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1. Introduction and terminology

Let us fix a number ¢ € (0, 1) and denote by Q(¢) the smallest field containing the
singleton {t}. Throughout the present paper (unless explicitly stated otherwise)
X stands for a linear space over the field K, where Q(¢) C K C R and D denotes
a non-empty t-convex set i.e.

tD+(1—)D C D.

In the paper [24] we introduced a notion of (w,t)-convexity in the following way:

Ifw: Dx D x|[0,1] — R is a given map, then we say that a function f: D — R
is:

o (w,t)-convez, if f(tx + (1 —1t)z) <tf(x)+ (1 —1)f(2) +w(z,2,t), z,2 € D,
o (w,t)-concave, if tf(x)+ (1 —1)f(2) +w(z,2,t) < f(te+ (1 —1t)z), z,2 € D.

If f is at the same time (w,t)-conver and (w,t)-concave then we say that it is
(w,t)-affine. In this case f satisfies the following functional equation

tf(x)+ (1=t f(z) +w(x, 2, t) = flte+ (1 —t)z), xz,z€ D.
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Ift= % then f is said to be w-midpoint conver (w-midpoint concave, w-midpoint
affine, respectively). If the above inequalities are satisfied for all numbers ¢ € [0, 1]
(where D stands for a convex set) then we say that f is w-conver (w-concave, w-
affine, respectively).

The following remark below shows that any function f can be represented as an
w-affine (in particular w-convex) map with some function w.

Remark 1.1. Since an arbitrary function f: D — R satisfies the equality

ftr+ (1 =t)y) = tf(x) + (1= 1)f(y) + w(z,y,t)

with w: D x D x [0,1] — R given by the formula
w(a,y, 1) = fte + (1= t)y) = tf(x) = (1 =) f(y),

nothing can be said about the function f without additional assumptions on w.

The notion of convex function was generalized by several authors. The main idea
is based on modifying the right-hand side defining the inequality. The concept of
w-convexity is a common generalization of the notion of usual convezity, strong-
convexity, approximate-convezity, Wright-convexity and many others. The term
on the left-hand side of the inequality is the same in all definitions while the
right-hand side of all inequalities has different form. Now, we recall briefly the
definitions of the mentioned classes of functions.

Let D be a convex subset of a real normed space (X, || -||). A function f: D - R
is said to be strongly t-convex (t € (0,1)) with modulus ¢ > 0 if

fltz+ (1 —t)y) < tf(@) + (1 =) f(y) —ct(l =)z -yl

for all =,y € D. If the above inequality is satisfied with ¢ = % then the function f
is called strongly midpoint convex. If f is strongly t-convez for all t € (0, 1] then
we say that it is strongly conver.

Strongly convex functions were introduced by Polyak in [27]. They have useful
properties in optimization theory. For instance, any strongly convex function
f: I — R (where I C R stands for an interval) has to be bounded from below,
moreover, it attains a unique minimum on every closed subinterval of I. For more
information about strongly convex functions see, for instance [3], [21], [26], [27],
[37], [38] and the references therein. The classical notions of ¢t-convezity, midpoint-
convezxity, convexity correspond to the case ¢ = 0. The strongly t-convex functions
are (w,t)-conver with

w(:r;,y,t): = _Ct(l - t)H:C - y”27 T,y € D.

The notion of approximate convexity was introduced by Hyers and Ulam in [10].
A function f: D — R defined on a convex subset D of a real normed vector space
is called e-conver (where ¢ > 0) if

fltz+ (1 —t)y) <tf(x)+ (1 —-t)f(y)+¢e, =x,ye D, tel01].
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Further generalizations were made by Rolewicz who introduced in [31] the notion
of paraconver functions and strongly paraconver functions (for more information
the reader is refered to [32], [33]). The notion of approximate convexity has been
recently successively generalized and intensively investigated (see [6], [9], [19], [34],
[35], [39]). For fixed numbers ¢ > 0, p > 0, t € (0,1) a real valued function f
defined on convex subset D of a real normed space is called (c,t, p)-convez if it
satisfies

[+ (1 =t)y) <tf(x)+ A =)f(y) + (= t)le -yl zyeD.
The (¢, t, p)-convez functions are (w, t)-convex with

w(z,y,t) = ct(l =)l —yl”, @,yeD.

In 1954 Wright [36] introduced a new convexity property. In Wright’s honor a
function f: D — R defining on a convex subset D of a real linear space X,
satisfying the inequality

fle+ 1 =t)y) + (1 =tz +ty) < fl2) + f(y), zyeD

is said to be t- Wright-convez. If the above inequality is satisfied for all ¢ € [0, 1]
then we say that f is a Wright-convex function. It is easy to see that any convex
function is Wright-convex, on the other hand, if a: X — R is additive, that is

alx +y) =alx) +aly), z,y€X,

then it is also Wright-convex. The most important result concerning Wright-
convex functions is the much more surprising statement that any Wright-convex
function can be decomposed as the sum of additive and convex functions. This
theorem was proved by Ng [18] (in the case where X = R") and was generalized
by many authors see for instance [12], [17], [23]. The t-Wright convex functions
are (w,t)-conver with

w(x,y,t) == f(z) + fly) = fF(A=)z+1ty), z,yeD.

Sandwich and separation theorems generalizing the celebrated Hahn-Banach theo-
rem have a large number of applications in many branches of mathematic, mainly
in functional analysis, optimization theory and convex programming. Several the-
orems of this type are known in the literature (see for instance [4], [5], [8], [13],
[15], [22], [24], [25], [30] and the references therein). For convex functions the clas-
sical separation theorem states that if f,—g: D — R are convex functions and
g < f then there exists an affine function a: D — R such that ¢ < a < f. This
theorem is a consequence of a separation theorem for convex sets. In this note
we generalize a classical separation theorem to the case of (w, t)-convex as well as
w-convex functions. The classical results are obtained from our main results by
putting w = 0. The applications of our main results for strongly-convex functions
and approximately-convex functions are also given.
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2. Results

We start our investigation with a lemma which will be useful in the proof of our
main result.

Lemma 2.1. Let f: D — R be an (w, t)-conver map, where w: Dx Dx[0,1] = R
satisfies the inequality

tw(z,u, t) + (1 —t)w(z,v,t) —w(z, tu+ (1 —t)v,t)
<(1-tw(u,v,t) —w((l —t)u+tz,(1 —t)v+tz,t), u,v,2 € D. (1)
Then, for arbitrary z € D, the function f,: D — R defined by the formula

Fo@) = % £~ t)z 4 12) ~ ££(2) — wlz,1)],

is (w,t)-conver.

Proof. Fix u,v € D arbitrarily. Using the (w, ¢)-convexity of f and (1) we get
Ftut(1—t)) = i [f((l—t)[tu+(1—t)v]+tz)—tf(z) . w(z,tu—i—(l—t)v,t)]
- [f(t[(l—t)u btz + (1=D[(1=t)o + t2]) — t£(2) — w(z tu+ (1—t)o, t)]
< [tf((l—t)u+tz)+(1—t)f((1—t)v+tz) +w((I—t)uttz, (1—t)vttz, b)

Ct(2) — w(z, tu+ (1—t)v,t)]

=t [ (A=t b 12) = 1£(2) = wlz 1)) | + (e 1)
+ (1=0) [ (=10 + 12) = ££(2) — (2, ,1)) ] + w(z,0,1)

1 1
+ ﬁw((l—t)u +tz, (1—t)v + tz,t) — ﬁw(z,tu + (1—-t)v,t)

<tf.(u)+ (1—t)f.(v) + w(u,v,t), which was to be proved. O
Using similar arguments as in the previous lemma one can prove that for w-convex
maps the following counterpart of this lemma holds true.

Lemma 2.2. Let D be a convex subset of a real linear space and let f: D — R
be an w-conver map, where w: D x D x [0,1] — R satisfies the inequality

sw(z,u,t) + (1 — s)w(z,v,t) —w(z, su+ (1 — s)v,t) (2)
< (1-t)w(u,v,s) —w((1—t)u+tz, (1-t)v+tz,s), u,v,z € D, s,t €0,1].
Then for arbitrary z € D and any t € (0,1) the function f,: D — R defined by

foa) = —

=1 [f((l r b)) — tf(2) —w(z 2],

1S W-CONVEL.
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The main result of our paper reads as follows:

Theorem 2.3. Let f: D — R be an (w,t)-convex function and let g: D — R be
an (w,t)-concave function, where w: D x D x [0,1] — R. Assume that

g(x) < f(z) forallx € D.
Then there ezists an (w,t)-affine function hy: D — R such that
9(x) < ho(x) < f(x) forallz € D
if and only if for all x,y,u,v € D the map w satisfies the functional inequality:
tw(u, z,t) + (1 — thw(v,y,t) —w(tu + (1 — t)v, tx + (1 — t)y,t)

<tw(u,v,t) + (1 = tw(z,y,t) —wltu+ (1 — )z, tv+ (1 — t)y, ). (3)

Proof. Assume that the map w satisfies the inequality (3). Without loss of
generality we may assume that

a = inf[f(z) — g(x)] =0,

zeD

because we can take the map f(z)— « instead of f(z) otherwise. We consider the
family of maps

H:={h:D —=R|hisan (w,t)-convex, g(z) < h(x) < f(z), x € D}.
Clearly, H # (), since f € H. Let define a partial order < in the following manner:
hi,hy € H, hy = hy & hi(z) < ho(x), z € D.

We shall show that any chain in H has a lower bound in H. To see it, take an
arbitrary chain £ C H. Let define the map p: D — R via the formula

p(x) :=inf{h(z) | he L}, z€D.
Obviously, directly from the definition
g9(x) <p(x) < f(z), weD,

moreover, p is a lower bound of £. To see, that p € H it suffices to show that p
is (w,t)-convex in D. To do this, fix u,v € D and € > 0 arbitrarily. There exist
hy, hy € L such that

p(u) + ¢ > hy(u) and  p(v) +¢& > ha(v).
Then putting hs := min<{h, ha} we get

tp(u) + (1 = t)p(v) + € > thi(u) + (1 — t)he(v) > ths(u) + (1 — t)hs(v)
> ha(tu+ (1 — t)v) — w(u,v,t) > p(tu + (1 — t)v) — w(u, v, t).
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Passing to the limit with € — 0, the desired (w, t)-convexity property is obtained.
By Kuratowski-Zorn’s lemma there exists a minimal element hy € H. In particu-
lar, the inequalities
tole) + (1 — £)g(2) + w(z, 2,1
< gtz + (1 —=1)2) < ho(tz + (1 —t)z) < tho(x) + (1 — t)ho(z) + w(z, 2, 1)

hold for all z, 2z € D. Hence for all x, 2 € D we have

o(0) < 3[oft+ (1= 1)2) = (1= 0g() o, 1)
< ¢ [hoftz + (1= 0)2) = (1 = 0)g(2) (. 2.0)] < hola) + 7 Tha(z)  9(2)]
Taking the infimum over all z € D and having in mind that

0 < imflho(2) — g(2)] < inf[f(2) —g(2)] =0,

zeD

we obtain, for all x € D

g(w) < inf % [ho(m F(1=1)2) = (1=1)g(2) — wz, z,t)] < ho().

Therefore, the formula
k(x) := inf 1[ho(m +(1—1t)z) — (1 —1t)g(z) —w(z, 2 t)]
2€D t T

correctly defines the map k: D — R, moreover, g(z) < k(z) < ho(x) forall z € D.

To see that k € H it remains to proof that k is an (w,t)-convex. To do this, fix
e > 0 and u,v € D arbitrarily. There exist z1, 29 € D such that

B(u) & > 4 [ho(tu+ (1= 1)20) = (1 = )g(=1) — w(u, 21,0,

and k(v) +¢e > %[ho(tv + (1 —t)z9) — (1 —t)g(22) — w(v, 29,1)].

As a consequence of the (w,t)-convexity of f and the (w,t)-concavity of g, and
since w satisfies the inequality (3), we get

th(u) + (1 —t)k(v) + w(u,v,t) + ¢
> %[mo(w + (1= 1)21) — #(1 — D)g(21) — teo(u, 21, )

+ (1= t)ho(tv + (1—t)zp) — (1—1)*g(22) — (1—t)w(v, ZQ,t):| + w(u,v,t)

| =

[tho(tu F(1=)21) + (1= Oholto + (1 —1)2)

— (1=t)[tg(z1) + (1—1)g(22)] — tw(u, z1,t) — (1—t)w(v, Zg,t)] + w(u,v,t)
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> Hho(t[tu (= B)z] 4+ (1= Bt + (1= Dzl) — (1 — gtz + (1 —1)2)
—w(tu+ (1 —t)z, to + (1 — )z, t) + (1 — t)w(2, 2, 1)

— tw(u, z1,t) — (1 — t)w(v, 22,t) + tw(u, v, t)
_ %[ho(t[tu (L= )]+ (1= Dtz + (1= t)2a)])

(1= t)g(tzr + (1 — t)z) — wltu + (1 — to, tz + (1 — t)ZQ,t)]

1
+ i [w(tu + (1 —t)v,tzy + (1 — )29, t) + (1 — t)w(z1, 20, t) — tw(u, 21, 1)

(1= )w(v, 20,1) + tw(w, v, 1) — w(tu+ (1 — )z, t0 + (1 — )2, t)]
> k(tu+ (1 —t)v).
Passing to the limit with € — 0, the desired (w, t)-convexity property is obtained.

We have shown that £ € H and k < hg, so by the minimality of hy we get

ho(z) < inf = [ho(te + (1 1)) — (1 - )g(2) ~w(e.z0)], zeD.

zeD t
Then for all z,z € D
tho(x) + (1 —t)g(2) + w(x, z,t) < ho(tz + (1 —1)z).
Change the role of x and z to arrive at
tho(z) + (1 —t)g(z) + w(z,z,t) < ho((1 —t)z +tz), =,z € D,
which is equivalent to

1
g(x) < 1—t[h0<<1 —t)x +1tz) —the(z) — w(z,x,t)] < ho(x), x€D.
In order to apply Lemma 2.1 we shall show that the map w satisfies the inequality
(1). Indeed, by virtue of (w,t)-convexity of f and (w,t)-concavity of g for all
x,y € D we have

flz+(1=t)y)—tf(r)—(1-1)f(y) < w(z,y,t) < g(tr+(1-t)y)—tg(z)—(1-1)g(y).

Putting = y in the above formula we obtain that w(z,z,t) =0, © € D. Now,
the inequality (3) reduces to (1) by putting in (3) u = v. Therefore by Lemma
2.1 for arbitrary z € D the function

D51 —s % (1= )2+ 2) — tho(2) — w(z.2,1)].

is (w, t)-convex and hence using again the minimality of hy we infer that

ho(z) = % [o((1 — t)z + 12) — the(z) ~w(z,w.0)], z.2€D
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or, equivalently, w(z,z,t) = ho(tz + (1 — t)x) — tho(z) — (1 — t)ho(x), for all
x,z € D, and this completes the proof of sufficiency.

For the proof of necessity assume that there is a function hy: D — R such that
w(zx, z,t) = ho(tr + (1 —t)2) — tho(x) — (1 —t)ho(2), =x,z € D.
Then, for arbitrary u,v,z,y € D, we get

w(tu+ (1 —t)z, tv+ (1 —t)y,t) + tw(u, z,t) + (1 — ) w(v, y, 1)
= tho(tu + (1 — t)x) + (1 — t)ho(tv + (1 — t)y) — ho(t[tu + (1 — t)x]
+ (1= O)tv+ (1 = t)y]) + t[tho(u) + (1 — t)ho(z) — ho(tu + (1 — t)x)]
+ (1 = t)[tho(v) + (1 — t)ho(y) — ho(tv + (1 — t)y)]
= tho(tu + (1 — t)v) + (1 — )ho(te + (1 — t)y) — ho(ttu + (1 — t)v]
+ (1= t)[tz + (1= t)y]) + t[tho(u) + (1 — )ho(v) — ho(tu + (1 — t)v)]
+ (1 = t)[tho(z) + (1 — t)ho(y) — ho(tz + (1 — t)y)]
= w(tu+ (1= t)v, te + (1= )y, t) + tw(u, v, 8) + (1 — ) w(z, y, ). 0

A careful inspection of the proof of Theorem 2.3 (using Lemma 2.2 instead of
Lemma 2.1) shows that for w-convex functions the following theorem holds true

Theorem 2.4. Let D C X be a convex subset of a real linear space, let f: D — R

be an w-convex function and let g: D — R be an w-concave function, where
w: D x D x[0,1] = R. Assume that g(z) < f(x) for allxz € D.

Then there exists an w-affine function h: D — R such that
g(x) < h(x) < f(x), xe€D,

if and only if for all x,y,u,v € D and all s,t € [0,1] the map w satisfies the
functional inequality:

swu,z,t) + (1 — s)w(v,y,t) —w(su+ (1 —s)v,sz+ (1 — s)y,t)
<tw(u,v,8)+ (1 —tw(z,y,s) —wltu+ (1 — )z, tv+ (1 —t)y, s). (4)

Remark 2.5. Since the function w = 0 satisfies the inequalities (1) and (3) ((2)
and (4)) then the well-known classical separation theorem for t-convex functions
as well as for convex functions are a consequence of our main results.

Remark 2.6. Let us observe that interchanging the role of z and v in the inequal-
ity (3) or (4) respectively we conclude that in fact w satisfies the corresponding
functional equation.
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3. The corresponding functional equations

In this section we deal with functional equations appearing in our main results.
Since, as we have seen, the most frequently form of w occurring in the literature
is the following one

where h: [0,1] — R and ¢g: X — R, then we solve the functional equations
corresponding to the inequalities (3) and (4) in these cases.

Theorem 3.1. A function f: X — R satisfies the functional equation
tglu—z) + (1 —t)g(v —y) — g(t(u —z) + (1 = t)(v —y))
=tg(u—v)+ (1 —t)g(z —y) — g(t(u—v) + (1 = t)(z —y)), (6)
for all u,v,z,y € X if and only if g has the form
g(x) = ap+ a1(x) + asx(x,x), =z € X, (7)

where ag is a constant, a;: X — R is an additive function, as: X x X - R is a
bi-additive and symmetric function such that

ax(te,y) = tas(z,y), z,y€X. (8)

Proof. Without loss of generality we may assume that g(0) = 0. (otherwise we
replace the function g by g — ¢(0)). Put z =y in (6) to get for all z,u,v € X

tg(u—a)+ (1 =t)g(v —z) = g(t(u —2) + (1 = 1)(v —2)) = tg(u —v) = g(t(u —v)).

We can rewrite this equation as

tg(x) + (1 —t)g(y) — gtz + (1 = t)y) = tg(z —y) —g(t(z —y)), =z,y€X.

Using the well-known Dardczy and Péles identity of the mean ¥ (see [7])

r+y
2

r+y
2

:t[t :c—l—y]’

+(1_t)y} +(1—t)[m+(1—t)

we get

tg(tx+y +(1 —t)y) +(1 —t)g(tx—i— (1 —t)x—w) —g<x+y>

2 2 2
y— y—x
=tg(*5~) —o(t"57),
I\ I\"5

for all z,y € X. On the other hand,

W(E50) 0o o5 ) = (5 Y) - 5(e5Y)

for all x,y € X. Analogously,

e+ 005 ) oo 007 2) = (5) o 75)
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for all z,y € X. Multiplying the second equation by ¢ and the third by 1 — ¢ and
summing up these three equalities, after simplification, we obtain for all z,y € X

Tr+y

t(1—1) [g(w) +9(y) - 29(7”

) ()b )

Now, consider an odd and an even part of g, say g; and gy respectively. Note that
they both satisfy the equations (6) and (9), moreover, g;(0) = ¢2(0) = 0. For the
odd part g; the equation (9) reduces to

gl<w+y) _a@ral) oy

2 2 ’

Since g¢; is an affine function with condition g;(0) = 0 then it is additive.

The even part go satisfies the following equation for all x,y € X:

a0l o =205 - 25 ()

Hence with x + 2z ~ x and y + 2z ~ y we can write the previous equation as

T+ Tr— Tr—

t(1—t) [92(95+Z)+92(?/+Z) —292< 5 Y +Z>} =2 [t92< 5 y) — G2 <tTy>] (10)
for all z,y,2 € X. Note that the right-hand side of (10) is independent of z.
Therefore the left-hand side is unchanged upon setting z = —I—;y and next z = 0.
That is, we have

xr + X —
g2($)+gz(y)—292( 2y>=292( 2y), z,y € X.

m—;“y,v = ¥ we obtain

Setting u = 3

go(u+v) + ga(u — v) = 2go(u) + 2g2(v), u,v € X.

Since go is a quadratic functional then there exists a bi-additive and symmetric
map as: X X X — Rsuch that go(z) = as(x, z), forall x € X (see [1] Proposition
1, p. 166). Inserting this representation into (6) and simplifying we get the desired
form as(tx,y) = tas(x,y), forall z,y € X.

Conversely, it is easy to check that the maps of the form (7) and (8) are solutions
to the equation (6). O

Now, we solve the functional equation corresponding to the inequality (4) for w
of the form (5).



A. Olbrys / A Sandwich Theorem ... 897

Theorem 3.2. Let X be a real linear space, and let h: [0,1] — R be a function
such that h(t) # 0 for all t € (0,1). Then a function g: X — R satisfies the
functional equation

h(t)[sg(u —2) + (1 = s)g(v —y) — g(s(u —x) + (1 = 5)(v — y))]
= h(s)[tg(u —v) + (1 = t)g(z —y) — g(t(u —v) + (1 = t)(z —y))], (11)

for all u,v,z,y € X and s,t € [0,1] if and only if g has the form
g(x) = ap + ar(x) + as(z,x), z€ X, (12)

where ag is a constant, a;: X — R is a linear function, as: X x X — R is a
bi-additive and symmetric function with the property

as(tz,y) = tas(z,y), z,ye X, teR. (13)
Moreover, if the function ay is not identically equal to 0 then
h(t) =ct(1 —1t), te(0,1),
where ¢ € R is a constant.

Proof. Analogously as in the proof of the previous theorem we may assume that
g(0) = 0. Putting s = ¢ € (0,1) into (11) and dividing by h(t) we obtain the
equation (6). By Theorem 7 (together with the condition ¢g(0) = 0) the solution
of (6) is of the form

g(x) = a1(z) + as(x,x), =€ X,

where a;: X — R is additive, as: X x X — R is a bi-additive and symmetric
map. Obviously, an odd part of g is equal to a; and an even part is equal to the
diagonalization of ay and they both satisfy equation (11).

For an additive function a; equation (11) reduces to
h(s)[tai(x) — ay(tx)] = h(t)[sar(x) — ai(sz)], =€ X, s,t €[0,1].

Putting s = a € QN (0,1) in the above equation and using a Q-homogeneity of
a, we obtain
ha)ltar(z) — ar(t2)] =0, =€ X, t€[0,1],

and because h(«) # 0 this implies that
ai(tz) =tay(x), ze€ X, te(0,1). (14)
Substituting %x in the place of z and dividing by ¢ we get

1 1
al(gac) = ;al(ac), re X, te(0,1).



898 A. Olbrys / A Sandwich Theorem ...
This together with (14) gives
ai(sz) = say(x), x€ X, s€]0,00).

Because of the oddness of a; we infer that it is linear.

On the other hand one can check that the diagonalization of a, satisfies the equa-
tion (11) with ¢ = s if and only if for all z,y,u,v € X and t € [0, 1] we have

h(t)as(tu, x) — tag(u, ) + tas(x, x) — as(tz, ) + az(v, tv) — tas(v,v)
+tag(v,y) — as(v, ty) + tas(u,v) — as(tu,v) + as(tx,v) — ax(tv, x)
+as(x, ty) — tas(z,y)] = 0.

Putting * = y = 0 in the above equation we get
h(t)[az(t(v — u),v) — tas(v — u,v)] = 0,

which means that as(tz,y) = tas(z,y) for all z,y € X, ¢t € [0,1]. Since ay is
additive in the first variable then as(tz,y) = tag(z,y) for all z,y € X, t € R.

Substituting as back into (11) and simplifying, we obtain
h(t)s(1 — s)az(x,x) = h(s)t(1 — t)as(z,z), =€ X, s,t€(0,1).
Now, if ay is not identically equal to 0 then

h(t)s(1 — s) = h(s)t(L —t), s,te(0,1),

putting ¢ := s(hl(i)s) we get h(t) = ct(1 —t) for all t € (0, 1).

Conversely, it is easy to check that the maps of the form (12) and (13) are solutions
to the equation (11). The proof of our theorem is finished. O
4. Applications

Now, we apply our main result to the proof of a separation theorem for strongly
t-convex as well as for (¢, t,2)-approximately convex functions.

Theorem 4.1. Let (X, (:|)) be a real inner product space, let D C X be a t-
convez set, where t € (0,1) and let ¢ € R. Assume that the functions f,p: D — R
satisfy, for all z,y € D, the inequalities

fltz+ (1= t)y) <tf(z) + A=) f(y) + ct(l )]z —y|*, and
tp(x) + (1= )p(y) + ct(l — )]z — yl* < pltz + (1 - t)y).

If, moreover, p(z) < f(x) for all x € D, then there exists a function h: D — R
such that p(z) < h(x) < f(x) for all x € D, and,
h(

ct(1—t)||lx — ylI*

tr + (1 —t)y) —th(x) — (1 —t)h(y), z,y € D.
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Proof. Following Theorem 2.3 it is enough to check whether the function w: D x
D x [0,1] — R given by the formula

w(z,y,t) :=ct(l —t)||x — yHQa

satisfies the functional inequality (3). Obviously w is of the form (5), where
g: X — R is defined via the formula

g(z) = clz|® = c(z]x), z€X.

Since the map aqs(z,y) := c(z|y), =,y € X is bi-additive and symmetric with the
property

ay(tr,y) = c(tzly) = te(zly) = tax(zly), z,yeX
hence our result follows from Theorem 2.3 and Theorem 3.1. ]

Let us observe that using similar arguments and Theorem 2.4 and Theorem 3.2
instead of Theorem 2.3 and Theorem 3.1 one can prove the following theorem.

Theorem 4.2. Let (X, (') be a real inner product space, let D C X be a convex
set, and let ¢ € R. Assume that the functions f,p: D — R satisfy the inequalities

fltz+ (1 —t)y) <tf(z) + A=) f(y) + ct(L = )]z —y|]*, and

tp(x) + (1 —t)p(y) + ct(1 — t)|lz — yl|* < plte + (1 —t)y)

forallz,y € D andt € [0,1]. If, moreover, p(z) < f(x) for all x € D, then there
exists a function h: D — R such that p(x) < h(x) < f(z) for all x € D, and

ct(1 =)z —yl|* = htz + (1 = t)y) — th(z) — (1 = t)h(y), =,y € D, t € [0,1].
As a last consequence of our main result we present the theorem which gives
a characterization of an inner product space (see also [24]). There are several
papers which give conditions under which the norm in a real-linear space can be
defined from an inner product. The most famous result of this type was given

by Jordan and von Neumann [11] who proved that a linear metric space X is an
inner product space if and only if it satisfies the parallelogram low i.e.

Iz +yll* + llo — ylI* = 2[|2)* + 2lly[I*, @y eX.

A survey of characterizations of inner product spaces can be found in the famous
book of Amir [2].

Theorem 4.3. Let (X, || -||) be a real normed space. The following conditions
are equivalent:

(i) For an arbitrary numbert € (0, 1) there exists a function p: X — R such that
lz —yl* = to(x) + (1 = O)p(y) — plte + (1 = t)y), z,y€X.

(ii) There exist a numbert € (0,1) and a function p: X — R such that
lz = ylI* = to(2) + (1 = O)p(y) — p(te + (1 = t)y), z,y € X.

(iii) (X, || - ||) 4s an inner product space.
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Proof. (i) = (ii): trivial.

(ii) = (iii): note that because of (ii) and the proof of our main result the function
w: X x X x[0,1] — R given by

w(x,y,s):|]:c—y|]2, .Qj,yGX, s € [071]7

satisfies equation (6), where g = || - ||?. It follows from Theorem 3.1 that g has

the form
g(x) = ag + a1(z) + az(z,x), =€ X, (15)

where ag is a constant, a;: X — R is an additive function, as: X x X — Ris a
bi-additive and symmetric function such that

as(tz,y) = tas(z,y), z,y€X. (16)

Since ¢ is an even function and ¢g(0) = 0 then g(x) = as(x,z), x € X. Therefore
for all x,y € X we obtain

e+ yl* + [z =yl = ax(@ +y, 2 +y) + ax(z — y,x — y)
== a/2(xax> + 2a2(35;y> + a’2<yay) + CLQ(.]}',I') - 2a2($7y) + a2(y7y>
= 2a5(x, ) + 2as(y,y) = 2||z|* + 2|jy[*.

The norm satisfies the parallelogram low, which implies that (X, || - ||) is an inner
product space.

For the proof of implication (iii) = (i) take an arbitrary ¢ € (0,1) and define
p(x) = ||z||?/(t(1 — ¢)), * € X. Because the norm is defined from an inner
product then

tp(x) + (1 —t)p(y) —p(te + (1 = t)y) = |z —yl*, z,y € X,

which completes our proof. O
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