U Co™(u,z) = Co™(x,y) UCo™(y, z) U Co™(z, z). (26)

ueCo™> (x,y)

However, one can see that, for example, the point (—%, %) ¢ Upecoo (@) Co™(u, z).
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Hence Co*({z,y,z}) # U Co™(u, 2). (27)

u€Co>® (z,y)

Consequently, the recursive property does not hold for B-polytopes. Similarly, it
is easy to see that B*[{x,y,2}] is the triangle [z,y, z]. Therefore, B*[{z,y, z}] #

LJuE]B'i [x,y] Bﬁ (U, Z).

In general, given an arbitrary subset S of R™, C0™(S9) is not identical to B[S)].
Suppose that S =|x,y|] U [y, z]. Clearly, S is not closed. However, for all natural
numbers p, CoP(S) = [z,y, z], which implies that Co>(S) = [z,y, z]. Moreover,
c(S) = [x,y] Uy, 2] # [x,y,2]. Since S is a Bf-convex set, it follows clBf[S] =
S # Co™(S). Notice also that

B¥[cl (S)] = [x,y, 2] # [2,y] Uly, 2] = c1(S) = cl (BF[S])).

It is not clear, however, that for all finite parts A of R® Co™(A) and B*[A] are
different. It was shown above that this is not the case when Card A = 2.

4. B-polytopes and Painlevé-Kuratowski Limit

The purpose of this section is to show that, for all finite parts A of R", the
B-polytope Co®(A) is the Kuratowski-Painlevé limit of the sequence of sets
{Co?(A)}pen (namely the upper and lower limits are identical). To do that,
for all natural numbers p, an explicit algebraic form of the extreme points of the
¢p-polytope CoP(A) N K is given, where K is an n-dimensional orthant of R™.
Along this line, it is shown that these extreme points have an explicit limit that
allows to characterize Co>(A) N K. To achieve this objective an useful notion
of determinant in limit is introduced in the next subsection. A more complete
framework is proposed in [8].

4.1. ¢,-linear Endomorphisms and Determinant in Limit
Let L£(R™) denote the set of all the linear endomorphisms defined over R™. A map
[ R" — R" is p,-linear if for all A € R, f(A\x ¥ y) = Af(z) ¥ f(y). Parallel to

the notation above, let £LP)(R™) denote the set of all the ¢,-linear endomorphisms.

We denote by M,,(R) the set of all the matrices defined over the group R™ and
define the map ®,: M,,(R) — M, (R) for all matrices A= (a/i’j)i':ll,,,n e M, (R) by:
j=l.n

Its reciprocal is the map ®': M, (R) — M, (R) defined by:
_ _ 1
@p I(A) = (gop 1(al’j));z%2 = (a’i,j 2p+1 ) ZZ%H . (29)
j=1l..n
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®, is a natural extension of the map ¢, from R" to M, (R). ®,(A) is the 2p+ 1
Hadamard power of matrix A. In addition, we introduce the matrix product:

Al g = ij.aj, (30)

where a’ is the j-th column of A. It is straightforward to show that this formula-
tion is equivalent to the following:

Az =, (Dp(A).6y(2)). (31)

It is easy to see that the map z — A Yzis pp-linear. Conversely, if g is a ¢,-linear

map, then it can be represented by a matrix A such that g(x) = A Y2 for all
x € R". Notice that the identity matrix I is invariant with respect of ®,,.

A p,-linear endomorphism is invertible if and only if its matrix representation
®,(A) is invertible. Therefore, it is useful to introduce a suitable notion of de-
terminant. For all n x n matrices A, let |A| denotes its determinant. The ¢,-
determinant of a matrix A € M,,(R) is defined by:

[Alp = &, ' [®p(A)]. (32)

Let S,, denotes the set of all the permutations defined on [n]. Using the Leibnitz

formula yields
1
Al = (3 sen(o) [T a22i) ™" (33)

o€Sn i€[n]

This implies that is f is a linear endomorphism having a matrix representation
A, then ’f(p)‘p = [Al,.

Proposition 4.1. Let f: R® — R" be a linear endomorphism having a matric
representation A. For all p € N, let f®) be its O, -linear transformation. Then:

lim [4], = 4] = [ (sen(0) [] aio).

o€Sn 1€[n]
Proof. From [6] we have:

Jim (3 sen(o) [T a22i3) ™" = B (senlo) [T aioro). -

oESn i€[n] S i€[n]

Let f: R® — R" be a linear endomorphism and let A be its matrix representation
in the canonical basis. The map T®: £(R") — £P(R") defined by:

T(p)(f)(x) _ f(p)(x) — qb;l(@p(A)gzﬁp(x))

is called the ®,-transformation of f.
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Proposition 4.2. Let f: R" — R" be a linear endomorphism having a matriz
representation A. For all p € N, let f®) be its pp-linear transformation. If
|Aloo #0, then there is some py €N such that for all p > py f® is pp-invertible

and for all b € R", there exists a solution xP) to the system A Yr=b expressed as:

(p) _ |A(i)|p _ ‘q)p(A(i))’ﬁ
AR [R(A)]

T

1 )
2p+1

where AW is obtained from A by dropping column i and replacing it with b.

Moreover, we have lim zP) = 2% with =¥ = for all i € [n].
p—oo |A| oo

Proof. Since |[A|, # 0 and lim,_, |A|, = |A]~, there is some py such that for
all p > po, |A|, # 0, which implies that A is g,-invertible. In such a case, there
exists an uniqueness solution to the system A Yo = b, which is z® = A~1rp.
Moreover:

APz =b < le (Dp(A)gp(x)) =b <= Py(A)gp(x) = p(b).

Since f) is p,-invertible, it follows that ®,(A) is invertible. Set u = ¢,(z). The
system ®,(A)u = ¢,(b) has a solution for all p > py. Applying the Cramer rule
the solution is the vector u® satisfying the relation:

[2,(A)] _ |2,(AD)]
@, (] (@, (A)]

uP =

Since ) = ¢ (ul), we obtained the solution. From Proposition 4.1 we finally
get lim, o [A®], = |AD | and lim, 00 |A], = |A]co- O

In the following, we say that z* € R" is a limit point of the sequence of sets
{z € R": A¥ 2 = b}, if there exists a sequence {z®} ey with A¥ 2® = b for

all p, and lim,, . z® = g.

Example 4.3. Let us consider the matrix A € M(R?) defined by:

—1 3 4
A= 2 5 —
4 -2 1
and let b = (1,1,1). We have
((—1)2*p 20t 4 32t 20 +42p+1$32p+1)ﬁ —
A p r=b — (22p+1m12p+1 + 52p+1m22p+1 + (_1)2p+1x32p+1)T1+1 =1

1
2p+1,. 2p+1 2p+1 . 2p+1 2p+1
(4p+ 131p+ +<_2)p ZL'QP+ +$3p+)2p+1 =1.
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Moreover, by definition:

1 3 4 -1 1 4 -1 3 1
AV =11 5 —1|, A@ =12 1 —1|, A® =2 5 1
1 -2 1 4 1 1 4 -2 1
Hence:
-1 3 4

2 5 —1| =(—1)-5-183-(—1)-4B(-2)-2-48(—4-5-4)B(—1)-(—2)-18(—2-3-1) = —80,

1 5 —1| =1-5-183-(=1)-181-(-2)-48(-4-5-1)B(-3-1-1)B(-2-1-1) = —20,

oo

2 1 —1| =(-1)-1-182-1-4B1-(-1)-48(-4-1-4)B(-1-2-1)B(-1-1-1) = —16,

-1 3 1
2 5 1| =(-1)-5-18(-2)-2-183-1-48(-4-5-1)B(~1-2-1)B(-2-3-1) = —20.
4 -2 1(><>
. . ., —20 1, =16 1, =20 1 . o
The pOlIlt x* with xry = —_80 = Z’ Ty = —_80 = g, I‘g = —_80 = Z, is a limit

point of the sequence of systems {x € R : A Yo = b}pen-

4.2. Generalized intermediate points

For all natural numbers m, let {ey,...,e,} denotes the canonical basis of R™.
Moreover, for all finite subsets J of [m], we define

R’ = {ijej rx; € RV e J} and Riz {ijej:xj eRy,Vj € J}~
jed i€t

For all nonempty subsets J of [m] we denote by ASP ) the pp-simplex defined by

¥$p

AP — (1 e RS D ies ti =1} Let A= {2, 2™} be a finite subset of R™.
For all subsets J of [m] let £;: R}7*™ x R — R™ be the map defined by:

Pp
Sgp) (:E(l), ™ t) :Z tjm(j). (34)
jeJ

Let I be a subset of [n]| such that Card(I) = Card(.J) — 1. For all t%’?, € Af,p), we
say that the point é’fjp) (2, . 2, t?’}) is an (I, J)-intermediate point of order p

for A, if t% ?, is the uniqueness element of Af}?) such that
(gf,p) (@, .., 2™, tﬁ{’})) —0 foralliel. (35)

t(ﬁ)] is called an (I, J)-intermediate value of order p for A.
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In the following, = (A) denotes the set of all (I, .J)-intermediate points of order
p for A. It is immediate to see that this notion generalizes the concept of i-
intermediate point defined in the earlier subsection and in [6].

For all subsets H of N\{0}, let vy denotes the uniqueness increasing bijection
defined from H to [ Card H | (i.e. for all ,m € H, if m > [, then v;(m) > v;(1)).
For the sake of simplicity, let us denote n;y = Card I and n; = Card J.

Suppose that I C [n] and J C [m]. Let

AI,J [I(l)v ceey x(m)] = (Ai,j)ie[n]—i—l]

Jj€lnJ]
be the matrix of M,,, 11, (R) defined by:
29 i (4 5) € [ng] x [ny]
Aijj =1 0 . N g (36)
1 if  (i4,7) € {n;+ 1} x [ny]

In the remainder we say that Ay s[z(), ..., 2] ds an (I, J)-intermediate matriz
for A. Notice that since Card I = Card J —1, Ay s[zV, ..., 2(™)] is a square matrix.
For the sake of simplicity we will denote A j := A; [z, ..., z(™].

Let ;: R" — R’ be the map defined by #;(s) = 3" c; s0,(9¢5- If t = r(s),
then this implies that for all j € J, t; = s,,(;).

By construction, it follows that t%’ ) € A(Jp) is an intermediate value of order p for
A if and only il there is some solution s* € A, ; of the ¢,-matrix equation:

AI,J i S = €nr+1, (37)

such that tg’i)] = r(s*). We say that an (1, J)-intermediate point is reqularif Ay ;
is p,-invertible. In the following, for all k € [n,], let

k k
Ag,} = (A’E,j))ié[nl-‘rl]
J€nJ]

denote the matrix obtained by replacing the j-th column of A; ; with e,,, y1. Along
this line, one can retrieve as a special case the intermediate points in the case where
m = 2.

Remark 4.4. Let 2™ 2 € R". Suppose that there is some i € [n] such that

xgl)xz(?) < 0. In such a case, we have

1 @)
€T xT:
Aoy = ( 11 )

_ <(Ii1))2p+1 _ (Igz))2p+1>2pl+1 £ 0,

p

. 2D 2@\ () 0
the Cramer solutions of the system i : = are

m
1

@)

z (2
1

. T
Since
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‘O 2
2
o, = L 2
4 1 2
w4 o e
1
xgl) 0
)
and t(l{)2}2: ! 1p _ || .
R R I e
p

We retrieve the solutions established in [6].

In the following, an example is provided.

Example 4.5. Suppose that n = 3 and m = 4. Let A = {z() 2®) 2 2"}
with 21 = (=2,2,3), 2 = (3, -1, —4), z® = (1,1,1) and 2™ = (-1, -3, —1).
Let J = {1,2,4}. We have

Pp —2 3 —1
5{1,2,4}(55(1)790(2)716(3),55(4);t17t27t4) = Z tizi =11 | 2 T ta | —1 + 3| —3]-
j€{1,2,4} 3 —4 -1

Suppose that I = {1,2}. Then:

-2 3 -1 0o 3 -1
1)
Apgppen = 2 =1 =3], Agypeg=(0 -1 =3,
1 1 1 1 1 1
o) -2 0 -1 ) -2 3 0
2 3
A{1,2},{1,2,4} =12 0 =3], A{172}7{172’4} =12 —-10
1 1 1 1 1 1
S1 0
The Cramer solution of the y,-linear system Ay 9y 11,243 i ss | =10 yields
S3 1
(1)
( )A{l,Q},{l,QA}‘ ( — 92+l _ 1)Tl+1
tp) — S* o p
{1,2},{1,2,4},1 1 ,

N }A{1,2},{172,4}’p - ( — 02p+1 _ 92p+1 _ 1)ﬁ

(2
(p) N ‘A{1,2},{1,2,4} P ( _ 22p+1 _ 62p+1) 21)%
t{1,2},{1,2,4}72 =8 =

)

‘p ( _92p+l _ 92p+l _ 1)ﬁ

So = A
‘ {1,2},{1,2,4}

’Aﬁ)ﬂ (12,4} 92p+1 _ G2+l Ty
o PMoaseal, @ _gm)
{1,2},{1,24},4 —

3 }A{1,2},{1,2,4}’p B ( _ g2+l _ 92p+l _ 1)T1+1'
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One can check that for all p € N, tg)’2}’{1’274} > 0. Moreover
2

. (p) _ : () Y (p) _

Lemma 4.6. Let A = {2 .. 2™} be a finite subset of R™. If there is some
Pp .

t%’} e AP such that £ (=), ...,x(m),t%}) = ics t%}j 2Y) s a regular (I,J)-

intermediate point of order p for A, then

=Y et €6 =3

jeJ jeJ

P40,

A
‘ L,

Proof. By definition, if §§p) (x(l),...,:c(m),t%}) is a regular (I,.J)-intermediate
point of order p for A, then the (I, J)-intermediate value is t(f ?, = ky(s*) where

s* is the uniqueness solution of the matrix equation:
p
A[’J S =€n;+1- (38)

Since £§p ) (2™, . 2™, t%’ ?,) is regular, it follows that the matrix A; ; is ¢ -inver-

tible. For all j € J, let us denote Agl:j(j ) the matrix obtained by replacing the
vy(j)-th column with e,, ;1. Since v; is an increasing bijection from J to [n/],
from the Cramer formula, we have for all j € J:

A5
* _ ’ p

Sus() = W'

Since by definition, ty? } ; = sj forall j € J, this yields the solution. The second

statement is then an immediate consequence. O

Lemma 4.7. Suppose there is some x = (21, ...,x,) €R"™ such that Bicpyx; = 0.
Then for all peN we have Y77 x; = 0.

i€[n]
Proof. Let Alz] = {a € Ry : |z5] = o, € [n]}. Since Hicpyx; = 0, for all a,

we have {[z|(a) = Card{i : z; = a} — Card{i : z; = —a} = 0. Hence, for all
a€ Alz], Y277 _ x; =0. Thus

|zi|=a %
¥Pp ¥p ¥p
i€[n] a€Az] |z;i|=a

In the following, we say that (; ; € R"is an (I, J)-intermediate point for A in limit,
if there exist a natural number p; ; and a sequence of regular (/, J)-intermediate

points {f&p) (x(l), I G0N tgp})} with t(lp} € Agp) for all p > p; ; such that:
P>DPr1,J ’

)

Crp = Jim &7 (2@, 2l 1), (39)



842 W. Briec / On some Class of Polytopes ...

Let us denote by =Z*°(A) the set of all (I, J)-intermediate points in the limit.

2
A

2@

€1y

22

£hay.12)

23

€0s).1)
Figure 4.1: ®,-polytope and intermediate points

Lemma 4.8. Let A = {zM), ..., 2™} be a finite subset of R™. Take some (I, J)

[n] x [m] and suppose that there exists some natural number p and some t(p) € A

such that ﬁj(aj(l), ...,x(m),t%’}) is a reqular (I, J)-intermediate point of order p.
Then:

(a) |Arslee # 0.

(b) There exists a natural number pr; such that Ay is ¢, invertible for all
p =P

(¢) There exists an (1, J)-intermediate point in limit (; ; such that:

‘ | EE] %ﬂ(g),
J LJlp jeJ
O€S7LI+1

where gy =sgu(o) [T A5 \A1J| 4 o=t

i€[nr+1 JjeJ
1€[nr+1] S

and Hﬂ Qg >0 forallyj.
GGSnI+1

Proof. (a) From Lemma 4.7, if [A; j|oc = 0, then, for all natural numbers p, we

have |A; |, = 0. However, given some p > p; ;, if £, (a:(l), N ACON tgp}) is a regular
(I, J)-intermediate point of order (p), by hypothesis we have |Ay ;|, # 0, which is
a contradiction. Hence, |Af sl 7# 0. (b) If there is some natural number p and
some tyi), e AY such that &; (=, ...,x(m),t%}) is a regular (I, J)-intermediate
point of order p, then A; ; is a square matrix and |A; ;|, # 0. Then, from Lemma
4.7, A1yl # 0. Since limy,o0 [As 5], = |Ass]|eo # 0, there is some pr; € N such

that for all p > pr s, |Ars]p, # 0, which proves (b). (¢) Moreover, from Lemma
4.6, we have
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Jin S| = i 3 3 (st TT A2

JjEJ ]EJUESnI.H i€[nr+1]
— )\(VJ
= sgn i)
J‘EJ i€[nr+1
U€S7LI+1 [ ! ]
| (VJ(J))
Pp

Moreover, for all p € N, >°%7 tI i = £ = 1. Thus:

jeJ jeJ

lp

‘ EH Qg = 1. O
UGSnI+1

VJ(]))‘

i Z

4.3. Extreme points and convergence in limit
In the following, given a ¢,-convex subset C' of R", we say that z is a ¢,-extreme

p
point if there do not exist u,v € C' and (s,t) € Agp), such that z = su + tv. Given
a n-dimensional orthant K, the subset Co?(A)NK has a ¢,-internal representation.

This means that there exists a finite subset E,’I(f)(A) of ¢,-extreme points such that
CoP(A) N K = CoP(EP(A)).

Lemma 4.9. Let A = {zW, ..., 2™} be a finite subset of R™. For all n-dimen-
stonal ortants K and for all natural numbers p, if zg)
of CoP(A) N K, then there exists (I,J) C [n] x [m] such that zg) is a regqular

(1, J)-intermediate point of order p for A.

is a ¢p-extreme point

Proof Suppose that z(p Jisa ¢p-extreme point of CoP(A) N K. This implies that
zK € clCoP(A) N K. We consider three cases:

(i) zK ¢ cl K and zK € clCoP(A). In such a case z(p) € int K. Hence, zﬁ() is an

extreme point of C'oP(A). Therefore, there is some j € [m], such that zK =z,
Hence, the proposition holds true with I = @ and J = {j}.

(ii) = (p ) € K and zK ¢ c1CoP(A). In such a case 0 is the uniqueness extreme
point of K. If 0 € A, the result is obvious. If 0 ¢ A, then 0 is not an extreme point
of CoP(A). Consequently, one can find a subset J of [m], and some uniqueness ¢ €

AE}D) such that 0 = Lp” ;29 From the Caratheodory theorem, Card(J) < n+1.

Since t is uniqueness the gpp—hnear map t — > t;x0) has a full rank. Hence

JGJ
one can pick some I in 2" such that the matrix A; ; is @ -invertible. Hence, if

s is the uniqueness solution of the system Aj ; s = en,+1, we have t = ky(s).

Therefore, zﬁ() = 0 is a regular (I, J)-intermediate point of order p, with I = [n].

(iii) zg) € cl K and zg) € clCoP(A). There exists some € = (€1, ..., €,) € K, with
€; is —1 or 1 for all i and such that K = {z € R" : ¢;x; > 0}. By construction, for
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all x € cl K, there is a subset I of [n] such that ; =0 for all ¢ € I, and ¢;z; > 0
for all i ¢ I. Hence, (zg))i = 0, for all ¢ € I. Moreover, since zg) € cl(K), it
follows that if zg) is a ¢,-extreme point of CoP(A) N K, then there exists some

J C [m] and a uniqueness t € Aff) such that zg) =2 jerti zU). Since (z (p)) =0,
for all 7 € I, this ends the proof. ]

In the following, for all finite subsets A of R", let us denote IC(A) the collection
of all the n-dimensional orthant K such that AN K # 0.

Lemma 4.10. Let A = {2M ... 2™} be a finite subset of R™. For all natural
numbers p, and all K € KC(A), we have CoP (E(p)(A)ﬂK) = CoP(A)NK. Moreover

- U cr@wn)
KeK(A
Proof. For all p € N, let SK be the set of all the extreme points of CoP(A) N K.
This implies that C’O”(Ef(f)(A)) = COoP?(A) N K. Since by definition Z®(A) C
CoP(A), for all p, we have CoP(EP)(A) N K) C CoP(EF(A)) = CoP(A) N K.
Conversely, we know from Lemma 4.9 that 51(5) CEP(A)NK.
Hence, C'o? (8,(?) (A)) C Co?(EP(A) N K) and we deduce that:

CoP(EP(A) N K) = CoP(EP(A)) = CP(A) N K

Moreover, we have, for all natural numbers p:

U cor(el ().

KeK(A)

It follows that CoP(A) = | ] Co"(E¥ NK). O
KeK(A)

Proposition 4.11. Let A = {z®M ... 2™} be a finite subset of R". We have

Co™(A) = Lim Co’(A) U B[Z®(A)N K.
KeK(A
Proof. From Lemma 4.8, for all sequences &; (I(l) R AGDN (p)) of regular (I, J)-

intermediate points of order p, there is an (I, J)- 1ntermed1ate point in the limit
Cr,s € E(A) such that limy, o0 & (2D, ...,z 1)) = ¢; 5. Tt follows that

lim Co?(EP(A) N K) = Co™(E*(A) N K).
p—r00
Moreover, for all p, C’o”( )N K ) is a compact subset of R”. Hence

Ls, .o CoP(A) = Lsp_,oo< U Co? (E(P) N K))
KeK(A)

U Lsp_>C>o U Co™(E*(A) N K). (40)

KeK(A KeKk(A
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Since C'o™(E2*(A) N K) = B[E*(A) N K|, we deduce that Ls, ,CoP(4) =
Ugexa) BIE*(A) N K. To end the proof, note that
Co®(EX(A)NK) = Lim CoP (EP(A) N K) = Lip . Co” (EP(A) N K).
p—00

Since for all K, Liy o0 (CoP(A) N K) C (LipsocCoP(A)) N K, it follows from
equation (40) and Lemma 4.10 that

LspsnCoP(A) = | ] LspsoCo”(EP(A) NK) = | ] LipnCo?(EP(A) N K)
)

KeK(A) KeK(A

- U Lip_m(CoP(A)ﬂ K>c U (Lip_mC’op(A)ﬂK>:Lip_,ooCop(A),

KeK(A) KeK(A)
which ends the proof. O

For all finite and non empty subsets A of R™, C'o?(A) belongs to K(R™), the space
of non empty compact subsets of R", which is metrizable by the Hausdorff metric

Dy (K, L) = inf {5 >0: K C U B(z,e], and L C U B(x,g[}.

z€eL zeK

Corollary 4.12. For all finite non empty subsets A of R", the sequence { CoP(A)},en
converges to Co™®(A) in IC(R™), with respect to the Hausdorff metric.

Proof. Choose 6 > 0 such that A C [-§,0]" ; we have ®,(A) C [—§2PT1, 6% HH]",
and therefore also Co(®,(A)) C [—§%T1,§**1|". Taking the inverse image by
O, yields CoP(A) C [—6,0]™; all the terms of the sequence {Co”(A)},en are con-
tained in the compact set [—4,d]". To conclude, recall that on compact metric
spaces, Kuratowski-Painlevé convergence of a sequence of compact sets implies
convergence in the Hausdorff metric. [

4.4. Caratheodory, Helly and Radon in limit for B-polytopes

We first establish an analogue to the Caratheodory theorem fo B-polytope. Notice
that it is not clear so far if a B-polytope is the B-convex hull of a finite set of R™.

Lemma 4.13. For all finite subsets A = {xM ... 2™} of R* with m > n + 1,
and for all x € Co™(A), there exists a subset A,11 of A with Card(A,+1) =n+1,
such that x € Co™(An+1). Moreover

Co*(A)= | Co™(Aun)
Apnt1€An+1

where A, 1 is the set of all the subsets of A having n + 1 elements.

Proof. Suppose that z € Co™(A). By definition, there exists an increasing
sequence of natural numbers {p,},en, and a sequence {x(P9)} oy, with zPe) €
CoP1(A) and lim, ., 2P? = z. For all natural numbers p, Co?(A) is homeomor-
phic to the usual convex polytope Co(A). Therefore, for all ¢, there exists a subset
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A(pq1 of A with Card(A,;1) = n + 1 and such that z(P<) Copq(AnJr)l) Let A, +4
be the set of all the subsets of A having n + 1 elements. Since A, has a finite
number of elements, there exists a subset A, 1 of A and a subsequence {p,, }ren

such that for all r Aq(lpfl = A,41. It follows that for all r, zPer) € CoPar (A, 41).
Hence, since lim, o z?e) = z, it follows that x € Co™ (An+1), which proves the
first part of the statement. Hence Co™(A) C Uy, . ca,., C0*(Ant1). Since for
all A1 € Ay, Ap1 C A, it follows that Co™(A),1 C Co>(A), which proves
the converse inclusion and ends the proof. O

In the following, we prove that the B-polytopes satisfy an analogue of Radon’s
theorem.

Proposition 4.14. Let A = {2, ..., 2™} be a finite subset of R™ withm > n+2.
Then there exists a partition {Ay, As} of A such that Co™(A;) N Co>(Ay) # 0.

Proof. For all p € N, CoP(A) is homeomorphic to the usual convex polytope
Co(A). Therefore, from the usual Radon’s theorem, for all natural numbers p,

there exists a partition {A%, AP} of A such that CoP(AP) N Cor(AP)) +£ 0.

Therefore, for all p, one can pick some z® € CoP(AP)N C'op(A ) Let P(A) the
set of all the partitions of A. Since Card(P(A)) is finite, one can find an increasing
subsequence {p, }4en and a partition (A;, As) of P(A), such that for all ¢ we have
AP = A and APY = A,. Tt follows that for all ¢, 2P € CoPs(A;) N CoPe(A,).
Moreover, there exists a compact subset K which contains C'o?(A) for all p. Con-
sequently, one can extract a subsequence {z(®«)} ..y which converges to some
z € R™ and such that for all r, xPs) € CoPr(A;) N CoPar (Ay). However, this
implies that x € Co>(A;) and x € Co™(Ay). Hence, Co™(A;) N Co>®(Ay) # 0
which ends the proof. [

Similarly, an analogue of the Helly’s theorem also holds for B-polytopes.

Proposition 4.15. Let A = {zW, ..., "2} be a finite subset of R™. For all
i € [n+ 2], let us denote A; = Co™({zW, ..., 2N\ {z®Y). Then there exists

some x € (\igpy Ai-

Proof. The proof is similar to those established above. For all natural numbers p,
CoP(A) is homeomorphic to the usual convex polytope Co(A). Therefore from the

usual Hellys’s theorem, for all natural numbers p, there is some z® € ﬂze n+2] A(p )

where for all ¢, Aip) = CoP({zW, .., a2\ {2®}). Moreover, there exists a
compact subset K which contains C'oP(A) for all p. Consequently, one can extract
a subsequence {z(P)} cy which converges to some x € R™ and such that for all g,

zPa) € Nicinra Agpq). However, this implies

x € Lsy o0 ﬂ A - ﬂ Lsp_>oo ﬂ A;. O

1€[n+2] 1€[n+2] 1€[n+2]
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5. Dual structure of polytopes

In the following we introduce the operation (-, -)oo: R” x R* — R defined for all
z,y € R" by (2,9)oc = Bicpmziyi- Let || - || be the Tchebychev norm defined by
7|l = max;epn |2;]. It is established in [6] that for all z,y € R", we have: (i)

(7, 2)o0 = [[2lloc; (i) [(2,¥)oo] < [|z]locllylloc; (ii7) For all & € R, oz, y)oe =
(Qz, Y)oo = (T, aY) o
In the following, we say that a map f: R"™ — R is a B-form if there exists some

a € R™ such that:
f(z) = EH a;x; = (4, T) oo- (41)

i€[n]

We intend to analyze the dual relation between B-convex sets and the maps of
the form = — (a, ), where a € R™.

The function above is depicted in Figure 2.2.2. All the points such that (a, z)., = 0
are represented by the thick line. In the following, for all subsets A of R" cl(A)
and int(A) respectively stand for the closure and the interior of A.

T2
Z2
A

cl [{a,.)eo <|c] f~ <N///

/

W
A

Figure 5.1: The domain cl [(a, oo < c] Figure 5.2: Separation of two polytopes

In the following, for all maps f: R® — R and all real numbers ¢, the notation
[ f < ¢] stands for the set f~1(] — oo, c]). Similarly, [ f < ¢] stands for f~'(] —
oo, c[) and [f > ¢] = [—f < —c].

For all u,v € R, let us define the binary operation

u it |ul > |y
u—wv =< min{u,v} if |u] = |y
v it Jul < vl

An elementary calculus shows that v Hv = %[u —v—[(—u) = (—v)]]

Similarly one can introduce a symmetrical binary operation for all u,v € R in the
following way: uBv = 1|(u = v) + (u < v)} :

Given m elements uq, ..., u,, of R, not all of which are 0, let I, respectively I_,
be the set of indices for which 0 < wu;, respectively u; < 0. We can then write
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Up — o Uy = (\:iel+ u;) — (—ier u;) = (matXiel+ u;) — (minger_ w;) from
which we obtain

max;er, w; if I_ =0 or maxje; |w;| < max;er, u;
Up = = Uy, = mingey u; if 1o =0 or max;er, u; < max;er |ui|  (42)
minge; u; if max;es_ |u;| = max;er, u;.

We define a lower B-form on R’} as a map g: R" — R with the property that for
all (z1,...,2,) € RY,

g(x1, ., xn) = (@, T) = a121 — -+ — Q. (43)

It was established in [6] that for all c € R, g7 (] — 00, ¢]) = {z € R" : g(2) < ¢}
is closed. It follows that a B-form is lower semi-continuous. It was established in
[11] that ¢7' (] — 00, c]) NRY is a B-halfspace, that is a B-convex subset of R’
whose the complement in R} is also B-convex.

Similarly, one can define an upper B-form as a map h: R — R such that, for all
(1, ..., Tp) € R,

Wy, xn) = (a,2) ) = ayzy T oo Toaym,. (44)

For all z € R" we clearly have the following identities

(a,z)t = —{(a,—x) and (a,z) = —(a,—x) 1. (45)

o0

The largest (smallest) lower (upper) semi-continuous minorant (majorant) of a
map f is said to be the lower (upper) semi-continuous regularization of f. In the
next statements it is shown that the lower (upper) B-forms are the lower (upper)
semi-continuous regularized of the B-form.

It was shown in [6] that if g is a lower B-form defined by g(z1,...,2,) = a1z1 —

-~ ApTy, for some a € R", then ¢ is the lower semi-continuous regularization
of the map = — (a,%)oc = Hicpa;z;. Similarly, if h is an upper B-form defined

by h(xi,...,x,) = a1ry ... L aux,, for some a € R, then h is the upper

semi-continuous regularization of the map = +— (a, ) = Hicpmair;.

5.1. Halfspaces and separation of B-polytopes over R”

In the following, the dual properties of a B-polytope are analyzed. It is shown that
a B-polytope is Bf-convex. In [7], subsets of the form [f~ < c] and [f* > ¢], where
¢ is a real number, were termed pseudo-halfspaces, and the following properties
for all B-forms f and all real numbers ¢ € R were established.
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Proposition 5.1. For all B-forms f and all real numbers ¢ € R, we have the
following properties:

(a) The subset int[f < c] is B*-convex;
(b) The subsets int[f~ < c] and int[f™ > c] are B*-convez;
(c) We have int[f~ <c]=R"\[fT >¢] and int[ft >c] =R"\[f~ <¢].

In [7] the geometric deformation of a sequence of ®,-halfspace expressed in the
form H, = [f, < ¢,] was analyzed. For each natural number p, f,: R — Ris a
¢p-linear form defined by f(r) = {(a,,z),, with (a®,¢,) € R" x R. It was shown
that the Kuratowski-Paillevé limit of this sequence can be expressed with respect
to the B-forms.

Proposition 5.2. Let f be a B-form defined by f(x) = (a,x)s for some point
a € R"\{0}. For all natural numbers p let f,: R* — R be a map defined by
fo(®) = (P x), where {a,},en is a sequence of R"\{0}. If there exists a sequence
{cp}pen C R such that lim, . (ap,c,) = (a,c), then:

Lim [f, <] =c[f <c] = [f <]

p—o0

and Lim [fo>c)=c[f>c =[f">].

In [7], the following separation result was established.

Proposition 5.3. Let C' and D be two nonempty subsets of R™. Assume that
Co>(C)YNCo>®(D) = (. There exists a B-form f: R" — R and a real number ¢
such that

Cclf-<c and DC[f" >,

where f~ and ft are the lower and upper semi-continuous reqularized of f.

A subset S of R" is a B-polytope if there exists a finite part A of R™ such that
S = Co™(A).

Proposition 5.4. Let S and T be two B-polytopes of R"™. Assume that SNT = ().
There exists a B-form f: R™ — R and a real number ¢ such that

Sclf-<dandTcC|ft >,

where f~ and 1 are the lower and upper semi-continuous reqularized of f.

Proof. Suppose that S and T are two B-polytopes of R™. By definition there
exist two finite parts A and B of R" such that S = Co®(A) and T = Co™(B).
Since S and T are two disjoint sets, we have Co®(A) N Co™(B) = (. From
Proposition 5.3, we obtain the result. Il

In the following we explore the dual structure of a B-polytope. A subset B of R™
is a box with respect to the usual partial order if there exist u,v € R™ such that
u<vand B={r €R":u <z <wv}. Itwashown in [7] that a box B of R" is
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a fixed B-convex set, which means that Co>(B) = B. The following result is an
immediate consequence that will be extended in the next subsection.

Proposition 5.5. A B-polytope is the intersection of all lower pseudo-halfspaces
containing it.

Proof. Let S be a B-polytope. We need to prove that if y ¢ C, then there exist
a lower B-form f~ and a real number ¢ such that

SClf <c and f(y)>c

By definition if S is a B-polytope, there exists a finite subset A of R™ such that
S = Co>(A). Hence S is closed. Therefore, if y ¢ C, then there is some € > 0
such that By (y,e]NS = 0. Let E = {y+eu:u € {—1,1}"}. F is the set of all the
extreme points of the polyhedron B, (y, €] that is a box. Thus, by construction,
for all natural numbers p, CoP(E) = Co*>(E). From Proposition 5.4, there is a
dual B-form f: R™ — R and some ¢ € R such that

ScC[f  <c and By(y,e] C[fT >

This implies that y € int[f* > ¢]. From Proposition 5.1, we deduce that y €
int[f > ] = R"\cl[f < ¢ =R"\[f~ < . Hence, f~(y) > ¢ which ends the
proof. [

This result is extended in the the next section, where it is proven that there exists
finite number of closed pseudo-halfspaces characterizing a B-polytope.

5.2. External representation of a B-polytope over R”

The implication of the results above for a the Painlevé-Kuratowski limit of a
polytope are analyzed in this section. In the case where A is a subset of R" then
Co™(A) is the intersection of a finite number of pseudo-halfspaces.

The proof is based on the fact that there exists a configuration of facets for the
®,-convex hull of A which appears an infinity of times.

Lemma 5.6. Let A = {zM ..., 2™} be a finite part of R". There exists an
increasing subsequence {pg}qen and 4 subsequences of linear forms {f;,. }qen

respectively defined for all natural numbers q by f;,.(z) = (ag-m,x>pq such that

Co (A) = () i < i)

JE[a]

where, for all j € [(4], {¢;p, }qen is a sequence of real numbers. Moreover, for all
natural numbers q, (g, fime < Cip,] is a minimal external representation of

C'oP1(A).

Proof. For all natural numbers p, CoP(A) is a polytope. Therefore it can be
written as the intersection of a finite number of ¢(p) halfspaces. Hence, for each

p, there exist ¢(p) vectors a§-p ) and ¢(p) real numbers cg-p ) such that:
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Co’(A) = ﬂ [fjvp < Cjap]
j€lt(p)]
where for all j, and all z € R" f; (z) = <a§p ),x)p. The maximum number ¢ of
halfspaces characterizing the polytope C'oP(A) is independent of p since for all
natural numbers p C'oP(A) is homeomorphic to C'o(A). Since £(p) takes its values
in [/] which is a finite set, there is some ¢4 € [f] and an infinite subsequence
{l(py) }4en such that £(p,) = €4 for all natural numbers q. O

Proposition 5.7. Let A = {2M, ..., 2™ be a finite part of R™. There exists a
collection {aj, c;j}jcien) of R™ x R such that

ISy

where for all j € [£4], f; is a dual B-form defined for allz € R™ by f;(z) = (a;, %)
and f; is its lower continuous regularized.

Proof. From Lemma 5.6, there exists an increasing subsequence {p, }sen and €4
subsequences of linear forms { f; , }4en respectively defined for all natural numbers
q by fip,(x) = (ag-p"),x)pq with CoP1(A) = ﬂje[eA] [fjqu < cj,pq], where such an
external representation is minimal. Hence for each j:

Cj,pg — SUP {<&§pq)’x>pq rx € Co (A)} = max (@](qu),x(k)% _

.....

For j =1, ...,/ 4, we have from the Holder inequality:

— < — max (laj], [2V])y, < ¢y, < max (o, [2]),, <@

La

Since Cw(0,1) X [—¢, ¢ is compact, (C’OO(O, 1) x [—¢, E]) is also compact, and

we deduce that it contains a subsequence
(Par) (Par)
{((al ! 701710%)7“'7 (aeAq 7C‘€A7pqr)> }reN

¢
which converges to some ((a1,¢1), ..., (agA,CgA)> € (C’oo((), 1) x [—¢, E]) " Hence

LZ.THOOCOP(IT (A) = LZT—)OO m [fj,pqr S Cj:pqr]

JE[Ca]

C m LZT*)OOI: fj’qu S Cjapllr] C ﬂ Cl [fj S CJ]

JE[LA] JE[La]

However, by definition Li, ,o,CoP(A) C Li,—CoPr (A). Since we have estab-
lished that C'o™(A) = Limy_,oo CoP(A) = Li,_,ocC0P(A) which yields the inclu-

sion.
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Let us show the converse inclusion. Assume that y ¢ Li, ,,,C0o”(A) and that

We can find some j, a subsequence {p,},en and some € > 0 such that
Beo(y, € [m[fjqu < Cj,pq] =0.

Consequently, for all ¢ € N we have By (y,e[C [ Jipe = Cip q] This implies from
Proposition 5.2 that B (y, €[ C cl[f; > ¢;]. Hence

y € int <Cl [f] > Cj}) = int [f;r > Cj}.

Thus, from Proposition 5.1.(c) y € R*\cl[f; < ¢;]. Thus y ¢ (¢, cLlfs < ¢l
a contradiction. We deduce that (., cl[f; < ¢j] C LipcC0(A). Therefore
Njeen i < ¢l = LipocC0P (A) = Limy, o0 CoP(A) = Co™(A), and the proof

is complete. Il

Proposition 5.8. The interior of a B-polytope is B*-convex.
Proof. Let A= {2, ..., 2™} be a finite part of R”. From Proposition 5.8, there
exists a collection {a;, ¢;}je,) of R" X R such that Cos(A) = ;e i <¢l,

where, for all j € [¢4], f; is a dual B-form defined for all z € R™ by f;(z) = (a;, T)oo
and f; is its lower continuous regularized. The finite intersection of several sets

having a Bf-convex interior is Bf-convex. However, from Proposition 5.1.(b), for
all j € [04], [f; < ¢;] has a B*-convex interior. It follows that the interior of a

B-polytope is Bf-convex. O
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