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1. Introduction

Finding shortest paths is a classical geometric optimization problem and has many
applications in different areas such as robotics, geographic information systems
and navigation [1], [28]. To date, many algorithms have been proposed: touring
polygons problems [2], [17], the shortest path problem on polyhedral surfaces
[13], [22], [31], the weighted region problem [6], [23], the shortest descending path
problem [3], [4], [14], and the shortest gentle descending path problem [5] (see also
[11], [20], [21]). However, the problem of computing the shortest path between
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two points in three dimensions in the presence of general polyhedral obstacles is
known to be computationally difficult [9], [12].

In some algorithms, exact and approximate solutions are computed based on solv-
ing the subproblem: finding the shortest path joining two given points along a
triangle sequence (the adjacent triangles on a polyhedral surface). Several algo-
rithms need to extend a shortest path from an old triangle sequence to a new one
[10], [13], [15], [16], [26], [32]. Not many properties of shortest paths on polyhedral
surfaces have been shown (see [9], [12], [22], [29]). They usually suppose paths
as a polyline. And the properties of shortest paths along triangle sequences is
even less than that ([22]). But the question is even more basic: “Is the shortest
path joining two points along a triangle sequence existent and unique?” . The
uniqueness of such a path is assumed even in geodesic spaces and generalized seg-
ment spaces [18]. Thus, this question is important not only in a computational
sense but also in a theoretical one. In this paper, we will consider the existence
and uniqueness of such shortest paths. We show how a shortest path bends at an
edge, and moreover how two shortest paths can be “glued” together to form one
shortest path.

The problem of finding shortest path joining two points along a sequence of adja-
cent convex faces (polygons) can be simplified to the following: Given two points
a,b and a sequence of line segments ey, es, ..., e, in R3, find a shortest path that
joins a to b and passes through ey, e, ..., e; in this order. In this paper, we con-
sider the above problem in a general setting: the space E is a non-trivial Euclidian
space, line segments e, es, ..., e, in E are arbitrary and not necessarily distinct,
some of them may be singletons, and two consecutive line segments may not lie
in a plane. This problem covers even the one of finding the shortest path lying in
a convex polygon P in R? that joints two given points a,b € P and meets a given
sequence of sides and vertices of P in a required order.

Our problem is studied under analytical and geometrical viewpoints. In this
respect a path v: [tg, 1] C R — E joining a to b is called an ordered path with
respect to the sequence eq, e, ..., e if there exists a sequence of numbers t; <
ty < - <ty <ty with y(t;) €e; fori =1,2,... &k, and v(ty) = a, y(t1) = .

We discuss the existence and uniqueness of shortest ordered path (Theorem 3.8
and Corollary 3.11). We then investigate some characteristics of angles between
the shortest ordered path and line segments e;s, especially when the path goes
through common points of e;s. Theorem 4.4 and Corollaries 4.7-4.8 give a step-
by-step method to determine whether an ordered path is shortest. Sufficient
conditions under which concatenation of two shortest ordered paths is shortest
are also given (Theorem 4.9 and Corollary 4.11).

In the last section we introduce the concept of straightest path on a sequence S of
adjacent convex polygons in R? or R3, establish a relation between shortest paths
and straightest paths joining two points on S, and consider a discrete initial value
problem for straightest paths. Theorem 5.2 can be used to find a straightest path on
a sequence of convex polygons from a given point and a given direction. More-
over, using Proposition 5.5 one can construct the shortest path joining two points
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and passing through a sequence of convex polygons from its finite straightest paths

(see [7]).

2. Preliminaries

Let be given a metric space (X, p). A path in X is a continuous mapping ~ from
an interval [to,f1] C R to X. We say that 7 joins the point (o) to the point
~(t1). The length of ~: [to, t1] — X is the quantity

k
I(y) =sup Y _ p(¥(7i-1),7(1)),
7 =1

where the supremum is taken over the set of partitionsto = < < --- <7 =t
of [to, t1]. The length of a path is additive, i.e., for any path 7: [to, ;] — X and
te € [to, ta], l(y) = l('y“to,t*])—l—l(’y‘[t*’tl]), where v, . and 7, , arerestrictions of y
on [to, t] and [t., 1], respectively (see [25]). For instance, let (X, ||-||) be a normed
space. A mapping 7: [to, t1] — X is said to be an affine path if for any A € [0, 1],
V(1= N)to+ At1) = (1= AN)y(to) + AMy(t1). For z,y € X, to,t1 € R, tg < t1, a path
7: [to, t1] = X joining x to y is affine iff y(t) = (t1 — to) 7 [(t1 — t)z + (¢t — to)y].
In this case, v has length ||z — y|| and the image ~([to,t1]) is the line segment
[z,y] = {(1=XN)z+ Ay :0 <\ <1}. We assume that all paths in this paper have
finite length.

Let to,t; and to be real numbers satisfying to < t; < to. If 4q: [to, t1] = X
and 7y: [t1,ta] — X are two paths satisfying v;(t1) = 72(¢1), then we can define
the path v: [tg,ta] — X by setting y(t) = 1(t) if to < t < tq, y(t) = 7=2(t) if
t; <t <ty ~yis called the concatenation of v, and 75, denoted by ~; * -, and we
have I(7) = I(71) + {(72)-

Let 7: [to,t1] — X and n: [19,71] — X be two paths in X. We say that ~ is
obtained from n by a change of parameter if there exists a function ¢: [tg, t1] —
[70, 1] that is monotonic (in the weak sense), surjective and that satisfies v = not.
The function ¢ is called the change of parameter. It is proved that the equality
() = l(n) always holds. We say that 7: [to, t1] — X is parametrized by arclength
if for all 7 and 7’ satisfying tx < 7 < 7" < ¢;, we have l('th/]) =7 -7 If
v: [to,t1] = X is any path, then there always exists a path A: [0,{(7)] — X such
that X\ is parametrized by arclength and ~ is obtained from A by the change of the
parameter v : [tg,t;] — [0,1(7y)] defined by (1) = l(’y“toﬂ). Most of definitions
and results above can be found in [25].

In this paper, (E,|| - ||) denotes a non-trivial Euclidian space and the induced
distance is p(z,y) = ||z — y||. For z,y € E, denote |z,y] = [z,y] \ {z}, [z,y[=
[z,y] \ {y}, and ]z,y[= [z,y] \ {z,y}. Note that when = =y, [z,y] = {2} and
[z, y[=]z,y] =]z, y[= 0. If x # y, each point z € |z, y[ is called an interior point
of [x,y]. By abuse of notation, sometimes we also call the image v([to,?1]) the
path 7: [tg, ;1] — E. For practical purposes, E is usually chosen to be the finite
dimensional space R? with d = 2 or d = 3.
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3. Shortest ordered paths

Definition 3.1. Let a, b be points in E and let ey, ..., e, be a sequence of line
segments (these line segments are not necessarily distinct and some of them may
be singletons). A path ~v: [tp,t;] — E that joins a to b is called an ordered
path with respect to the sequence eq,...,e; if there is a sequence of numbers
to <ty < -+ <t <ty such that y(¢;) € e; for i = 1,..., k (see Figure 3.1). v is
called a shortest ordered path if its length does not exceed any ordered path.

Figure 3.1: An ordered path joining a and b, passing through ey, es, €3, €4, €5, €¢
and e;.

If v: [to, t1] — E joins a to b and is an ordered path with respect to the sequence
e1,...,ep we call it an OP(a,b)(,,.. ). If we want to emphasize the intersection
points (t;) of v and e;, tg < t; < - <t <y, we say v is an OP(a,b)(e,,...ep)
corresponding to v(t;) € e;, 1 < i < k. If; in addition, v is a shortest path, then
we say that it is an SOP(a,b),....ep)-

In this paper we assume for convenience that e; # e;,1 foralli =1,... k—1. We
also use the notation SOP(a,b)y to denote any path that joins a to b, one-to-one,
and has length ||a — b|| and image [a,b]. Usually SOP(a,b)y is assumed to be
an affine path joining a to b. The aim of this section is to prove that shortest
ordered path joining two given points and with respect to a given sequence of line
segments exists and in some sense is unique.

We start with an intuitive property of paths.
Lemma 3.2. Let ty <ty and let v: [ty,t1] — E be any path.

(@)  U(vy) > ||v(te) —y(t1)|| and equality holds only if y([to, t1]) = [v(to), y(t1)].
(b)  If v is parametrized by arclength and l(y) = ||v(to) — v(t1)|| > 0, then v is

t1 — 1t t—1t
! 0 ’y(tl), t e [to,tl].

v(to) +

:t1—to t1 —to

affine, that is  ~(t)
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Proof. Set a = (ty) and b = y(t1).

(a) Choosing the partition {to,t1} of [to, t1] gives () > ||v(to) —v(t1)]| = |la —b|.
Suppose that () = |ja—b||. If there were z = v(7) € ¥([to, t1]) such that = ¢ [a, 1],
then we would have I(y) > [|v(to) = v(7)[| + (1) =v(t)[| = lla — 2| + ||z — b >
la — b||, a contradiction. Thus 7([to,t1]) C [a,b]. Moreover, since ([to,t1]) is
connected, a = y(tg) and b = 7(t1), it follows that v([t, t1]) = [a, b].

(b) First observe that t; —to = I(y) = ||la — b|| > 0 and by (a), v([to, t1]) = [a, b].
Fix to < t < t; and suppose t = (1 — Nty + Aty and ~(t) = (1 — p)a + pb,
A, i € [0, 1]. Since « is parametrized by arclength, l('yhto,t]) =t—1ty > ||v(t) —al|
and l(’y“t’tl]) =1t —t > |b—~(t)]]. Adding these inequalities gives t; — ty >
(@) = all +[lb =) = ||b - all =t —to. Hence ¢ —to = [|y(t) — af|, that is
Aty —to) = pl||b — al| = u(ty — to), whence p =X = (t —to)/(t1 — to). O

If v ([to, t1]) is a path which joins a = y(t) to b =~(t1), and ¢ € E, for abbrevia-
tion, we denote by yx[b, c| the concatenation of v and any one-to-one shortest path
€: [t1,t2] — E joining b and ¢. (If b = ¢, v*[b, | = +.) The notation [c, a] xy is de-
fined similarly. Clearly I(y*[b,c]) = I(7)+|c—b[ and I([c,a]*7) = () +|c—a]|.
Likewise, if v ([to, tl]), 72([15’1, tg]) are paths which join a to b and ¢ to d, respec-
tively, and ¢; < t|, then 7 * [b, ¢| * 72 denotes the concatenation v; * £ * v2, where
¢ is defined on [ty,t]], one-to-one, and is a shortest path joining b to ¢. In these
notations, £ is usually chosen to be affine.

In studying properties of shortest ordered paths, the following simple result is
essential for others.

-----

ei,i:17...,l€.

(@) Iftj1 < a < B <ty then (vmg) = lIv(@) = v(B)|| and ([a, B]) =
[v(a),v(B)]. If, in addition, -y is parametrized by arclength, then v is affine

on |a, G].
(b) V([toatl]) = U [v(&),v(tir1)]. Thus 7([1&0,751]) is a polyline.

Proof. Let = := y(a), y := y(8). If {(Va) > [z — yl, then the path n =
[(via.t)) < 1(7), a contradiction. Thus {(7|(a,5) = ||z — y|| and hence, by Lemma
3.2, v([a, B]) = [z,y]. In particular, ([, fi1a]) = [v(E:), Y(Ei)] for 0 < i < k.
Therefore, v([to, t1]) = U_gv([ti, tis1]) = Ug[v(%:), ¥(fi+1)], which is a polyline.
Finally, if v is parametrized by arclength, Lemma 3.2 says that ~ is affine on
[, B]. O

Remark 3.4. Let fi,..., fri1 be a sequence of convex polygons (not necessar-
ily distinct and f; and f;;; may be identical), let e; be a common edge of f;
and firq and let a € f1, b € frp1 (K > 1). If y([to, t1]) is an SOP(a,b)c,.....ex)s
then by Proposition 3.3, v([to, t1]) = U [v(%:), 7(fiy1)] C UL f;, ie., this short-

est ordered path lies on the polygons. Conversely, if v: [to, ;] — Ufi’ll fi is an
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OP(a,b)(,,..e,) and has the minimum length in the family of all OP(a,b),,....c,)
that lie totally on the polygons f;, then y([tg,#1]) is an SOP(a,b)c,.....e;)- O

Thus determining a shortest path on the sequence of convex polygons fi, ..., fii1
in R? (or in R?) is equivalent to determining an SOP(a,b) (e, ... ). This is a reason
why we investigate in this paper shortest ordered paths with respect to a sequence
of line segments. The approach allows us to study ordered paths even in cases
where the unfolded images of convex polygons on a plane overlap.

The following lemma says that restriction of a shortest ordered path on each
subinterval of its domain is again a shortest ordered path. It can be seen as a
“local property” of shortest ordered paths.

Lemma 3.5. Let y([to, t1]) be an SOP(a,b) (.. ) and to = &g <t < -+
th <tpar :=t1, y(t) €€ fori=1,...k. f1<m<n<kandt, <«
tm S tn S 5 S tn-i—l; then Vle,8] s an SOP(’Y(O'/%7(5))(8m,~~~76n)'

VARVAN

Proof. Let z := y(a) and y := (53). Clearly |6 is an OP(2,Y)(ep,....cn)- I
V/ja,3] is not shortest, there exists a path n: [«, f] — E that is an OP(2,Y)(en,....en)
with I(n) < l(w[aﬁ]). Then £ = Yo,a * 1 * V3] 15 an OP(a,b)(,,. ., but
[(€) < I(7), a contradiction. O

Lemma 3.6. Suppose 7([t0,t1]) is an SOP(a,b)(e,...ep) and ty =119 <13 <--- <
th <ty :=t, y(t;) €e fori=1,... k. Ifl(m[t7tq) > 0 for allt,t' € [ty,t1] and
t <t', then vy is one-to-one on each subinterval [t;,t;11], 0 <1i < k.

Proof. Suppose conversely that 7 is not one-to-one on [t;,%;41], i.e., there exist
t; <a<f<tj withy(a) =~(B). Set 6 := f—a > 0. Define n: [to,t; —0] - E
by n(t) =~(t) if to <t <aand n(t) =y(t+9)if a <t <t; —J. Then 7 is an
OP(a,b)(e,....er) and since I(7ja,g) > 0,

(n) = U(Mitoa)) + L Mieii—1) = L(Vitoral) + L (Vig.a1) = 1Y) = (V) < 1)

This contradicts the fact that v is an SOP(a,b)(e,.....e,)- Thus 7 is one-to-one on
each ['EZ, Ez‘—&—l]- OJ

In this paper, sometimes we use the following assumption.

(A) The restriction of the path on each non-singleton interval of its domain has
positive length.

Assumption (A) means that the path is not constant on any interval with positive
length in its domain. It is satisfied, for instance, if the path is parametrized by
arclength or if it is one-to-one.

We now turn to the problem of existence and uniqueness of a shortest ordered
path.

Lemma 3.7. Let £ = (e1,...,ex), v([to,t1]) and n([r0,m1]) be OP(a,b)s corre-
sponding to x; = vy(t;) and y; = n(7;), 1 < i < k, respectively.



N.N. Hai, P.T. An, P. T. T. Huyen / Shortest Paths ... 1095

(a) Ifa# x1, a # y1 and the angle between x; — a and y, — a is not zero, v and
n are not both shortest.

(b)  Ifb # xk, b # yr and the angle between xy — b and y, — b is not zero, v and
1 are not both shortest.

Proof. We prove for case (a), similar arguments apply to case (b). Suppose on the
contrary that v and n are both SOP(a,b)e and I(v) = l(n) = 0. Let zy = yo := a,
Tpe1 = Ykr1 = band z; := (v; +v:)/2, 0 <i < k+1,s0 zo = a and 25,1 = b.
Let ap := 0, a3 == ||z1 — 20|, @2 := a1 + ||22 — 21|y Qkr1 := Q@ + |21 — 2&]|-
Define ¢: [0, ap41] = E by p(a;) = 2z; for i = 0,...,k + 1, and ¢ is affine on each
subinterval [@;, @;41]. Then ¢ is an OP(a,b)s and

k

() = Zl(tpuai,am}) = Z 12 = zital|- (1)

1=0

Likewise, according to linearity of length and Theorem 3.3,

k k
() =Y Ml =il and 1n) =Y llyi — v (2)
=0 i=0

Since the angle between x1 — a and y; — a is not zero,
2lla = 21| <lla — a1l + lla =y (3)
Moreover, for 1 <i < k,

2z = zigall = |(ws +vi) — (@igr +vir)l] < v — 2| + 1y — Yiga |- (4)
Using (1)—(4) we get

k k
() =23 1z = zenall < lla—wall + o = gl +2 3 12 = 2

1=0 i=1

k k
<la =] + lla = wall + D s = wisall + D v — yoa |
i=1 =1
k k
=z — il + Y Ml = vl = 1) + 1(n) = 20,
=0

1=0

implying [(¢) < o. This is impossible. Therefore v and 7 are not both shortest
paths. [

Suppose that y([to, t1]) and n([r, 71]) are OP(a,b)e. We say that v equals n if
at least one path can be obtained from the other by a strictly increasing change
of parameter. Clearly, if v equals n, then I(v) = l(n). If to < t1, 790 < 71,
and y([tg,t1]) is an OP(a,b)g, then there always exists an OP(a,b)s defined on
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[10, 1] that is equal to v, say n = 7 o p, where ¢: [r9, 1] — [to,?1] is defined by
o(7) = (11— 70) (11 — T)to + (71 — 7o) "1(7 — 7)t1. This equality relation is in fact
an equivalence relation on the family of OP(a,b)s. Whenever we identify ordered
paths this way, the shortest ordered path joining two points with respect to a
given sequence of line segments is unique. This is stated in the following theorem
which is also the main result in this section.

Theorem 3.8. Leta,b € E andletey, ..., ek be a sequence of line segments (these
line segments are not necessarily distinct and some of them may be singletons).
There exists a shortest ordered path joining a to b with respect to the sequence
€1, -..,er. Moreover, this shortest ordered path is unique in the family of ordered
paths satisfying assumption (A).

Proof. Ezistence. Denote £ = (ey,...,e;), K :=e; x---x e, CEF 2y :=a, and
Try1 = b. Consider the function ®: EF — R, ®(xy,...,23) = Zf:o |lxi — 24|
As @ is continuous and K is compact, there exists (z7,...,z;) € K such that
O(x3,...,25) = 0 := ming . Let

zy=a, xjq=0b ty:=0, tigq =6+ -2, 0<i<k.

Clearly, tp1 = Zf:o |z; — 7,,|| = o. Consider the mapping 7y: [0,0] — E
defined by ~o(t;) = =, i = 0,...,k + 1, and 7, is affine on each subinterval
[ti,tiv1]. Then 7o is an OP(a,b)s and

k
() =Y 1oy a]) Z |z} — af || = ®(af,...,2}) = 0.
1=0

Suppose now that 7: [tg, ;] — E is an OP(a,b)¢ corresponding to &; = (t;) €e;,
1<i<k. Set Ty:=a,Tpy1 :=0b, tg:=ty, and ty1 := t;. Then, by Lemma 3.2,

k
1) = Y (i) lemz—mﬂl— (21, ., Tp) 2 V(27,0 23) = U0)-
1=0

Therefore vy is an SOP(a,b)s. Observe further that ~, is parametrized by ar-
clength.

Uniqueness. Suppose that n([r,71]) is an SOP(a,b)s corresponding to y; =
n(7) € e, 1 < i < k. Set 1o =: To, Thr1 := T1, Yo := (7o) = a, and yg1 =
1N(Tes1) = b.

We first consider the case when 7 is parametrized by arclength and 75 = 0. Then
=1 —1=In)=o0,so [r,m] =00

Suppose that the set I ={i: y; # x}} is nonempty and m := min I. Asyy = z{ = a
and yxr1 = 75, = b we have 1 < m < k. Furthermore, by definition, y,,_1 =

Ml & (v, ym) and Yy, & [, 2 ] then Lemma 3.7 says that yoiz,, 4]
and MiF_r,7] are not both SOP(xy,_1,b),......e,)- This and Lemma 3.5 imply that
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v and 7 are not both SOP(a,b)e, a contradiction. Therefore x}, € [Ym—1,Ym| Or

Ym €[22, 2k [ (since y,—1 =k, _1).

If vy, € [2F,_4,2%,[, by Theorem 3.3, there exists ¢/, € [ty_1,tm[ for which
Y(t,,) = Ym. Since 7y is parametrized by arclength, Theorem 3.3 says that vy
is still affine on each subintervals [t,,—1,%,] and [, tmi1], and |25, — ym|| =
Z_(VOI[t'm_l,f;n]) =1, = twmt, |Um — 251l = tms1 — t,,. Thus we can relabel
tm =t and z¥, := y,,. Likewise, if 2% € [Ym—_1,Ym[, we can relabel y,, := z7,.
If J =1\ {m} is nonempty, set n = minJ. It follows that 2% € [yn_1,ys[ or
Yn € [xf_,, 2} [ and we continue to reduce the number of elements of J. After finite
steps we get y; = x} for all 7. Thus we can assume y; = 2} foralle =0,1,..., k+1

and will prove that n = 7, on [0, o].

*

Observe that 7__i+1 -7, = l(n|[f2fi+1}) = ||7](7_'Z)—77(7_'Z+1)|l = ||ZL’Z tx;k+1|| = Ei—&—l tt_, for
1t =0,...,k. Condition 7y =ty = 0 implies that 7y = t1, 7o = to, ..., Tkr1 = lgr1 =
0. Suppose Tjy1 > T;. Since 7 is parametrized by arclength and l(n”fﬁj +1]) =
|n(7;) — n(7j41)||, Lemma 3.2 says that n is affine on [7;, 7;41]. Hence n(t) = vo(t)
on [7;, Tj4+1] and therefore n(t) = vo(t) on [0, o].

For the general case when |1y, 71] is arbitrary and 7 is not necessarily parametrized
by arclength but satisfies assumption (A), we express n = (otb, where ¢: [19, 71] —
[0, 0] is defined by ¥(7) = {(n)r,r) and C: [0, 0] — E is parametrized by arclength
(see [25]). Since 1) is strictly increasing and onto, we have 0 = ¥(7) < (1) <
+++ < Y(Tgg1) = 0. This and condition ¢ (¢(7)) = (%) = y; fori =0,1,..., k+1
imply that ¢ is an OP(a,b)e. Moreover, ( is parametrized by arclength, [({) =
o —0 = o, so that ¢ is an SOP(a,b)s. By the proof above, ( = 79. Therefore,
1N ="y 0, i.e., the two paths  and vy are equal. The proof is complete. 0

Remark 3.9. Notice that the function ¢ in the proof above is in general not
strictly convex and hence the k-tuple (z7,...,2}) € K is not unique. For instance,
if a,b € E, a # b, and ®: E — R is defined by ®(z) = ||z — a| + ||z — b|, then ®
is not strictly convex, argmin ® = [a, b], and for each z € e := [a,b], [a, x] * [z, ]
is an SOP(a,b) ).

We can apply the arguments in the proof of the first part of Theorem 3.8 to prove
existence of solutions of problems with variable endpoints.

Corollary 3.10. Let A,B be nonempty compact subsets of E and let €= (eq, ..., ex).

(a) Ifb € E is fized, in the family of OP(a,b)e, where a € A, there exists a
shortest path.

(b) If a € E is fized, in the family of OP(a,b)e, where b € B, there exists a
shortest path.

(¢c) In the family of OP(a,b)e, where a € A and b € B, there exists a shortest
path.

(d)  In the family of OP(a,a)s, where a € A, there exists a shortest path.

Proof. (a) The proof is similar to the first part of that of Theorem 3.8, where ®
is replaced with ®: EF1 — R, &(wg, 21, ..., 24) = (hy llos — zia ) + [ — 0]
and K is replaced with A x e; X - -+ X . Proofs of parts (b)—(d) are similar. [
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Observe that shortest ordered paths in Corollary 3.10 may not be unique. More-
over, by Theorem 3.3, all shortest paths in this corollary are always polylines.

Applying Corollary 3.10(d) to the problem of finding an inscribed polygon in
a given convex polygon P C R? with a minimum perimeter, we find that this
problem has a solution. Some properties of angles of this inscribed polygon will
be derived in the next section.

Corollary 3.11. If v([to,t1]) and ([0, 71]) are SOP(a,b)(e,, c,) and parame-
trized by arclength, then n(t) = ~v(7 — 170 + to) and y(t) = n(t — to + 10). If, in
addition, 1o = to (hence 11 = t1), then n(t) = y(t) for all t € [to, t1].

Proof. By Theorem 3.8, there is a strictly increasing and surjective function
W1 [10,71] — [to, 1] such that n = v o1h. We have ¢(79) = to and (1) = t1. As
~v and 7 are parametrized by arclength,

T =70 = (M) = L Nwo)em)) = ©(1) = ¥ (70) = (1) — to

for every 7 € [19,71). It follows that ¢(7) = 7 — 79 + o, giving n(7) = y((1)) =
¥(1T — 10 + ty). Conversely, for each t € [tg,t1], 7 :=t — to + 79 € [10,71] and so
n(t —to+70) =n(7) = (7 — 70 + to) = (1) H

Corollary 3.12. Let D be a polytope in R3 whose faces are convex. Let fi,. .., fu
be a sequence of faces of D such that f; N fix1 is an edge for i = 1,....k — 1,
a € fi, and b € fi. In the family of ordered paths satisfying assumption (A), there
exists uniquely a shortest ordered path lying on the surface of D, joining a to b,
and going orderly through fi,..., fx.

As in Remark 3.4, this shortest path is an SOP(a, b),.,....,_,), Where e; = f;N fit1,
i=1,...  k—1.

Applying Theorem 3.8 to polytopes in R? and simple polygons on the plane R?
we get the following well-known results that are shown in [22], [29].

Corollary 3.13. (a) Let a and b be any two points on a domain S in R® (or
in R?) consisting of finitely many adjacent convex polygons. In the family
of paths joining a to b and lying totally on S, there exists a shortest path.
This shortest path is a polyline.

(b) Let a and b be any two points in a simple polygon P C R?. There erists a
shortest path joining a to b that lies totally in P and furthermore, it is a
polyline.

Proof. (a) The case both a and b lie on the same polygon is trivial, so we assume
that they belong to different polygons. Each path joining a to b and lying on &
is an ordered path with respect to some sequence & consisting of common edges
of adjacent polygons in S. Let v¢ be an SOP(a,b)s). Since the family of such
sequences €& is finite, the shortest path v in the family {7¢} is the required path.
By Theorem 3.3, each v¢ is a polyline, so is 7.
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(b) Partition P into nonoverlapping convex polygons and apply part (a) to obtain
the required result. O

4. Conditions for concatenation of two shortest ordered paths to be a
shortest ordered path

We have shown in Theorem 3.3 that every shortest ordered path is a polyline. In
this section we consider some geometric characteristics of shortest ordered paths
and represent conditions under which concatenation of two shortest ordered paths
is a shortest ordered path. If j < 4, then SOP(:c,y)(eiMej) is understood to be
SOP(z,y)g.

Lemma 4.1. Suppose 7y is an OP(a,b)(c,,.. ;) and b € e,Nepp1N---Neg. v is an
SOP(a,b)(ey,....en) Wf it is an SOP(a,b)(e,,...en_r)- Similarly, if a € e;NeaN---Nep,
then v is an SOP(a,b)(c,,...e,) Wf it is an SOP(a,b)

.....
(em1,eeen) -

This is derived from the fact that under the condition b € e,, N --- N ey, a path is
an OP(a,b)e,,...e.,) iff it is an OP(a,b)(,...c,)- The other case is similar.

Lemma 4.2. Let v([to, t1]) be an SOP(a,b)(e,, .., corresponding to z; = y(t;) €

€, Zzl,,k

(a)  If e is a line segment such that e. N [xj_1,z;] # 0, 2 < j <k, and e, #
ej_1,6x 7# €5, then v is an SOP(a,0)(c,,..e;_1.enejer)- If €N a, 1] # 0,
and e, # ey, then 7y is an SOP(a,b)(c,.e,, .er). The case e, N [xy,b] # 0 is

stmilar.

€k

b _[ €x1,y...,Exm are llne Segments that Contain th@ same pOZnt belOnglnq to
Ti_1,T; or some ] € 2, ey k 5 then 18 CLZSO a Sho’rtest OTdeTed ath
j j J Y b

SOP(a,b)(c,,....c; 1,601 meamsejrmer) - TNE CASES €41, ..., Capy cONtain the same

point of |a,x1] or [xy, b] are similar.

Proof. (a) Consider the case 2 < j < k. Let & = (e1,...,€j-1,€x,€j,...,€k)
and n([r0,71]) an OP(a,b)e, corresponding to y; = 1(7;) € e, y« = n(7:) € e
(Tj—1 < 7w < 7). Clearly, n is also an OP(a,b)(c,,....ex), 50 1(7) < (). Now take
an x, € e, N [rj_1, ;). Since y([t;_1,;]) = [xj_1,2;], there is t, € [t;_1,1;] with
v(ts) = 4. Thus v is also an OP(a,b)g, and therefore y is an SOP(a,b)ge,. Other

cases are proved similarly. (b) follows directly from (a). O

Next we turn to our main problem of concatenation of two shortest paths. We
first consider the simplest case: the concatenation of a path and a line segment.
The following lemma says that if we elongate the first or last line segment of a
shortest ordered path, we get a new shortest ordered path.

Lemma 4.3. Let fy([to,tl]) be an SOP(a,b)e corresponding to x; = v(t;) € e;,
€; e = (61,...,€n).

(a)  Ifx, #band q € E such that b € |x,,,q[, then v x [b,q] is an SOP(a,q)s.
(b) Ifxy #a and p € E such that a €p,x1[, then [p,a] * v is an SOP(p,b)s.
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(¢) Setxo=a. Ifvy #xpmy1=-=x,=5b, (0<m<n-—1), and b €|z, q|
then ~y  [b, q] is an SOP(a, q)s.

Proof. (a) Let n([m,71]) be any OP(a,q)e corresponding to y; = n(7%) € e,
i=1,...,n. Suppose b = (1 — )z, + Aq for some A €]0,1[. Set

=1 =Nz +Ay;, 1<i<n,
=(1=XNz1+Xa, 2z :=(1—Nx, +M\g=0.

Then fori=1,...,n—1,

lzi = ziga |l = (T = A) (25 — 2i51) + My — Yi1) ||
< (I =Mz = ziga || + Mlyi = via |- (5)

Let ¢ be the path going through zg, z1,..., 2,11 such that £ is an affine path
joining z; and z;11, 0 < i < n. £ is an OP(z,b)s. By Theorem 3.3, there exits a
t* € [to, t1] satisfying (t*) = 2. Lemma 3.5 states that 4, is an SOP(z, b)e.
According to Theorem 3.3 and (5) we have

n—1

20 = w1l + D lles = il + lom = bl = L) < UE Zuzz il

=1

< llz0 = 2l + [ Z s — il + AZ lyi — yz+1|l} +lzn =0l (6)

Noting that |20 — z1|| = Ala — z1]|, ||zn = b]] = A|2n — 4]l
20 = 21l = Mla —will,  [[2n = bll = Mlyn — 4l

we deduce from (6) that

n—1 n—1

Mla=ay|+2) " llzi— i |+ Man—all < Ala=yall+2 D llys =y |+ My —all.

i=1 =1

Since ||z, —q|| = ||z, —b||+[|b—g]|, the above inequality yields A(I(v)+[b— q||)
Al(n), which implies I(y % [b,q]) = () + [|b — ¢|| < I(n). Thus, v * [b,q] is an
SOP(a,q)s.

Part (b) is proved similarly. To prove (c¢) we observe that, by Lemma 4.1, 7 is an
SOP(a,b)(e,,...e)- Applying part (a) we find that vx[b, ¢] is an SOP(a, q)(ey,....en)-
That v * [b, ¢] is an SOP(a, q)¢ follows from Lemma 4.2. O

We now study some characteristics of a shortest ordered path basing on properties
of angles between the path and line segments e;s. If v and v are nonzero vectors
in E, we denote by Z(u,v) the angle between u and v, which does not exceed .
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Theorem 4.4. Let £ = (eq,...,e;) be a sequence of line segments and ~y([to,t1])
an SOP(a,b),, e, ) corresponding to x; = v(t;) € e; (1 <i<n—1) andn < k.
Suppose that b € e, N ---Neyg, each e; is non-singleton for j =n, ..., k, and that
Tn1 #b (ifn=1,20:=a). Let q € E, ¢ #b. Then v x1b,q| is an SOP(a,q)¢
iff for any y; € ej and y; #b, j =n,..., k, we have 0 > 7, where

k—1
j=n

Proof. Suppose that v x [b,q] is an SOP(a,q)s and that y; € e;, y; # b,
Jj = n,....,k. We show that § > m. By Lemma 3.5, { := v,_, 4] * [b,q] is
an SOP(Zn—1,q)(en,...er)- Setting ypi1 :=¢q, v; :=y; —b, j=n,...,k+1, we have
0 = ZL(x,—1—bv,) + Zf:n Z(vj,vj41). Let L; be the line containing b and y;,
n < j < k+1. Let P be the plane containing L, and z,_1 (if z,_1 € L,, P is
any fixed plane containing Ly,).

Set y;, := Yn. If L, # Ly41, denote by y;, ., € P the point such that Az, by,
and Ay, by, ., do not overlap (i.e., z,—1 and y;,, are on opposite sides of L,) and
Aynbyn 1 = Aypbypia; if v,y € Ly, yy, . lies on any side of Ly,. If L, = L, 14, i.e.,
Ynt+1—b = Ay, —D) for some A, then we choose v, ; satistying y,, ., —b = A(y, —b).
Similarly, v, € P is the point such that Ay by, .o = Ayni1byni2 and the
triangles Ay, by, ., and Ay, by ., do not overlap, and so on. We then obtain
a sequence ¥, ..., ¥, in P such that ||y7 — vi |l = lly; — viall, [lv; — ol =
ly; — bll, and Z(v},v%,,) = Z(vj,vj41), where vj = y; —b for j > n. Then

0 = L(wa1 — b)) + 30 L)

i), If 0 < m, there exist z, 1 €]v, 1,b],

2y €140, 0l s Z4y1 € 1Ypsr, B[ that are near b and such that they are collinear. Let

zj € ly;, b satisty ||z; — || = ||z} — b||, j > n. We have

1201 = znll + -+ 2k = zorall = zn1 = 25l -+ llz = 2
= llzn-1 = Zhgall < llzn—1 = bl + 16— 2yl = llzn-1 = bl + [[b = 24|
whose length is less than that of £&. This is impossible. Therefore 8 > 7.

Next suppose conversely that for any y; € e; and y; # b, j = n,...,k, we have
0 > m. We first observe that v x [b,q| is an OP(a,q)e. Let n([r,7]) be any
SOP(a,q)e corresponding to y; = n(7;) € e;, @ = 1,..., k. Let 7441 := 7 and
Yk+1 := N(Trs1) = q¢. We need to show that [(y * [b,q]) < I(n).

If b € [y;,y;+1] for some j > n, then there is 7, € [7;, Tj41] with n(7,) = b. Since
Miro,m] is an OP(CL, b)(el ..... en_1)

Z(T/) = l(77|[m,rb]) + l(77|[rb,n]> Z l(’y) + ||b - QH = l(’y * [bv Q])

Consider the case b & [y;,y;j+1] (andsoy; # b) forall j =n,... k. Lety,, ...,y
be points defined as in the first part of the proof. Set 6,,_; := Z(x,—1 — b,y), — b)
and for n < 5 <k,

0; = L(xn_1 — by, — )+ ZL(yy, = b, yp s — ) + -+ Z(y; — b, yj1 — b).
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We have 0, =0 > m. Let r =min{j >n:6;, > 7}. Asb ¢ [y, Yri1],

0< é(y; - bay:"-i-l - b) = é(yr - bayr-‘rl - b) <7

and there exists y*' €ly.,y. 4] such that 0, + Z(y, — b,y*" —b) = 7. Let
y* €y, yria] satisty [ly” —goll = ly” — il and 7 €17, 7pa] satisty n(77) =y~
Since b € |z,_1,y*'[, by Lemma 4.3(c), v * [b,y*] is an SOP(a,y"')(e,,....en)- Thus
HMiroir1) = LMiro.ma)) + 10 = Ynsall 4+ 4 e — 9l + My — 37
=1(n m,m) Hllyn = vhall + -+ oy =yl + Nl — 7|
> Uy [b,y]) =) + b=yl = 1v) + 1o =yl
s 1) ) 15—l 60+ o 1 — o
> 1) + b — all = iy % b, ). a

Theorem 4.4 gives a step-by-step method to check whether an ordered path is
shortest: we just measure the angles between line segments of the path and e;s at
points of intersection, from the starting point to the terminating point.

We now consider several consequences of Theorem 4.4. In computational ge-
ometry, edges of polygons intersect at their common endpoints. In such cases,
Theorem 4.4 reduces to the following simple form.

Corollary 4.5. Let £ = (ey,...,ex) be a sequence of line segments and v([to, t1])
an SOP(a,b)(e, . e, ) corresponding to x; = v(t;) € e; (1 <1 < n—1) and
n < k. Suppose that b is the common endpoint of non-singleton line segments
en = [b,bn], ., ex = [b,bg], and that x,,_1 #b (ifn =1, zg:=a). Let g € E, ¢ #b.
Then ~ x [b, q] is an SOP(a,q)e iff 0 > 7, where

0 = L(xny —bby —b)+ Y Z(bj = b, b1 — b) + L(b — b,qg — D).

Applying Corollary 4.5 we can prove the following result in [29]:

A shortest path joining two points on the surface of a convex polyhedron
D C R3 cannot pass through any vertex of D.

Indeed, suppose a shortest path v on the surface S of D joins a and b on § and
goes through a vertex v € §. As v can be seen as a shortest ordered path, by
Corollary 4.5, both the angle to the left and the angle to the right of v at v are
not less than w. Hence the angle of D at v is not less than 27, a contradiction.
Notice that the proof still holds for polyhedrons D whose angle at every vertex is
strictly less than 27.

Let us consider an example. Given a,q € R*\ {0}, we show that v = [a, 0] * [0, ¢]
is the shortest path that joins a to ¢ and meets the z-, y-, and z-axes. Suppose 7 is
any path joining a and ¢ and meets x-, y-, and z-axes at u, v, and w, respectively.
If one of the points u,v,w is coincident with b := 0 = (0,0,0), then clearly,
I(v) < U(n). Assume that b ¢ {u,v,w} and that 7 is an OP(a, @), b.ul,[bw])-
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Since Z(a — b,v —b) + Z(v — b,u — b) + L(u — b,w — b) + L(w — b,q — b) > m,
Corollary 4.5 says that, in the family of all OP(a, q)(,u],[p,u],[pw])> 1Y) < 1(1).

Corollary 4.6. Suppose 7([t0,t1]) is an SOP(a,b)(,,..e,) corresponding to x; =
v(t;) €€, 1 <i<n,x,#b. Lety € e,, y# x,, and let ¢ be any point in E such
that q # x,, and ZL(y — Tp,q — Tn) = L(y — Tn, b — 2,). Then Yy 7, * [Tn, q] s
an SOP(a,q)(e,,...en)- In particular, if we rotate the last line segment [y, b] about
the line containing e,, we then get a new shortest ordered path.

Proof. Set g :=a. If xy = 21 = --- = x,, then there is nothing to prove. So
we assume that m = max{i : z; # b} exists. By Theorem 4.4, for any y; € e;,

L(Zm — Toy Ymar — Tn) + L(Yma1 — Toy Yma2 — Tn) + oo + L(Yn — Tpy b — x) > 7.

Hence 4<$m_$na merl_QTn)"" : '+4(yn_$m q_xn) > T since l(yn_x”’ q_xn)
Z(Yn — Tn, b — ). Applying Theorem 4.4 once more, we find that vy, z,) * [n,
is an SOP(a, q>(e1,..-,6n)'

O= |

Corollary 4.7. Let ~y([to,t1]) be an SOP(a,b),....c.) corresponding to x;
Y(t:i) € e;, 1 <i<mn. Setxy:=a, r,1 :=0b. Suppose also that for some j, e; is
non-singleton, xj_1 # x;, and xj11 # ;.

(a)  Ify; € ej,y; #xj, then0 = L(xj_1—xj,y;—x;) + L(y; —xj, Xj41 —x5) > 7.
In particular, if x; is an interior point of e;, then 0 = 7.

(b) Let L be the line containing e;. If xj_1 € L and x;41 ¢ L, then x; is an
end point of e; with ||x;_1 — x;|| = minge,, ||2;—1 — || and 0 > 7. The case
xjy1 € L and x;_y ¢ L is similar.

(¢) Ifxj_1,xj41 € L, then either Z(xj_1 —x;,Tjp1 — ;) = T or L(Tj—1 —x;,Y; —
x;) = L(xjs1 — x5,y; — xj) = 7, where y; € e;, y; # xj. In the latter case
x; is an end point of e; with ||x;_y — x| = minge, ||;-1 — 2.

Proof. (a) Applying Theorem 4.4 to Y.z, (tnt1 := t1) and the sequence

er,...,e;, we get 6 > w. If x; is an interior point of e;, take y; € e; such

that x; is an interior point of [y;, yj]. We then also have

g = 4(510]‘—1 - !L‘j,y;- - :Ej) + Z(y} — X, T4 — xj) > .
Since 0 + 60" =27, 0 =0 = 7.

(b) Suppose z;_1 € L and ;41 ¢ L. Since 6 # 7, § > 7 and according to part
(a), ; must be an endpoint. If ||z;_1 — 2;|| > min,e,, |21 — x|, there exists
T e €; with Hill'j,1 — iL'jH > Hl’j,1 — j’“, ie, T € [l’jfl,l‘j[. Since Tjt1 §é L,

|71 — 25l + o5 — 2l = lzjo0 — 2| + (|17 — 25| + llz5 — 04|

> |lzjr = 2l + 17 = 2yl

e, L(Vig_1401)) > U([wj-1,7) % [, 2j41]), a contradiction. Thus ||lz;_1 — z;| =
Minge, [|2-1 — z||.
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(c) If x; €lzj_1,xj41], then ZL(z;_1 — xj, 241 — ;) = m. Otherwise, say x;_1 €
|z, x;4+1], an analysis which is similar to that in part (b) shows that x; is an end
point of e; with ||z;_1 — ;|| = minge,, ||z;-1 — 2| and Z(z;_1 — 25,y; — ;) =
L(xjp1 — xj,y; —xj) =, for y; € e;, y; # ;. N

The following result is a converse of Corollary 4.7 and it gives sufficient conditions
for an ordered path to be shortest.

Corollary 4.8. Let £ = (ey,...,ex) be a sequence of line segments and v([to, t1])
an SOP(a,b)e,.....en_r) corresponding to x; = y(t;) €e;, 1 <i<n—1. Letb € e,
and ¢ € E, ¢ # b. Set xy = a and suppose that m = max{i : x; # b} exits and
that there is y € e,,y # b.

(a) If0:= L(xyp —b,y—b)+L(y—b,q—0b) = m, then yx[b,q] is an SOP(a,q)¢.
(b) Ifb is an end point of e, and 0 > w, then ~y  [b,q] is an SOP(a,q)s.

Proof. (a) We always have Z(z,, —b,y' —b)+ Z(y' —b,q—b) = 7 for any ¢ € e,,
y' # b. Thus by Theorem 4.4, v x [b,q] is an SOP(a,q)(e,,...emen)- 1f m <n —1,
it follows from Lemma 4.2(b) that v * [b, ¢] is an SOP(a, q)e.

(b) follows directly from Corollary 4.5. O

To illustrate Corollaries 4.7 and 4.8 let us consider a triangle in R? having acute
angles (Figure 4.1). For u € e; fixed, Corollary 4.8 states that the triangle uvw
has minimum perimeter because angles # at v and w are 7. Figure 4.1 shows that
L(w —u,zy —u) + Z(z1 —u,v —u) # m. Since the angles at u do not satisfy
Corollary 4.7(a), uwvw is not the inscribed triangle with minimum perimeter.

€1 21 u

Figure 4.1: SOP(u,u) (e e,e5) = [, V] * [U, W] * [w, u]

We are now in a position to consider the g