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1. Introduction

We are indebted to Richard Laugesen who drew our attention to some problems
in the proof of Lemma 2.3 in [2|. This lemma is crucial for the inequality of the
principal eigenvalue derived in Theorem 2.4 in [2]. Both results cannot hold in
this generality. We present here a new proof of Lemma 2.3 for a restricted class of
strictly convex domains and for a different constant. It relies on arguments from
convex analysis and potential theory and it raises an interesting question. For the
sake of completeness we start with the description of the harmonic transplanta-
tion before proving the corrected lemma. At the end we indicate the changes in
Theorem 2.4.

1.1. Harmonic transplantation

Consider the Green’s function with Dirichlet boundary condition given by

Ga(z,y) = ca(S(|lz —y]) — H(z,y)), (1)
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L ifn=2
where =13 o (2)
m lf’fl > 2
—In(t ifn=2
and S(t) = u(t) 1 "
t2—n ifn > 2.

For fixed y € Q the function H(-,y) is harmonic. Set Br = {z : |z| < R}. Then

cn (r¥™" — R*™)  ifn > 2,

cﬂog% if n=2.

GBR(O,I> = {

Definition 1.1. The harmonic radius at a point y € €2 is given by

e Hww) if n =2,
r(y) =

H(y,y)_n%2 ifn > 2.

The harmonic radius vanishes on the boundary 92 and takes its maximum rq at
the harmonic center y;,. For convex domains the center is unique (see [1, 4]).

The harmonic radius satisfies the isoperimetric inequality [5],[1]

| Brq| < 192]. (3)

Note that Gg,(x,0) is a monotone function in r = |z|. Consider any radial
function ¢: B,, — R thus ¢(x) = ¢(r). Then there exists a function w: R — R
such that

¢(r) = w(GB,, (x,0)).

To ¢(x) we associate the transplanted function U: Q — R defined by U(z) =
w(Ga(z,yn)). Then for any positive function f(s), cf. [5] or [1], the following
inequalities hold true

/|VU\2dx:/ IV|? dx (4)
Q T

B Q
|1z [ p@)an (5)
Q Brg
For our purpose we need an estimate of fQ f(U) dx from above.

1.2. Auxiliary lemmas for Green’s functions

We collect some results which will be used for proving (5) with the opposite
inequality sign. Let

O ={reQ:Gq(x,yn) >t}, B :={r€B,,: Gg,,(2,0) > t},

We write for convenience mgq(t) = || and mp(t) := |B|.
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Since the harmonic radii of the Green’s functions Gqt(x, y) and Gpt(z,0) are the
same we can conclude from (3) that

mq(t) > mp(t) forallt > 0. (6)

Next we show that the function

~—

mpg (t
mao (t)

is monotone increasing. This will give a bound for mgq(t) from above. The coarea

formula implies
t) 7 / L dsd
= _ s.
|VGQ ({E, yh)|

t o0

Q) =

ds. (7)

1
For £! a.a. t this implies mo(t) = — / m
Q\T, Yn

ot

Then by Schwarz’s inequality the (n-1)-dimensional Hausdorff measure can be
estimated as follows.

(Hn 1 aQt

/ |VGQ xt>yh
|VGQ It) yh)|

Golxe yn)| dS —ds ~Talt
/‘V Q ajt;yh ‘ / |VGQ xt,yh)| mﬂ()

o0t

Here we used the normalization of Gg(x,y) (cf. (2)) which implies

/]VGQ(xt,yhﬂdS:/—8Z,S(xt,yh) ds = 1.
ont ont

Equality holds for the ball. Then

iplt)  mp(ia(t) | (HTI@BY)?  mp(t)
mal) ~ ma() = ma@ mam Ut )

If we replace H"~1(99Q!) by its lower bound given by the isoperimetric inequality

Qt) =

(027 (M (0B

mi"t)  ~ my"(®)
we obtain
M) 1/ a0t 25 mp(t) - .
m%(t)(H (0))" 2 = 2 Dm0 (H"(0B"))

(t
)

H*H(0B"))*.
O
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The claim follows now from (6). The monotonicity of Q(t) leads to the estimate

1]
B

mp(t) > mq(t) for all ¢ > 0. (8)

ol

We shall also need the following well-known result, namely the strict convexity of
Q implies the strict convexity of Qf for all ¢ > 0. In this case VGq never vanishes
and (7) holds for all ¢ > 0.

1.3. Corrected Lemma 2.3

Define C(O) ™! := min {|VGq(z,yp)| : x € 0Q} .

The constant C(02) depends on the curvature of J€2. We shall also need the
constant

R :=max{|y — yn| : y € 00Q}.

The ball Bg(yp) centered at y;, and of radius R contains §2. Moreover let

5o = max {C(am <ﬁ>n_1 ~ma(0) } | ()

ro mp(0)

Lemma 1.2. Let Q be a bounded strictly conver domain. Suppose that f(s) is
positive and monotone increasing. Let ¢(x): B,, — R be radial and monotone
increasing. Then

sy ds <5 | st ds (10)
Proof. Integration along level surfaces implies
[ £y de = [ oty dmatt
= —lt) ma0fy + [l 0 malt) e
If f(w(0)) is bounded
| £0) do = oI+ [ 7)) ma(e .

The claim is thus proved if we find some 4g > 1 such that

FO)mal0) + [ ) o/ (6) malt)

< 50l (@(0))ms(0) + 7o / " ) () ma)
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This condition can be rewritten as

- /OOO flw(®) ' (1) (o ms(t) — ma(t)) di < f(w(0)) (Fa ms(0) — ma(0)).

Note that —f'(w(t)) w'(t) >0 for all ¢ > 0.
Thus it is sufficient to find 7q such that
P(t) =0 ms(t) = ma(t) < G ma(0) — ma(0)
and ’?Q ’ITLB(O) — mQ(O) > 0. (11)

Our goal is to determine Aq such that P(t) is nonpositive. By (7) and the subse-
quent arguments

P(t) = —Ao(H" ' (0B"))* + / m ds.
ont

For any point z; € 9Q' the mean curvature H(z;) of 9O is given by

VGo(xt, yn) - (D*Go(xs, yn)VGalxs, yn))

H(x) = ENCRIE >0
In view of the convexity of 9Q¢ this is equivalent to
VGq -V ([VGal’) >0  inQ. (12)
A direct consequence of (12) is
min {|VGa(z,ys)| : € B} = min {|VGa(z,ys)| : © € 0Q'} . (13)

Hence min {|VGq(z,yp)| :z € Q} = C(0Q)~". Then

H (09

1
——d5, < —
84 IVGa(x,yn)l b= min {|VGq(z,yn)| : © € 00}

= C(090) H (9.

Next we want to estimate H"~1(9Q!) from above. Since Br(y;) D € the maximum
principle for harmonic function implies

GBR('Z'a yh) 2 GQ(fE, yh)
Consequently QF is contained in Bl where
Bl :={x : Gp,(z,yn) > t}.

From the Cauchy surface area formula it follows that if C} C Cy are two convex
sets in R, then H"~1(9C}) < H""1(0C,). Thus we deduce that

HL(90) < H'L(OBL).
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Finally we obtain

P(t) < —3o(H"1(0B"))? + H" 1 (dBL)C(09). (14)
Set H" YOB') = H" 1 (0B%) q(t) where

n—1

anl(aBt) . tC;1+R27n n—2 .
q(t) = { # @B, ~ <T c;wg*”) ifn > 2,
= ifn=2.

Since R > rq this gives ¢(t) > (%)n_l.

Thus by (14):  P(t) < C(9Q) H* " (DBY) — 7o (%2)" " H(OB).

For any Yo > max {C(GQ) (ﬁ)n_l mq(0) }

0 ’ mB(O)

we have P(0) > P(t). This completes the proof of (11) and the lemma. O

Open problem. The constant 7 could be improved considerably if a more

precise estimate of
1
——— dS; = —1gq(t
i’ggt VG %= )

could be given. This requires mainly more information on the curvature of 9.

1.4. Application: upper bound for the principal eigenvalue of a mem-
brane with Robin boundary conditions of opposite sign

Consider the eigenvalue defined by

A(Q) = inf {/ \Vu|2dx—aj{u2d5} with /qux— land a>0. (15)
w2(@Q) \Ja 0 Q
The minimizer u is a solution of
Au+ANQ)u=01in 2, d,u = au on 02, J, outer normal derivative. (16)
If we choose a constant as a trial function in (15), we see immediately that A(€2)

is negative. Theorem 2.4 of our paper has to be replaced by

Theorem 1.3. If) C R is strictly convex with mazimal harmonic radius rq then
A(Q) <Fa A(Byy),

where vq is defined in (9). The equality sign is never attained.

The proof is the same as in [2], but uses the new version of Lemma 2.3.

Remark Lemma 2.3 was also used in [3]. There too it has to be replaced by
the correct version given in this Note. In particular the estimates concerning the
fundamental frequencies have to be adapted.
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