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1. Introduction

The observation that a real positive d x d matrix corresponds to an endomorphism
of R mapping the positive orthant into itself has naturally led to investigate
endomorphisms admitting an invariant cone (the natural generalization of the
orthant). In this context, we mention the Perron-Frobenius Theorems (1907 and
1912, see [9, 16, 17]), which prove the existence of a leading eigenvalue equal to
the spectral radius, and its generalization due to Birkhoff [2] and the work by
Vandergraft [22], where necessary and sufficient conditions on a matrix to have
an invariant cone are given.

Still concerning the analysis of particular spectral properties of matrices and fam-
ilies of matrices, recently a generalization of cone, called multicone, has been
introduced by Avila, Bochi and Yoccoz [1] in dimension 2 and, successively, ex-
tended to any dimension by Bochi and Gourmelon [3], who defined the concept of
multicone of index k. Substantially, this structure is a homogeneous symmetric
subset of R?, (strictly) invariant for certain families of nonsingular matrices and
containing a k-dimensional subspace.

Since classical cones are connected components of multicones of index 1 (in the
above terminology), we focus our attention on, roughly speaking, symmetric sets
consisting in the union of a finite number of cones, and we call these structures
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simply multicones. Here they are defined in an intrinsically geometric way, in-
dependently of matrix invariance issues, and, in our opinion, deserve their own
attention in themselves. In this framework, we introduce a suitable extension of
the notion of duality which, as in the cone case, confirms to be a useful tool to
carry on the analysis of matrix invariance issues.

The structure of this paper takes into account both the targets to be a self-
contained study and to provide an “elementary” treatment.

In Section 2 we recall the basic notions of cone theory, the concept of duality and
many related properties. We also review the main spectral properties of matrices
admitting an invariant cone. In particular, we stress the strictly invariant case,
which selects a particular class of matrices with only one simple leading eigenvalue
(here called asymptotically rank-one). Most of this section material is well-known.
However, a detailed treatment is available in our survey [5], where some additional
specific results used in this paper are introduced.

In Section 3 we present the definition of multicone discussing its basic peculiarities
and, in Section 4, we extend to it, suitably adapted, the concept of duality.

Finally, we analyze the properties fulfilled by those matrices which admit an in-
variant (Section 5) or strictly invariant multicone (Section 6). In doing this, we
often use duality as a convenient tool. At the same time, we are able to transfer
many of the invariance issues (with respect to a matrix A) from a multicone to
its dual multicone (with respect to the transpose matrix AT).

Our overall study reveals to be a fundamental background for our further pa-
per [6], where the existence of an invariant multicone for a family of matrices is
investigated.

2. Notation and preliminaries

We refer to R? as a real vector space endowed with the Euclidean scalar product,
denoted by 2™y for any z,y € R? The metric and topological structures of this
FEuclidean space are induced by this pairing.

In this framework, if U is a nonempty subset of R, we denote by cl(U) its closure,
by conv(U) its conver hull, by int(U) its interior and by OU its boundary as a
subset of R%. We also denote by span(U) the smallest vector subspace containing
U. Finally, we set

R+U::{a:€|a20andx€U},
and Ul::{heRd|th:0f0rallx€U}

denotes the orthogonal set of U.

In particular, if H is a (vector) hyperplane of R? (i.e., a linear subspace of R¢ of
dimension d — 1), then H = {h}* for a suitable vector h € R?\ {0}, unique up to
a scalar.
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The hyperplane H splits R? into two parts, say the positive and the negative
semi-space

Sti={zeR!|hz>0} and S":={zeR?|r"z<0},
respectively. Clearly,

int (S}) ={zeR?| "2 >0} and int(S")={zeR?|hr"z <0}

Now let A be a real d x d matrix. We identify it with the corresponding endo-
morphism
fa: R4 — RY

defined by fa(x) = Az. Hence, the kernel and the image of f4 will be simply
denoted by ker(A) and range(A), respectively, and, if U is a subset of RY, its
image will be denoted by A(U).

Nevertheless, the preimage of a subset V' of R? will be explicitly denoted by
2 (V).

Definition 2.1. A subset U of R? is said to be invariant under the action of the
matriz A on R (in short, invariant for A) if A(U) C U. O

Assumption 2.2. In order to avoid trivial cases, from now on we assume that
A is a nonzero matrix.

If A € C and a nonzero vector v € C? are such that Av = \v, then they are called
eigenvalue and eigenvector of A, respectively.

The set V\(A), or simply V), consisting of such eigenvectors and of the zero vector,
is a linear subspace called the eigenspace corresponding to A\. Obviously, V) is
invariant under the action of A.

Denoting by 1, (A) the algebraic multiplicity of X (as root of the characteristic poly-
nomial det(A — AI)) and by p4(X) the geometric multiplicity of A (i.e., dimc(Vy)),
it is also well-known that 114(A) < pe(N). If the equality holds, then A is called
nondefective. Otherwise, it is called defective.

Definition 2.3. Let A\ be an eigenvalue of A and k = p,(A\). Then the linear
space

Wi(A) := ker((A — \I)¥) c C?
is called generalized eigenspace corresponding to A and each of its nonzero elements
which does not belong to V) is called generalized eigenvector.

If no misunderstanding occurs, we shall simply write W), instead of Wy(A). O

It is clear that W), is a linear subspace invariant for A and it is well-known that
dimc (W) = pa(A) (see, e.g., Lax [15], Theorem 11). Therefore, V) = W) if and
only if X\ is nondefective.

If X € R, then W, is a linear subspace of R and dimg(Wy) = j14(A).
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Otherwise, if A € C\ R, since the conjugate of A is an eigenvalue as well, we
set Uc(\, ) := Wy @ W5 C C4 With k := p(\) = dime(W)), it is clear that
dime(Ue(A, N)) = 2k. Setting also Ur(\, A) := Uc(A, A) NRY, it turns out that
dimg (Ug(X, A)) = 2k and that this linear space is spanned by the real and the
imaginary parts of the vectors of Wy. Clearly, Ug(), \) is invariant for A.

Therefore, if Ay, ..., A\, € Rand uy, fig, - .., ps, fis € C\ R are the distinct roots of
the characteristic polynomial, then

R = 6_? Wy, & 6_? Ur (s, fli)- (1)

Finally, recall that the set o(A) of the (real or complex) eigenvalues is called the
spectrum of A and the nonnegative real number

A) = A
p(A) f&?’é' |

is called the spectral radius of A. Tt is well-known that either p(A) > 0 or A4 = 0.

The eigenvalues whose modulus is p(A) are called leading eigenvalues and the cor-
responding eigenvectors are called leading eigenvectors. The remaining eigenval-
ues and eigenvectors are called secondary eigenvalues and secondary eigenvectors,
respectively.

Remark 2.4. If the matrix A admits a real leading eigenvalue \;, we can write

R =W, @ Hy,
where Wa:=W,, and Hy:= @ W, & @ Ur(pi, 1) (2)
=2 i=1

Observe that both W4 and H4 are linear subspaces invariant for A.

The proof of the following property is given in [5].

Proposition 2.5. Let A be a matrix admitting a real leading eigenvalue Ay > 0
and let v € RY. Then
Are Hy — z € Hyu.

2.1. Cones and duality

The notion of proper cone is standard enough in the literature (see, e.g., Tam [21],
Schneider and Tam [19] and Rodman, Seyalioglu and Spitkovsky [18]). The
more general notion of cone is, instead, not universally shared: accordingly to
the various authors, it involves a variable subset (or even all, see Schneider and
Vidyasagar [20]) of the requirements for proper cones.

In this paper, we deal with proper cones, as defined in the standard way, and with
cones that verify a particular subset of the possible properties. We also find it
useful to consider a weaker instance of our definition of cone, that we refer to as
quasi-cone.
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Definition 2.6. Let K be a nonempty closed and convex set of R and consider
the following conditions:

(cl) RyK C K (i.e., K is positively homogeneous);

(c2) KN—K ={0} (i.e., K is pointed or salient);

(c3) span(K) =R? (i.e., K is full or solid).

We say that K is a quasi-cone if it satisfies (c1). If, in addition, it satisfies (c2),
we say that K is a cone. Finally, if it satisfies all the above properties, we say
that K is a proper cone.

If a quasi-cone K is not solid, we also say that it is a degenerate quasi-cone. [

In this section we recall a minimal set of basic notions and properties which are
necessary to develop the theory of multicones. Most is well-known and may be
found, e.g., in Fenchel [8], Schneider and Vidyasagar [20] and Tam [21]. In any
case, for a systematic and more detailed treatment of this preliminary material
about quasi-cones, including the proofs, we refer the reader to [5].

Definition 2.7. Given a hyperplane H, we say that a nonempty positively ho-
mogeneous set U C R is supported by H (or, briefly, H-supported) if

U C Sﬁ or U CS".
We say that U is strictly supported by H (or, briefly, strictly H-supported) if
U\{0} Cint (S") or U\ {0} Cint(S"). O

Definition 2.8. Given a nonempty set U C R?, the intersection of all the quasi-
cones containing U (i.e., the smallest quasi-cone containing U) is called the quasi-
cone generated by U and we denote it by qcone(U). O

The quasi-cone generated by U can be represented explicitly in formula.

Proposition 2.9. For any nonempty set U C R?, we have
qeone(U) = cl(conv (R, U)) = cl (Ry.conv (U)).

Note that, while qcone(U) is defined for any set U, the smallest cone containing
U may well not exist. Anyway, if it does exist, then it coincides with qcone(U).

Definition 2.10. Let U C R¢ be nonempty and assume that qcone(U) is a cone.
Then we denote it by cone(U) and call it the cone generated by U. Il

In the particular case of cones, Proposition 2.9 assumes the following stronger
formulation.

Proposition 2.11. Let U C R? be nonempty and assume that qcone(U) is a
cone. Then

cone(U) = conv (cl (RyU)) = cl(conv (R U)) = cl (Ryconv (U)).

The notion of duality is essential in the study of cones.
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Definition 2.12. Let U be a nonempty set of R?. Then
U :={heR'|hz>0 VzeU}

is called he dual set of U. By convention, we also define ()* := R 0

Note that, if U is a subset of R?, then U C S" if and only if h € U* \ {0}.

Proposition 2.13. Let U and V be nonempty sets of R%. Then we have:

(1) U g U**}.

(i) U CV implies U* D V*;

(iii) (CUV)y*=U0*nV~*;

(iv) (UNnV)*2U*uUV™.

Definition 2.14. If K is a quasi-cone of R?, the set
K*={heR'|h'z>0 VzeK}

is called the dual quasi-cone of K. [

We recall that, for any quasi-cone K, it holds
K*=K (3)
and that, for any pair K™ and K® of quasi-cones,
KV cCcK®  — (K(l))* > (K(2))*. (4)

Corollary 2.15. Let K be a quasi-cone. Then K is pointed if and only if K* is
solid and, dually, K* is pointed if and only if K is solid. In particular, K is a
proper cone if and only if K* is a proper cone.

Lemma 2.16. If K is a cone and h € K*\ {0}, then
h € int(K*) <= Kn{h}*+={0}.
Proposition 2.17. Let K be a cone of R%. Then
(i) int(K*) ={h e R | 'z >0 Vze K\{0}};
(ii) if K is proper, then
K\{0}={heR?| A"z >0 Vzeint(K)}.
Finally, if KO and K® are proper cones, then

KO\{0) Cint(K®?) = int(K1)) 2 (K?)*\ {0}.

The last part of this subsection is devoted to some properties concerning the
quasi-cone generated by a finite union of quasi-cones.
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Lemma 2.18. Let KU ... K" be quasi-cones of R and U := Ui, K@ Then
(qeone (U))* = U* = ﬂ (K®)".

i=1
Moreover, the above set, which is a quasi-cone itself, is # {0} if and only if U is

supported by some hyperplane H.

The notion of separatedness of two closed convex subsets of R? has to be slightly
modified (e.g., following Klee [11]) to adapt it to the case of cones.

Definition 2.19. Two cones KM and K® of R? are said to be separated if there
exists a hyperplane H = {h}* such that

KW\ {0} C int (S") and K®\ {0} C int (™).
Moreover, we say that such an H is a separating hyperplane for K and K®. O

Let us mention two well know results, the first of which is the “cone version” of a
“separation-type” theorem.

Theorem 2.20. Two cones K and K® of R are separated if and only if
KON K® ={0}.

Proposition 2.21. Let KW, ... K™ be cones of R, H a hyperplane and
K = qcone(KW U...UKM).

Then the following statements are equivalent:

(i) K is strictly H-supported ;

(i) KW 4 ...+ K" 4s strictly H-supported and, hence, closed;

(iii) KM uU...u K™ gs strictly H-supported .

In this case, K = KM + ... 4+ K" js a cone, too.

2.2. Matrices with an invariant cone

Let A be a real d x d matrix. It is clear that, if A > 0 is a real eigenvalue
and dim(V)) = 1, both the two half-lines which constitute V) are invariant for
A. Therefore, it makes sense to extend the search of invariant sets from linear
subspaces to cones.

In the case of cones the notion of invariance is the general one (see Definition 2.1),
but it is useful to recall the following refinement.

Definition 2.22. We say that a proper cone K is strictly invariant under the
action of the matriz A on R? (in short, strictly invariant for A) if

A(K \ {0}) C int(K). O
For example, the positive orthant R‘i is invariant for a real matrix with nonneg-

ative entries, whereas it is strictly invariant for a matrix with all strictly positive
entries.
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We recall that A and the transpose matriz AT have the same eigenvalues with
the same multiplicities. More precisely, for any eigenvalue A € C it holds that
dim(Vy(A)) = dim(Vy(AT)) and dim(Wy(A)) = dim(W,(AT)).

Proposition 2.23. A proper cone K is invariant (respectively, strictly invariant)
for a matriz A if and only if the dual cone K* is invariant (respectively, strictly
invariant) for the transpose matriz AT .

The next Theorems 2.24 and 2.26 and their corollaries resume the well-known
Perron-Frobenius theorems (see, for instance, Vandergraft [22]) and some other
related results collected in [5] (see also Krasnosel’skii, Lifshits and Sobolev [12]).

Theorem 2.24. Let a proper cone K be invariant for a nonzero matriz A. Then
the following facts hold:

(i) the spectral radius p(A) is an eigenvalue of A;
(ii)  the cone K contains an eigenvector v corresponding to p(A);
(ifi) int(K) N Ha = 0.

Corollary 2.25. If p(A) > 0 in the assumptions of the previous theorem we have
int(K) Nker(A) = 0.

Theorem 2.26. Let a proper cone K be strictly invariant for a nonzero matrix

A. Then the following facts hold:

(i) the spectral radius p(A) is a simple positive eigenvalue of A and |\ < p(A)
for any other eigenvalue \ of A;
(ii) int(K) contains the unique leading eigenvector v (corresponding to p(A));

(iii) K N Hy = {0}.

Corollary 2.27. In the assumptions of the previous theorem we also have

K Nker(A) = {0}.
In this paper, our attention is mainly directed to matrices of the following type.

Definition 2.28. A matrix A is said to be asymptotically rank-one if the following
conditions hold:

) p(4)>0;

(ii) exactly one between p(A) and —p(A) is an eigenvalue of A and, moreover,
it is a simple eigenvalue;

(iii) |\ < p(A) for any other eigenvalue A of A.

The unique leading eigenvalue of A will be denoted by 4. O
Remark 2.29. A matrix A is asymptotically rank-one if and only if AT is so.

The term “asymptotically rank-one” is inspired by the following well-known fact,
easy to prove.
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Proposition 2.30. If A is an asymptotically rank-one matriz, then there exists

A® = lim A% /\k

k—o00

and such a limit is the rank-one matrix
A> = (vihA)’lvAhZ,
where vy and hy are the (unique) leading eigenvectors of A and AT, respectively.

The following characterization rephrases Theorem 4.4 in Vandergraft [22].

Theorem 2.31. A matrix A is asymptotically rank-one if and only if A or —A
admits a strictly invariant proper cone.

In other words, A is asymptotically rank-one if and only if it admits a strictly
invariant proper symmetric cone (see the forthcoming Definition 6.4).

Note that, if A is an asymptotically rank-one matrix, then A4 is nondefective (as
it is simple) and, consequently, V), = W), has dimension one. Briefly, we set
VA = V)\A.

Definition 2.32. If A is an asymptotically rank-one matrix, then the eigenspace
V4 will be called the leading invariant line of A, whereas the hyperplane H 4 will
be called secondary invariant hyperplane of A and we shall write

Hy = {hs}*

for a suitable vector hy. ]

If A is an asymptotically rank-one matrix, by Remark 2.4, clearly

Moreover, it is easy to see that

Vyr = Hy  or, equivalently, Hur = Vi, (6)

3. Symmetric cones and multicones

We begin with a very natural generalization of the concept of cone, already con-
sidered by Edwards, McDonald and Tsatsomeros [7] under the name of double
cone and also reminding the concept of cone of rank 1 (see Krasnosel’skii and

Sobolev [13]).

Definition 3.1. Any subset of R? of the form Koym = KU —K, where K is a
cone, is called a symmetric cone of R

We also use to say that K and —K are the positive and the negative part of Ky,
and denote them by K. and K_, respectively. Thus we can write

Koym =K, UK_. O
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It would seem natural to extend the definition to the more general notion of sym-
metric quasi-cone. However, it is not difficult to realize that this would generate
an ambiguity when K, is a semi-subspace of dimension > 2. In fact, K, U K_
would be a whole subspace of dimension > 2, which could be thought as the union
of infinitely many pairs of semi-subspaces.

Remark 3.2. If K, is a symmetric cone, by Theorem 2.20, there exists a hy-
perplane H such that H N Ky, = {0}.

Finally, let us give a key definition.

Definition 3.3. Consider a finite collection of symmetric cones K. S(;Zn, cee KS(;Zn
such that
(ml) Ks(ym N Ks(;zn = {0}  whenever i # j;

(m2) there exists a hyperplane H of R? such that

HNKY ={0} foralli=1,...,r

sym
Then the set Kt := U K§),
i=1

is called a multicone of R?, the Ks(é)m’s are its symmetric components and the

K\s are its (conic) components (also denoted simply by K®). The number r of
symmetric components is called the fragmentation index of K,,,. Finally, H in
(m2) is called a splitting hyperplane for K,,,;. O

Note that the hyperplane H in (m2) is such that H N K,,,, = {0}.

As a particular case, a symmetric cone is a multicone with fragmentation index
r=1.

Remark 3.4. Unless the fragmentation index is » < 2 or the dimension is d = 2,
condition (m1) does not automatically imply condition (m2). A nice counterex-
ample in dimension 3 can be obtained by getting inspiration from a classical soccer
ball.

Example 3.5. As is well-known, the geometric figure which the soccer ball is
based on is the truncated icosahedron (see, e.g., Wikipedia [23]). By varying the
radius from 0 to oo, such a solid gives rise to six symmetric cones with regular
pentagonal section and other ten symmetric cones with regular hexagonal section,
whose boundaries are all suitably shared by one another. If we reduce a little bit
the section of each cone by the same proportional ratio keeping the regular pen-
tagonal and hexagonal shape, all the boundaries get separated from one another
and we obtain a union of sixteen symmetric cones which fulfil condition (m1) of
Definition 3.3. However, it is immediate to realize that no splitting plane exists.

Definition 3.6. Given a multicone K,,,, we can choose a specific splitting hy-
perplane H = {h}* and rearrange the signs of the conic components in or-
der to label as positive those contained in the positive semi-space S_}ﬁ, ie., if
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Ko = Ui, Ks(?m, we set

KU UKD\ {0} Cint (87) and KD U---U K7\ {0} Cint (S"). (7)

Such splitting hyperplane, chosen once for ever, will be called labelling hyperplane
for K, in R%. O

Remark 3.7. Note that the hyperplane H in (m2) is such that H = {h}*, where
the vector h belongs to the set [;_, int ((K@) ) (see Lemma 2.16). Since this

set is open and nonempty, it contains infinitely many directions, corresponding to
infinitely many splitting hyperplanes, all of which labelling the multicone in the
same way.

It is clear that Kf) u---U KJ(:) is strictly supported by the chosen labelling

hyperplane H and, thus, any union Kfl) U...u sts), 2 < s < r,is strictly
H-supported as well. Hence, by Proposition 2.21, all of these unions generate a

cone. Of course, the same is true for the opposite unions KWy, ukr®™.

Remark 3.8. For any pair of conic components KJ(f) and KJ(rj), condition (m1) of
Definition 3.3 and Theorem 2.20 guarantee the existence of a separating hyper-
plane (not unique), from now on denoted by H;;. Obviously, the same hyperplane
H;j also separates K ) from K9,

In dimension 2 a separating hyperplane H;; is necessarily also splitting. However,
in dimension 3, it is easy to find examples of multicones for which this is not true.
For instance, consider the soccer ball in Example 3.5.

Definition 3.9. Let K,,,; be a multicone and let K’ and K" be two separated
cones. We say that K’ and K" are well separated with respect to K,,, if there
exists a hyperplane H, splitting for K,,,;, which separates K’ and K”. Otherwise,
they are said to be badly separated with respect to K.

In particular, if K’ and K" are themselves conic components of K,,,;, we simply
say that they are well (respectively, badly) separated. N

Remark 3.10. Note that, by (7), each positive component Kff) is always well
separated from any negative component K o by the labelling hyperplane of K.

In the sequel we shall often consider sets of conic components K without taking
care of their sign.

Definition 3.11. Let K,,; = U:Zl Ks(;)m be a multicone. If all pairs of conic
components K and KU) are well separated, then we say that the multicone is
reduced. Otherwise, it is said to be nonreduced. Il

Clearly, the property of being reduced is intrinsic of a multicone. Therefore, it is
independent of the choice of the labelling hyperplane.
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In view of some applications, like those in the forthcoming Section 5, it is conve-
nient to define a standard procedure to canonically embed a nonreduced multicone
into another one which is reduced. In order to do this, we need some preliminary
results.

Proposition 3.12. Let K,,,,;, = Uzzl Kﬁ;)m be a multicone and consider s of its
conic components KW .. K0 where 2 < s < r — 1. Assume that K
is badly separated from KU ... KUs) respectively, and well separated from a
further component KU . Then the quasi-cone generated by K U ... UK®) s q
cone and is well separated from KU with respect to Ky

Proof. By assumption and by Definition 3.9, for any hyperplane H = {B}L
splitting for K,,,;, it is not restrictive to assume

KU\ {0} C int (Sﬁ) . k=1,...,s
Therefore, by Proposition 2.21, qcone (K(il) Uu...u K(is)) is a cone and

cone (K™ U...u K@)\ {0} C int (Sﬁ) . (8)

Furthermore, still by assumption, there exists a splitting hyperplane H = {h}*
for K, such that

K\ {0} C int (sﬁ) . KD\ {0} Cint (SE) .
Therefore, because of (8), H separates cone (K™ U...UKU)) from KW, O

Proposition 3.13. (Transitivity) Let Ky = U;_, K9 be a multicone and K,
KW, K® be conic components of it. If KW is badly separated from KW and K
is badly separated from K® | then K@ is badly separated also from K®,

Proof. Assume, by contradiction, that K@ is well separated from K ®*). Then,
by Proposition 3.12, cone (K OuUK (j)) is well separated from K*) with respect

t0 K. In particular, K@) is well separated from K®*) and this contradicts the
assumption. O

If we conventionally say that a conic component K@ is badly separated from
itself, the foregoing statement tells us that the property of being badly separated
is an equivalence relation in the set of all the conic components.

Remark 3.14. Denote by [K)] the equivalence class of KU), j =1,... r. Then
Remark 3.10 implies that

KV] < (KW, KDY and  [KY] € (KW KDY
Therefore, if H = {h}* is the labelling hyperplane, we have that
U K Cint (Sﬁ)

Ke[KY)
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and, consequently, Proposition 2.21 assures that the quasi-cone generated by such
a set is a cone, namely,

f((f) :zcone( U K). (9)

Ke[K{)]

Up to renaming the indices, we can assume that the quotient set consists of the
elements [KS)], e [Kf)], (KW, .. [K7), where clearly 7 < 7.

Definition 3.15. Let K,,,; = UZ 1 Ksym be a multicone and let

mul — U ng/)m

be the (reduced) multicone whose symmetrlc components are given by

RO = RO URY

sym

(see (9)). The multicone K is called the reduction of K, and its fragmentation
index 7 is called the reduced fragmentation index of K. ]

Such a construction starts from a nonreduced multicone and ends with a reduced
one, obviously uniquely determined.

Remark 3.16. It is clear that K,,,; C [(muz and 7 < r. Furthermore, K,,,; is
reduced if and only if the above inclusion is an equality.

In analogy to the definition given for cones, we introduce the following notion.

Definition 3.17. A multicone K,,,; is said to be proper if each of its conic com-
ponents is a proper cone. If we only require that span(K,,,;) = R? we say that
Ko is weakly proper. O

In particular, if r = 1, we have a proper symmetric cone and, in this case, the
notions of proper and weakly proper obviously coincide.

We point out that we cannot restrict ourselves to consider proper multicones only.
In fact, although in the sequel we will be mainly interested in the duality of proper
multicones, their dual sets will possibly have some degenerate components.

To this aim, it is useful to give the following notion.

Definition 3.18. The largest proper multicone, if any, contained in K,,,; is said
its proper core and is denoted by pr(K,,.,)-

Note that pr(K,,,) equals the union of its proper conic components.

Remark 3.19. Note that pr(K,,,) =cl(int( K, )) and int(pr( Ky )) =int(Kpu)-
Observe also that the “pr” operator preserves the inclusion, i.e.,

KO CK® = pr(K)) Cpr(K2). (10)
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4. Duality of symmetric cones and multicones

The notion of duality cannot be directly extended to symmetric cones. Namely,
if Kgym = K4 U K_ is a solid symmetric cone, then Proposition 2.13(iii) implies
K= (K UK )" = K} N K* ={0}.

So we need to introduce a suitable notion of duality, regarding symmetric cones,
which is advisable to denote by a different symbol.

Definition 4.1. Let Ky, = Ky U K_ be a symmetric cone of R¢. Then

Kl,.: = KUKl =K;U-K}
= {yGRd|miZOVxEK+ or yTxZOVxEK_}

is called the dual set of Kgyn,. ]

Observe that, in general, K[, is not a symmetric cone itself, but the union of

two quasi-cones only (though still symmetric with respect to the origin).

Indeed, by Corollary 2.15, K is a symmetric cone if and only if K, is proper

sym
and, in this case, Klym is proper, too.

Example 4.2. Consider the symmetric cone Ky, = K, UK_ C R? where
K+ = {(Il7x27'r3) € R3 ‘ |[E1| S ZUQ/Q, T3 = 0}
Then K} = {(z1,22,23) € R? ‘ |z1] < 25},

In particular, L(K7) is the xs-axis. So K7 is a nonpointed quasi-cone and, hence,
K lym is not a symmetric cone. [l
It is straightforward to verify that most of the properties of the duality of cones
(for instance, reflexivity and those collected in Proposition 2.17) extend to proper
dual symmetric cones. In particular, the following result guarantees that also T is
a “geometric duality”.

Proposition 4.3. If Ky, is a proper symmetric cone, then

int(Kl,,)={yeR? | y"z #0 Vae Kyn\{0}}, (11)
KI A0} ={yeR?| y"2#0 Ve int(Kyn)} (12)
and K;L;m = Ksym. (13)

Furthermore, if ngl,zn, Kﬁ;gn are symmetric cones, then

KD CK® (k1) oK) (14)

sym = sym sym sym

Proof. First note that int(K] )= int(K%)Uint(K*).

sym
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Therefore, Proposition 2.17 implies that int(K[ ) equals the set

sym
{yeR!|y"z>0Vee K, \{0} or y'2>0VeeK_\{0}}

and that K \ {0} equals the set

{yeR! |y >0V cint(Ky) or y'o>0Ve€int(K_)}.

Hence, the equalities (11) and (12) follow from the continuity of the scalar product
yTx with respect to x and from the fact that K, \ {0} and K_\ {0} are connected
sets. Finally, (13) follows immediately from (3) and (14) from (4). O

In order to give a convenient extension of the notion of duality from symmetric
cones to multicones, it is reasonable to require that the latter be compatible with
the union operator, i.e., that it fulfils (iii) of Proposition 2.13.

Thus, the most natural definition of the dual of a multicone is the intersection of
the dual sets of its symmetric components. More precisely, if Ky = (J;_; K §§)m,

its “dual” should be ﬂ:zl(Ks%)m)T, even if this set is not necessarily a multicone

(see Example 4.2, where r = 1).

For this reason, in the general case, we can only give the following notion.

Definition 4.4. Let K, = U,_, Ks(;)rn be a multicone. Then

i=1
is called the dual set of K,,,;.

From the above definition and (14), it is straightforward to prove the following
result.

Proposition 4.5. Let Kr(iil and Kf,i)d be two multicones. Then
T T
Kfnliz c Kr(ri)tl - (Kﬁiz) 2 (ngz) : (15)

In order to study the structure of the dual set K:nul, we introduce the auxiliary
notion of associated quasi-cone.

Given a multicone K,,,; = UZ:1 K S(;)m, consider the generic union of r conic com-
ponents

Koo = KU~ UKD

where o; € {+, —}, and let K :=qcone(K,, ...

Clearly, the total number of the K,, ,.’s is 2" and, for all of them,
Kot = Koppoogn UK.

We can summarize all of the possible occurencies as follows, taking Proposi-
tion 2.21 into account.
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Proposition 4.6. Let K,, , and K be as before. Then one of the following
three cases necessarily occurs:

(i) I(K) =0, which is equivalent to each of the following conditions:
(iy) K is a cone;
(i2) Ko,..s (and hence K ) is strictly supported by some hyperplane H.

In particular, H is a splitting hyperplane for K, which separates each of
1) KT

SRR —op "

the K,g? ’s from all of the opposite conic components K

(ii) 0 <Il(K) < d, which is equivalent to each of the following conditions:
(iiy) K # R? is a quasi-cone, but not a cone;
(iiy) Koy, (and hence K ) is supported by some hyperplane H, but is not
strictly supported by any H.

(iii) I(K) =d or, equivalently, K = R?.

Now we explicitly provide an example of a proper multicone K,,,; = U?Zl K s(;)m
whose associated quasi-cones are not all cones. In other words, we give an example
of case (ii) in Proposition 4.6.

Example 4.7. Consider the proper symmetric cone of R?

K)o 92% + 823 — 6waxs < 0.
Its boundary is the (circular) conic surface whose axis is the line (x1,z9, x3) =
(0,3t,t), t € R, with the xs-axis as a generatrix. Moreover, such a surface is
tangent to the plane Hs of equation 3 = 0 along the xs-axis. Furthermore, let

_1 V3
|4 I
A=12 -3 0

0 0 1

be the anticlockwise (27 /3)-rotation matrix around the zs-axis and set

KD, =AK)) and K@ =A*(K})).

sym sym sym

We can write each of the above symmetric cones as the union of its conic compo-
nents, i.e.,

sym
where K is included in the semi-space S5 defined by x3 > 0.

Now consider the set

— g (2) (3)
Kmul T Ksym U Ksym U Ksym'
It turns out that the K S(?m’s satisfy condition (m1) of Definition 3.3 and that the
plane Hj of equation xo = 0 is splitting for it. Therefore, K,,,; is a proper mul-
ticone. Moreover, it is reduced since the planes Ho, A(H,) and A%(H,) separate
all the possible pairs of conic components and each of them is splitting for K.
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Nevertheless, the associated quasi-cone given by
qecone(KW U K@y K®)

is not a cone, namely it is the entire semi-space S5 .

Accordingly, the union K U K® U K® cannot be “separated” from
KO U_K®@y_K®,

In fact, the only plane candidate to do so would be Hj, whereas, for each pair
(i,7), it does not separate K from —K ), since it is tangent to both of them.

Consequently, Hs is not splitting and, so, it cannot be labelling for K,,,;. O

Now set X :={(01,...,0,) € {+, =} | K,, ..o, is supported by some H}
and Yy ={(+,09,...,00,) € X}, 3_:={(—,00...,0,) €X}.
Clearly, Y=3,UY, ¥,N% =0, 2 =-¥,.

Definition 4.8. Let r' be the cardinality of ¥, and, for k =1,...,r7, set

f(ff) = qcone (K+02(k)-~~crr(k)) , (+00(k), .. 00 (R)) € By

and K™ = —[A(ik). We say that [A(j(cl), e ,IA(f) are the quasi-cones associated to
Ko and 7' is called the dual fragmentation index of K. O

Note that, since K,,,; C kik) UK™ for all k = 1,...,r", we obviously have

ot
Ko € (K UK®). (16)
k=1
Now we are able to express the dual set of K, in terms of its associated quasi-
cones.

Theorem 4.9. Let K, = U;_, KS(;)m be a multicone and let [A(j(cl), e ,IA(E_LH) be
its associated quasi-cones. Then the following facts hold:

(i) the dual set of Ky can be written as
t

K= (K9) 0 (£9); (17)

(ii)  of K ts weakly proper, then the ( A(f)> 's are cones and at least one of
them s solid;
iii) if, in addition, K, is proper, then K ' is a multicone clearly weakly
mul
proper).

Proof. (i) Lemma 2.18 yields

(IA(@) — (K o) = (K(j)> NN (KDY
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where (4, 05(k),...,0.(k)) € ¥;. We then obtain
7”1— * *
U (Kﬂ“) U (KS’”) = J &)Y nn (k) (18)
k=1 (01,eery0r)ED
On the other hand,
- % T * )\ *
Kl =[1E) = U &) nn(&D)
=1 (o1,ee0r)E{+,—}T

where the first equality comes from Definition 4.4 and the second one by standard
set computations.

We compare the above union with (18) and take into account that, by Lemma 2.18,

(KM) 00 (BEQ) = (Ko, )" = {0}

g1
whenever (01, ...,0,) € ¥. Thus we obtain (17).

(ii) Now assume that K, is weakly proper. Then each [A(j(f) is a solid quasi-cone

and, hence, (K’ik)> is a cone (see Corollary 2.15).
Moreover, cone( K J(rl) Uu---u Kff)) is strictly supported by the labelling hyperplane
H. Hence, its dual is solid, and this proves the second claim.

(iii) Finally, assume that K, is proper. In order to show that the set K f

mul
given by (17) is a multicone, we are left to verify conditions (ml) and (m2) of

Definition 3.3.

Concerning condition (m1), we have to prove that

(0 0 (K ) o ()" (1)) =

if k # h. By elementary set theoretical properties and Proposition 2.13(iii), it
turns out that the above intersection is the union of four components of the type

(Kgl(k)_,,gr(k) U Kal(h)..ﬂr(h))* .

Since k # h, the set Ko, (1)...00(k) U Ko\ (n)...0.(n) ntirely contains at least one sym-
metric component of K,,,, whose dual set is just {0}, since K,,,; is proper by
assumption. Hence, (m1l) is fulfilled.

Concerning condition (m2), it is enough to show that there exists a hyperplane H

separating all the positive conic components (Kfrk))* of K!  from all the negative

mul
ones (K(k))*.

Indeed, from Definition 4.8 and Lemma 2.18, we have that ([A(J(rk))* C (Kil))* for

all k and, analogously, (K (_k))* C (K (_1))*. Thus we conclude by observing that

(KS))* and (K(_l))* are separated by a suitable hyperplane H, since K, %271 is a

proper symmetric cone. 0
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Note that, even if K,,, is proper, its dual ijd is a weakly proper multicone
(see Theorem 4.9), but not necessarily proper. For instance, the zs-axis is a
symmetric degenerate component of the dual K, f , Of the multicone considered in
Example 4.7. Namely, the semi-spaces S; and S are associated quasi-cones of
K-

Observe that, if the multicone K, is a symmetric cone Ky, (i.e., if r = 1), then
the set (17) is nothing but the dual set K, .
Some useful observations can be done if K,,,; is proper.

We start by writing the form (17) of the dual multicone in a more compact way
by defining the symmetric cones

K — (K@)* o (K9Y',

sym

so that K = U KI®) (19)

sym *

Remark 4.10. As we saw in the proof of Theorem 4.9 when K,,,; is proper, the
dual K :nul admits a splitting hyperplane which separates all the conic components
related to ¥ from those related to X_. In other words, there exists a canonical
labelling for K I,wl which is induced by the labelling of K.

The properties of the duality of proper symmetric cones stated by Proposition 4.3
are inherited by the duality of proper multicones, possibly weakened somehow.

Proposition 4.11. If K, is a proper multicone of R, then
mt(K:nul {y e R? | y'r A0 Vo e Kpu\ {0}} , (20)

K \N{0}={yeR? | y"2#0 Va € int(Kuu)}- (21)

Furthermore, ZfK landK L, are proper multicones, then
KO0y Cind(K2) = e (KD 2 (K2) Vo). (@)

Proof. First recall that the “interior operator” distributes on finite intersections
of sets and, thanks to (m1) of Definition 3.3, also on unions of conic components
of a multicone. Thus, taking into account that

T

i=1

and using elementary set theoretical properties, (11) yields (20) and (12) yields
(21). Finally, the implication (22) immediately follows from (20) and (21). O

In general, the bidual set Kﬂul is not a multicone (see Theorem 4.9 and Exam-
ple 4.7). In any case, the following property holds.
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Proposition 4.12. If K,,,; is a proper multicone, then

Kmul C KTT

mul*
. .
Proof. Note that Kl = ﬂ (Kg;fz)) ﬂ(f(srk) u K™,
k=1 k=1
where the first equality follows from Definition 4.4 and (19) and the second one
from the reflexivity of quasi-cones. The inclusion (16) concludes the proof. [

As observed in Theorem 4.9(ii), K ;ul may possess degenerate conic components,
but not all. Thus, if we remove them, we obtain a proper multicone which is
nonempty (its proper core, see Definition 3.18).

Definition 4.13. Let K, be a proper multicone. Then the set consisting of all
the proper conic components of K :nul is called the proper dual multicone of K,

and is denoted by KX ie., KX =pr(K! ). O

mul? mul

From the description of Klwl given in (19), it is clear that K , is the union of

the symmetric cones K ly(,’%), where (K@) is a proper cone or, equivalently (by

Corollary 2.15), where [A(J(f) is a proper cone. In particular, it is clear that
int(K5,,) = int(K,,,). (24)

By taking Proposition 4.6 and the subsequent discussion into account and by
setting

Y= {(01,...,0,) € {+,—} | Ks,.o, is strictly supported by some H},
whose cardinality is denoted by 27>, we obtain immediately the following fact.
Proposition 4.14. With the above notation, we have

Kr>r<zul U (Kfflnﬂr)*'

(01yeeey0r)EDX
Equivalently, if we assume, without loss of generality, that the first r* elements

f
in the set {K;ry(,%l), cee Kly(;)} are symmetric proper cones, we have

Note that, in the case of the proper dual7 (25) is the analog of the expression
(19) of the dual multicone. Hence, it is natural to introduce the following further
numerical invariant for a multicone.

Definition 4.15. Let K,,, be a proper multicone. Then the number r* of the
symmetric components of K is called its proper dual fragmentation index.

Remark 4.16. The previous construction reveals that the number of possible
labellings of K, is exactly r*.
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Thanks to Definition 4.13, the inclusion (10) and Proposition 4.5, we get the
following fact.

Proposition 4.17. Let Kfizd and Kgil be two proper multicones. Then
1 2 H\”~ 2) \*
Kr(m)zl - K?SN)LI - (Kr(m)bl> 2 (Kﬁmi» : (26)

The notion of proper dual multicone shows the low importance of nonreduced
multicones.

Keeping the notation introduced in the previous section (see (9)), if K is a conic
component of K,,,;, by [K] we denote the equivalence class of the conic compo-
nents badly separated from K.

Lemma 4.18. If K,, . is strictly supported by some hyperplane H, then
1 r 1 r
KU U IRE] = (KD, KDY

* or

Proof. Let us first show that, if KJ(f) and Kfrj) are two badly separated conic
components, then Ks_i) C K,,..,, if and only if Kf) C K,,. ., (ie, o, =+ if and
only if o; = +).

To this aim, we assume by contradiction that Kg_i) C K,,..», and KJ(rj) Z Ky, o
So KY) C K, . and, thus, setting as usual H = {h}*, without loss of generality
we can suppose that K,, ., \ {0} C int(Sf_‘r). Therefore, also KJ(:) \ {0} and
K9\ {0} are contained in int(S). This implies that Kf) \ {0} is contained
in int(SE) and, hence, that KJ(f) and K(j) are well separated by the splitting
hyperplane H, against the assumption.

Therefore, we have shown that [K(E—ZZ)] C {K[(,?, . ,K((,:)} forall¢=1,...,r and,
hence, that [Kg)] U---U [Kg)] C {Kg), . ,Kg’;)}. The opposite inclusion is
obvious. [

Note that the above result generalizes Remark 3.14.
Theorem 4.19. Let f(muz be the reduction of a proper multicone K,,,,. Then

= (o) (21)

and, consequently, their proper dual fragmentation indices coincide.

Proof. By Lemma 4.18, it is easy to see that K,,, and f(muz have the same
associated quasi-cones which are strictly supported by a suitable hyperplane H.
Therefore, by the expression of the proper dual given in (25), we get the result. [

The analogous property of Proposition 4.12 holds also for the proper dual.
Proposition 4.20. If K,,.; is a proper multicone, then

Kmul g KXX (28)

mul*
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Proof. Since K,: , C K;wl, we have that

Kmul g K:Jul g KXT

mul?’

where the first inclusion follows from (23) and the second from (15).

Moreover, since K" = pr(KéLl), we then obtain K, C K%, since K, is

proper by assumption. Il
In dimension 2 any proper multicone K, satisfies the equality K" , = K jmd and,
moreover, the inclusions (23) and (28) are always equalities.

This is no longer true in dimension d > 3, as we shall see soon. Therefore, we
are led to give the following definitions, according to the terminology used in the
abstract geometric duality context.

Definition 4.21. We say that a proper multicone K,,,; is reflexive if we have
KHul = K, and properly reflexive if K, = K,,,; holds. O

m mul —

We conclude this section with some results regarding properly reflexive multicones.

Proposition 4.22. If a proper multicone K,,, is properly reflexive, then it is
also reduced.

Proof. We always have that K,,,; C f(muz without any assumption (see Re-
mark 3.16). Conversely, note that

~ ~ XX

Kmul C (Kmul) - K;;L;(la
where the inclusion follows from (28) applied to K and the equality from (27).
Since, by assumption, K, = K, %, we get Ky C K. O
The foregoing proposition says that, if K,,,; is not reduced, then it is not properly
reflexive. As far as the existence of nonreduced multicones is concerned (clearly,
for d > 3), an example can easily be constructed by slightly modifying the “soccer
ball” in Example 3.5.

The next result comes immediately from Propositions 4.5 and 4.17.

Proposition 4.23. Let KW and K?

v o De two proper multicones. If they are
reflexive, then

T T
Kg&z C K — (Kﬁzz) 2 (Kng

mul
whereas, if they are properly reflexive, then
X X
— (qu)u> 2 <Kgil> :

Proposition 4.24. Let K, be a proper multicone. Then K, . is properly re-

flezive (i.e., K> = K ) and, hence, is reduced.

K(l)l C K(Q)

mul
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Proof. On one hand, we can apply (28) to the proper multicone K% ,, obtaining

K . C K> **. On the other hand, Proposition 4.17 applied to (28) itself, yields
KX D KX XX

mul = mul
The last claim follows from Proposition 4.22. [

5. Matrices with an invariant multicone

Not all the properties of matrices having an invariant cone transfer directly to
matrices having invariant symmetric cones and/or multicones.

First of all, already in dimension 2, it is easy to find pairs (A, K,,,) such that

Corollary 2.25 does not hold, i.e., p(A) > 0 but int(K,,,;) Nker(A) # 0, as the

following example shows.

-1 1
0 0

Obviously, Ky, is invariant for A and p(A) = 1. Nevertheless, since ker(A) is

the line of equation x; = x», it holds that

Example 5.1. Consider the matrix A4 := < > and let Ky, := ]R?F U —Ri.

int(Kgym) Nker(A) # 0. O
Moreover, it is also easy to find pairs (A, K,,,) for which the dual szl is not
invariant for the transpose matrix A7,
Example 5.2. Consider the pair (A, K,,) of the previous Example 5.1. We

have that G)E Kl (= Kgym) and AT = (_1 O> but, clearly,

sym 1 0

() (Yo :

Finally, the analogous result of the Perron-Frobenius theorem does not hold either.

Example 5.3. Consider the proper multicone K,,,; = K é;%@UK s(zzn of R?, where

KV = {(z1,29)7 |22 > 3|7]}  and  KP = {(z1,20)7 | 21 > 3|zo| }

and the (7/2)-rotation matrix A:= <(1) _01>
It is immediate to see that K,,,; is invariant for A, but no eigenvector of A lies in
K. Namely, in this case, they all are not real. ]

Therefore, we want to look for sufficient conditions to guarantee that the proper-
ties of the invariant cones keep on holding in the more general context of multi-
cones. We begin with the following localization result.
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Proposition 5.4. Let a multicone K,,,; = U;Zl K s(zl/)m be invariant for a matriz A.
Then, for each symmetric component Kg;)m, there exists a symmetric component
Ks(ian, possibly different, such that

A(KS),) C K, (29)
Moreover, if int(K) Nker(A) = 0, (30)

then, for each proper conic component K if any, there exists a conic component
K9 | possibly different, such that

AKY)y € KU, (31)

Proof. Suppose there exist two distinct vectors =,y € K such that Az € KU
and Ay € K® . Since K@ is convex, it contains the segment 7 and, thus,
Az Ay = A(Ty) C Ky by the invariance of K.

Since Az Ay is a segment, condition (m1) of Definition 3.3 necessarily implies that
either KU = K® or KU) = — K®) and that, consequently, (29) is proved.

Now let K be a proper conic component and assume that (30) holds. Then
consider x,y € int(K) with z # y and assume Ar € K and Ay € —KV). With
an analogous argument as before we obtain the existence of z € T C int(K®)
such that Az = 0. But this fact contradicts assumption (30) and, therefore,
A(int(K®) € K and so, by continuity, (31) is proved. O

Note that condition (30) is not redundant, as shown in the following example.

Example 5.5. Consider again the pair (A, Ky,,) of Example 5.1.
In this case, (30) does not hold and (31) is not satisfied either. In fact,

1\ /2 , 1 ) P ,
(2) , (1) RZ, but A(Z) € R andA(l) e R”. [

The following corollary is immediate, the symmetric components of a multicone
being finitely many.

Corollary 5.6. Let a multicone K, = U:zl KS(;)m be invariant for a matriz A.

Then there exist a positive integer s < r and a symmetric component Kg;)n with

AS(K(k) ) C K &)

sym sym*

Moreover, if Ky is proper and (30) holds, then there exist a positive integer
p < 2r and a conic component K*®) such that

AP(K(k)) C K®,
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Example 5.7. Consider the pair (A, K,,,;) of the previous Example 5.3. Keeping
the notation of the above corollary, we have that the fragmentation index of K,
is r = 2 and it is immediate to see that 2r = 4 is the minimum exponent p such
that each conic component of K, is invariant for A? (in fact, A* = I). Note
that, in this case, (30) holds since ker(A) = {0}. O

The above result allows us to suitably extend Theorem 2.24 to symmetric cones
and multicones.

Theorem 5.8. Let a proper symmetric cone Kgy,, = Ky UK_ be invariant for a

matriz A. Then

(i)  £p(A) is an eigenvalue of A;

(ii)  the symmetric cone Ky, contains a leading eigenvector v corresponding to
such eigenvalue.

Proof. If the cone K is invariant for A or — A, then by Theorem 2.24 the claims
(i) and (ii) are proved.

We are left to assume that A(K,) Z Ky and A(Ky) Z K_.

This implies that, by Proposition 5.4, condition (30) cannot be satisfied and,
hence,
K. Nker(A) # {0}. (32)

Then, by defining the sets
Coi= [ (K)NK, and  C_i= f7/(K )N Ky,
we clearly have that C,uC_ =K, (33)

and that C \ ker(4) # 0 and C_ \ ker(A) # (. Therefore, for any choice of
r € Cp \ ker(A) and y € C_ \ ker(A), the convexity of K, implies 7Ty C K.
Furthermore, Ky, being invariant for A, we get

AzAy = A(TY) C Koym.

Therefore, since Az € K, \ {0} and Ay € K_\ {0}, it necessarily holds that
0 € AzAy, i.e., Az = aAy for some a # 0. So, given the equality (33) and the
arbitrariness of x and y, it follows that the whole set A(K ) is contained in one
line, say span({v}) for some v # 0. Finally, K, being solid, homogeneous and
invariant for A, we obtain

A(Kgym) = range(A) = span({v}) C Kgym (34)
which, in turn, implies dim(ker(A)) =d — 1.

This tells us that A is a rank-one matrix and, consequently, that it has the unique
leading eigenvalue Ay = +p(A). In this way, (i) is proved.

In order to prove also (ii), we first assume that p(A) = 0. In this case, any
nonzero element of ker(A) is a leading eigenvector and, indeed, such elements do
exist because of (32).
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Eventually, if p(A) > 0, then (34) reveals that v is the (unique) leading eigenvector
of A and that v € Kjy,,, as required. O

The above result extends easily to multicones.

Theorem 5.9. Let a proper multicone Ky = U;_, Ks(;)m be invariant for a
matriz A. Then there exists a positive integer s < r such that:

(i)  £p(A)* is an eigenvalue of A%;
(ii)  the multicone K, contains a leading eigenvector v of A® corresponding to

such eigenvalue.

Proof. By Corollary 5.6, there exist k € {1,...,r} and s < r such that Ké’j}n is

invariant for A®*. Theorem 5.8 concludes the proof. 0

Remark 5.10. Note that Corollary 5.6 and the proof of Theorem 5.9 refer to
the same integers s and k. More precisely, they show that there exist s < r

and k € {1,...,r} such that Kézzn is invariant for A° and contains a leading
eigenvector of it. O

As shown in Example 5.2, it is not true that K,,,, invariant for a matrix A im-
plies K ;‘rnul invariant for the transpose AT. Nevertheless, this holds under suitable
assumptions, as the forthcoming Theorem 5.12 shows.

Proposition 5.11. Let a proper multicone K,,,; be invariant for a matriz A # 0.
Then the dual version of (30) holds, i.e.,

int (KT ) Nker(AT) = 0.

Proof. Since K,,, is proper and A # 0, there exists © € K, \ ker(A). Hence,
the invariance of K, implies that Az € K, \ {0}.

T 1) Nker(AT). Then, since
y € int(K! ), by (20) we have y”(Az) # 0. On the other hand, y € ker(A7)
implies ATy = 0 and, so, (ATy)Tx = 0. The equality (ATy)Tz = y?(Az) gives
the absurde. O

Assume by contradiction that there exists y € int(K/

Theorem 5.12. Let a proper multicone K, be invariant for a matriz A # 0.
If (30) holds, then K:nul is invariant for AT

T

Proof. Since K = ﬂ(KS(;Zn)T,
j=1
if y € K;wl, then y € (Kgi,)m)T forall j =1,...,r, i.e., by Definition 4.1,
yT2>0 Vze Kfrj) oo yTz>0 VzeKY (35)
forall y = 1,...,r. On the other hand, since K,,,; is proper, under the assumption

(30) Proposition 5.4 assures that, for each i = 1,...,r, there exists j; € {1,...,7}
such that . . A ‘
AKDY C K9 o A(KY) ¢ K



M. Brundu, M. Zennaro / Multicones, Duality and Matriz Invariance 1047

(see (31)) so that, by using (35), we obtain
(AT T =yTAz >0 Vrc K(f) or  (ATy)Tx=y"Az >0 Vxe KY

for all i = 1,...,r. This clearly implies that ATy € (Kpm)! for all i and, hence,
AT (K} ) € Kl O

Theorem 5.13. Let a proper multicone K, be invariant for a matriz A # 0
and assume that

Ko N ker(A) = {0} (36)

Then both K' = and KX . are invariant for AT.

m

Proof. Since (36) is stronger than (30), K is invariant for A” by Theorem 5.12.
To prove the invariance of K .. observe first that, for all + € K., \ {0},
the invariance of K, and (36) give that Az € K, \ {0}. Therefore, since
int (KX ) =int(K' ), if y € int(K* ), equality (20) of Proposition 4.11 yields

mul mul
(AT e =yt Az #0 Vo € Kpu\ {0},

that is, ATy € int(K,,). Hence, A" (int(K > ,)) C int(K ) and standard conti-

nuity arguments complete the proof. [

Theorem 5.14. Let K,,, be a properly reflexive multicone and A € R™? and
assume that

K Nker(A) = {0}  and K, Nker(AT) = {0}.

Then the following statements are equivalent:
(i) K s invariant for A;

(i) K, is invariant for AT,

Proof. The implication (i) = (ii) follows from Theorem 5.13.

For the reverse implication (ii) = (i), apply Theorem 5.13 to the pair (A, KX ),
taking into account that (AT)T = A and KXY = K, since K, is properly
reflexive. ]

6. Asymptotically rank-one matrices and strict invariance

In this section we consider asymptotically rank-one matrices only (see Defini-
tion 2.28).

We preliminarily observe that an asymptotically rank-one matrix is necessarily
nonzero and, more generally, not nilpotent.

Theorem 6.1. Let a weakly proper multicone K,,,; be invariant for an asymp-
totically rank-one matriz A. Then vy € K.
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Proof. Since K, is homogeneous and span(K,,,;) = R?, there exist 1 € K,y
and u € Hy with x=v4 + u. Thus Proposition 2.30 yields limy_, Akx/)\ﬁ = Uy
and, consequently, K,,,; being also invariant for A and closed, the proof is com-
plete. [

Another benefit for a matrix of being asymptotically rank-one concerns the bounds
s < rand p < 2r in Corollary 5.6: they can be improved down to s = 1 (if K,y
is weakly proper) and p < 2.

Proposition 6.2. Let a weakly proper multicone K., = J;_, Ks(z)m be invari-
ant for an asymptotically rank-one matriz A. Then there exists a symmetric

component KS(I;%@ such that

(i) A(KSGn) € K.
Moreover, if K., is proper and (30) holds, then
(i) K if Ay >0,
AKY) €
KW if A4 <0,

and, in particular, K(f) is invariant for A?;

(iii) int(KE) N HLy = 0.

Proof. (i) By Theorem 6.1, there exists a symmetric component K. 3(5271 such that

vy E Ks(ly?n Since Avy = Ajvy, clearly Avy € K§’;2n Thus Proposition 5.4
completes the proof.

(ii) is again a direct consequence of Proposition 5.4.
(iii) follows from (ii), Theorem 2.24(iii) and the equality H4 = H_4. O

Being ker(AT) C H 4r, the following result is a stronger form of Proposition 5.11
for asymptotically rank-one matrices.

Theorem 6.3. Let K, be a proper multicone and A be an asymptotically rank-
one matriz. Then we have:

(i) if Ko 1s invariant for A, then

int(K),;) N Har = 0; (37)
(i) if KX, is invariant for AT, then
It (Kp) N Ha = int(K)) N Hy = 0. (38)

Proof. (i) By Theorem 6.1, the leading eigenvector v4 belongs to K. So
(20) immediately implies int(KT ) N {va}* = 0. Hence, by (24) and because of
{va}t = Hyr (see (6)), we obtain (37).
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(i) We can apply (i) to KX, which is proper, and to the matrix A", which

is asymptotically rank-one as well. So we obtain int(K ) N Ha = (). Since

Ko C K29 (see (28)), we get (38). O

mul

The notion of strict invariance also extends to multicones, taking into account
that multicones are unions of cones. Here we confine ourselves to the case of
weakly proper multicones, so that span(K,,.;) = R%.

Definition 6.4. We say that a weakly proper multicone K,,,; is strictly invariant
under the action of the matriz A on R (in short, strictly invariant for A) if

A(Komu \ {0}) € int(Kmur)- H

The reason to treat the strict invariance in the present section is due to the
forthcoming Theorem 6.7, which proves that this property forces the matrix to be
asymptotically rank-one.

Proposition 6.5. If the weakly proper multicone K, is strictly invariant for

a matriz A, then its proper core pr(K,u) is nonempty and strictly invariant as
well, and condition (36) holds.

Proof. First note that pr(K,,.;) # 0 since

it (pr(Komu)) = 0t(Kmu) 2 A(Kmu \ {0}) # 0.

This also obviously implies the strict invariance of pr(K,.,).

Moreover, by assumption, we have A(K,,,; \ {0}) C int(K,,,;) and thus, since
0 ¢ int(K ), condition (36) is proved as well. O

Next properties are the analog of Proposition 5.4 in the strictly invariant case and
give a tighter localization-type result.

Proposition 6.6. Let a weakly proper multicone Ky = U;_, Ks(f,)m be strictly
invariant for a matrix A. Then we have:
(i) for each proper conic component KO | there exists a proper conic component
K| possibly different, such that
A(KY\{0}) C int(KV); (39)

(ii)  there exists a proper conic component K which is strictly A%-invariant
and, more precisely, such that

int (K *®) if A\ >0,
AK® N\ {o}) <
int(— K *)) if \a<0

and vy € int(K®).
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Proof. (i) By Proposition 6.5, condition (36) holds; hence, (30) is verified, too.

So we can apply Proposition 5.4 and obtain that, for each proper conic component
K® | there exists a conic component K such that A(K®) C KU). The strict
invariance implies the stronger form (39). Consequently, K (@) is necessarily proper.
(ii) Since also pr(K ) is strictly invariant (by Proposition 6.5), we can apply
Proposition 6.2 to it. Therefore, taking into account the strict invariance, we

obtain the required inclusions. Moreover, K®*) is strictly invariant for A% and,
hence, Theorem 2.26(ii) yields v4 = v 42 € int(K®). O

Theorem 6.7. Let a weakly proper multicone Ky = \J,_, Ks(;)m be strictly in-
variant for a matriz A. Then A is an asymptotically rank-one matriz.

Proof. By Proposition 6.6(ii), we can apply Theorem 2.26(i) to the matrix A2
in relation to its strictly invariant cone K®). Thus, A? has a unique leading
eigenvalue p(A?) > 0, which is simple.

Clearly, A4 = p(A)? = p(A?) > 0, so that Ay = +p(A) # 0 is the unique, and

simple, leading eigenvalue of A. ]

Now we can state the main result of this section.

Theorem 6.8. Let a proper multicone K,,,; be strictly invariant for a matriz A.
Then:

(i)  both K . and KX, are strictly invariant for the transpose matriz A" ;
(ii)  both KX and KX are strictly invariant for A;

(i) K' NHur =KX NHu={0};

(iv) KpuNHa=KI! NHy= KN Hy={0}.

mul
Proof. (i) First note that K . is a weakly proper multicone (see Theorem 4.9
(ii)~(iii)). Then, if y € K \ {0}, equalities (20) and (21) of Proposition 4.11
yield

(ATy) e =yTAz #0 VYo € Ku\ {0},
that is, ATy € int(K

T ), as required.

Moreover, by Proposition 6.5 also KX, is strictly invariant for AT.

(ii) It directly follows from (i) applied to the pair (AT, KX ).
(iii) Assume there exists y € (K| N Hyr)\ {0}. By (i), ATy € int(K! ). On

the other hand, AT is asymptotically rank-one (see Remark 2.29) and, hence, H 4r
is invariant for AT by Remark 2.4. Therefore, ATy € int(K jnul) N Hyr, against
(37). The other equality trivially follows.

(iv) By (i) and the second equality in (iii) applied to the pair (AT, K ), we have

K} N Hy={0}. Since K,y € K\, (see (28)), we also have K,,,; N Hy = {0}.

Finally, applying the first equality in (iii) to the same pair, we obtain K ;Ll NHy =
{0}. Since KT C K*! (being KX, C K ), weget KI' N Hy={0}. O
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We end our discussion with the following straightforward result.

Corollary 6.9. Let K, be a properly reflexive (proper) multicone. Then K,
is strictly invariant for A if and only if the proper dual K . is strictly invariant
for the transpose matriz AT

7. Conclusions

In this paper we have analyzed the geometric structure and properties of a certain
class of subsets of R?, here called multicones, which are quite natural generaliza-
tions of the classical cones. In particular, we have introduced and investigated
a suitable extension of the concept of duality, which has allowed us to treat in
a convenient way many issues related to the invariance and strict invariance of
multicones for real matrices.

We have seen that, in general, there exist real matrices which admit an invariant
multicone but not an invariant cone, nor even an invariant symmetric cone.

Concerning asymptotically rank-one matrices, although Proposition 6.2 tells us
that those having an invariant multicone are no more than those having an in-
variant symmetric cone, our analysis reveals to be particularly useful in order to
treat families of matrices. In fact, in this case it is known that invariant and
strictly invariant multicones may exist even if any (symmetric) cone with such
properties does not (see, e.g., Bochi and Morris [4] for families of nonsingular
matrices). This subject is faced in [6].

Acknowledgements. Research supported by the University of Trieste (FRA
2015) and by INdAM-GNCS. The second author is a member of the INJAM
Research group GNCS.

References

[1]  A.Avila, J.Bochi, J.C.Yoccoz: Uniformly hyperbolic finite-valued SL(2,R)-
cocycles, Comment. Math. Helv. 85 (2010) 813-884.

[2]  G.Birkhoff: Linear transformations with invariant cones, Amer. Math. Monthly
74 (1967) 274-276.

[3]  J.Bochi, N. Gourmelon: Some characterizations of domination, Math. Zeitschrift
263 (2009) 221-231.

[4]  J.Bochi, I.D.Morris: Continuity properties of the lower spectral radius, Proc.
London Math. Soc. 110 (2015) 477-509.

[5]  M.Brundu, M. Zennaro: Cones and matriz invariance: a short survey, Rend. Istit.
Mat. Univ. Trieste 50 (2018) 81-100.

[6) M.Brundu, M. Zennaro: Invariant multicones for families of matrices, Ann. Mat.
Pur. Appl. (2018) (electronic preview), DOI: 10.1007/s10231-018-0790-4.

[7]  R.Edwards, J.J. McDonald, M. J. Tsatsomeros, On matrices with common invari-

ant cones with applications in neural and gene networks, Linear Algebra Appl. 398
(2005), 37-67.



1052

8]
[9]

[10]

M. Brundu, M. Zennaro / Multicones, Duality and Matriz Invariance

W. Fenchel: Convex Cones, Sets and Functions, Princeton University Notes, Prin-
ceton University, Princeton (1953).

G.F.Frobenius: Uber Matrizen aus nicht negativen Elementen, Sitzungsber. Kon.
Preuss. Akad. Wiss. Berlin (1912) 456-477.

R.B. Holmes: Geometric Functional Analysis and its Applications, Graduate Texts
in Mathematics 24, Springer, New York et al. (1975).

V.L.Klee: Separation properties of convex cones, Proc. Amer. Math. Soc. 6(2)
(1955) 313-318.

M. A. Krasnosel’skii, E. A. Lifshits, A.V.Sobolev: Positive Linear Systems: the
Method of Positive Operators, Sigma Series in Applied Mathematics 5, Helder-
mann Verlag, Berlin (1989).

M. A. Krasnosel’skii, A. V. Sobolev: Cones of finite rank, Dokl. Akad. Nauk SSSR
225 (1975) 1256-12509.

A. G. Kusraev, S. S. Kutateladze: Subdifferentials: Theory and Applications, Sprin-
ger Science Business Media, Cham (2012).

P.D.Lax: Linear Algebra and Its Applications, Wiley, New York (2007).

O. Perron: Grundlagen fiir eine Theorie des Jacobischen Kettenbruchalgorithmus,
Math. Ann. 63 (1907) 1-76.

O. Perron: Zur Theorie der Matrices, Math. Ann. 64 (1907) 248-263.

L. Rodman, H. Seyalioglu, I. M. Spitkovsky: On common invariant cones for fam-
ilies of matrices, Linear Algebra Appl. 432 (2010) 911-926.

H. Schneider, B.-S. Tam: Matrices leaving a cone invariant, chapter 26 in: Hand-
book of Linear Algebra, L. Hogben (editor), Chapman and Hall, London (2014).

H. Schneider, M. Vidyasagar: Cross-positive matrices, STAM J. Numer. Anal. 7
(1970) 508-519.

B.-S. Tam: A cone-theoretic approach to the spectral theory of positive linear op-
erators: the finite dimensional case, Taiwanese J. Math. 5 (2001) 207-277.

J.S. Vandergraft: Spectral properties of matrices which have invariant cones, SIAM
J. Appl. Math. 16 (1968) 1208-1222.

Wikipedia: Truncated icosahedron, https: //en.wikipedia.org/wiki/Truncated_ ico-
sahedron.



