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We explore extreme contractions on finite-dimensional polygonal Banach spaces, from the point
of view of attainment of norm of a linear operator. We prove that if X is an n-dimensional
polygonal Banach space and Y is any normed linear space and T' € L(X,Y) is an extreme
contraction, then 7' attains norm at n linearly independent extreme points of Bx. Moreover,
if T attains norm at n linearly independent extreme points x1,zo,...,z, of Bx and does not
attain norm at any other extreme point of By, then each Tz; is an extreme point of By. We
completely characterize extreme contractions between a finite-dimensional polygonal Banach
space and a strictly convex normed linear space. We introduce L-P property for a pair of
Banach spaces and show that it has natural connections with our present study. We also prove
that for any strictly convex Banach space X and any finite-dimensional polygonal Banach space
Y, the pair (X,Y") does not have L-P property. Finally, we obtain a characterization of Hilbert
spaces among strictly convex Banach spaces in terms of L-P property.
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1. Introduction.

The purpose of the present paper is to study the structure and properties of ex-
treme contractions on finite-dimensional real polygonal Banach spaces. Character-
ization of extreme contractions between Banach spaces is a rich and intriguing area
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of research. It is worth mentioning that extreme contractions on a Hilbert space
are well-understood [2, 4, 9, 10]. However, we are far from completely describing
extreme contractions between general Banach spaces, although several mathe-
maticians have studied the problem for particular Banach spaces [1, 3, 5, 12, 13].
Very recently, a complete characterization of extreme contractions between two-
dimensional strictly convex and smooth real Banach spaces has been obtained
in [11]. To the best of our knowledge, the characterization problem remains un-
solved for higher dimensional Banach spaces. Lindenstrauss and Perles carried
out a detailed investigation of extreme contractions on a finite-dimensional Ba-
nach space in [8]. It follows from their seminal work that extreme contractions
on a finite-dimensional Banach space may have additional properties if the unit
sphere of the space is a polytope. Motivated by this observation, we further ex-
plore extreme contractions between finite-dimensional polygonal Banach spaces.
Without further ado, let us establish the relevant notations and terminologies to
be used throughout the paper.

In this paper, the letters X, Y denote real Banach spaces. Let Bx = {x € X :
|z|| <1} and Sx = {x€ X : ||z|| = 1} denote the unit ball and the unit sphere of X
respectively and let L(X,Y') be the Banach space of all bounded linear operators
from X to Y, endowed with the usual operator norm. Let Ex be the collection of
all extreme points of the unit ball Bx. We say that a finite-dimensional Banach
space X is a polygonal Banach space if Sx is a polytope, or equivalently, if By
contains only finitely many extreme points. An operator T € L(X,Y) is said
to be an extreme contraction if T is an extreme point of the unit ball By x y).
We would like to note that extreme contractions are norm one elements of the
Banach space L(X,Y’) but the converse is not necessarily true. For a bounded
linear operator T' € L(X,Y), let My be the collection of all unit vectors in X at
which T attains norm, i.e.,

My = {x € Sx : |T=[| = |T}-

As we will see in due course of time, the notion of the norm attainment set Mr,
corresponding to a linear operator 7" between the Banach spaces X and Y, plays a
very important role in determining whether 7" is an extreme contraction or not. As
a matter of fact, we prove that if X is an n—dimensional polygonal Banach space
and Y is any normed linear space, then T" € L(X,Y’) is an extreme contraction
implies that span(M7p N Ex) = X. Moreover, if My N Ex contains exactly 2n
elements then T'(Mr N Ex) C Ey. Indeed, this novel connection between extreme
contractions and the corresponding norm attainment set is a major highlight of the
present paper. As an application of this result, we completely characterize extreme
contractions from a finite-dimensional polygonal Banach space to any strictly
convex normed linear space. We would like to note that extreme contractions
in L(l1,Y), where Y is any Banach space, have been completely characterized
by Sharir in [13]. In this paper, we show that extreme contractions in L(I},Y)
can be characterized using our approach. We also illustrate that the nature of
extreme contractions can change dramatically if we consider the domain space to
be something other than finite-dimensional polygonal Banach spaces.
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In [8], Lindenstrauss and Perles studied the set of extreme contractions in L(X, X),
for a finite-dimensional Banach space X. One of the main results presented in [§]
is the following:

Theorem 1.1. If X is a finite-dimensional Banach space, then the following
statements are equivalent:

(1) TEEL(X,X), r € Ex = Tx € Ex.
(2) Tl,TQ - EL(X,X) = T1 OT2 c EL(X,X)-
(3) {T:}) C Erxxy = |[Tho...oT,| =1, for all m.

Furthermore, they also proved in [8] that if X is a Banach space of dimension
strictly less than 5 then X has the Properties (1), (2) and (3), as mentioned in
the above theorem, if and only if either of the following is true:

(i) X is an inner product space.

(ii) Bx is a polytope with the property that for every facet (i.e., maximal proper
face) K of By, By is the convex hull of K U (—K).

In view of the results obtained in [8], it seems natural to introduce the following
definition in the study of extreme contractions between Banach spaces:

Definition 1.2. Let X, Y be Banach spaces. We say that the pair (X,Y") has
L-P (abbreviated form of Lindenstrauss-Perles) property if a norm one bounded
linear operator 7' € L(X,Y’) is an extreme contraction if and only if T(Ex) C Ey.

We would like to remark that although the study conducted in [8] was only for
the case X =Y, we have consciously formulated the above mentioned definition
in a broader context, by not imposing the restriction that the domain space and
the range space must be identical. In order to illustrate that our definition is
meaningful, we provide examples of Banach spaces X, Y such that X # Y and
the pair (X,Y) has L-P property. As a matter of fact, we observe that the
pair (I2,,13) has L-P property. It is apparent that our study in this paper is
motivated by the investigations carried out in [8]. We further give examples of
finite-dimensional polygonal Banach spaces X, Y such that the pair (X,Y") does
not have L-P property. We prove that if X is a strictly convex Banach space and
Y is a finite-dimensional polygonal Banach space, then the pair (X,Y’) does not
have L-P property. We end the present paper with a characterization of Hilbert
spaces among strictly convex Banach spaces in terms of L-P property.

2. Main results
Let us first notice the following easy proposition:

Proposition 2.1. Let X be an n-dimensional Banach space and let A C X be
a bounded set. Suppose {x1,xa,...,x,} is a basis of X. Then the following set
S={lag|:z2=>"" oyx; and z € A} is bounded.
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Using the above proposition, we obtain a necessary condition for a linear operator
on a polygonal Banach space to be an extreme contraction, in terms of the norm
attainment set.

Theorem 2.2. Let X be an n—dimensional polygonal Banach space and let Y
be any normed linear space. Let T € L(X,Y) be an extreme contraction. Then
span(Mr N Ex) = X. Moreover, if My N Ex contains exactly 2n elements then
T(MT N Ex) C Ey.

Proof. First, we prove that span(Mr N Ex) = X. Since X is an n—dimensional
Banach space, an easy application of Krein-Milman theorem ensures that By
has at least 2n extreme points out of which n are linearly independent. If Mp
contains n linearly independent extreme points then we are done. Suppose that
M7 does not contain n linearly independent extreme points. Let My contains at
most k linearly independent extreme points, where k < n. Let {z1,xo,..., 2%}
be one such linearly independent subset of My, consisting of extreme points of
Bx. We extend it to a basis {x, za, ..., 2k, Tkt1, ..., 2n} of X such that each x;,
i=1,2,...,n, is an extreme point of By. Now, we can choose w(# 0) € By such
that Tz, + (w/j) # 0 for every j € N. For each j € N, define linear operators
T;,5;: X =Y as follows:

Tj(x;)) =Tz; (i=1,2,...,n—1) Sij(x;)) =Tx; (i=1,2,...,n—1)
Ti(xy) = T, + v Si(xy) =Tx, — Y
J J
Then T # Tj and T' # §; for all j € N. Also, we have T' = %(Tj—l—Sj) for all 7 € N.
Since T is an extreme contraction, there exists a subsequence {jx} such that for
all ji, either ||Tj,|| > 1 or ||}, || > 1. Without loss of generality, we may and do
assume that ||7;]] > 1 for all j € N.

Since X is finite-dimensional, each 7} attains norm at an extreme point of Bx.
Suppose ||T;y;|| = ||7;|| > 1 where each y; is an extreme point of Bx. Let z =
a1 x1 + ...+ ap 1Ty + aypx, € Sx be arbitrary, then by Proposition 2.1, there
exists r > 0 such that |a,| < r, for each z € Sy.

Now, |(T; — T)z|| = (T; — T)(a1x1 + . . . + apxy)|| = ||‘“;—w|| <%—0asj— oo

So, T; — T as j — oco. As each y; € Sx and Sx is compact, we may assume
without loss of generality that application of Krein-Milman theorem ensures y; —
Yo as j — oo, where yg € Sx.

Noting that there are only finitely many extreme points and each y; is an extreme
point, we can further assume that y; = y for each j. So, Tjy; = Tjyo — Ty as
j — oo.

Therefore, ||Tyol| > 1. As |T|| = 1, [|[Tyo| = 1. So, yo € Myp. Since yq is an
extreme point and My has at most k linearly independent extreme points, the set
{Y0, 1, T2, ..., 2} is linearly dependent. Let yg = a121 +asxs+. ..+ agzy. Then,
Tyy; = Tjyo = Tj(arzq + ... + agxy) = ayTxy + ... + apTxy, = Tyo. Therefore,
| T5y;]l = || Tyol| = 1, which is contradiction to the fact that ||73]] > 1 for all j € N.
Thus, if T is an extreme contraction, then span(Mr N Ex) = X.
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Now, we prove the next part of the theorem. As X is a finite-dimensional polyg-
onal Banach space, Ex is a finite set. Let {+z1, tay,...,+2,, 1 m >n} = Ex
and (MTﬂEx) = {:El’l 1= 1,2,...,71}.

As T attains the norm only at {£z; : i = 1,2,....n}, |[T| = [Tz = 1 for all
i=1,2,...,nand ||Tz;|| < ||T|| =1 for all j = n+ 1,n+ 2,...,m. Therefore,
there exists € > 0 such that ||[Tz;]| <l —eforall j=n+1n+2,...,m.

Clearly, {z1, 22, ..., x,} is a basis of X. Therefore, there exist scalars ay;, agj, ..., anj
such that x; = aj ;21 +agjza + ...+ anjz,, Vj=n+1,n+2,...,m. Now, using
Proposition 2.1, there exists r > 0 such that |a;;| < r for all i =1,2,...,n and
=n+1,n+2,...,m.

Suppose T'xy, is not an extreme point of By for some k € {1,2,...,n}. Then there
exist y, 2z € Sy N B[Txy, <] such that Tay, = (1 — )y + tz for some ¢ € (0, 1).

2r
Let us define T1: X — Y by Tix; = Tx; for all © = 1,2,...,n and i # k and
Tixp = vy, @ = k. Similarly, we define To: X — Y by Thx; = Tx; for all © =
1,2,...,nand i # k and Toxy = 2z, i = k.

Clearly, T} # T and T, # T. Also, we have T' = (1 — t)T} + tT5. We claim that
T3] = T2 = 1.

Clearly, |Ti2i]| = [|Ta]| = 1 for all i = 1,2,....n and i # k. Also, | Tyz| =
|yl =1 as y € Sy N B[Txy, i]

Furthermore, for each j =n+1,...,m, we have,

||T1.I]|| = ||(l1jT1[L'1 + ...+ CijTlxk + ...+ aanIInH
= |lay;Txy + ...+ ary + ... + an Tz,
= ||(l1jTl‘1 4+ ...+ aanZL'n + ak’j(y - T{L‘k)H

<75l + lawglly = T S1—e+ro-=1-2<1.
2r 2
Thus, for any extreme point z; of Bx, |[|[Tiz;]| < 1 and so ||T|| = 1. Similarly,
|T2|| = 1. Therefore, T = (1 — t)T} + tTy and ||Ty|| = ||Tz|| = 1. This contradicts
the fact that T is an extreme contraction. Thus, if My N Ex contains exactly 2n
elements then T'(Mr N Ex) C Ey. This completes the proof of the theorem. [

As an immediate application of Theorem 2.2, it is possible to characterize extreme
contractions from a finite-dimensional polygonal Banach space to a strictly convex
normed linear space. We present the characterization in the form of the next
theorem.

Theorem 2.3. Let X be a finite-dimensional polygonal Banach space and let Y
be a strictly convexr normed linear space. Then T € L(X,Y), with |T|| =1, is an
extreme contraction if and only if span(Mp N Ex) = X.

Proof. The proof of the necessary part of the theorem follows directly from The-
orem 2.2. Here, we prove the sufficient part of the theorem. Suppose that T
is not an extreme contraction. Then there exist 77,7y € L(X,Y) such that
Ty, To # T, |T1|| = |T2|| = 1 and T = (1 — )T} + ¢T3 for some ¢ € (0,1). Let
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{x1,29,...,2,} C My Ex be a basis of X. Then Tx; = (1 — t)T1z; + tThx;, for
each i € {1,2,...,n}. We also note that Tyx;, Tox; € By, as |T1|| = [|[T»| = 1.
As Y is strictly convex, we have Ey = Sy. Therefore, each Tz; is an extreme
point of By and it follows from that Tx; = Tix; = Thx;, for each ¢ € {1,2,... n}.
However, this implies that 77,7, agree with 7" on a basis of X and therefore,
Ty =Ty = T. This contradicts our initial assumption that 77,75 # T. Thus T is
an extreme contraction and this completes the proof of the theorem. O

As another useful application of Theorem 2.2, it is possible to characterize ex-
treme contractions from [ to Y, where Y is any normed linear space. It is worth
mentioning that the following corollary also follows from [13, Lemma 2.8].

Corollary 2.4. Let X = I} and let Y be any normed linear space. Let T €
L(X,Y) with |T|| = 1. Then T is extreme contraction if and only if My = Ex
and T(Ex) g Ey.

Proof. Firstly, we know that {£eq, +es, ..., te,} is the set of all extreme points
of the unit ball of I}, where ¢; = (0,0,...,0,1,0,...,0) for each ¢ € {1,2,...,n}.
\—-,—/

Now, the proof of the necessary part of the theorem follows directly from Theorem
2.2. Here, we prove the sufficient part of the theorem. Suppose that T is not an
extreme contraction. Then there exist 71,7y € L(X,Y) such that 71,75, # T,
7] = ||T3]| = 1 and T = (1 — )Ty + tT5 for some ¢ € (0,1). Then Te; =
(1 — t)Tve; + tTye;, for each i € {1,2,...,n}. We also note that for each i €
{1,2,...,n}, Tie;, Tre; € By, as ||T1]| = ||Tz|| = 1. Since T'e; € Ey, it follows that
Te; = Tie; = Thye;, for each i € {1,2,...,n}. However, this implies that T}, T,
agree with 7" on a basis of X and therefore, T} = T, = T. This contradicts our
initial assumption that 77,75 # T. Thus T is an extreme contraction and this
completes the proof of the corollary. O

Remark 2.5. If YV is a polygonal Banach space with p pair of extreme points
then the number of extreme contractions in L(I7,Y) is (2p)™. Moreover, since the
number of extreme contractions in L({},Y) is finite, each extreme point of the unit
ball of L(I},Y) is also an exposed point of the unit ball of L(I},Y"). Therefore, the
number of exposed points of the unit ball of L(I},Y) is also (2p)". In particular,

(i) the number of extreme contractions in L(I7,[}) is 2"n".

(ii) the number of extreme contractions in L(I?, 1" ) is 2.

As illustrated in [8], one of the most intriguing aspects of the study of extreme
contractions between Banach spaces is to explore the extremity of the images of
the extreme points of the unit ball of the domain space under extreme contractions.
Till now, we have considered only finite-dimensional polygonal Banach spaces as
the domain space. However, if we choose the domain space to be something other
than the polygonal Banach space then the scenario changes drastically. In fact,
choosing the Euclidean space [7 as the domain space and [, as the co-domain
space, we have the following proposition:
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Proposition 2.6. Let T € L(X,Y) with ||T|| = 1, where X =1} and Y = I7.
Then T is an extreme contraction if and only if corresponding matrix representa-
tion of T with respect to standard ordered basis is of the form

@11 Qa2 - Aip
Q21 Q22 -+ A2p
Ap1 Ap2 - Ann

where Y a;;2 =1 forall i=1,2,...,n.
j=1

Proof. We first note that a bounded linear operator 7" between reflexive Banach
spaces is an extreme contraction if and only if 7™ is an extreme contraction, which
follows from the facts that 7' = (1—t)T1 +tTh & T* = (1-t)T7 +t15, |T]| = ||T™||
and (T%)* = T by reflexivity of domain and co-domain spaces. Now, the proof of
the proposition directly follows from Corollary 2.4. O

In the following two examples, we further illustrate the variation in the norm
attainment set of extreme contractions, depending on the domain and the range
space.

1
10

2y Yoo

Example 2.7. In L(I2,12), T = [ } is an extreme contraction though T

attains norm only at £(1,0).

1
01

attains norm at +(1,0) and £(0,1) but 7°(1,0) = (1,0) and 7°(0,1) = (0,1) are
not extreme points of unit ball of 2.

Example 2.8. In L(I3,1%), T = { } is an extreme contraction. Here, T

Let us now focus on the connections between the study carried out in [8] and
some of the results obtained by us in the present paper, in light of the newly
introduced notion of L-P property for a pair of Banach spaces (X,Y). It is easy
to observe that [} is a universal L-P space, in the sense that the pair (I7,Y") has
L-P property for every Banach space Y. We would also like to note that it follows
from the works [6, 7] of Lima that there exist finite-dimensional polygonal Banach
spaces X, Y, with X # Y, such that the pair (X,Y") has L-P property. Also, there
are finite-dimensional polygonal Banach spaces X,Y with X = Y, such that the
pair (X,Y) does not satisfy L-P property. As for example, the pair (I2,13) has
L-P property, which follows from [7, Theorem 2.1], whereas the pair (12 ,1}) does
not satisfy L-P property, which follows from Lemma 3.2 of [7].

Let us observe that Proposition 2.6 implies, in particular, that the pair (I%,12)
does not have L-P property. Now, we prove that this observation is actually a

consequence of the following general result.
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Theorem 2.9. Let X be any strictly convexr Banach space and Y be a finite-
dimensional polygonal Banach space. Then the pair (X,Y) does not have L-P

property.

Proof. Suppose that the pair (X, Y) satisfies L-P property. Then for any extreme
contraction T' € L(X,Y), we have T(Ex) C Ey. As X is strictly convex, Bx has
infinitely many extreme points, in fact, Ex = Sx. On the other hand, as Y is
a finite-dimensional polygonal Banach space, By has only finitely many extreme
points. Thus, for any extreme contraction 7" € L(X,Y’), T" cannot be an one-to-
one operator. Therefore, there exists a nonzero # € Bx such that T'(z) = 0. So,
T'(%:) = 0, which contradicts the fact that T(Ex) = T'(Sx) C Ey. This completes

llzl

the proof of the fact that the pair (X,Y") does not have L-P property. ]

Remark 2.10. From Theorem 2.9, we can conclude that the pairs (I7,17) and
(lg, [") do not have L-P property for any 1 < p < oo. Furthermore, we already
know that the pair (I7,Y") has L-P property for every Banach space Y. This illus-
trates that there exist Banach spaces X, Y such that the pair (X,Y’) has L-P

property but the pair (Y, X) does not have L-P property.

Remark 2.11. The above Theorem 2.9 holds for any Banach space Y with count-
ably many extreme points.

Now, we give a characterization of finite-dimensional Hilbert spaces among all
finite-dimensional strictly convex Banach spaces in terms of L-P property.

Theorem 2.12. Let X be a finite-dimensional strictly convex Banach space.
Then X is a Hilbert space if and only if the pair (X, X) has L-P property.

Proof. Firstly, we claim that for a strictly convex Banach space X, the pair
(X, X) has L-P property if and only if every extreme contraction in L(X,X)
is an isometry. Clearly, if every extreme contraction in L(X, X) is an isometry
then the pair (X, X) has L-P property, as for a strictly convex space X, Sx =
Ex. Conversely, since (X, X) satisfies L-P property, T' € L(X, X) is an extreme
contraction if and only if T(Ex) C Ex. As X is strictly convex, Ex = Sx. Thus,
T € L(X,X) is extreme contraction if and only if T(Sx) C Sx. In other words,
we must have My = Sy and ||T|| = 1, i.e., T € L(X,X) is an isometry. This
completes the proof of our claim. On the other hand, in [9], Navarro proved that a
finite-dimensional Banach space X is a Hilbert space if and only if every extreme
contraction in L(X, X) is an isometry. The proof of the theorem follows directly
from a combination of these two facts. O

As an application of Theorem 2.12, we characterize Hilbert spaces among all
strictly convex Banach spaces in terms of L-P property.

Corollary 2.13. A strictly convex Banach space X is a Hilbert space if and only
if for every two-dimensional subspace Y of X, the pair (Y,Y) has L-P property.

Proof. Let us first prove the “only if” part. If X is a Hilbert space then every
two-dimensional subspace Y of X is also a Hilbert space. Again, we know that for
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a finite-dimensional Hilbert space Y, isometries are the only extreme contractions
in L(Y,Y) and Ey = Sy. Thus, for every two-dimensional subspace Y of X, the
pair (Y,Y') has L-P property.

Let us now prove the “if” part. If X is a strictly convex Banach space then every
two-dimensional subspace Y of X is also a strictly convex Banach space. Since
the pair (Y,Y') has L-P property, then by Theorem 2.12, Y is a Hilbert space.
Thus every two-dimensional subspace of X is a Hilbert space which means that
X itself has to be a Hilbert space. This establishes the theorem. [

Acknowledgement. We would like to thank an anonymous mathematician for
the statements of Theorem 2.2 and Theorem 2.3 in their present form.

References

[1]  R.GrzaSlewicz: Extreme operators on 2-dimensional Ip-spaces, Colloq. Math. 44
(1981) 309-315.

[2] R.GrzaSlewicz: Extreme contractions on real Hilbert spaces, Math. Ann. 261 (1982)
463-466.

3] A.Iwanik: FEztreme contractions on certain function spaces, Colloq. Math. 40
(1978) 147-153.

[4]  R.V.Kadison: Isometries of operator algebras, Ann. of Math. (2), 54 (1951) 325
338.

[b]  C.W.Kim: Ezxtreme contraction operators on ls, Math. Z. 151 (1976) 101-110.

6] A.Lima: Intersection properties of balls in spaces of compact operators, Ann. Inst.
Fourier 28 (1978) 35-65.

[7] A.Lima: On estreme operators on finite-dimensional Banach spaces whose unit
balls are polytopes, Ark. Mat. 19(1) (1981) 97-116.

[8]  J.Lindenstrauss, M. A. Perles: On extreme operators in finite-dimensional spaces,
Duke Math. J. 36 (1969) 301-314.

[9]  M.A.Navarro: Some characterizations of finite-dimensional Hilbert spaces, J.
Math. Anal. Appl. 223 (1998) 364-365.

[10] D.Sain: On extreme contractions and the norm attainment set of a bounded linear
operator, Ann. Funct. Anal. 10(1) (2019) 135-143.

[11] D.Sain, K.Paul, A.Mal: On extreme contractions between real Banach spaces,
arXiv: 1801.09980 (2018).

[12] M. Sharir: Characterization and properties of extreme operators into C(Y), Israel
J. Math. 12 (1972) 174-183.

[13] M. Sharir: Extremal structure in operator spaces, Trans. Amer. Math. Soc. 186
(1973) 91-111.



