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Consider in a real Hilbert space H the second order gradient equation
u”(t) = Veo(u(t)), t>0.

We state and prove several results on the weak or strong convergence of bounded solutions of this
equation to minimizers of ¢, where ¢: H — R is a continuously differentiable, pseudo-convex
function with Argmin¢ # @. Our results extend previous results in the literature that are
related to the case when ¢ is convex.
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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm | -|. We denote
weak convergence in [ by — and strong convergence by —.

A function f: H — R is called
(i)  conver iff
FOz+(1=Ny) <M(@)+ 1= Nfly), Vo,ye Hand V0O <\ < 1
(ii) «a-strongly convex for some a > 0 iff, Ve,y € H and V 0 < A < 1,
fOz+ 1 =Ny) < Af(2) + (1= A f(y) — a1l = Az —y|*
(iii) quasi-convez iff, Vo,y € X and V 0 < X\ < 1,
fz + (1 = Ny) < max{f(z), f(y)}, or, equivalently, for all » € R, the
sublevel set L/ := {x € H : f(z) < r} is a convex subset of H;

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



1176 H. Khatibzadeh, G. Morosanu / Asymptotic Behavior of Solutions ...

(iv) a-strongly quasi-convez for some a > 0 iff Voz,y € H,and V0 < A < 1,
fOa+ (1= A)y) < max{f(z), f(y)} — aA(l = A)|z — y|*.
(v) pseudo-conver iff f(y) > f(z) implies that there exist 5(z,y) > 0 and
0 <d(z,y) < 1suchthat f(y) — f(tze+ (1 —1t)y) > t6(x,y), Vt € (0,0(z,y)).
A differentiable function ¢: H — R is
(vi) quasi-convez iff ¢(z) > ¢(y) = (Vo(z),y — x) < 0;
(vii) pseudo-convez iff ¢(x) > ¢(y) = (Vo(z),y —x) < 0.
Obviously convexity implies pseudo-convexity and pseudo-convexity implies quasi-
convexity. We refer the reader to the interesting book by Cambini and Martein

[9] for information on convexity and its extensions, including their definitions,
properties and examples.

Given any function ¢: H —|—00, +00] (not necessarily convex), its subdifferential
is defined as a multivalued operator d¢: D(0¢) C H — H,

99(z) ={w € H | ¢(x) — d(y) < (w,z —y), Vy€ H}.

¢ is called proper if its effective domain D(¢) = {z € H | ¢(x) < +oo} is a
nonempty set. Obviously D(0¢) C D(¢). It is well known that if ¢ is convex
and Géteaux differentiable at a point x, then d¢(x) = {Vo(x)}. We refer the
reader to Brezis [5] or Morosanu [19] for information on subdifferentials of convex
functions in Hilbert spaces.

For a proper, convex and lower semicontinuous (lsc) function ¢: H —] — 0o, +o0]
with Argmin ¢ # &, Bruck [8] proved that any solution of

{—u’(t) € do(u(t)), t>0,

1
u(0) =z € D(¢) W

converges weakly as t — 0o to a minimum point of ¢ (see also Chapter 8, Remark
8.3.10 of [13]). He also established strong convergence of solutions when ¢ is
even. Equation (1) which is called a steepest descent evolution equation gives
a dynamical approach to the approximation of minimizers of convex functions.
In [12] Bruck’s weak convergence result was extended to a quasi-convex function
¢: H — R which possesses at least one minimum point.

Recall also that Barbu [2, 3, 4] (see also [1]) proved the existence of solutions to
the following second order evolution equation

u’(t) € dp(u(t)), t>0, @)
w(0) =z, suppglu(t)] < +oo,

where ¢: H —] — 00, +00] is a proper, convex, Isc function. In fact Barbu proved

the existence and uniqueness of solutions in the more general case when (2) is

associated with a maximal monotone operator A (instead of d¢). Moreover, Pof-

fald and Reich [21, 22] established the existence and uniqueness of solutions to
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problem (1.2) in a Banach space for an m-accretive operator A (instead of 0¢).
It was shown in [18] that any solution wu(t) of (2) converges weakly to a minimum
point of ¢ provided Argmin ¢ # @ (see also [19, p. 83]) and for more investigations
on the weak and strong convergence of solutions to (2) the reader is refered to
[10, 16, 17]). Therefore (2) may be useful for optimization purposes. Moreover the
first author [14] showed that ¢(u(t)) has a rate of convergence to the minimum
value of ¢ which is better than the corresponding rate in the case of the first order
gradient equation (steepest descent equation). Also the first author and Shokri
[15] compared by numerical methods the rate of convergence and stability of so-
lutions to equations (1) and (2) and showed the advantage of equation (2) with
respect to equation (1).

It is worth pointing out that the asymptotic behavior of solutions to (2) has found
some applications in economics (see for example [6, 7]).

In this paper we consider the following second order gradient system

u"(t) = Vo(u(t)), ,
{ (1) = Vo(u(t)), ¢>0 o

u(0) =, supyg fult)] < +o0,

where ¢: H —] — oo, +00] is a C!, pseudo-convex function which possesses at
least one minimum point. The existence of solutions to (3) is an open problem.
However there are particular cases when (3) has solutions. Such a case is presented
in what follows.

Example 1.1. Let ¢: H — R be defined by

o =0 ven
v) = v
1 + |U’2 Y Y
which is a C'*°, pseudo-convex function, and
Vo) = —— v, veH
v) = v .
(1+ |v]2)?
Consider in H the Cauchy problem
2
= ——Y2 . >0, (4)
V1t |u@)?
u(0) = ug . (5)

It is easily seen that the operator P: H — H defined by

V2
V14 |v?

Py =—
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is Lipschitz. Then for all uy € H there exists a unique solution of (4), (5),
u € C*([0,00); H) (by Banach’s Fixed Point Theorem in X = C([0,7T]; H),
T > 0, equipped with a Bielecki norm). Moreover,

t 2
W), ut)) = —v3 1O g 45y,
L+ Ju(t)]?
d
% ZuOP <0, 120 = Ju(®)] < |u, t20.

Now, by (4) we have V1+uP +vV2u=0, t>0. (6)

If we differentiate (6) and then substitute u’ given by (4) in the resulting equation
we infer that u satisfies (3),. Therefore u is a solution of (3) with z = w,. O

2. Weak convergence

In this section we investigate the weak convergence of solutions to (3) to minimum
points of ¢. Let us first recall the following elementary lemma.

Lemma 2.1. [14] Let f,g: Rt — R*, RT =[0,00), be such that f is decreasing,
lim; 400 f(t) =0, and f0+oo f(s)g(s)ds < +oo. Then

t
Jim @) ads) o
Lemma 2.2. Assume that u is a solution of (3);. If Argmin¢ # &, then t —
|u(t) — p|? is a convex function on RY for all p € Argming. If in addition u is
bounded on RT, then t — |u(t) — p| is also convex and decreasing.

Proof. Let p € Argmin ¢. Since ¢(u(t)) > ¢(p) it follows by the pseudo-convexity
of ¢ that
(Vo(u(t)),u(t) —p) 20 Vvt =0.

Thus we obtain from equation (3);

2
St~ = 20 W20, m
which shows in particular that ¢ — |u(t) — p|® is a convex function. Now assume
further that u is bounded on R*. Then a result of convex analysis implies that
the function ¢ — |u(t) — p|? is decreasing on RT, hence so is t — |u(t) — p|. On
the other hand, noting that the function ¢ + |u(t) — p| = (u(t) — p, u(t) — p)'/? is
twice differentiable at all ¢ € R™ with |u(t) — p| # 0, we have for such t’s (see (7))

(u(e) — pl S u(t) ) > WO
andso fu(t) gl S lu(t) ol + (S fu(t) ) = W (1),
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which implies lu(t) — p\@]u(t) —p| >0, (8)
. d _ (u,(t>7 u(t) — p) ’
since T u(t) —p| = () — ] < |u'(t)].

Now if |u(tg) — p| = 0 for some ¢, > 0 then |u(t) — p| = 0 for all ¢ > ¢,. Let to be
the smallest number with this property. If ¢y = 0 then u(t) =p ¥Vt > 0. If tq > 0,
then |u(t) — p| > 0 for all ¢t € [0,ty) so we deduce from (8) that ¢ — |u(t) — p| is
convex in [0,tg) hence in R*. If |u(t) — p| > 0 for all ¢ > 0 then (8) also implies
the convexity of ¢ — |u(t) — p| in R*. O

Remark 2.3. If u(¢) is a solution of
u’(t) = Vo(u(t)), t=0, (9)

which is unbounded on R™ then there exists an s > 0 such that |u(s) — p| >
|u(0) — p|. Denote f(t) := |u(t) — p|*>. Since f is convex (cf. Lemma 2.2) we have
for eacht > s >0

s

f(9) < SHO+ (1= 2F(0)

and therefore f(t) > é(f(s) — f(0)) + f(0),

which shows that f(t) — +o00 as t — +00. So for every unbounded solution u(t)
of (9) we have |u(t)| — +oc.

Lemma 2.4. Ifu is a solution of (3), then either u(t) — p € Argmin ¢ or for all
t > 0 there exists € > 0 such that for all h € (0,¢)

¢(u(t)) < max{p(u(t + h)), p(u(t — h))}.
Proof. Assume that there is a ¢y > 0 such that Ve > 0 3h € (0, €) such that
d(u(to)) = max{@(u(to + h)), ¢(u(to — h)}.

Then there is a sequence h,, — 0% such that

d(ulto)) > max{¢(u(to + hn)), P(ulto — hn))}.
Thus by the pseudo-convexity of ¢ we have

(Vo(u(to)), ulto + hn) —u(to)) <0 and (Ve(u(to)), u(to — hn) — ulty)) <0,

hence (Vo(u(ty)), u(to + hy) — 2u(t) + u(to — hy)) < 0.
Dividing this inequality by h? and letting n — +o00, we obtain

(Vo(u(to)), u"(t)) <0 = [Vo(u(ty))] < 0.

Therefore Vo(u(ty)) = 0, i.e., u(tp) is a critical point of ¢. As ¢ is pseudo-convex
u(to) is & minimum point of ¢. So, by Lemma 2.2, ¢ — |u(t) — u(to)| is decreasing
on [tg,+00). Hence u is a constant function, u(t) = u(ty) € Argmin¢ for all
t> 1. 0
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Lemma 2.5. If u(t) is a solution of (3), then either u(t) — p € Argming¢ or
o(u(t)) is decreasing and t|u'(t)] — 0 as t — +oo.

Proof. Suppose to the contrary u(t) is not strongly convergent to a minimum
point of ¢ and L¢(u(t)) > 0 for some t = t5 > 0. First we prove that ¢(u(t))
is eventually increasing. Since ¢ is a C' function, there is a 6 > 0 such that
h — ¢(u(to + h)) is increasing in (0,9). Define € = sup{d > 0: h — ¢(u(to +
h)) is increasing on (0,9)}. If € = 400 then ¢(u(t)) is eventually increasing.
Otherwise € < +o00. In this case, by Lemma 2.4, there exists 0 < ¢; < € such that
for all h € (0,¢)

d(u(to +¢€)) < max{p(u(to+e+h)), dp(u(to+€e—h))}
(1 < € can be chosen arbitrarily). If for a given h € (0, ¢),
max{p(u(to + e+ h)), p(u(to +€—h))} = ¢(u(to + € — h)),
then d(u(to +€)) < d(u(to + € — h)),

which contradicts the fact that ¢t — ¢(u(t)) is increasing in (to,to + €). This
contradiction shows that

max{p(u(to + €+ h)),p(u(to + € —h))} = op(u(to + € + h)),
and therefore  ¢(u(ty +¢€)) < p(u(to +e+h)), Vhe (0,6)

which contracdicts the choice of e. Hence again ¢(u(t)) is eventually increasing.
Now, from (3); we derive

%d)(U(t)) = (Vo(u(t), u/(t)) = (u"(t), u'(t)) = 5 —[u'(t)]*, (10)

for all t > 0. Therefore |u/(t)| is eventually increasing. Let p € Argmin ¢. Since
o(u(t)) > ¢(p) we deduce from the pseudo-convexity of ¢ that

(Vo (u(t)), u(t) —p) 20,

so, in view of (3)1, (u”"(t),u(t) —p) > 0. (11)
d2
2 2
Therefore lu' ()7 < ﬁ|u(t) —pl°.

Multiplying this inequality by ¢ and then integrating over [0, 7] we get (see also
Lemma 2.2)

/Tt|u'<t>|2dt<Ti|u<T>— o /Ti\uu)— o
; =4ar PR b

=T—|u(T) = p|* = [u(T) = p|* + [w(0) = p|* < [u(0) - p*.
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Letting T — 400 we get / tlu'(t)2dt < +oo0, (12)
0

which contradicts the fact that |u/(¢)| is eventually increasing. Therefore either
u(t) converges strongly to an element of Argmin¢ or ¢(u(t)) is decreasing and
consequently, by (10), |u'(¢)| is decreasing as well. If ¢(u(t)), (and consequently
|u/(t)|) is decreasing, then by (12) |u/(t)| — 0 as t — +oo. Finally, by Lemma 2.1
and (12) we derive t|u/(t)] — 0 as t — +o0. O

Next we state a theorem on the weak convergence of solutions to (3) to minimum
points of ¢. To prove the theorem we follow an argument from the proof of The-
orem 2 in [12] (which is related to first order gradient equations of a quasi-convex
type). For the properties of the nearest point projection (metric projection) P,
which are used in the proof of Theorem 2.5 below, see Section 3 of the interesting
book by Goebel and Reich [11].

Theorem 2.6. Suppose Argmin ¢ # &. Then every solution u(t) of (3) converges
weakly to a minimizer of ¢. Moreover Pu(t) converges strongly to p € Argmin ¢,
where Pz is the nearest point projection of x on Argmin ¢.

Proof. If u(t) converges strongly to a minimizer of ¢, then the theorem is proved.
Otherwise, by Lemma 2.5 ¢(u(t)) is decreasing. Therefore limy_, o ¢(u(t)) exists.
To prove the theorem we distinguish two cases:

(1) limyi00 ¢(u(t)) = ¢(p), where p € Argming. By assumption u(t) is bounded
so there are sequences t,, — oo such that (u(t,)) is weakly convergent. If (¢,) is
such a sequence, i.e., u(t,) — ¢, then

¢(q) <liminf ¢(u(t,)) = lim é(u(t)) = ¢(p),

t—+o00

which implies that ¢ € Argmin ¢. The theorem in this case follows from the Opial
lemma (see [20]) and Lemma 2.2.

<2> hmtﬁJroo (b(u(t)) (p
all y in the ball B,(p) ¢(u(
) —

¢, we have (Vo (u(t)), u(t
have

). Then there exist an r > 0 and a ¢y > 0 such that for
t)) > ¢(y) for all t > tq. So by the pseudo-convexity of

y) >0 for all t > ty. Thus fory =p+r Vou(t)) o

[V(u(D))]
Vo(u(t))
Vo (u(t))]

(Vé(u(t), u(t) —p—r
This implies that

r|Vo(u(t)| < (Vo(u(t)), ult) — p) = (u"(t), u(t) — p)

1 d?
= 5 galu®) =l =l (O vt >to. (13)

) >0 V> 1.

In fact we can assume that ¢, = 0 since the equation (3), is autonomous. Mul-
tiplying both sides by ¢ and then integrating over [0,T] we deduce (note that by
Lemma 2.2 |u(t) — p| is decreasing)
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r/o t|ng5(u(t))|dt:r/0 or

1 d 1 1 1
< ZT—|w(T) — p|? = =|u(T) — p|® + = P2 < 2 — 2.
<3 dTIU( ) — 1 2IU( ) — 1 +QIU(0) p|” < 2IU(O) pl

Letting T' — +o00 we obtain
“+oo
/ Hod” (#)]dt < +oo. (14)
0

Now, if |v/(t)] # 0 for all £ € [0,400), we get by integration by parts

/0 W/ (t)|dt = T/ (T)| —/0 t% dth]u’(T)\Jr/O tlu” ()] dt .

By letting T" — +oo we get (see Lemma 2.5 and (14))

+oo
/ [/ (t)] dt < +o0. (15)

(15) implies that u(t) converges strongly to a point ¢ of H. By (14) there is a
sequence t,, — +oo such that lim, . [u"(¢t,)] = 0. So (3); and ¢ € C' imply
Vo(q) = 0. This implies ¢ € Argming (as ¢ is pseudo-convex).

Now let us prove the second part of the theorem. By Lemma 2.2 and the projection
property (see [11]), we have

u(t + h) — Pu(t + h)| < |u(t + h) — Pu(t)] < |u(t) — Pu(t)].

Therefore ¢t — |u(t) — Pu(t)| is decreasing. Using again the projection property
we get

|Pu(t + h) — Pu(t)|* = (Pu(t + h) — u(t + h), Pu(t + h) — Pu(t))
+ (u(t + h) — Pu(t), Pu(t + h) — Pu(t))

= %(’u(t +h) = Pu(t)]” + [Pu(t + h) — Pu(t)[”

— |u(t + h) — Pu(t + h)|?).
It follows that
|Pu(t +h) — Pu(t)]* < |u(t + h) — Pu(t)|* — |u(t + h) — Pu(t + h)|?
< |u(t) — Pu(t)]* — [u(t + h) — Pu(t + h)|?

and therefore lim; o |Pu(t + h) — Pu(t)| = 0. Hence Pu(t) converges strongly
to a point p in Argmin ¢. Assume that ¢ is the weak limit point of u(¢). Since P
is a projection operator and ¢ € Argmin ¢ and by projection property, we have

(u(t) — Pu(t),q — Pu(t)) <0.

Now by letting t — +00 we get ¢ = p. [
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Open problem: We are wondering whether Theorem 2.6 is still valid if ¢ is a
quasi-convex function.

Remark 2.7. Consider the following second order initial value problem

W (0) = Vo(u(t), +20, )
u(0) = z, w'(0) =y,
where ¢: H — R is a C!, pseudo-convex function with Argmin¢ # & and V¢
is Lipschitz on H. Denoting v(t) := u/(t) the above problem can be expressed as
the first order initial value problem

U(0) = (2.9) )

where U(t) = (u(t),v(t)) and A(u,v) = (v,Ve(u)). Clearly A is Lipschitz on
H x H so (17) has a solution. Therefore (16) has a solution u(t) that either
converges weakly to a minimum point of ¢ if it is bounded (by Theorem 2.6) or
|u(t)] — 400 if it is unbounded (cf. Remark 2.3).

{U’(t) = AU(t), t>0,

3. Strong convergence

In this section we establish some strong convergence results for the solutions of
(3)-

Theorem 3.1. Suppose ¢ is strongly pseudo-convexr and Argming # &. Then
every solution u(t) of (3) converges strongly to a minimum point of ¢.

Proof. Let p € Argmin ¢. Therefore ¢(p) < ¢(u(t)). By assumption there is an
a > 0 such that

(Vo(u(t),p —u(t)) < —alu(t) —p|* vt >0,
Thus we get by (3)
alu(t) = pI* < (u"(t), u(t) —p), t=0.

Integrating this over [0, 7] we obtain

o [ W= < o) = = (W 0).u(0) =)
< —(W(0).u(0) ~ p).

Therefore liminf; o |u(t) — p| = 0. Thus we conclude by Lemma 2.2 that
u(t) — past — +o0. O

Theorem 3.2. Suppose that ¢ is pseudo-convexr and u(t) is a solution of (3).
If in addition the level set {x : ¢(x) < A} is compact for each X > 0, then
Argmin ¢ # @, and u(t) converges strongly to a minimum point of ¢.



1184 H. Khatibzadeh, G. Morosanu / Asymptotic Behavior of Solutions ...

Proof. Obviously Argmin ¢ # @&. Assume that u(t) does not converge strongly to
an element of Argmin ¢. Then, according to Lemma 2.5, ¢(u(t)) is decreasing. On
the other hand, u(t) € {z : ¢(x) < ¢(u(ty))} for all ¢ > ¢y. By assumption there
is a sequence t,, — 400 such that u(t,) — ¢. By Theorem 2.6, ¢ = p € Argmin ¢,
where p is the weak limit point of u(t). Since |u(t) — p| is decreasing (cf. Lemma
2.2), we conclude that u(t) — p € Argmin ¢ as t — +o0. O

Theorem 3.3. Suppose that ¢ is pseudo-convexr and even. If Argming # @,
then every solution u(t) of (3) converges strongly to a minimum point of ¢.

Proof. By assumption and Lemma 2.5 we have
d(—u(t)) = ¢(u(t)) < d(u(s)) Vs <t.
By the pseudo-convexity of ¢ and (3);, we have
(u"(s),u(s) +u(t)) >0 (18)
and (W"(s), u(s) — u(t)) > 0. (19)

Summing (18) and (19), we get (u”(s),u(s)) > 0 for all s > 0. As in the proof of
Lemma 2.2, we deduce that s — |u(s)| is decreasing. Now define

g(s) = 2([u(s)]” = [u()]*) = |u(s) —u(t)]*, s €[0,4].

By (18) ¢"(s) > 0 for all s € [0,t] so g is a convex function on [0, ¢] and g(t) = 0.
We can prove that ¢ in decreasing on [0,¢]. Otherwise there is 0 < sp < ¢ such
that ¢ is nondecreasing on [so, t] but since |u(s)| is decreasing we have

g'(t) =4/ (t),u(t)) <0,
a contradiction. Therefore g(s) > 0 for all s € [0,¢]. Then
[u(s) = u(®)]* < 2(lu(s)]* — [u(t)]?).

This shows that {u(t)} is a Cauchy net, and hence converges to a point in H,
which is a minimum point of ¢ (cf. Theorem 2.6). O

Theorem 3.4. Suppose that ¢ is pseudo-conver with int Argmin¢ # &. Then
every solution u(t) of (3) converges strongly to a minimum point of ¢.

Proof. Let p € int Argmin¢. Then by assumption there is r > 0 such that

B,(p) C Argmin¢. Set y = p + 7“@288% € B,.(p). Since ¢(u(t)) > ¢(y) and ¢ is

pseudo-convex we can derive (13). The rest of the proof is similar to the proof of
Case 2 of Theorem 2.6. O
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