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We establish some results characterizing central or axial symmetry of convex sets in the hyper-
bolic plane. The characterizations follow the spirit of a Chakerian-Klamkin’s characterization
of central symmetry for Euclidean sets: if for any three point-subset M of a compact set K
there is a symmetric image of M that is also contained in K, then K has a center of hyperbolic
symmetry. We also study axial symmetry when the axis is either a geodesic, a horocycle, or a
hypercycle. Finally, in the last section we give a characterization of the hyperbolic disc.
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1. Introduction

There are many interesting and useful characterizations of centrally symmetric
sets in the Euclidean space. That is, there are criteria to know whether for a set
K C R" there exists a point p € R such that K — p =p — K. We are especially
interested in the following criterion given by G.D. Chakerian and M. S. Klamkin
in [1]: a compact set K C R™ has a center of symmetry if for any three point set
S ={a,b,c} C K there exists a point xs such that {rs — a,rs —b,xg —c} C K.
In [4], J.Jer6nimo-Castro and L. Montejano proved the colored version of the
Chakerian-Klamkin’s theorem and also proved an analogue theorem for the case
of axial symmetry:

Let K CR™ be a compact, convex set and let veS™ ! be a fived direction. Assume
that for any two of points a,be K there is a hyperplane H, orthogonal to v, with
the property that the orthogonal reflections of a and b with respect to H are also
contained in K. Then K has an orthogonal hyperplane of symmetry orthogonal to v.
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Using a very simple argument, we can extend this last result in order to avoid the
hyphotesis of convexity over K. That argument is used, indeed, in the proof of
Theorem 2.8. The main purpose of this article is to give some Chakerian-Klamkin
type theorems in the hyperbolic plane and also to give a characterization of the
hyperbolic disc in terms of the convexity of the union of K with some suitable
reflections of it.

2. Characterizing central and axial symmetry

Let (D, dp,) denote the Poincaré disc model for the hyperbolic plane, i.e, D = {z €
C : |z| < 1} and d}, denotes the hyperbolic metric. The unit circle is said to be
the ideal boundary of ID. The geodesics in this space are given by diameters of
the unit circle and by arcs of circles which are orthogonal to the ideal boundary.
Given two points z and w in D, there exists a unique geodesic L passing through
them. We denote the geodesic segment joining these two points by [z, w].

A horocycle in D is a circle tangent to the ideal boundary. The tangency point is
called the center of the horocycle. For any two points z and w in D, there exist
exactly two horocycles passing through them. Moreover, one is the reflection of
the other along the geodesic passing through the points z and w. The domain
bounded by a horocycle is called a horocyclic region, while the intersection of two
horocyclic regions is called a horocycle lentil. We will denote horocycles in D with
the letter T.

A hypercycle in D is the set of points that are equidistant from a fixed geodesic
called its axis. A hypercycle consists of an arc of a circle joining the endpoints
of the axis together with its reflection along the axis. If a hypercycle does not
coincide with the axis, it encloses a domain called a hypercyclic region. We will
call the arcs of circle corresponding to half the boundary of hypercycles semi-
hypercycles and we denote them with the letter I'. For any two points 2z, w that
lie in a semi-hypercycle I', we use the notation [z, w]r to represent the segment of
the hypercycle I' joining z and w.

A subset K of D is called convez if for any two points in K the geodesic segment
joining them is also contained in K.

There is another notion of convexity in D: A subset K of D is called h-convez if
for any two points z and w in K the two segments of horocycles joining z and w
belong to K.

It is easy to see that if K is h-convex, then for any z and w, the horocyclic lentil
determined by z and w is contained in K. Since the segment [z, w] is contained in
the horocycle lentil, the set K must be convex. Moreover, since every horocycle
lentil is convex in the Euclidean sense, we conclude that K is also convex in
the Euclidean sense considered as a subset of the complex plane. Notice that the
boundary of any h-convex set does not contain Euclidean nor hyperbolic geodesics.

In this paper we study different types of symmetry for compact sets in the hyper-
bolic plane. In order to do so we need the following definition.
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Definition 2.1. Let K be a subset of D.

(1) For a point p € D, let R, denote the mapping corresponding to the hyper-
bolic rotation of degree two around p. The set K is said to have center of
symmetry p if R,(K) = K.

(2)  For a geodesic L, let R, denote the mapping corresponding to the reflection
along L. The set K is said to be symmetric with respect to L if Ry (K) = K.
In this case we call L an axis of symmetry for K.

(3)  For a horocycle T tangent to the ideal boundary of D at a point «, let Ry
denote the mapping sending a point z to the point w in the geodesic L
passing through o and z, such that the only point in T N L is the middle
point of the segment [z, w]|. The set K is said to be symmetric with respect
to Y if Ry(K) = K.

(4)  For a semi-hypercycle I with axis L, let Rr denote the mapping sending a
point z to the point w in the geodesic L’ orthogonal to L and passing through
z, such that the only point in I'N L' is the middle point of the segment [z, w].
The set K is said to be symmetric with respect to I' if Rp(K) = K.

Our first result is the following.

Proposition 2.2. Let K be a compact subset of D. Suppose that for any three
points wy, we and ws in K there exists a point p in D such that R,(wy), R,(w2),
R,(w3) € K. Then there ezists a unique point py € D such that K is symmetric
with respect to po. In particular if K is convezx, then py is in K.

Proof. Let wy,wy € K be such that dj(wo, wj) = sup, .icx dn(z,2'). The only
point py € D such that R, (w), R,,(w)) € K is the middle point of the segment
[wo, wy)]. For if p; # py also satisfies R, (wo), R, (wg) € K, then

max (dh(w(b Ry, (wo)), di(wy, By, (w()))) > dp(wo, po)-
This implies

sup d,(z,2") > 2max(dy(wo, p1), dn(wp, p1)) > dp(wo, wp),
z,z' €K

which is a contradiction. Then, for any point w € K, the only point p that satisfies
R,(w), Ry(wo), Ry(wp) € K is po. It follows that R, (w) € K for every w € K.

If K is convex, then it must contain the segment [wp,wj]. In particular it must
contain py. O

The following proposition gives a criterion to know when a compact set has an
axis of symmetry.

Proposition 2.3. Let K be a compact subset of D containing more than one
point. Then K is symmetric with respect to a geodesic L if and only if for

any finite set {z1,...,z,} of elements of K, there exists a geodesic Lo such that
Ri (z) € K foralli=1,....,n.
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Proof. Since necessity is trivial we only prove sufficiency. Let A = {z1, 29, ...}
be a countable dense subset of K. For each n, let L, be the geodesic in I such
that Ry, (z) € K for every i = 1,...,n. Let w, and w/, be the endpoints of L, in
the ideal boundary of D. Since the sequences (w,) and (w/,) are bounded in the
Euclidean metric, we may assume by passing to a subsequence that they converge
to points w and w’ in the ideal boundary of ID. Moreover, the compactness of K
implies that w # w’. Let L be the geodesic determined by w and w’. For any point
z; in A we have Ry, (z;) = Rp(z;) asn — oo. Since Ry, (z;) € K for n sufficiently

large and K is closed, we conclude that R (z;) € K. Thus R.(A) C K.

Let z be any point in K and choose a sequence (Z,) in A that converges to z. It
follows that Rr(Z,) — Rrp(z) as n — oo. Using again the fact that K is closed
and that Rp(Z,) € K for every n we obtain Ry(z) € K. This completes the
proof. [

One may think that the sufficiency part of the previous proposition is asking too
much. In order to prove the theorem, the condition of being symmetric with
respect to a line is required for too many points. Nonetheless, it is not possible
to weaken it in that sense. In order to show this we construct an example.

Figure 1. Example for n = 5.

Example 2.4. Let n be a natural number greater than 1. Define the set C), to
be the convex hull of {z € D : |z| = r and 27/n < arg z < 27} U {re?™/3"} where
0 < r < 1. It is easy to show that there is no geodesic L with respect to which the
set (), is symmetric. Let zq,...., z, be n points in C,, arranged in such a way that
0 <argz <argz < ... < argz, < 2m. Let S; be the sector determined by z;
and z, with central angle arg z; —arg z,+2m and for i = 2, ..., n let S; be the sector
in D determined by the points z; and z;_; with central angle arg z; —arg z;_1. The
sum of the central angles of each sector S; must equal 27. It follows that that
there is at least one sector S; with central angle greater than or equal to 27 /n.
Let S” be a sector contained in S; with central angle 2w /n and bounded by the
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rays starting at 0 and passing through the points re® and re(#+3)i Choose the
geodesic L passing through 0 which is the angle bisector of the two rays starting
at 0 and passing through the points re= and re®. We have that Rp(S") ={z:
|z| <70 <argz < 2m/n}. Since all the z; are in (5")¢, it is readily seen that for
cachi=1,....,n we have Ry (%) € {z€D:|z| <rand 2n/n <argz <2r} C C,.

The previous example shows that no matter how large an integer n is, we can
always construct a convex set C,, that has no geodesic of symmetry through a
given point (in fact, it has no geodesic of symmetry at all) but such that the
reflection of any n points in it along a geodesic lies in C,.

There is another interesting example: there exists a convex set K that satisfies
that for any two points wy,ws € K there exists a geodesic L orthogonal to a
fixed geodesic L’ such that Rp(w;), Rr(we) € K, and however, the set K has no
geodesic as an axis of symmetry. It is known that a compact Euclidean convex
set satisfying an analogue property must have an axis of symmetry (see [4]).

Example 2.5. Let L' be the geodesic determined by the diameter of D whose
endpoints are —¢ and 7. Let 0 < r < 1 and denote the geodesics orthogonal to
the geodesic L' passing through ri and —ri by L, and L_, respectively. Choose
any point wy in L, with positive real and imaginary parts and let Iy be the semi-
hypercycle passing through wy whose axis is L'. Then, Iy must intersect the real
axis at a point zy. Let Ly be the geodesic joining w, with zy and define K to be
the compact convex set bounded by L', L,, L,., Iy and Ly (see Figure 2), which
clearly has no geodesic as an axis of symmetry.

Figure 2. Counterexample.

In order to prove that for any two points wy,wy € K there exists a geodesic L
orthogonal to L' such that Ry(w), Rp(ws) € K, let I' be any semi-hypercycle
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with axis L’ that intersects K. Then, I' intersects the boundary of K at points
p and p, where p has positive imaginary part. We will prove first that for any
two points w and w’ in [p, p|r there exists a geodesic L orthogonal to L’ such that
Rp(w), Rp(w') € K. Let w and w' be two such points. We may assume that w’
is not in the hypercycle segment [w, p|r. Let A be the length of the hypercycle
segment [p, Plr. Suppose first that the length of [w, w'|r is at most A/2. Choose L
to be the geodesic orthogonal to L’ such that Ry(w') = p. Since hypercycles with
axis L' are invariant under R; we must have that Ry (w) is in [p, p]r. Moreover,
the length of [Rp(w'), Rp(w)]r = [p, Rr(w)]r is at most A/2 and then Ry (w) has
a nonnegative imaginary part and must be in K.

Suppose now that the length of [w,w']r is greater than A/2. Choose L to be the
geodesic orthogonal to L' such that Rj(w) = p. In consequence the length of
[Rr(w'"), Rp(w)|]r = [Rp(w'),p]r is greater than A\/2. Since Ry (w') is in [p,D|r, it
follows that Ry (w') has a positive imaginary part and must be in K.

Now let w; and ws be any two points in K and let I' be the semi-hypercycle
passing through w; whose axis is L'. Let Ly be the geodesic passing through ws
that is orthogonal to L'. Then, Ly crosses I' at some point w}. By applying the
previous argument to the points w; and w] we know there exists a geodesic L
orthogonal to L' such that Ry(w;), Rp(w}) € K. From this it is easily seen that
Rp(ws) is also in K. O

If we impose stronger conditions this situation changes. More precisely, we have
the following result.

Theorem 2.6. Let L' be a fized geodesic and let K be a compact convex subset of
D such that for any two points wy,wy € K there exists a geodesic L orthogonal to
L’ satisfying Rp(wy), Rp(wy) € K. Suppose that K satisfies one of the following:

(1)  The geodesic L' intersects L in at most one point.

(2)  The intersection of K with every semi-hypercycle with azis L' is either empty
or a connected set.

Then there exists a geodesic Lo orthogonal to L' such that K is symmetric with
respect to Ly.

Proof. Assume first that K and L’ are disjoint. Since K is compact, there exists
a point wy in K such that 0 < dp,(wo, L') = dp(K,L"). We claim that wq is the
unique point realizing this distance. In order to prove it, let £ be the hypercyclic
region whose boundary passes through wy and has axis L'. Since the boundary
of F is the set of points whose distance from L' is dj,(wy, L'), the set K must be
contained in the complement of E (see Figure 3). The closure of F is a convex
set. Thus, if I' denotes the semi-hypercycle passing through wg determined by
E, we have that for any point w; in I' such that w; # wp, the segment [wq, w;]
intersects E. It follows that I' intersects K only at wj.

On the other hand, I' is invariant under all reflections along geodesics that are
orthogonal to L’. In particular, if L is a geodesic orthogonal to L’ not passing
through wy, the point Ry (wy) is in I. The uniqueness of wy implies that for any
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such geodesic L, Rp(wy) € K if and only if L is the geodesic orthogonal to L'
passing through wy. Let Ly denote this geodesic and choose any point w € K. By
hypothesis, there exists a geodesic L such that Ry (wy), Rr(w) € K. The previous
argument shows that L = Ly and we conclude that Ry (w) € K for every w € K.

<

Figure 3. The set K is contained in the complement of F.

If L' crosses K at only one point wy, it is clear that Ry (wg) € K if and only if L
is the orthogonal geodesic to L’ passing through wy. We then proceed as in the
previous case.

Suppose now that the intersection of K with every hypercycle with axis L' is
either empty or a connected set. For any w in K, denote by K, the collection of
geodesics orthogonal to L" along which the reflection of w is in K. Let K/, be the
set of points where the geodesics in K, intersect L’. Since all points w in K lie
in a semi-hypercycle I' with axis L' and I' N K is connected, we must have that
K] is connected. Let w; and we be any two points in K. Then, by hypothesis
there exists a geodesic L orthogonal to L' along which the reflection of w; and ws
are in K. It follows that the intersection K, N K, must be nonempty. Applying
Helly’s Theorem (see [2]) for arcs over a circle we conclude that there exists a
point zy € Nuex K. Thus, if Ly is the geodesic orthogonal to L' that passes
through zy we have R, (w) € K for every w € K. O

Proposition 2.7. Let K be a compact convex subset of D and let  be a fized
point in the ideal boundary of . If for any two points wi,wy € K there exists
a horocycle Y with center o such that Ry(wy), Ry(we) € K. Then there exists a
unique horocycle Yo with center o such that K is symmetric with respect to Y.

Proof. Let L' be a fixed geodesic with « as one of its endpoints. For each w € K,
let K, be the collection of horocycles Y centered at « such that Ry(w) € K. Each
horocycle in K, intersects L' at exactly one point. Denote by K| the collection
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of such points. Notice that K/ must be a closed segment of L'. Since for any two
points there exists a horocycle centered at o along which the reflection of those
points remains in K, we must have K, N K, # 0 for every wy,w; € K. It is a
consequence of Helly’s Theorem (see for instance [2]), for arcs over a circle, that
there exists a point 2y € K/, for every w € K. In other words, there exists an
horocycle T passing through zy such that Ry, (w) € K for every w € K.

In order to prove uniqueness of T, let L be any geodesic with one endpoint at «
that crosses K in at least two points. Let wy and wj, be the points in K such that
[wo, wy] = LN K. Then there is only one horocycle centered at a along which the
reflection of wy and w(, remains in K, namely the horocycle passing through the
middle point of [wy, w(]. This arguments shows that Y is unique. ]

Theorem 2.8. Let K be a compact subset of D and let L be a fixed geodesic. If
for any two points wy,wy € K there exists a half-hypercycle I' with axis L' such
that Rr(wy), Rr(wy) € K, then there exists a unique half-hypercycle Ty with azis
L such that K is symmetric with respect to I'y

Proof. Let L’ be a fixed geodesic that is orthogonal to L. Each semi-hypercycle
with axis L must intersect L’ at exactly one point. For each w € K let K,
denote the collection of half-hypercycles I' with axis L such that Rr(w) € K.
Then there is a one to one correspondence between the points in K, and a subset
K] of L'. The argument used in the previous theorem shows the existence of a
half-hypercycle I'y such that K is symmetric with respecto to I'y

Uniqueness of 'y is also proved in a similar way: Let L” be a geodesic orthogonal
to L such that L" N K = [wy, wy], with wy # w(. Then the only half-hypercycle
along which the reflection of wy and w; remains in K is that which crosses the
middle point of [wy, wy). O

3. A characterization of the hyperbolic disc

In this section we will use a notion of width of convex sets introduced by Santald
in [6]. Let K be a closed convex set in D with differentiable boundary and let z
be a point in 0K . Let L, be the geodesic supporting K at the point z and let L’
be the orthogonal geodesic to L, passing through z. Let L,, be another geodesic
supporting K at a point w, that is also orthogonal to L’. Suppose L,, intersects
L’ at the point w’. The width with respect to the point z is the length of the
segment [z, w']. In this paper, we will say that the supporting geodesics L, and
L,, are parallel with respect to K and we denote the bisector of [z, w'] by L,,.

A closed convex set K is called of constant width X\ if the width with respect to
every point in its boundary is A. It is known now, due to a result by Dekster
[3] that a closed convex set K is of constant width if and only if for any parallel
supporting geodesics of K, L, and L,,, the common orthogonal to them, inter-
sects them at z and w, respectively. In other words, a closed convex set is of
constant width if and only if every normal is a double normal. It is an immediate
consequence of this fact, that if K is of constant width A, then diamK = X, where
diam K denotes the diameter of K.
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Figure 4. Width in the sense of Santalé.

The aim in this section is to give a proof of the following theorem.

Theorem 3.1. Let K be a compact h-convex set in D with nonempty interior and
whose boundary is differentiable. Suppose that for any pair of parallel supporting
lines of K, L, and Ly, the set Ry_,(K)U K is conver. Then K is a hyperbolic
disc.

y3(t)

Figure 5. The circle is an n-fine curve for every n.

Before giving the proof of Theorem 3.1 we need to prove a lemma similar to that
proved in [5] (as Proposition 6.3). In order to do this, we introduce the following
definition.

Definition 3.2. We say that an oriented, simple, differentiable, closed, convex

curve 7 in the Euclidean plane, is an n-fine curve if the following conditions hold:

(1) There is a one parameter family of inscribed n-gons with vertices x(t),
xo(t), ..., xu(t), for t € R, such that v shares tangent lines with a circle at
the points x1(t), x2(t), ..., x,(t).

(2)  The velocity «}(t) has the positive direction for all values of ¢t and i (i.e., all
vertices move along v with positive speeds),

(3)  The vertices of the polygon are cyclically permuted over a period: z;(t+1) =
x;11(t) for all ¢ and t.
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The definition of n-fine curves given in [5] is slightly different. It was required for
conv?y to be inscribed in the convex n-gon generated by the lines tangent to v at
the points z;(t), i = 1,2,...,n.

a(t)

Figure 6.

However, in our definition we permit the two cases shown in Figure 6. Here is the
mentioned lemma.

Lemma 3.3. Given a natural number n > 3, the only n-fine curve v is the
FEuclidean circle.

Proof. First note that it is only necessary to prove the theorem for n = 3.
Suppose the origin 0 is contained in the interior of convy and for every ¢ € [0, 27]
let u(t) = (cost,sint) be the unitary vector which makes an angle ¢ with respect
to the z-axis. Let v be parameterized as (), where «(t) is the point in 7 such
that ~/(t) is orthogonal to w(t) and wu(t) is the exterior normal vector at ().
Suppose the sequence of points x1, s, and x3 is given by ~(t), v(t + a(t)), and
v(t+a(t)+ B(t)), respectively, for two differentiable functions o and . Denote by
¢(t) and r(t) the center and radius, respectively, of the circle passing through ~(t),
v(t+a(t)), and y(t+a(t)+5(t)) (see Figure 7). We have that () = c(t)+r(t)u(t),
and since (7/(t),u(t)) = 0, we obtain

(@) + 7" (®)ult) +r@)u (t), u(t)) = ((t),ut)) +r'(t) = 0. (1)
Note that r(t+ a(t) + B(t) = r(t + alt)) = r(t),
and c(t+a(t)+ 5(t) = c(t + alt)) = c(t),

for every ¢ € [0,27]. In an analogous way we prove that

(d(t),u(t + at)) +r'(t) =0, (2)
and (d(t),ut+ a(t) + B(t)) +r'(t) = 0. (3)
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From (1), (2), and (3) we have
(1), u(t) —ult +a(t)) =0
and (d(t),u(t) —u(t+ at) + 5(1))) = 0.

Now, since the vectors u(t) — u(t + «(t)) and u(t) — u(t + a(t) + 5(t)) are linearly
independent we have ¢/(t) = 0, i.e., ¢(t) = ¢ for a constant vector c¢. Finally, using
that ¢(t) = 0 for every t € [0, 27|, from equation (1) we obtain that r’'(¢) = 0.
Since the centers c(t) and the radii r(t) are constant, we conclude that 7 is a
circle. ]

Figure 7. A circle sharing tangent lines with ~.

Proof of Theorem 3.1. Let z be any point in the boundary of K and let
L, be the corresponding geodesic parallel (in the sense explained before) to L,.
Let L., be the line defined before the statement of Theorem 3.1. Since the set
R;.,(K)UK is convex and Ry_, (z) = w', where the point w’ € L, is such that
[z,w'] is orthogonal to both L, and L,, the segment [w’, w] must be contained
in Ry ,(K)U K. Then w' = w, for if this is not the case, then for any point
¢ € (w',w) we have Ry, (¢) € 0K or ¢ € OK contradicting the fact that 0K has
no geodesic segments (since K is an h-convex set). Then every normal is a double
normal and it follows that K must be a set of constant width A for some A > 0.

Let p and ¢ be the points where L., intersect 0K. Since the geodesic passing
through p and ¢ is an axis of symmetry for R;_, (K) U K it follows that [p,q]
is a double normal for R, (K)U K and in particular for K. Let L,, be the
perpendicular bisector of [p, ¢]. We claim that L,, is the geodesic passing through
z and w. Suppose this is not the case and let Z and w be the points of intersection
between L,, and K. By repeating the argument above for the points p and
q, we get that [Z, @] is a double normal and A = dy(z,w) = dy(Z,w). We may
assume,without loss of generality that [Z, w] and [w, 2] intersect at a point u. Then

dp(w, 2) < dp(w,u) + dp(u, z) and d(w, 2) < dp (w0, u) + dp(u, ).
Adding up these inequalities we obtain
2\ < dp(w,u) + dp(u, 2) + dp(w, u) + dp(u, 2) = dp(w, 2) + dp (W, 2).

Thus A < max(dy(w, 2),dp(w, z)), and since the width of a set of constant width
is also equal to the diameter of the set, this contradicts the fact that K is of
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constant width A\. We have proved that the segments [z, w] and [p, ] bisect each
other, and since both of them have the same length, we have that z, p, w, and
q are contained in a hyperbolic circle (and consequently Euclidean) with radius
A/2. A well known property of hyperbolic circles is that every tangent line is
orthogonal to the radius drawn at the point of tangency, and so the circle through
the points z, p, w, and g shares tangent lines with 0 K. Moreover, since for every
double normal [z, w] there is a unique orthogonal double normal [p, ¢], we have
that the hypotheses of Lemma 3.3 hold and therefore, we conclude that v is a
hyperbolic (Euclidean) circle. O

Remark 3.4. The Euclidean analogue of this theorem is also true and the proof
follows the same ideas.
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