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An Eaton triple is an algebraic system related to a decomposition statement for vectors of
an inner product space V and to some special inner product inequality connected with this
decomposition. The Spectral Decomposition for the space of Hermitian matrices associated
with Fan-Theobald’s trace inequality is a typical example of such a situation. In this paper,
for a given Eaton triple (V, G, D) and for a function F': V — R, invariant with respect to the
group G acting on V', we study the problem of extending convexity of F' from the convex cone
D C V to the space V. In our approach we reduce the problem from E-system (V, G, D) to its
subsystem (W, H, E). Thus we obtain some results related to theorems due to J.von Neumann,
C.Davis, A.S.Lewis and T.-Y.Tam et al. Analogous problems are discussed for -uniform
convex functions and c-strongly convex functions. Finally, applications are given for matrix
spaces endowed with the structure of Eaton triple.
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1. Introduction

In this paper we deal with relationships between the -convexity of a group in-
variant real function on a linear space and the 1-convexity of this function on its
subspace. In particular, we study corresponding problems for c-strongly convex
functions. To do so, we utilize the theory of group majorizations and of normal
decomposition systems and Eaton triples (E-systems).

In this expository section we present notation, relevant definitions and theorems.
We also demonstrate a brief history of similar problems for convex functions.

Throughout, the symbol M, (C) stands for the space of n x n complex matrices,
and U, stands for the group of n X n unitary matrices.

By s(X) = (s1(X),...,s,(X)) we denote the n-vector of singular values of a
matrix X € M,,(C), where s;(X) is the ith largest singular value of X,i =1,...,n,
ie., si(X) = N(X*X)Y2 is the ith largest eigenvalue of the hermitian matrix
(X*X)V2 i=1,...,n.
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We say that a norm ||| - |||: M, (C) — [0, 00) is unitarily invariant, if
U1 X Us||| = ||| X]|| for all X € M,,(C) and Uy,U; € U, (1)

(cf.[1, p.91]). Equation (1) can be interpreted as the G-invariance of the norm
[l - [Il, where G is the group of unitary equivalences Uy (-)Us with Uy, Uy € U,,.

A norm || - ||: R® — [0,00) is said to be a symmetric gauge function if || - | is
invariant with respect to the group GP, of n x n generalized permutation ma-

trices (cf. [1, [p. 44]). Recall that each row and column of an n x n generalized
permutation matrix contains unique nonzero element equal to 1 or —1.

By Hl,, we denote the linear space of n x n hermitian matrices.

By A(X) = (M(X), ..., A\ (X)) we denote the n-vector of eigenvalues of an hermi-
tian matrix X € H,, where \;(X) is the ith largest eigenvalue of X, i =1,...,n.

A function F': H,, — R is said to be weakly unitarily invariant on H,,, if

F(UXU*) = F(X) forall X € H, and U € U, (2)

Property (2) says that F'is G-invariant, where G is the group of unitary similarities
U(-)U* with U € U,

Below we review some relevant results related to the problem of characterizations
of group invariant functions.

Theorem 1.1. (von Neumann [24]) Let ||| - |||: M,(C) — [0,00) be a unitarily
invariant norm on M, (C). Then

XTI = NIs(X)II for X € M,(C),
for some symmetric gauge function || - || on R™.

Theorem 1.2. (Davis [2]) Let F': H,, — R be a weakly unitarily invariant convex
function on H,,. Then F is of the form

F(X) = f(MX)) for X € Hy,
for some convex function f on R™ invariant under coordinate permutations.

Let g = t @ p be a Cartan decomposition of a real semisimple Lie algebra g. Here
@ means the direct sum with respect to the Killing form of g, and p is the Cartan
subspace of g. By K we denote a maximal compact subgroup of the adjoint group
Int (g). Here t is a subalgebra of g tangent to K. Ad (K) is a subgroup of the
orthogonal group on p (with respect to the Killing form of g). By a we denote a
maximal Abelian subalgebra in p. Now, D is the closed Weyl chamber and W is
the Weyl group acting on a. For = € p, by 7(z) we denote the unique element of
the set DN (Ad K)z.

Theorem 1.3. (Lewis [11, Theorem 2.5]) Let f: a — [—00, 00| be a W -invariant
function. Then f is convex on a iff f o~ is convex on p.
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Theorem 1.4. (Lewis [11, Theorem 3.7]) AdK -invariant norms on p are those
functions F' of the form f oy, where f is a W-invariant norm on a.

Definition 1.5. Let (V,(-,-)) be a real inner product space with dimV < oo.
Let G be a closed subgroup of the orthogonal group O(V') acting on V. Let D be
a closed convex cone in V. We say that the system (V,G, D) is an Eaton triple
(for short, E-system), if

(A1) DN Gz is nonempty for each z € V., where Gx = {gx : g € G},
(A2) (gz,y) < {(z,y) forall z,y € D and g € G.

It is known (see [13, p. 14]) that for an E-system (V, G, D), the intersection DNGx
is a singleton set for each x € V.

Definition 1.6. If axioms (A1)-(A2) are met then the unique element of DNGx
is denoted by . Thus the map (-),;: V — D,V 22 — x| € D, is defined. The
triple (V, G, (+),) is called a normal decomposition system, and (-); is called the
normal map of E-system (V, G, D) (see [11]).

It is easy to verify that for each x € V/,

x =gz, for some g € G, (3)
(x))y = 2y, (4)
(gx), =z, for g € G. (5)

Property (3) says that each € V' has decomposition gz;. And (4) is the idem-
potence of the normal map (-),. while (5) asserts that (-); is G-invariant map.

We define the preorder of G-majorization <5 on V, as follows.

Definition 1.7. For the group G C O(V) and z,y € V, we say that y is G-
majorized by x, and write y <¢g x, if y € conv Gz, i.e., y belongs to the convex
hull of the G-orbit Gz = {gx : g € G}.

Definition 1.8. A real function F': I — R is said to be G-increasing (resp. G-
decreasing) on a set I C V, if for z,y € I,

y <g x implies F(y) < F(z) (resp. F(y) > F(x)).

Under the axioms (A1)—(A2), for z,y € V,

y=<cgao iff y <gxy iff (y,,z) <(x;,z) forall ze€ D. (6)
Moreover, (), 2) = maéc(gx, z) forz eV and z € D. (7)
ge

It follows from (6)—(7) that
(x+y), <¢z,+y, forzyeV, (8)

(px), =pxy forxeVand0<peR (9)
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Example 1.9. We define the notion of majorization < on R" [12]. For z =
(x1,...,2,) € R" and y = (y1,...,yn) € R", we say that y is majorized by x,
and write y < x, if the sum of k largest entries of y does not exceed the sum of &
largest entries of x for each k = 1,...,n, with equality for £ = n. We take

n
V= R" with the inner product (z,y) = > x;y; for =z = (z1,...,2,) € R” and
y:(yl)"'7yn)€Rnu =1
G = P, = the group of all n X n permutation matrices,

D = {(x1,...;2p) ER" 12y > ... > 2,,}

(see [3, 4]). Then (V, G, D) is an E-system, and for z,y eR"™: y < z iff y < x.

Example 1.10. We introduce the notion of absolutely weak majorization <.,
on R". Let x = (x1,...,2,) € R" and y = (y1,...,yn) € R". We say that y
is absolutely weakly majorized by x, and write y <4, x, if the sum of k largest
entries of |y| = (Jy1l,...,|ya|) does not exceed the sum of k largest entries of
|z| = (|z1], ..., |xn]) for each k =1,... n.

If the entries of x and y are nonnegative then we write y <., = in place of y <., x.
The preorder <, is called weak majorization [12]. We consider

V' = R™ with the inner product (z,y) = i z;y; for v = (xq,...,2,) € R and
y=(y1,---,yn) € R", =1

G = GP, = the group of all n x n generalized permutation matrices,

D = {(z1,...,2p) ER" 12y > ... > 2, >0}

(see [3,4]). Then (V,G, D) is an E-system, and for z, y e R™:  y <¢ = iff y <4 .

Definition 1.11. For a given E-system & = (V,G, D), we define V; = span D
and Gy = {g € G : gVp = Vp}. If in addition & = (V4, Gojy,, D) is E-system, then
&o is called reduced system (triple) of E.

For notation simplicity, we write (V4, Go, D) in place of (Vy, Gojy,, D).

In the previous context of a semisimple Lie algebra g = t @ p, the triple £ =
(p,Ad K, D) is an E-system. In addition, (a, W, D) is the reduced system of &
(cf. [11, [Propositions 3.3-3.4]).

Theorem 1.12. (Tam and Hill [20, Theorem 4]) Assume that (V,G, D) is an E-
system and (Vy, Go, D) s its reduced system. A G-invariant function F': V — R
is conver on V' iff the restriction Fly, is convex on Vj.

Theorem 1.13. (Tam and Hill [20, Theorem 6]) Assume that (V,G, D) is an E-
system and (Vy, Go, D) is its reduced system. A G-invariant function F': V — R
is a norm on V' iff the restriction Fjy, is a norm on Vj.

Definition 1.14. Assume (V, G, D) is an E-system. Let H be a closed subgroup
of G, W be an H-invariant subspace of V' (with the inherited inner product), and
E C W be a closed convex cone included in D. The triple (W, H, E) is called a
subsystem of (V,G, D), if (W, H, E) is an E-system.
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Hereafter we write (W, H, E) instead of (W, H|w, E). The reduced systems of
E-systems are special examples of subsystems.

Below we quote some characterization of subsystems of E-systems (see [14, The-
orem 3| and [13, Theorem 3.2], cf. [15, Theorem 3.6]).

Theorem 1.15. ([14, Theorem 3|) Suppose (V,G, D) is an Eaton system. Let
H be a closed subgroup of G, let W be an H-invariant subspace of V', and let
E C W be a closed convex subcone of D. Let P and () be the orthoprojectors,
respectively, from V' onto W and from span D onto span E. Assume QD = E.
Then the following statements are mutually equivalent:

(a) (W,H,E) is a subsystem of (V,G, D).

(b) Pz =y Qx, forzelV. (10)
() wclJoE, (11)
geG
and, in addition, the orderings <y and =g coincide on W, i.e.
y=wz iff y=cx for v,y e W. (12)
() w=|Jnre (13)
heH

On account of Theorem 1.15, given a subsystem F = (W, H, F) of an E-system
€ = (V,G, D), the normal map (-); for F is the restriction to W of the one for £.

Remark 1.16. In Theorem 1.15, if D = FE, then spanD = span F and the
operator @ is the identity on span D. Therefore the triple (W, H, E) becomes
(W, H, D), and inequality (10) takes the form:

Px gz, forzeV. (14)

2. E-systems and convex functions

In this section, for a given G-invariant function F' we study the problem of ex-
pansion of the (usual) convexity of F' from a linear space W to a linear space V
such that W C V. To this end, we equip both the spaces with the structure of
E-systems & = (V,G, D) and F = (W, H, D), so that F is a subsystem of £. We
do not assume that F is the reduced triple of £ as in Theorems 1.12 and 1.13.

We begin our discussions with two basic lemmas. The former shows a relationship
between G-invariant functions and the normal map of an E-system (V, G, D). The
latter gives the equivalence of the G-increasity and G-convexity.

Lemma 2.1. Let (V,G, D) be an E-system with its normal map (-),. Let F: 'V —
R be a function. Then the following statements are equivalent:

(i)  F is G-invariant on V,

(ii) F is of the form F(x) = f(x)) forx € V, where f: D — R is a real function
on D.

(iii) F(x) = F(x}) forze V.
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Proof. (i)= (ii). Assume that F'is G-invariant on V. We define f = Fjp.

Take any x € V. There exists gy € G such that x = gox; (see (3)). Therefore
F(x) = F(gor,) = F(x;) = Fp(x;) = f(x,), because x; € D. Thus we have
F(x) = f(x). The arbitrariness of z € V' gives F' = f((),), as required.

(ii) = (iii). Suppose that F(z) = f(z,) for x € V, where f: D — R is a real
function on D. In particular, for v+ € D C V, we have x; = x, and therefore
F(z) = f(x;) = f(x). This means Fjp = f. In consequence, F(z) = Fip(z,) =
F(x,)) for x € V, as claimed.

(iii) = (i). Assume F(z) = F(x;) for z € V. Then we get F(gz) = F((9z),) =
F(xz,) = F(z) for any x € V and ¢ € G, because (-), is G-invariant. Hence F' is
G-invariant. This completes the proof. ]

Definition 2.2. We say that a function F': V — R is G-convex on a set ICV, if

F(prgrz+ ...+ pugnz) <pi1F(giz) + ... + puF(gn)
foreel,neN g,....,9, € Gand py,...,p, > 0with p; +...+p, = L.

Evidently, (usual) convexity of a real function on V' implies its G-convexity on V.

Lemma 2.3. Let (V,G,D) be an E-system and F:V — R be a G-invariant
function. The following statements are equivalent:

(i)  F is G-increasing on V.
(i)  F is G-convex on V.
Proof. (i) = (ii). Assume that F' is G-increasing on V. Fix any =z € V|,

n €N, g,...,9,. € Gand py,...,p, > 0 with p; + ... +p, = 1. Denote
Y =pig1x + ...+ ppgnx. Then y <g x. Hence F(y) < F(x), i.e.,

Fprgrx+ ...+ ppgnx) < F(x) = p1 F(2)+ ...+ F(2) = p1 F(g12) + ...+ p F(gnx).

The last equality is due to the G-invariance of F'. Thus F' is G-convex on V.

(ii) = (i). Assume that F'is G-convex on V. We shall show that F is G-increasing
on V. Let z,y € V be such that y <¢ . Then y = pyg12 + ... + prg,x for some
neN, g,...,g9, € Gand py,...,p, > 0 with p; + ... 4+ p, = 1. Therefore

F(y) = F(pigix + ... + pngnx) < piF (1) + ... + puF(gn7)
=pmF(x)+ ...+ p,F(x) = F(x),

which completes the proof. [

In the next theorem, for a given E-system (V,G, D), we expand the property of
(usual) convexity of a G-invariant function F' from the convex cone D C V to the
linear space V.
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Theorem 2.4. Let (V,G,D) be an E-system, and F:V — R be a G-invariant
function. Then the following four statements are mutually equivalent:

(i) F is convex on'V,
ii) F is convex on D, and F is G-conver onV,

(iii) F s convexr on D, and F is G-increasing on V.,
(iv) F is convexr on D, and F is G-increasing on D.

Proof. (i) = (ii). Assume that F is convex on V. Since D C V/, it is evident that

F'is convex on D. Additionally, the convexity of F' on V ensures the G-convexity
of FonV.

(ii) = (iii). We appeal to Lemma 2.3, to obtain the required result.
(iii) = (iv). This is clear by the inclusion D C V.

(iv) = (i). Let F' be convex on D, and F' be G-increasing on D. We shall prove
that F'is convex on V. Let xy,...,x, € V be arbitrarily fixed.

Take any p; > 0,...,p, > 0 such that > p; = 1. Since
i=1

Zpixi = qo (Z pixi> for some gy € G
i=1 i=1

!
(see (3)), in light of the G-invariance of F', we see that

F <Zpla:2> =F| g0 <2p2x1> =F (szxl) ) (15)
i=1 i=1 J i=1 4

However, by (8) and (9) we have

<Z pi%’) <G Zpi(ilfih (16)
i=1 i i=1

with (E pixi) € D and ) pi(x;), € D. In addition, F' is G-increasing on D.
=1 i =1

Therefore we get ~ F (Z pixz) <F (Z pi(xih) : (17)
i=1 i i=1
But F'is convex on D, so we have
F <Zpi($i)¢> <D piF ((w),). (18)
i=1 i=1
By combining (15), (17) and (18) and using the G-invariance of F', we obtain
F (Zpixi) <D piF () = ) piF (). (19)

This proves that F'is convex on V. 0
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Corollary 2.5. Let (V,G, D) be an E-system and f: D — R be a function.

Then the following four statements are mutually equivalent:
(i) f((-),) is convex on V,

(i) f(C)y)

(i)  f((+),) is convex on D, and f((-);) is G-increasing on V,
(iv)  f(C))

1) is convex on D, and f((-),) is G-convex on V,

iv) 1) is convex on D, and f((-),) is G-increasing on D.

Proof. Combine Lemma 2.1 and Theorem 2.4 with F' = f((-),). O

We are now in a position to establish a general analogue to Theorems 1.1-1.13 in
the context of E-systems.

Theorem 2.6. Let £ = (V,G, D) be an E-system and F = (W, H, D) be a sub-
system of £. Let F:' V — R be a G-invariant function. Then the following two
statements are equivalent:

(i) F is convex on'V,
(ii) F is convex on W.

Proof. (i) = (ii). This is obvious by W C V.
(ii) = (i). Assume F' is convex on W.

Since F = (W, H, D) is a subsystem of € = (V, G, D), we have
WcV and H CG. (20)

By Theorem 1.15, the group majorizations <5 and <y coincide on W, i.e., for
w,u e W,
w <¢ u if and only if w <y u. (21)

By (20), the G-invariance of F' on V implies the H-invariance of F' on W.

Now, by Theorem 2.4, item (iv), applied to the E-system (W, H, D), we deduce
that F' is convex on D and F is H-increasing on D. On account of (21) via the
inclusion D C W, we infer that F' is G-increasing on D.

Therefore the condition (iv) of Theorem 2.4 holds valid for (V,G, D). In con-
sequence, condition (i) of Theorem 2.4 for (V,G, D) is met, too. That is, the
function F'is convex on V. This finishes the proof of Theorem 2.6. Il

Remark 2.7. It is worth to observe that Theorem 2.6 applied to the reduced
triple (W, H, D) = (Vi, Go, D) leads to Theorem 1.12. If in addition F' is a G-
invariant norm then Theorem 2.6 becomes Theorem 1.13. In light of Lemma 2.1,
Theorem 2.6 extends Theorems 1.1-1.4.

Example 2.8. We consider E-systems (V, G, D) and (W, H, D), where

V = H,, = the linear space of n X n hermitian matrices
with the inner product (x,y) = trzy for z,y € H,,



M. Niezgoda / On Convezity and - Uniform Convezity ... 1009

G = the group of unitary similarities U(-)U* with U € U,

D = {diag(A, Ao, ..., An) A1 > A2 > ... > A\, } = the convex cone of
n x n real diagonal matrices with decreasingly ordered diagonal,

W = S,(R) = the linear space of n x n real symmetric matrices with the inner
product (z,y) = trzy for z,y € S, (R),

H = the group of orthogonal similarities O(-)OT with O € Q,,

y=<gz iff AM(y) < Xz) for z,y € H,,
y=<pgx iff My) < A(z) for z,y € S,(R)

(see [3, 4]). Here axiom (A1) holds by the Spectral Theorem for hermitian (real
symmetric) matrices, and (A2) is met by Fan-Theobald’s inequality [6, 23].

Let F': V' — R be a weakly unitarily invariant function (i.e., G-invariant function).

By Theorem 2.6 we conclude that F' is convex on V' = H,, if and only if F' is
convex on W = S, (R) (cf. Theorem 1.2).

Example 2.9. We take (V,G, D) and (W, H, D) to be E-systems with

V = M,(C) = the linear space of nxn complex matrices with the inner product
(x,y) = Re tray* for z,y € M, (C),

G = the group of unitary equivalences Uy (-)U; with Uy, Us € U,

D = {diag(si,ss,...,8p): 81 >89 > ...> s, > 0} = the convex cone of n x n
real diagonal matrices with decreasingly ordered nonnegative diagonal,

W = M, (R) = the linear space of n x n real symmetric matrices with the inner
product (z,y) = trzy’ for x,y € M, (R),

H = the group of orthogonal equivalences O;(-)O with O;,0, € Q,,

y<gz iff s(y) <y s(x) for x,y € M,,(C),
y=<pz iff s(y) <, s(z) for z,y € M, (R)
(see [3, 4]). In this situation, (A1) is satisfied by the Singular Value Decompo-

sition of complex (real) matrices, and (A2) is fulfilled by von Neumann’s trace
inequality.

Suppose that F': M,(C) — R is a unitarily invariant function (i.e., G-invariant
function). Then, by Theorem 2.6, F' is convex on V = M, (C) if and only if F' is
convex on W = M, (R) (cf. Theorem 1.1).

3. E-systems and uniformly convex functions

We introduce functions of class Cy in the following manner.

Definition 3.1. Let (V,G, D) be an E-system with normal map (-),: V — D.
Let ¢p: D — R. By Cy(I) we denote the collection of all functions F': I — R
defined on a convex set I C V such that for z,y € I and p € [0, 1]

F(pz + (1 = p)y) +p(1 = p)((zy —yy)y) < pF(z) + (1 —p)F(y). (22)
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If (22) is satisfied then the function F': I — R is said to be of class C,, on 1.

If (22) is satisfied with ¢» > 0, then the function F': I — R is said to be -
uniformly conver on I with modulus ¢: D — R. Il

By putting « = y and p = 1 into (22), one gets
¥(0) <0 (23)

(provided that the class Cy, is not empty). Observe that if ¢ = 0 then Cy([) is the
class of all real (usual) convex functions on /.

If ¢ > 0 then Cy(I) C Co(I), i.e., each function of class Cy is necessarily convex.
If ¢ <0 then Cy(I) C Cy(I), i.e., each convex function is necessarily of class Cy.
If F': I — R is differentiable on a convex set I C V, then condition (22) gives

F(x) = F(y) 2 (VF(y),z —y) + ((zy —yy)y) (24)

for x,y € I, where (-,-) is the inner product on V. In fact, (22) amounts to

Fly+plx —y)) — F(y)
p

+ (L =p)y((x, —y)y) < Flz) = Fly)  (25)

for x,y € I, 0 < p < 1. By letting p — 07, we get (24) from (25).

We are interested in sufficient conditions for G-invariant functions to be of class
Cy on the whole space V.

Theorem 3.2. Let (V,G,D) be an E-system with normal map (-),: V — D,
and F:'V — R be a G-invariant function. If F' is of class Cy on D, and F' is
G-increasing on D, then F' is of class Cy on'V, i.e.,

F(pr+ (1 -p)y) <pF(z)+ (1 —p)F(y) —p(l —p)o((z, —y,),) (26)

forz,y € V and p € [0,1].

Proof. Fix arbitrarily z,y € V and p € [0, 1]. Because
pr+ (1 —=p)y=go(px+ (1 —p)y), forsomegy€G
(see (3)), the G-invariance of F' guarantees that
F(pr+(1—p)y) = F (e +(1—p)y),) = F (pr+ (1 -ply),) . (27)
In addition, by (8) and (9) we have

(pz + (1 =p)y), <c pr,+ (1 —py, (28)

with (px + (1 —p)y), € D and pr;+(1-p)y, € D. Additionally, F' is G-increasing
on D, so we obtain

F((pr+1=py),) < F e, + (1= p). (29)
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Since F'is of class Cy, on D and x|,y € D, we find that

O+ @ =p)F(y) —pd—p(lz,—y)y).  (30)

and (30) via the G-invariance of F' we get

F(pz,+ (1 =ply) < pF(z
Taking into account (27), (29)
pF(zy) + (1= p)F(yy) — p(1 = p)((zy —y1)y)
(1=p)F(y) —p(1 = p)((zy —y)y)- (31)
This proves inequality (26). O

We now demonstrate a Jensen type inequality for functions of class C, on an
E-system (cf. [16, Proposition 6.1]).

Lemma 3.3. Let (V,G, D) be an E-system with normal map (-);: V — D. Let
Y: D — R. Assume F': I — R is a differentiable function of class Cy, on a convex
set I C V. Letw; € I andp; > 0,4 =1,....m, with >.." p; = 1. Denote
T =" pix;. Then the following Jensen type inequality holds:

F (ZPz%) + Zpﬂ/}((( LTI, Z (32)

If in addition the composition function ¥ ((-),) is conver (e.g., ¥ is conver and
G-increasing), then

F <Z pﬂi) + (Z pi(xi)y — 5@) < ZPZF(%) (33)
i=1 i=1 f i=1
Moreover, if x; € D then (33) reduces to

F <ZP1$Z> +9(0) < pil'(;). (34)
Proof. It follows from (22) and (24) that
F(z;)) — F(z) > (VF(z),z; —z) + ¥(((x;), —z,),) fori=1,....m, (35)

where (-, -) is the inner product on V. Hence

ZPi(F(%’z) Z F(z),z; — T) + ZW/J(((%M —z,),)  (36)
I)v Zpi i I + Zpﬂ/} IZ 1 xi) ) szw(((xl)i - ji)i)‘

The last inequality holds, because ) p;(z; — Z) = 0. This proves inequality (32).
i=1
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To see the second part of Lemma 3.3, notice that the (usual) Jensen inequality
for the convex function ¢((-),) implies

(0 (Zpi(xi)i - @) =1 <ZP¢(($¢)¢ — f¢)>

{ 1

< ZPM(((%N = Ty)y)- (37)

This and (32) give (33), as wanted.
Furthermore, if 2; € D then Y ., p;z; € D, and (z;), = x; and

T, = (ZPz%) = szflfz
i—1 L =t

Therefore (37) can be restated as

<Y pl(e - ) (38)

i=1
In consequence, (33) leads to (34), which completes the proof of Lemma 3.3. [

Remark 3.4. From (23) we know that if F is of class Cy, then ¢(0) < 0. If
moreover ¥ (0) = 0, then (34) says that the (usual) Jensen’s inequality holds for
F on D. So, in this event ' must be convex on D.

Definition 3.5. Let I C V be a set. By Cy(G, I) we denote the collection of all
functions F': V' — R such that

F(pgrz + (1 = p)gaz) + p(1 = p)ip(0) < pF(gr1z) + (1 = p)F(gax)  (39)
forx €1, 91,90 € G and p € [0, 1].
If (39) holds, then we say that F is of class C,(G) on I.
If (39) holds with ¢ > 0, then we say that F is ¥ -uniformly G-convexon 1. [

Note that (¢12); — (g27); = 2y — 2, = 0 for z € V and ¢1,9, € G. Therefore
property (39) is a special case of property (22). That is, if F': V' — R is of class
Cy on I, then F is of class Cy(G) on I.

Definition 3.6. Let (V,G, D) be an E-system with normal map (-),: V — D. A
function F': I — R is said to be (¢, G)-increasing on a set I C V, if for z,y € I,

y <cx implies F(y) < F(x) = ¢((x) —y)y)-
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Definition 3.7. Let (V,G, D) be an E-system with normal map (-),: V — D. A
function F': I — R is said to be (¢, G)-convezonaset [ CV ifforx €1, g, € G

and p; € [0,1], i =1,...,m, with > p; =1,
i=1

F(prgix + ... + pugnx) < pi1F(1z) + ... + 0o F(gnx) — Y((x) — yp),).

Lemma 3.8. Let (V,G, D) be an E-system with normal map (-),. Assume that
F:V = Ris a G-invariant function. The following two statements are equivalent:

(i) F is (v, G)-increasing on V.
(ii) F is (¢, G)-convex on V.

Proof. (i) = (ii). Let F' be (¢, G)-increasing on V. We fix arbitrarily any
xeV,meN ¢g,....90, € Gand py1,...,0p, > 0 with py +... +p,, = L.
We put y = p1gix + ... + pmgme. This means y <5 x. Consequently, F(y) <

F(z) —((zy —yy)y), e,

F(prgiz + ...+ pmgme) < F(x) —((2) —y))1)
=i F(z) + ..+ pF(x) —0((zy —yy)y)
=i F(giz) + ...+ o F (gm) — V(2 —y1)1)-

The last equality follows from the G-invariance of F', so that F'is (¢, G)-convex
on V.

(ii) = (i). Let F be (¢,G)-convex on V. We have to show that F'is (¢, G)-
increasing on V. For this end, assume that x,y € V are such that y <5 x. Then
Y =pLt+ ...+ pmgme for somem € N, gy,...,9, € G and py,...,p, > 0 with
p1+ ...+ pm = 1. For this reason

F(y) = F(pig17 + ... + pmgm®) < p1F(17) + .o + pmF(gm) — V() — y))))
=pF(x) + ..+ pal(x) = P((z) —yy))) = F(z) = ((2) —y))))-

This shows the assertion. O]

In the next theorem, we present necessary and sufficient conditions for differen-
tiable G-invariant functions to be ¢-uniformly convex on the whole space V.

Theorem 3.9. Let (V,G, D) be an E-system with its normal map (-);, F: V —
R be a differentiable G-invariant function, and v¥: D — Ry be a nonnegative
function. Then the following statements are mutually equivalent:

(i) F s -uniformly convex on V,

(ii)  F s -uniformly convex on D, and F is (¢, G)-increasing on V,

(iii) F is -uniformly convex on D, and F is (1, G)-increasing on D.

Proof. (i) = (ii). Suppose that F' is ¢-uniformly convex on V. It is clear that
F' is ¢-uniformly convex on D, because D C V. Evidently, F' is of class Cy on V.
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We shall show that F'is (¢, G)-increasing on V. To do so, fix arbitrarily z,y € V'
such that y <g z. Then y = > | p;g;x for some g; € Gand p; > 0,i=1,...,m,
with > p; = 1. By the Jensen type inequality (32) applied for z; = g,z (see
Lemma 3.3) and by the G-invariance of (-); and of F', we find that

Fly) +o((ey —yy)y) = F (Z pwm) + Zpiw((m )
F (Z pigi$> + 2 pe(((9i)y = w)y)

piF(gix) = sz‘F(I) = F(z),

1

1

()

as desired.
(ii) = (iii). Obvious by the inclusion D C V.

(iii) = (i). Let F' be t-uniformly convex on D, and F' be (¢, G)-increasing on D.
We shall establish the y-uniform convexity of F' on V. Fix arbitrarily z,y € V
and p € [0, 1]. Thanks to (3) we can see that

pr+ (1 =p)y=go(pr+ (1 —ply), forsomeg€C.
The G-invariance of F' leads to
Fpr+(1—-ply) =F (go (pz + (1 - p)yh) =F ((prv +(1— p)yh) . (40)
Moreover, by (8) and (9) we have

(pr 4+ (1 —=p)y), <c pry+ (1 —py, (41)

with (pz + (1 —p)y), € D and pzy + (1 — p)y, € D. Furthermore, F' is (¥, G)-
increasing on D. Therefore

F ((prc +(1- p)yh) < (42)
< F(pry+ (1= p)ys) = (o + (1= plys = (pr + (1= p)yls), )
Since F is -uniformly convex on D and z,y, € D, we deduce that

F(pzy+ (1 =py,) <pF(zy) + (1 =p)F(y) —p(L —p)((zp —y)y).  (43)

By combining (40), (42) and (43) with the G-invariance of F, we conclude that

F(pz+(1—-ply) <pF(x)+ (1 =p)F(y) —p(l —p)((z, —yy))
—9 ((pm + (1 =py, — (pr+ (- p)y)m)

< pF(z)+ (1 —p)F(y) —p(1 —p)¥((z) — y)). (44)
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The last inequality holds, because v» > 0. This finishes the proof that F' is -
uniformly convex on V. [

We are now ready to state, for i-uniformly convex functions, an analogue to
Theorems 1.1-1.12 (designed for convex functions).

Theorem 3.10. Let £ = (V,G, D) be an E-system and F = (W,H,D) be a
subsystem of €. Let F:'V — R be a differentiable G-invariant function, and
v: D — Ry be a nonnegative function. Then the following two statements are
equivalent:

(i)  F is v-uniformly conver on V,

(il)  F is v-uniformly convexr on W.

Proof. (i) = (ii). Clear by W C V.
(ii) = (i). Suppose that F is t-uniformly convex on W. We have

WcV and HCQG, (45)

because F = (W, H, D) is a subsystem of & = (V,G, D). Moreover, by virtue
of Theorem 1.15, the group majorizations <¢ and <y coincide on W, i.e., for
w,u e W,

w < u if and only if w <y u. (46)
Since F' is G-invariant on V, also F' is H-invariant on W (see (45)). Utilizing
Theorem 3.9(iii), applied to the E-system (W, H, D), we obtain that F is 1)-
uniformly convex on D and F'is (¢, H)-increasing on D. Statement (46) and the
inclusion D C W imply that F' is (¢, G)-increasing on D.

In summary, the condition (iii) of Theorem 3.9 is fulfilled for (V,G, D). There-
fore condition (i) of Theorem 3.9 for (V, G, D) is satisfied, which means that the
function F'is ¢-uniformly convex on V. This is what we wanted to prove. O

We introduce c-strongly convex functions on an E-system, as follows.

Definition 3.11. Let (V,G, D) be an E-system with its normal map (-);. Let
c € R. By C.(I) we denote the collection of all functions F': I — R defined on a
convex set I C V such that, for x,y € I, p € [0, 1],

Flpr+(1=p)y) + gp(l =) ((zy —y))I* < pF(x) + (1 - p)F(y),  (47)

where || - || = (-,-)"/? is the norm induced by the inner product on V.
If (22) is satisfied then the function F': I — R is said to be of class C. on 1.
If (22) is satisfied with ¢ > 0, then the function F': I — R is said to be c-strongly

convex on 1.

Corollary 3.12. Let (V,G, D) be an E-system, F: V — R be a differentiable G-
invariant function, and ¢ be a nonnegative number. Then the following statements
are mutually equivalent:
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(i)  F s c-strongly convex on V,
(il)  F is c-strongly convex on D, and F is (¢, G)-increasing on V,
(iii) F s c-strongly convex on D, and F' is (¢, G)-increasing on D.

Proof. Apply Theorem 3.9 for the function ¢): D — R, given by ¢ (z) = £[|z|?

for # € D, where || - | = {(-,-)}/? is the norm induced by the inner product on
V. [

Corollary 3.13. Let £ = (V,G, D) be an E-system and F = (W, H,D) be a
subsystem of €. Let F':'V — R be a differentiable G-invariant function, and c be
a nonnegative number. Then the following two statements are equivalent:

(i)  F is c-strongly convex on V,

(ii) F is c-strongly convex on W.

Proof. Use Theorem 3.10 for the function ¢: D — R, given by ¢ (z) = £[z|?

for z € D, where || - || = (-,-)}/? is the norm induced by the inner product on

V. O

Example 3.14. (Continued Example 2.8) We study the two E-systems (V, G, D)
and (W, H, D) defined in Example 2.8.

Let F: H,, — R be a differentiable weakly unitarily invariant function (i.e., G-
invariant function). Let ¢: D — R, where D = {diag(A1, ..., A\n) : A1 > ... > A\ 1

By Theorem 3.10 we infer that F' is ¢)-uniformly convex on V' = Hi, if and only if
F' is ¢-uniformly convex on W = S,,(R) (cf. Theorem 1.2).

Similarly, by Corollary 3.13, if ¢ > 0 then F'is c-strongly convex on V = H,, if
and only if F' is c¢-strongly convex on W = S,,(R) (cf. Theorem 1.2). O

Example 3.15. (Continued Example 2.9) Let (V,G, D) and (W, H, D) be the
two E-systems defined in Example 2.9.

Assume that F': M,,(C) — R is a differentiable unitarily invariant function. Let
Y: D — Ry, where D = {diag(sy,...,8,) : 81> ... > s, > 0}.

Then, by Theorem 3.10, F' is ¥-uniformly convex on V' = M, (C) if and only if F’
is ¢-uniformly convex on W = M,,(R) (cf. Theorem 1.1).

Likewise, by Corollary 3.13, if ¢ > 0 then F' is c-strongly convex on V = M,,(C)
if and only if F is ¢-strongly convex on W = M, (R) (cf. Theorem 1.1).

Example 3.16. We consider the E-systems (V, G, D) and (W, H, D), where n =
2r is even, and

V = K, (C) = the linear space of n x n complex skew-symmetric matrices with
the inner product (z,y) = Re trzy* for z,y € K,,(C),

G = the group of unitary congruences U(-)UT with U € U,

o 0 S1 0 Sr .
D - {(_Sl 0)@ @(_Sr 0>.slz...zsr20},
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W = K, (R) = the linear space of n x n real skew-symmetric matrices with the
inner product (x,y) = tray? for z,y € K,(R),

H = the group of orthogonal congruences O(-)OT with O € Q,,

y=<gz iff 0(y) <, 0(x) for x,y € K, (C),

y=<pz iff O(y) <, 0(x) for x,y € K, (R),

where 0(z) = (s1(x),...,s.(x)), and s1(z) = s1(x) > ... > s,.(x) = s,.(x) are the
all singular values of x € K,,(C) (see [3, 4, 7, 22]). Here axiom (A1) holds by Hua

Decomposition for skew symmetric matrices, and (A2) holds by von Neumann’s
trace inequality.

Let F': K,,(C) — R be a differentiable G-invariant function. Let ¢: D — R,.

Theorem 3.10 guarantees that F' is ¢)-uniformly convex on V' = K, (C) if and only
if F' is ¢-uniformly convex on W = K, (R).

Assume ¢ > 0. In light of Corollary 3.13, F is c-strongly convex on V = K, (C) if
and only if F' is c-strongly convex on W = K, (R).

By putting ¢ = 0, one gets that F' is convex on V = K, (C) if and only if F is
convex on W = K, (R). O

Example 3.17. Let (V,G, D) and (W, H, D) be E-systems with

V = M, (C) = the linear space of nxn complex matrices with the inner product
(x,y) = Re trxy* for z,y € M, (C),

G = the group of unitary equivalences U, (-)Us with Uy, Us € U,

D = {diag(si,S2,...,8,) 181 > 82> ... > 5, >0},

W = §,(C) = the linear space of n x n complex symmetric matrices with the

inner product (z,y) = Re trzy* for z,y € S,(C),
H = the group of unitary congruences U(-)UT with U € U,
y=<cgz iff s(y) <y s(z) for z,y € M, (C),
y=<pz iff s(y) <y s(z) for z,y € S,(C)
(see [3, 4, 9]). Here (A1) for (W, H, D) is satisfied by Autonne Decomposition of

complex symmetric matrices [9, p. 136], and (A2) is fulfilled by von Neumann’s
trace inequality.

Suppose that F': M, (C) — R is a differentiable unitarily invariant function. Let
1: D — R,. Then, by Theorem 3.10, F' is ¢-uniformly convex on V' = M, (C) if
and only if F' is ¢-uniformly convex on W = S, (C).

Let ¢ > 0. On account of Corollary 3.13, F'is ¢-strongly convex on V' = M, (C) if
and only if F' is ¢-strongly convex on W = S,,(C).

Under ¢ = 0, we see that F' is convex on V = M, (C) if and only if F' is convex
on W =S,(C). O
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