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1. Introduction

Let Q € R? be a bounded Lipschitz domain and $ > 0 be a fixed positive real
number. A number A € R is told an eigenvalue of the Robin problem for the
Laplace operator with boundary parameter [ if there exists a non-zero function
u € H'(Q) solving, in the weak sense, the problem

—Au = M\u in 2

1
%ﬂLﬁu:O on 0f) (1)
on

(here n is the outer normal on 09) following the approach in Chapter 6 of [3],

Voue HY(Q) /Vu-Vvdx—l—ﬁ/ uvd%d_le/uvdx.
Q o9 )

For every k € N, the k-th eigenvalue, that we will denote by the symbol Ag 5(2),
is given by the usual Rayleigh min-max formula

/ Vulde+ 3 [ w?dH"™!
o o o9
Ak,p(€2) énefsr,i u?é’é\iﬁ)} /u2 dz

Q

: (2)

where S denotes the family of all k-dimensional subspaces of H*(Q).
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We are interested in solving in R? the following problem
min {F(A15(€), ..., As(Q) + AP() : @ € R? bounded and convex}, (3)

where A > 0, F: R¥ — R is non decreasing and upper semicontinuous in each
variable and P(§2) is the perimeter in the sense of De Giorgi (for Lipschitz set
it holds P(Q) = HY1(09Q), see [1] for details). The prototypic problem of this
family is

min {1 5(Q) + ... + A s(Q) + AP(Q) : © C R? bounded and convex} .

We will prove an existence result for problem (3) and, under slightly stronger
hypotheses on F', we will be able to gain also regularity of the optimal sets. The
main result of the paper is the following theorem.

Theorem 1.1. Let F': R¥ — R be non decreasing and upper semicontinuous in
each variable. Then, problem (3) admits at least one solution.

Moreover, if F' is differentiable and its partial derivative with respect to the first
variable is strictly positive, then every optimal solution has C' boundary.

The result presented in the paper, up to the authors’ knowledge, is new in liter-
ature, although similar problems have already been studied in different settings
(e.g. with Dirichlet boundary conditions) and using different techniques. The
proof of existence of optimal convex shapes (Theorem 3.2) follows a standard
approach used in shape optimization problems with geometrical constraints: the
idea is to choose a suitable topology on open (or closed) sets that preserves con-
vexity, then to show that minimizing sequences enjoy some properties that assure
compactness in the chosen topology. The proof of the regularity of the convex
solutions (Theorem 5.3) is based on a cutting argument that allowed us to show
that, in order to minimize (3), it is more convenient to remove singularity, as for
instance corners in two dimensions.

The structure of the paper is the following. In Section 2 we recall the notation,
some tools and well known facts which are necessary to understand and obtain
our results; in particular, we will present a short survey on Hausdorff distances
(subsection 2.1), their good behaviour in the convex setting and their links with
the convergence in measure and of the perimeters and some properties of Ay (12)
if Q is a bounded Lipschitz domain (subsection 2.2). In Section 3 we obtain the
existence of optimal convex shapes minimizing (3) via direct methods of calcu-
lus of variations, proving that A; g is lower semicontinuous and that minimizing
sequences are compact and do not degenerate or stretch indefinitely in any direc-
tion. Then, in Section 4, we will estimate the gap between A, 5(€2) and A 5(€2),
where €2 is an admissible set with a singularity point on the boundary and (2. is
another convex competitor obtained by a suitable cut of €2 around the singularity
point. Finally, in Section 5, we will introduce the family of of convex energy sub-
solutions for (3), that generalizes the definition of solutions, then we will complete
the proof of Theorem 1.1 showing the regularity of the boundaries of the energy
subsolutions.
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2. Notation and preliminaries

In this section we will fix the notation used throughout the paper and recall some
definitions and tools which are applied in the following sections.

For x € R? and and r > 0, B,(z) will denote the ball of radius r centered in
x; when x is omitted, we consider the ball centered in the origin. For every
measurable set £ C R?, we will use the symbols y g for the characteristic function
of E and E° for its complement and tE for the rescaled set {tz:z € E}. As
usual, |E| and H*(F) (s > 0) stand respectively for the Lebesgue measure and the
Hausdorff s-dimensional measure of E; if E is a piecewise regular hypersurface,
HIY(E) coincides with its area measure. We will denote by H — dim(E) the
Hausdorff dimension of the set E; for sufficiently regular sets, it coincides with the
topological dimension of the set E, e.g. if F is an open set of RY, H —dim(E) = d
(for further details see Chapter 2, Section 8 in [1]).

For every open set ) C RY, we will denote by LP(€2) the usual Lebesgue space
of (classes of) p-summable functions, by W*?(Q) the Sobolev space of functions
whose (weak) derivatives are p-summable up to order k and by H*(€2) the (Hilbert)
space W*2(Q). For brevity’s sake, we will often use the symbol Rb(u) to de-
note the Rayleigh quotient in (2) computed for the admissible function u on the
set 2 with boundary parameter [3; when the boundary parameter does not vary
throughout the proofs, 8 is omitted.

In order to minimize (3) using the direct methods of the Calculus of Variation,
we need lower semicontinuity of the Robin eigenvalues with respect to the some
compact topology on the class of convex sets of R%; as we will see in Subsection
2.1, a good choice for our purposes is the Haudorff topology, that coincides with
the L'-topology on suitable classes of convex sets.

The following proposition is a particular case of Proposition 2.3 in [4] and gives
us a first result that will be useful in Section 3 to obtain the lower semicontinuity
of A\; 5 and then to gain an existence result in any dimension d.

Proposition 2.1. Let (E,).en be a sequence of bounded conver sets of R? and
let E C R? conver such that

1 d
lim sup Hdil((?En) < +00 and XE, Lg) XE-

n—o0

Let (un)nen CHYR?) and ue HY(R?) such that u, —u weakly in H*(RY). Then

HHOE) < liminf HYY(0F,) and / u? dH < liminf / u? dH
n—o00 SE n—o0 OE,

The next notion of convergence of functional spaces is very useful in shape op-

timization problems and will be used to obtain the existence of minimizers for

Problem (3).

Definition 2.2. (Convergence in the sense of Mosco) Let X be a Banach space
and (G,)n a sequence of closed subsets of X. We define weak upper and strong
lower limits in the sense of Kuratowski as
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w—limsup Gy, :=={u € X : 3 (i), Jup, € Gy, s.t. u,, — u weakly in X'},

n—-4o0o

s —liminf G, :={v e X : Ju,, € Gy, s.t. u, — u strongly in X}.

n——+o00

We say that G,, converges to the closed subspace G in the sense of Mosco if
w—limsupG, CG and G Cs—liminf G,

n—+00 n—r+o0
ie. if w — limsup G,, = G = s — liminf G,,.
n—r+00 n—+00

2.1. Hausdorff convergences

Theorem 2.1 is a key result in order to obtain lower semicontinuity of the Robin
cigenvalues with respect to the L'-topology. The only disadvantage is that no
topological properties of converging sequences can be deduced for the limit set in
this framework (we imposed in the hypotheses the convexity of the limit set). This
difficulty may be overcome choosing a suitable (compact) topology on the class
of convex sets that, under suitable hypotheses, coincides with the L!-topology for
converging sequences. To this aim, we introduce the Hausdorff distance between
closed sets.

Definition 2.3. (Hausdorff topology on closed sets) Let A, B C R¢ be closed.
We define the Hausdorff distance between A and B by

dy(A, B) := max { sup dist(x, B), sup dist(z, A)}

z€A z€B

The topology induced by this distance is called Hausdorff topology (or simply
H -topology) on closed sets.

The counterpart for open sets of the Hausdorff topology is defined below.

Definition 2.4. (Hausdorff topology on open sets) Let A, B C R¢ be open. We
define the Hausdorff-complementary distance between A and B by

dye(A, B) := dy (A<, B°).

The topology induced by this distance is called Hausdorff-complementary topology
(or simply H°-topology) on open sets.

These topologies turn out to be suited for our purposes as, under not so restrictive
hypotheses on the functional, they guarantee compactness of sequence of convex
sets. The following proposition contains some results proved in [6], Section 2.4,
and shows us that Hausdorff convergences preserve convexity and assure continuity
for Lebesgue measure and perimeters of convex sets.

Proposition 2.5. The following results hold for convex sets:
(i) If AC B, then H"1(0A) < HY1(OB);

(il)  If An, A are closed (respectively open) and convex A, — A with respect to
the H-topology (respectively H-topology), then xa, — Xa in L'; moreover,
if H — dim(A) = H — dim(A,), then H"1(0A,) — HTH(DA).
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(iii) |A| < pHTY(OA), where p is the radius of the biggest ball contained in A.

(iv) If a sequence (A,), of closed convex sets H-converges to a closed set A, then
A is a closed convez set; if a sequence (By,), of open convez sets H¢-converges
to an open set B, then B is an open conver set.

(v) Let B C R a fized compact set. Then, the class of the closed convex sets
contained in B is compact in the Hausdorff topology.

Remark 2.6. Let A, C R? be convex and uniformly bounded with |A4,| > m > 0
for every n € N it is easy to show that

4,52 s A 5A
The implication “<" follows by Proposition 2.4.10 in [10] (applied to a sequence
of convex sets). The converse implication follows by the definition of uniform
convergence of sets! and its equivalence with the H-topology on compact sets (see

Remark 2.4.2 in [6]). Indeed, since 4,,, A are contained in a compact set B C R,
we have that there exists n. € N such that, for every n > n.

A, cC A+ B., AcCA,+B..
Since A,, A are convex, we deduce that
D\ A,c (D\A)+B., D\Ac (D\A,)+B..
Then D\ A, H-converges to D\ A and so A, H°-converges to A.

In view of the previous equivalence, in the following we will speak only of Hausdorff
convergence, specifying if the involved convex sets are open or closed only where
necessary. Il

Hausdorff convergence of convex sets implies the convergence in the sense of Mosco
of the H' spaces under weak hypotheses.

Theorem 2.7. (see Theorem 7.2.7 in [6]) Let B C RY a compact set and let
0, Q) C B be open and convex. If Q,, H-converges to §2, then H(§2,) converges
to HY(Q) in the sense of Mosco.

Remark 2.8. Let us take Q,,Q as in Theorem 2.7 and u,, € H*({,) such that
|tn | 10,y < €, with C' > 0 independent on n. Using Definition 2.2, it is possible
to prove that there exists u € H'(2) such that, up to subsequences, i, —
strongly in L?(R%) and Vu, — Vu weakly in L?*(R% RY), where we denoted by
f the zero extension of the function f outside its domain (€2, and €2 for u,, Vu,
and u, Vu, respectively).

2.2. The Robin eigenvalues

In this section we will recall some properties of A, (€2) and remark some well
known facts about it. Many proofs and details of the results of this section could
be found in [7].

LA sequence of closed sets (K,,),, converges uniformly to a closed set K if, for every € > 0, there
exists ne € N such that, for every n >n.: K,, C K+ B., K C K,, + B-.
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By means of classical spectral theory, we can observe that (A, 5(£2)), is an increas-
ing, diverging sequence of strictly positive values for every f > 0 and Q C R
open, bounded and Lipschitz (as one deduce also by the formula (2)). Moreover,
the function 8 +— A 5(2) is strictly increasing.

Remark 2.9. (Scaling property and monotonicity under dilatation) For every
t > 0, we have

1
e p(tQ) = 7 et (€2).

Then, the Robin eigenvalues are not scale invariant. We only have a decreasing
monotonicity under dilatation; more precisely, for every ¢ > 1, by the scaling
property we have

Malt0) < T A0s(62) < Aeal©) (@

By several examples (see [9] for details), one can notice that there is no ge-
neral monotonicity under inclusions, unlike it happens for other problems (e.g.
Dirichlet, Neumann, Steklov). O

Remark 2.10. (Faber-Krahn inequality and global estimates on A\ 3(B,)) For
every admissible set €2, if B is a ball with the same measure of €2, it holds

Meg(B) < A g(Q); (5)

the equality holds if and only if also  is a ball (for details see [5],[8]). Together
with this property, we will use the following estimate on the first eigenvalue on a
ball of radius r (see e.g. [11], Theorem 4.5):

p Cafs
——— < \ig(B) < ———, 6
dr(1+ pBr) — 16(By) < r(14 pr) (6)
where Cy > 0 is a dimensional constant. This implies that A\ (B, ) is infinitesimal
as the radius r explodes and explodes as the radius r tends to zero. Il

We conclude this section giving two results regarding some properties of the Robin-
Laplacian eigenfunctions. The first proposition describes their regularity.

Proposition 2.11. (Regularity of the eigenfunctions) Let Q C R? bounded and
Lipschitz; then every solution of (1) is analytic in Q and belongs to H'(Q)NC ().

The next theorem will play a key role in proving the regularity of optimal convex
shapes. It provides a strictly positive lower bound for an eigenfunction for the
first Robin eigenvalue of a Lipschitz domain. A proof of this result is contained in
[2], Theorem 6.11(j), where the authors use a technique based on Cy-semigroups.

Theorem 2.12. (Strictly positive first eigenfunctions) Let 2 be a connected Lip-

schitz domain. Then there exist « > 0 and a first Robin eigenfunction u € C(QQ)
such that u > o.
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3. Existence of convex minimizers

In this section we will prove the existence of bounded convex minimizers for prob-
lem (3) using the direct methods of calculus of variations. In view of this strategy,
we need lower semicontinuity of the functional in (3) with respect a topology that
ensures compactness of minimizing sequences of convex sets. A first step is the
following proposition.

Proposition 3.1. (Lower semicontinuity of A 3) Let (€2,,),, be a sequence of open
convex sets converging to an open, non empty, convexr set § in the Hausdorff
topology and let Q,, be contained in a compact set B C R%. Then,

e p(02) < liminf Aes(82,)  for every k € N.
n—-+oo
Proof. Without loss of generality, we can suppose liminf,, . A 5(2,) < +o00.
Let V,, be an admissible space for the computation of Ay g(€2,,) such that

/\k,B(Qn) = H‘l/aX RQn

Let {u},...,u?} C HY(Q,) an L*(Q,)-orthonormal basis for V,,. Without loss
of generality we can suppose the sequence (A g(€2,)), bounded. So, for every
i=1,... .k

/ \Vu?|? do + 3 (u)? do < C.

n 0Qn

Then, sup,, ||t} ] g1(q,) < +oo for every i = 1,... k. Moreover, by Theorem 2.7,
H'(€,) converges to H*(Q) in the sense of Mosco; then, by Remark 2.8, there
exist uy,...,uxy € H'(Q) such that, up to subsequences, @, — u’ strongly in
L2(R%) and Vu, — Vu; weakly in L2(R?% R%). Notice that uy, ..., uy are linearly
independent in H'((2), since 2, converges to {2 also in measure; hence, the linear

space V' := span {uy,...,u} is a competitor for the computation of A 5(£2). Let
w = Y oyu,; realizing the maximum of the Rayleigh quotient Rqo(-) on V' and let
wy, = Y a;ul € V,. Observe that, up to subsequences, w, — w strongly in

L*(RY) and yq, Vu" — xoVw weakly in L?(R% RY). Since 2,2, are convex,
there exists a bounded operator that extends w, and w to the whole of R? in
such a way that w, — w weakly in H'(R%). We can thus apply Proposition 2.1
to wy, w and 0, dS) to have the lower semicontinuity of the boundary integrals.

Finally, we have the convergence of the volume integrals at the denominator and
the lower semicontinuity of the L2-norms of the gradients in the Rayleigh quotient.
Using the fact that w, € V,, we conclude that

e p(02) < max Rg = Rq(w) < liminf Rg, (w,) < liminf max Rq,

n—-+o0o n—+oo V,

= lim inf /\k,B(Qn>7

n—-+oo

obtaining the required lower semicontinuity of the eigenvalues. [
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We are now in a position to prove the existence of solutions of (3). The key point
of the following theorem is to proof that the diameters of the sets of a minimizing
sequence are uniformly bounded and that the limit set does not degenerate in any
direction.

Theorem 3.2. Problem (3) admits at least one bounded convex minimizer.

Proof. Let (,), be a minimizing sequence of admissible sets. From the opti-
mality of (Q,),, we have that sup, H¥1(0Q,) < +oc. Then, via isoperimetric
inequality, we also have sup,, |Q2,| < +00. Without loss of generality, up to trans-
lations and rotations we can suppose that

diam(Q,) = H' (. N{ry = ... = 24 = 0})
and that min (maX r; — min xl> = maxry — minxy
i=2,..d \ Q, Qn Qn Qn

i.e. the width of €2,, is minimal on the direction of the axe x;. We claim that
sup,, diam(€2,,) < 400 and that, up to subsequences,

hgn <IIS123X Z¢ — min J:d) > 0. (7)

We start proving (7) arguing by contradiction. Let us suppose that the limit in
(7) is zero; define
Q) = Q, N{zy =0}

and, for every ' € Q0. the segment
L(2") = {(2', zq4) € Qn} .

Let us consider an admissible function v € H'(€2,) for the computation of the
Robin eigenvalues of ,, and observe that, for every 2/ € Q0. the function x4 —
u(z’, x4) is admissible for the computation of the Robin eigenvalues of [,,(2"). Then
we have

/ \Vul* dz + 3 u? do
Qn (5928

/ W2 dz
/dm / [IV uf? + ( ) dxd+5/dx /u2(x’,xd)d7-[0(md)

nO l (:E "O Bl (:p’)

/ dz’ / u? dxy
Qng In(z")

2
/ / <@> drqg + w? (2, xq) dH (2g) | da’
Qnyy In(z) g Ol (')
>
/ ( / u? dxd) dz’
Q In(z’)

no

R(u) =
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2
/ (a—“> drg 18 [ W, 2a) dHO(xa)
Ln(z) axd

> min O (')

> . (8)
o' e / u? dxy
In(z")

Now, the term on the last side is a minimum computed among one dimensional
Rayleigh quotients on segments. Thanks to the monotonicity under homotheties
(4) and to the fact that all the [,,(z') are homothetical, we can conclude that the
required minimum is achieved on the longest segment ["** := [,,(Zn44), SO

a 2
/ <_8 ! ) dxg + B/ W (T maz, Ta) dH  (24)
R(u) > l:lnaa: xd al;lnaz

/ u? dxy
In(z")

as U(Tpmas, ) 18 a competitor in the computation of A g(I7'*"). Let us observe
that, as we are contradicting (7), the length of I'*" tends to zero as n goes to
infinity; then, by estimates (6), Ay g({"**) tends to +o00, so R(u) = +oo for every
admissible function u € H*(,,), which is impossible.

> A1p (1)

To prove that the diameters of the €, sets are uniformly bounded, we argue
straightforwardly by contradiction. If the sequence of the diameters was un-
bounded, as the €2, are convex and uniformly bounded in measure, the product

d
H (ngl%x T — H(lzlnn :cj)
j=1
has to be uniformly bounded in measure. In view of our assumptions, as the
diameter of €2,, tends to infinity, necessarily the first term of the product diverges
and so at least the smallest among the remaining d — 1 terms has to vanish; in
other words, we would have

lim (max Tg — min md> =0,
Q

n n n

in contradiction to (7).

Then (2,), is an equibounded sequence of convex sets which converge (up to
subsequences) to a bounded convex set €2 in the Hausdorff topology; moreover,
by Proposition 2.5, the convergence is also in measure. In addition, thanks to (7),
the limit set (2 is not degenerate (i.e. it has positive measure) and

P(Q) < lrllr_lgigj P(,).

Finally, thanks to the lower semicontinuity of the Robin eigenvalues (Proposition
3.1) and to the monotonicity and lower semicontinuity of the function F' in each
variable, we obtain

FA (), ..., 5(Q)) < liminf F(A (), ..., Aes(2n)),

n—-+o0o

so we can conclude that € is a minimizer of (3). O
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Remark 3.3. The previous existence theorem is still valid if, instead of penalizing
the perimeter as in Problem (3), we impose an uniform constraint on the measures,
on the perimeters or on the diameters of the admissible convex sets and minimize
only the functional F'(A; 5(€2),..., A\es(S2)).

4. Estimates on the cut set

The aim of the following part of the work is to show that, under some additional
hypotheses, the optimal convex shapes have C' boundary. We will prove this
regularity result for a larger class of sets, the so-called energy subsolutions for
Problem (3) (see Definition 5.1); we will see that optimal sets for Problem (3) are
also energy subsolutions. The technique to prove the regularity of the boundary
is rather intuitive: supposing, by contradiction, that an energy subsolution 2 has
a singularity point xzq for its boundary, we can cut a suitable “e-neighbourhood”
of g, obtaining a convex competitor €).; then, comparing the values of (3) for Q
and ()., we can observe that there exists a cut set strictly better than the optimal
set (), obtaining a contradiction. The key point of this approach is to estimate
the gap between A, 5(£2) and A, 5(€2.), for every h € N.

We will distinguish between the case d = 2 and d > 2, since the arguments used
are based on 2-dimensional sections and on a lower bound on the ratio between
two surface areas; in dimension larger than two this is not immediate as in R2.

4.1. The case d =2

In the planar setting, many assumptions can be done. First of all; as the boundary
of a convex 2-dimensional set is a Lipschitz curve, the only singularity points for
the outer normal are sharp corners, in which we can distinguish two different
tangent lines. In the following, without loss of generality, we will assume that 2
has only a singularity point coinciding with the origin, that € lies in the halfplane
{z1 > 0} and that the bisector of the corner between the distinguished tangent
lines is {z2 = 0}.

In any dimension d the situation is more involved. In this case, the singularity
set for the outer normal is at most a (d — 2)-dimensional locally Lipschitz variety
and it can happen that we have in every singularity point more than one couple
of distinguished tangent hyperplanes (e.g., in R3 the vertex of a circular cone has
infinite couples of tangent planes). In every case, without loss of generality, we
can assume that, chosen a singularity point for the boundary, it coincides with
the origin and that © lies in the halfspace {z; > 0}; moreover, we can rotate €2
and chose one of the couples of distinguished tangent hyperplanes in such a way
that their bisector is the hyperplane {4 = 0}.

Under these assumptions, for every dimension d and every € > 0, we define the
following sets:

Q. =0n{z; >¢e}, me:=Q\Q, 0. :=QN{xg=c¢}, s. : =90\ 0. (9)

Let us observe that, in view of our choice, the origin turns out to realize the
maximum maxXgem- dist(x,0.) = €.
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H'(se) ~e

Figure 4.1: Cutting procedure in dimension d = 2.

In the following lemma we show how the first eigenvalues decreases after a small
cut.

Lemma 4.1. Let Q C R? be an admissible set for (3) with a singularity point for
the outer normal. Then, there exist eg > 0 and C' = C(Q2) > 0 such that for every

0 < e < ep, we have
M () < A p(R2) — Ce. (10)

Proof. First of all let us remark that both H!'(s.) and H'(s.) are infinitesimal
of the same order of ¢ and that |m.| is infinitesimal of the same order of 2 as ¢
goes to 0; moreover, there exists a constant C; > 1, depending only on the set €2,

such that H'(s.) > C1H' (o).

Under the assumptions of the beginning of the section and using the same notation
as in (9), we compare A\; () with A 5(Q2). We consider u € H'(Q) a L*(Q)-
normalized eigenfunction for A\ g(€2) positively bounded from below (it exists in
view of 2.12); its restriction on €. is a test function for A g(€2.) and we have

|Vul? do + 3 u? do
)\1”8(93) < Q. 00

/qux
Qe
/|Vu|2dx+6/ u2da+6/ u2d0—6/u2da
< Q o0 O¢ Se
1—/ u? dx
< |:)\1’[3(Q)+ﬁ/ u2d0'—ﬁ/u2d0"| <1+2/ uzdx>

<A+ (/ u? da—/ u? da> + Cye?

(11)
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for & small enough. Fixed § > 0, with (u(0) 4+ 6)* < C1(u(0) — §)?, there exists
g9 > 0 such that
0<u(0)—d <u(r) <ul0)+0d

for every x € mg,, since u € C(§2) and «(0) > 0. In particular, as m. is decreasing
in e with respect to inclusions, we can choose gy small enough to satisfy (11).
Then we obtain

Ms(900) < Aa(90) + 8 (HH(02) (u(0) + 62 — H!(5.) (u(0) — 6)2) + Coe?
< M s(Q) + R (02) ((u(0) + 6)* — C1(u(0) — 8)%) + Coe?
S )\175(9) — 5035 + 0252 S )\175(Q> — 08,

where the last constant C' takes into account all the previous constants and de-
pends only on the domain €2. [

The behaviour of higher order eigenvalues is studied in the following lemma.

Lemma 4.2. Let Q C R? be an admissible set for (3) with a singularity point for
the outer normal. Then, for every h € N, h > 2,

)\hﬁ(Qg) < )\hﬁ(Q) + 0(8). (12)

Proof. Let us consider h eigenfunctions for the Laplacian Robin, say uq, ..., us,
associated to A1 (), ..., A\ () such that they form an L?-orthonormal basis of
S :=span{uy,...,uy}. Let us consider S as a test space for the computation of
An,5(§2:); precisely, we can restrict ourselves to the subset of span {u1|q., . .., upla. }
of functions of the form S | afu; with 32" (a$)® = 1. This compactness hy-
pothesis on the coefficients ensures us that, up to subsequences, of — «; € [—1,1]

and
h h
E € E
;U — ;U
i=1 =1

strongly in H'(€2). In the following we will denote by (a5, ..., a5) and (ay, ..., ap)
two h-ple of coefficients that maximizes Rgs and RY in S. We claim that @ — 0 if
Xig(Q2) < Anp(2). To prove this claim, observe first that A\, 5(2) = max,cs R(u),
since at least uy, € S is associated to A g(£2). Then we have

2 2
/ ‘ Z o;Vu;| dr+ S (Z ozz-ui) do
Q i o0 i
>\h75<Q) = maXER 3
S 7;2’; a;U; dx
3l /Q (Z ) (13)
i Q )9)

Let us compute the quantity between brackets using the Robin boundary condi-
tions, integrating by parts and recalling that the u; and u; belong to an orthonor-
mal basis of eigenfunctions:
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/Vui-Vujdx—l—ﬁ Ui“de:/Vui-Vujdx—/ ui%da
Q o0 Q o0 on

= — / U,Z'AUJ' dr = )\j,B(Q) / U; Uy dr = )\%5(9)(5@
Q Q
So, by (13), we obtain

M) =D @A s(Q)d; = > @i (),

that implies that all the coefficients related to A; 5(2) < A 5(£2) have to be 0.

In view of this remark, for any ¢ > 0 sufficiently small, we estimate Aj, 3(€2.) using
S as a test space:

/QE’ZCY;-EVUZ. 2dg;-|-ﬁ o, (Za?ui>2d0
Mp(Qle) = max  —— T
e / (3afu) as

</Q‘;afVui2dx+5 m(;afuifda
N 1—/ (Z@?ui)zday
6/ <Za§ui>2dg—ﬁ/ (Zam)zda

1—/ (Zafuin:c
§/\hﬁ(Q)—i—B/(Z@?ui)zda—ﬁ/(Z@jui>2da+C|me|. (14)

Observe that, for every i = 1,..., h, @ —@; — 0; moreover, following the remark
at the beginning of Lemma 4.1 about the infinitesimal order of H!(o.), H'(s.)
and |m.|, by (14) we have

+

Ang(§2e) < Anp(Q) + 8

/06 (Z(af — @) u; + 6,~u,~>2 do

%

—/ (Z(Ef—ai)ui—i—@iui)zda

Se i

< s(Q) + B (/, (Zau)Q do — / (me da) +oe).

+ Ce? (15)
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To estimate the boundary integrals in the last term, we have to distinguish two

cases. If ,
<Z@iui(0)> £0,

then, for any sufficiently small €, we proceed as in Lemma 4.1 and conclude

/06 (;aﬂli>2d(7— /Se (;aiul)Qdo’ <0.
It (Z@W(O))Q o,

the uniform continuity of the eigenfunctions u; on m. implies that both integrands
go to zero as € goes to zero and so the boundary integrals are infinitesimal of higher
order than e. In both cases, by (15) we obtain

Mg (8) < Anp(2) + ofe). O

Remark 4.3. Let us compare the results of the previous lemmas. In Lemma 4.1
we proved that, after a small cut, the first eigenvalue decreases by a term of the
same order as the perimeter. On the other hand, in Lemma 4.2, we proved that
a small cut could at most increase A\, g (h > 2) by a term infinitesimal of higher
order than the perimeter. In other words, the possible increase of A 5 (h > 2) is
infinitesimal of higher order than the decrease of A; g.

4.2. The case d > 2

The case of higher dimension is quite different. Recalling the notation introduced
in (9), the key point is to prove that the ratio H? !(s.)/H% 1(0.) has a lower
bound strictly greater than 1, as in the planar case. It is not trivial at a first
sight, but fortunately this obstacle can be overcome taking into account suitable
2-dimensional sections of ) around the singularity point of the boundary. We
will get the required lower estimate in the following lemmas, the first holding in
dimension 3, the second holding in any dimension. We chose to expose separately
the cases of dimension d = 3 and of higher dimension for a better clarity for the
reader, although the proofs are quite similar.

Lemma 4.4. Let Q C R? be an admissible set for (3) with a singularity point
at the origin for the outer normal and let us consider s. and o. as in (9). Then
there exists C > 1 such that H*(se)/H*(cc) > C for every e > 0.

Proof. Let us use the same convention as in (9), so that the origin is a singularity
point for 0f2, and let us assume that the outer normal to 02 is discontinuous in the
origin with respect to the direction of the x5 axe. Let us consider two distinguished
tangent hyperplanes at the singularity point; without loss of generality we can
assume that the bisector of the two planes is the plane {z2 = 0} their intersection
V is the line {z; =22, =0, }.
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Under these assumptions, the orthogonal projection V. of V' onto o. is a segment on
the line {z; = ¢, 25 = 0}, and it can be expressed by x; =0, 2 =0, a. < z3 < b,
with a. < 0 < b.. Moreover, the orthogonal space V* is a 2-dimensional plane
and the section c. := s. N V" is given by a Lipschitz curve with a corner point in
the origin. Notice that

VJ' = {1'3 = O}

and that, denoting by I. the segment o. N V<, the curve c. is the graph of a
concave function defined on /.. So, as in the planar setting (see 4.1), there exists
a > 0 such that

X

'(c2)
H(Le)

> 14+ a for every € > 0 sufficiently small. (16)

The idea to estimate H?(o.) in terms of H?(s.) is based on the Fubini’s theorem:
we will split the 2-dimensional surface integral in two 1-dimensional integrals in
the variables x5, z3 and we will estimate uniformly from above the 1-dimensional
sections of s, with the 1-dimensional sections of o.. Let us define

lg(.’lfg) = 0¢ N (VJ_ + 333)

the 1-dimensional slice of 0. passing through (0,0, z3) and parallel to I. = [.(0).
If we denote by
co(z3) == 0. N (V4 x3),

then ¢.(0) = c.. Moreover, by continuity and (16), the above constant a > 0 can
be chosen in such a way that

M (ce(z3))

Hill(zs) ~ T )

for every a./2 < x3 < b./2. Let us remark that, in every case, the ratio above is
greater or equal than 1 for every x3 €la., b.][.

Recalling that s. is the graph of a concave function ¢ = ¢(z2,x3) on o., let us
estimate from below the area of s. N {z3 > 0}:

H(s. N {x3 > 0})

_ / VI VO day ds + H2(s. 0 {b./2 < 25 < b.})
oeN{0<x3<b. /2}
be /2
> / da:g,/ V1+|Vo|2dry +H* (0. N {b./2 < 25 < b.})
0 ls(333)

be /2
> / dl'g/ V1 (04,0)% dag + H* (0. N {b./2 < 25 < b.})
0 la($3)

o [ B ) dr 4 M2 )2 < 1 < ) (1s)

0
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be/2

Z (1 + Oé) Hl(lg(ftg)) d]?g + HQ(O'g N {b5/2 S T3 S bs})

Z (1 + Q)H2<Ue N {0 S I3 S be/Q}) + H2(Us N {bs/2 S T3 S bs})
= H*(o. N {w3 > 0}) + aH* (0. N {0 < z3 < b./2}).

Let us notice that, as o. N {x3 > 0} is convex, there exists a positive constant
~v < 1 depending only on 2 such that

H* (0. N {0 < w3 <b./2}) > vH* (0. N {x3 > 0}).
Then, replacing the estimate in (18), we obtain

H?(s. N {xs > 0}) > (1 + ay)H* (0. N {zz > 0}). (19)
Reasoning for 3 < 0 as above we obtain

H?(s. N {z3 < 0}) > (1 + ay)H? (0. N {z5 < 0}),
that combined with (19) gives us the thesis (with C' =1+ a). O

In higher dimension we obtain the same result, after noticing that we can reason
similarly to the previous Lemma on each dimension that is orthogonal to a suitable
2-dimensional section.

Lemma 4.5. Let Q C R? (d > 3) be an admissible set for (3) with a singularity
point at the origin and let us consider s. and o. as in (9). Then, there exists
C > 1 such that H 1 (s.)/H (o) > C for every e > 0.

Proof. Let us start remarking that, in view of the assumptions below (9), the
intersection V' between two distinguished tangent (d — 1)-dimensional hyperplanes
at the singularity point is a (d — 2)-dimensional hyperplane whose orthogonal
projection onto o, say V., is a convex, (d — 2)-dimensional set.

Let us observe also that ¢, := s. N V+ is given by a Lipschitz curve with a corner
point in the origin and that, told I, := o.NV*, there exists a constant a > 0 such
that the same estimate as in (16). To achieve the thesis, it is enough to repeat the
same argument in the second part of 4.4 on each of d — 2 (orthogonal) segments
passing by the orthogonal projection of the origin onto ¢. and parallel to the first
d — 2 Cartesian axes. O

Now we are in a position to state the analogues of 4.1 and 4.2; we omit the proof
as it is straightforward, replacing ¢ by the surface area H? (o).

Lemma 4.6. Let Q C R? be an admissible set for (3) with a singularity point
for the outer normal. Then, there exists ¢g > 0 ad C = C(2) > 0 such that, for
every 0 < & < g9, we have A 5(Q:) < A 5(Q) — CH(o,).

Moreover, for every h € N, h > 2: X\, 5(Q:) < M\np(Q) + o(H¥ 1 (ay)).
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5. Regularity of optimal convex shapes

The aim of this section is to prove a regularity result for the optimal shape whose
existence has been proved in 3, to complete the proof of Theorem 1.1. We will
prove a more general result, i.e. the C'-regularity of the boundary for a larger
class of sets.

Definition 5.1. (Energy subsolutions) Let  C R be a convex bounded set. (2
is said an energy subsolution for problem (3) if, for every convex set 2 C ),

FAp(),...; 6 5(02) < F(Ag(0),..., A s5(2)).

Remark 5.2. Intuitively, a convex set () is an energy subsolution when its “en-
ergy” Fi(A15(9),..., A\ 5(£2)) is minimal compared to his convex subsets. Roughly
speaking, thanks to the monotonicity of F' and of \j, 3 under dilatations, if QcQ
is an admissible set and we focus only on the energy term, it is convenient to
rescale () to obtain a wider convex set with lower energy; on the other hand, this
increases the perimeter term in (3), as the two terms seems to be in competition.
This behaviour suggests us that a convex solution should balance the two com-
peting terms with the lowest energy possible. In view of this, let us remark that
every minimizer  of (3) is also an energy subsolution; in fact, for every Q C Q,
using the monotonicity of the perimeter of convex sets under inclusions, we have

F(Aip(9), ..., Aes() + AP(Q)
< F(Ap(Q), .- Aes(Q) + AP(Q) < F(Mip(), ..., Aep() + AP(Q),

that implies  F(A1.5(Q),..., A s(Q) < F(As(Q),. .., As(Q)). O

The following theorem will give us the required regularity for energy subsolutions.
To prove it, we will argue by contradiction, supposing that an energy subsolution
() has at least a singularity point for the outer normal and cutting a piece of €2
around this point; the obtained cut subset will give a strictly smaller energy than
2, in contradiction with the definition of energy subsolution.

Theorem 5.3. (Regularity of the energy subsolutions) Let F': R* — R satisfy
the same hypotheses as in (3) and, in addition, let it be differentiable in each
variable each wvariable with strictly positive derivative with respect to the first
variable. Then, every energy subsolution for problem (3) has C' boundary.

Proof. Let Q be an energy subsolution for (3) and consider 2. and o, as in (9).
Considering a Taylor expansion of F' and the results in Lemma 4.6, we obtain for
sufficiently small €

F(/\L/B(Q&)? SRR )‘k,ﬁ(Qa»

= F(As(Q), - dep() + ) g—i(/\l,ﬂ(ﬂ% o Mg () - (An(Q22) = An(€))

h=1
+o(H"(02))
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< F(Ap(Q), - Ak,ﬁ(Q))—g—i(Al,a(Q% s M () - (CHTH(o2)) +o(H (02))

< F()\Lg(Q), ey )\kﬁ(Q))
in contradiction to the fact that €2 is an energy subsolution. Il

Proof of Theorem 1.1. Problem (3) admits a convex bounded solution 2 thanks
to 3.2; by Remark 5.2, this solution is also an energy subsolution, then, under the
additional hypotheses of F', by Theorem 5.3, Q has C'! boundary. O

5.1. Further remarks

Using analogous techniques, it is possible to prove an existence and regularity
result for the problem

min {\; 5(Q2) : Q@ C D, Q bounded and convex, || =m},

where D is a fixed bounded open set and m > 0. In this case, if the ball of measure
m is not contained in D, the problem is not trivially solved: the existence is due
to a standard compactness argument for a priori uniformly bounded convex sets
of fixed measure and lower semicontinuity of the Rayleigh quotient, the regularity
arises from the same argument used in Theorem 4.1, which remains valid in every
dimension. In a similar way, the problem

min { A, 5(2) + AP(Q2) : Q bounded and convex},

with A > 0, has a C! solution. The existence is gained with the same arguments
in 3.2. The regularity is obtained by contradiction as a consequence of 4.6: the
gap between P(Q2) and P(€).) decreases to zero more slowly than the difference

Mg (2) — A g(£22).
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