Journal of Convex Analysis
Volume 26 (2019), No. 4, 1187-1254

Evolution Inclusion on a Real Hilbert Space with
Quasi-Variational Structure for Inner Products

Akio Ito

11678-1 Note, Sosashi, Chiba 289-3181, Japan
ito.akio.2015Q@Qgmail.com

Received: July 21, 2018
Revised manuscript received: February 07, 2019
Accepted: February 18, 2019

We consider a Cauchy problem of an abstract evolution inclusion on a real Hilbert space as-
sociated with subdifferentials of time-dependent proper lower semicontinuous convex functions.
The abstract evolution inclusion, which is treated in this paper, contains not only convex func-
tions but also inner products of the Hilbert space depending on unknown functions. Especially,
we call such structures for convex functions and inner products “quasi-variational structures for
convex functions and inner products”. The main purposes of this paper are to show the existence
of global-in-time solutions to the Cauchy problem, which has a quasi-variational structure, and
to apply this existence result to a phase field model with a quasi-variational boundary condition.
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1. Introduction

We consider a Cauchy problem of an abstract evolution inclusion on a real Hilbert
space associated with subdifferentials of time-dependent proper lower semiconti-
nuous (L.s.c. for short) convex functions. In order to formulate the evolution
inclusion treated in this paper, we denote by H and X a real Hilbert space
with an inner product (-,-)y and a real Banach space with a norm || - ||x, re-
spectively. A closed subset of X, denoted by A, and a family of inner pro-
ducts of H, denoted by {(-,-),; v € A}, are prescribed. Moreover, for each
u € C([0,T]; H) families of time-dependent proper, l.s.c. convex functions on
H, denoted by {¢(t,a,v);0 <t <T, v e A}, and operators from X into itself,
denoted by {S(a,t,s); 0 < s <t <T}, are also prescribed.

Using the above families we consider in this paper the following Cauchy problem
of an evolution inclusion {(1.1)—(1.3)}, which is denoted by (P)

u'(t) + Opyp(t,u, v(t);u(t)) 2 f(t) in H(v(t)), aa.te(0,7), (1.1)
(P)ug.vo v(t) = S(u,t,0)vg in X, Vt>0, (1.2)
w(0) =wuy in H, (1.3)
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where H(v) is the real Hilbert space H with the inner product (-, -),; Oy¢(t, u,v)
is the subdifferential of ¢(¢,u,v) on H(v), that is, z* € 0,¢(t,u, v; z) if and only
if z € D(p(t,u,v)) and

(2", y — 2), < (t,u,v;y) — @(t,u,v; 2), Vy e H. (1.4)

Although there are many mathematical results for abstract Cauchy problems of
evolution inclusions, we give [4, 9, 10] as the papers which established the gen-
eral framework for abstract evolution inclusions associated with subdifferentials
of time-dependent proper l.s.c. convex functions on a real Hilbert space in this
paper.

In [10] Kenmochi considered the following Cauchy problem (K) with “a variational
structure for time-dependent convex functions”, that is, associated to the subdif-
ferentials of prescribed time-dependent convex functions {(t); 0 <t < T}, and
showed the well-posedness of its evolution inclusion:

() W (t) + Opp(t;u(t)) > f(t) in H, aa.te(0,7),

w(0) =wuy in H,

where Oy p(t) denotes the subdifferential of a time-dependent proper l.s.c. convex
function () on H with the inner product (+,-)y. In (K), the effective domains of
©(t) are moving in time smoothly in general, but independently of the unknown
function wu itself. In addition, the inner product of H does not depend on this
function u neither.

In [9] Kano, Kenmochi and Murase considered the case that time-dependent con-
vex functions depend on the unknown function u. Roughly speaking, first of
all a family of proper l.s.c. convex functions, denoted by {p(t,a); 0 < t < T,
u € C([0,T]; H)}, is prescribed, and the following Cauchy problem (KKM) with
“a quasi-variational structure for time-dependent convex functions” is considered:

' (t) + Ogp(t,u;u(t) o f(t) in H, aa.te(0,7),

) |
u(s) =wuo(s) in H, Vse][-40],

where § > 0 is a prescribed constant. In [9] the authors showed the existence of
global-in-time solutions to (KKM). As a typical example to which we can apply the
theory established in [9], we state the following Cauchy problem {(1.5)—(1.15)},
which is denoted by (T) here. It is one of the mathematical models describing a
tumor invasion phenomenon with constraints, precisely analyzed in [6, 7, 8]:

u =V (5(f)Vu) = V- (@Vf) i Q) x{t}, (1.5)

o<t<T

u <V (5(/)Vu) = V- (@Vf) in [ Q(f@) x {1}, (1.6)

0<t<T

u > V- (5(f)Vu) = V- (@Vf) i Qa(f(0) x {t}, (1.7)

0<t<T
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fi=—wf in Qx(0,7), (1.8)

w=Aw+u—w in Qx(0,7), (1.9)

(T) 0<u<l—f, f>0 in Qx(0,7), (1.10)
u=0 on I'x(0,7), (1.11)

Vw-v=0 on I'x(0,7), (1.12)

u(0) =uy in Q, (1.13)

f(0)=fo in Q, (1.14)

w(0) =wp in Q, (1.15)

where  is a bounded domain in RY (N = 1,2,3) with a smooth boundary
I' = 09; k is a strictly positive function from R into itself; for each measurable
function f on €2 the measurable subsets Q;(f) (i = 1,2,3) of Q are defined by

0(f) = {r €950 < fa) < 1},
0(f) ={z € Q; f(z) =0},
Q3(f) ={z € Q; f(z) = 1}.
Here we roughly explain the approach to (T), which was used in [8]. As the
function w is given in (1.9), we can define an operator S; which assigns a unique
solution w = Sy (u) of the Cauchy problem {(1.9), (1.12), (1.15)}. Moreover, by
using this function w := Sju, we define an operator S; to assign a unique solution

of the Cauchy problem {(1.8), (1.14)}. Defining an operator S := S5 0 .S, we can
regard (T) as an initial boundary problem of (T);, represented by {(1.11),(1.13)}:

p

u =V - (5(S(w)Vu) = V- (uVS(u))  in OgTﬂl((S(U))(t)) x {t},
T, u <V - (5(5(w)Vu) = V- (uVS(u))  in OgTﬁz((S(U))(t)) x {t},
w > V- (5(SW)Vu) = V- (uVS@) in | Q(Sw)E) x {13,

| 0<u<1—S(u), Su)>0 in [;;t:T(O,T).

Since the constraint condition 0 < u < 1 — S(u) for w in (T), depends on the
unknown function w itself, (T), has a quasi-variational structure for the proper
l.s.c. convex functions ¢(t,u) on L?(Q) defined by

. / £((S () (¢, 2)) [V 2(2) P — / ult, )V (S(u) (t,z) - Va(x)d,

p(t,u; 2) = if ze D((S(u)(t)),
+ o0, if z€ L*Q)\ D((S(u))(t)),
where for all £ € [0, 7] the effective domain D((S(u))(t)) of ¢(t,u) is given by
D((S(w)(t)) :=={z € L*(Q); 0 < 2(z) <1— (S(u))(t,r) a.a. x € Q}.
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Under the above settings, in [8] the problem (T) is precisely analyzed by using
the framework of (KKM), so that a further discussion can be omitted here.

As is seen from the typical example (T), some kinds of systems have quasi-
variational structures for (time-dependent) proper lLs.c. convex functions and we
can treat them with the framework of (KKM). The inner product of H, however,
does not change in time. From this viewpoint, (KKM) does not have a variational
structure for inner products of H.

On the other hand, in [4] Damlamian considered the following Cauchy problem
(D), which has a variational structure for inner products in its evolution inclusion,
and showed the existence and uniqueness of solutions to (D):

{ ' (t) + Owp(t;u(t)) o f(t) in Hyy aa.te (0,7),

(D) u(0) =up in H.

In the setting of (D), a family of inner products of H, denoted by {(-,-);; 0 <t <
T}, is also prescribed and 0yp(t) denotes the subdifferential of the time-dependent
function ¢(t) with respect to the inner product (-,-); (cf. (1.4)). Damlamian
calls the structure in this evolution inclusion “a variational norm” in [4]. Even
if (D) has a variational structure for inner products, Damlamian assumes that
the effective domains of ¢(t), denoted by D(¢(t)), are independent of ¢, that is,
D(p(t)) = D(¢(0)) for all ¢ € [0,7]. This condition seems too strong for us
to apply the results obtained in [4] to the mathematical models with variational
structures in general. Furthermore, the inner products do not depend on the
unknown function wu.

Comparing (P), . with (K), (KKM) and (D), it is important and essential that
(P)UO’UO has quasi-variational structures for not only time-dependent proper l.s.c.
convex functions ¢(t, u,v(t)) but also inner products (-, ). Here we especially
emphasize that the quasi-variational structure for inner products depends on the
unknown function v, which is determined by the relation (1.2), not the unknown
function u directly.

The main purpose of this paper is to show the existence of solutions to (P)u,,.)
as well as to give a sufficient condition for it. Furthermore, in the final section
we apply the main theorem in this paper to a phase field model with a quasi-
variational boundary condition.

At the end of this section, we give the definitions for solutions to (P), . -

Definition 1.1. For each 7 € (0,77 a function u is called a solution to (P), ..
on [0, 7] if and only if uw € C([0,7]; H) N W'%(0,7; H) and w satisfies (1.1), (1.2)
and (1.3). Moreover,

(1) A function u is called a local-in-time solution to (P) if and only if there

uo,v0
exists a time 7y € (0,77 such that u is a solution to (P),, ., on [0, 7] for all
7 € (0, 7).

(2) A function u is called a global-in-time solution to (P)
a solution to (P) on [0,7].

if and only if u is
uo,v0

uo,v0
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2. Preliminaries
2.1. Assumptions for the prescribed data

First of all, a nonempty subset A of X and a family of inner products of H,
denoted by {(+,-),; v € A}, are previously given throughout this paper. Then, we
assume that the following properties are satisfied:

(A1) (Uniform equivalence of inner products) The family {(-,),; v € A} is uni-
formly equivalent to the inner product (-, )y, that is, there exist constants
c¢; > 0 and ¢y > 0 such that

allzlle <zl < ellzllm, Yve A, VzeH,

where ||z]|, == \/(2,2), and ||z||g := \/(2, 2)g. In order to emphasize the

dependence of inner products with respect to v € A, we denote by H(v) a
Hilbert space H with the inner product (-, -),.

(A2) (Continuity of norms) There exists a constant vy > 0 such that

2115, = 1215, < vollor — wallx 2l Yoi,ve € A, V2 € H.

v

For each @ € C([0,T]; H) we consider a family {S(a,t,s); 0 < s <t < T} of
operators S(1u,t,s) from X into itself, which satisfies the following conditions,
where if s = ¢ then C([s, t]; X) = X as a matter of convenience:

(S1) Foreachu € C([0,T]; H) and s,t € [0,T] with s < ¢, the operator S(a,t, s)
is continuous with respect to the strong topology of X, and its domain and
range are contained in A, that is, D(S(a,t,s)) C A and R(S(u,t,s)) C A.

(S2) We fix an element v € A and s, t € [0,7] with s < ¢, and assume that a
sequence { U, tmen C C([0,T]; H) and an element @ € C([0,T]; H) satisfy

Um — u in C([0,T];H) as m — oo.
Then, we have
S(Upm, -, s)v — S(t,-,s)v in C([s,t]; X) as m — oc.

(S3) For w e C([0,T]; H) we have S(u,t,0) = S(tg,t,0) on X for all ¢ € [0, 4]

whenever for some ¢; € [0,T] we have @ (t) = t(t) in H for all t € [0,1].
(S4) S(a,t,t) is the identity operator on X for all u € C'([0,T]; H) and t € [0, T].
(S5)  S(a,t,s) = S(u,t, 7)o S(a,7,s) on X for all s,¢t,7 € [0,T] with s <7 <.

(S6) Forwe C([0,T); H) and 7 € [-T,T] we define a, € C([0,T]; H) by
u(0) it t e [0,max{—7,0}),
u,(t) ;=< a(t+7) if te [max{—7,0}, min{T —7,T},
(T if te (min{? —7,7},T).

Then, for all s,t € [max{—7,0}, min{7T — 7,T}] with s < ¢ the following
property is satisfied: S(a,,t,s) = S(a,t+ 71,8+ 7) on X.
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Next, we consider the set X of families of time-dependent proper l.s.c. convex
functions ¢(t, @, v) on H, which satisfies the conditions (C1), (C2) and (C3) below:

X = {{o(t, 0, 5(t); 0 <t <T}; aeC([0,T); H), ve A, o(t) = S(a,t,0)}.

(C1)

(C2)

There exists a proper l.s.c. convex function ¢ on H such that
o(z) < (t,a,0(t);2), YueC(0,T];H), Yte[0,T], Vve A, Yz € H.

Moreover, for each r > 0 the set {z € H; ||z||lg <7, |p(z)| < r}is relatively
compact in H.

For each w; € C([0,T];H) (i = 1,2) and 79 € A we define a function
v; € WH(0,T; X) by 9;(t) = S(u;,t,0)0 for all t € [0,T]. Then, we have
o(t,u1,01(t)) = @(t, U, Vo(t)) on H for all ¢t € [0,7] whenever for some
71 € [0, T] we have @, (t) = ay(t) in H for all t € [0, 7].

Assume sequences {tUy, }men C C([0,T]; H), {vom}men C A and elements
ue C([0,T); H), vy € A such that

Um —  in C([0,T]; H), vom —> vo in X as m — oo,

and put 0,,(t) := S(Um,t,0)ve, and 0(t) := S(a,t,0)vy for all ¢t € [0,T].
Then, for each t € [0,T] we have ©(t, Uy, Um(t)) —> @(t, @, 0(t)) on H(0(t))
in the sense of Mosco as m — oo, that is, the following properties are
satisfied:

(1) For each z€ D(p(t,u,0(t))) there exists a sequence {2y, }men C H with
Zm — z in H(0(t)) as m — oo,

Hm @(t, U, O (t); 2m) = @(t, 4, 0(¢); 2).
m—00
(2) Let {Tm,}en and {Vom, }ren be subsequences of { Uy, fmen and {vom }men,
respectively, and {zj }xen be a sequence in H such that z; — 2z weakly
in H(0(t)) as k — oo for a certain element z € H. Then, we have

o(t,a,0(t); z) < liminf ©(t, U, , Om, (t); 21)-

k—o0

With respect to the detailed properties for the Mosco convergence of convex
functions on a Hilbert space we trust [11] and omit them in this paper.

For each (ug,vg) € H x A we define a subset W(ug,vg) of C([0,T]; H) in the
following way: @ € C([0,T]; H) belongs to W(ug,v) if and only if

(i)  o(t) = S(a,t,0)v, for all ¢t € [0, T,

(i) {e(t,a,0(t);0<t<T}eX,

(iii)  a(0) = uo € D((0,,v0)) = D(p(0, uo, vo)),

(iv) {e(t,a,0(t)); 0 <t < T} satisfies Condition 1 below.
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For w € C([0,T]; H) and t € [0,T] we define the function [u(t)] € C([0,T]; H) by

{ a(s) if se0,t,

W= we i se )

In particular we simply write [@(0)] by %(0) when ¢ = 0.
Condition 1. (cf.[10]) For each r > 0 there exist nonnegative functions a,.(u) €
L*(0,T) and B.(a) € L'(0,T) such that the following property is satisfied: for

each s,t € [0,7T] and z,(@) € D(p(s,u,0(s))) with ||z5(@)||5s) < 7 there exists
z(1, s) € D(¢(t,u,v(t))) such that
t
/ a, (@ T)dT

(u; T)dr

, and

200, 5) = 20(@) sy < (Vo0 5(5); 24 (@)1 + 1)

o (t, 1, 0(1); 2, 5)) — (s, @, 0(s); 25())]

< (l(s, @, 0(s); zs(a))| + 1)

On the other hand, from (A2) we have the next condition, which gives a certain
absolute continuity of variational norms {|| - ||5); 0 <t < T} and was originally
proposed in [4] for the time-dependent variational norms {|| - ||;; 0 <t < T}.

Condition 2. For all @ €W(ug,vg), for all s,t€[0,T], and for all z€ H we have

[ 1]

2.2. Continuity of time-dependent convex functions

“|Z||127(t) - ||Z||127(s)| < VOHZH%(S)

Throughout the rest of this section we fix a pair (ug,v9) € H X A and an element
@ € W(ug,v9). The main purpose of this subsection is to construct a function
h(a) € W(up,vo), which gives a certain kind of continuity of the set-valued func-
tion t — D(p(t, @, o(t))) from [0, T] into 27 and is precisely stated in Proposition
2.5 below. In order to show Proposition 2.5, we prepare some lemmas which are
used as we constract the function h(a).

Lemma 2.1. There exists a constant Cy > 0, which is independent of the choice
of ug, vy and @, such that for allt € [0,T] and all z € H

lo(t,a,0(t); 2)| < o(t,a,0(t); 2) + Cu([|2llae) + 1), and
p(2)] < (2) + Culllz]la + 1)

Proof. We see from (A1) and (C1) that there exists a constant C; > 0 such that

. 1
0..5(0:2) 2 (2) 2 ~Cualllln + 1) 2 ~Cuamax { 2 1{ (120 + 1)
1

for all t € [0, T] and all z € H, which implies the lemma. O
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Lemma 2.2. Consider sequences {yn}nen, {zntnen C H, {Un}nen C A and ele-
ments y,z € H, v € A satisfying the following convergences (x) as n — oo:

Yn — Yy in H,
(%) v, — v in X,

zn — 2z weakly in H(v).
Then, we have limy,_o0(Zn, Yn)v, = (2,Y)v-

Proof. We note the following elementary equality for an inner product:
1 2 2 2
(21,22)0 = 5 (lz1 + 20 = 12l = =2l5) . Vv €A Va2 € Hoo (21)

By using (A2), we have

|(Zn7 yn)vn - (Zn7 yn)v|

1
< 5 Nzl =z +9all2] + [zl = zll2] + [ynlZ, = llyal2)
< Dllvon = vllx (120 + 9all2 + lzall? + llyal12)

37
< 0o, = ol (sup 2+ sup il )
neN neN

which immediately implies lim {(zn, Yn)v, — (Zny Yn)u} =0 (2.2)
n—oo

because of the convergences (x). Using (Al), (2.2), the convergences (%) again
and the following inequality:

’(Zn7yn>vn - (Z,y)vf S |(Znayn)vn - (Zm yn>v| + |(2n7yn)v - (Z, y)v|7
we see that this lemma holds. O

Lemma 2.3. There exist a constant Cy > 0 depending on @, ||uollg and
(0, ug, vo; up), and a family {z(a); 0 <t < T} such that

sup |[|ze(@)|ls) + sup [p(t, @, 0(t); 2¢(a))| < Co,
0<t<T 0<t<T

hence, we have z, () € D(p(t,a,0(t))) for allt € [0,T].

Proof. We put zo(@) := ug € D(¢(0,u,v9)). Using Condition 1 as r = r; >
lug|lo, + 1, we see that there exist nonnegative functions o, (1) € L*(0,T),
By, (@) € L'(0,T) and a family {z,(a); 0 < ¢ < T} such that

T
|2e(@) — uollse) < (\/|¢(07ﬂ,vo;uo)| + 1) / o, (U5 t)dt =: Cyp,
0
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T
|p(t, @, 0(t); (@) — (0, @, vo; uo)| < (|(0, %, vo; uo)| + 1)/ P (5 t)dt =: Ca,
0
Using (A1) and taking out Cy > 0 such that
Co > ealuollm + [(0, uo, vo; uo)| + Co,1 + Caya,

we see that this lemma holds. ]

Lemma 2.4. Consider sequences {zy}tneny C H, {tp}nen C [0,T] and elements
z € H, t €10,T] satisfying the following conditions:

40 € D(g(tn, @ 3(t)), VnEN, (23)
zn — 2z weakly in  H(0(t)) as n — oo, (2.4)
t, —t as mn — o0.

Then, the following inequality holds:
ot 5, 5(2); ) < liminf p(tn, @ 5t 20). (2.6)
n—oo

Proof. It is enough to consider the case K; := liminf, ., p(t,, @, 0(t,); z,) < co.
Then, we can choose a subsequence {¢,, }ren of {t, }nen satisfying

lim @(tn,, 0, 0(tn,); 2n,) = K. (2.7)
k—o0

We see from (A1) and (2.4) that there exists a constant Ky > 0 such that

oK
sup ||zn|lo@) < Ko, hence, sup||z,|st,) < 22 (2.8)
neN neN 1

Hence we see from (2.7), (2.8) and Lemma 2.1 that there exists a constant K3 > 0
such that

sup |@(tn,., U, 0(tn, ); 2n, )| < K. (2.9)
keN

Using Condition 1 as r = ry > % +1 and (2.9), we choose nonnegative functions

an,(a) € L*0,T), B.,(a) € L*(0,T) and a sequence {Z}ren C D(p(t,a,0(t)))
such that for all Kk € N

t
15 = 2l < (VEs +1) / o, (1% 7)dr (2.10)
tnk
t
(1, 5(1); 24) = Pbngs s Dby ); 2m,)| < (K + 1) / By (@ 7)dr| . (2.11)
tny,

We see from (2.10) that for all z € H

Jim (2 =2, 9)a] < im (120 = zn, o [9llae) + T |(zn, = 2, 9)a0)]

t
g( K3+1) lim / oy, (u; T)dT
tnk

k—o0

1ylloy + im (2, = 2,9)a| = 0,
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which implies Z; — 2z weakly in H(9(t)) as k — oo. Since ¢(t, 4, v(t)) is weakly
sequentially l.s.c. on H(9(t)), we have

Pt @, 0(t); 2) < liminf o(t, @, 5(1); 2)- (2.12)
—00

Moreover, from (2.11) we have

Ky = lim p(t,,, 0, 0(ts,); 2n,)

k—o00

—00

k—o00
= liminf @(t, @, 0(t); Z). (2.13)
k—ro0
Hence, we see from (2.12) and (2.13) that (2.6) is satisfied. O

At the end of this subsection we show Proposition 2.5 below whose original proof
has already been given in [10, Lemma 1.5.3]. But we give its proof again in this
paper because it contains an important information which is needed when we
derive some uniform estimates of solutions to Cauchy problems of auxiliary evolu-
tion equations considered in Sections 3 and 4. Moreover, this proof is much more
delicate than that of [10, Lemma 1.5.3] because the inner products themselves on
H depend on a time-dependent function v.

Proposition 2.5. There exist nonnegative functions o(u) € L*(0,T) and 5(u) €
LY0,T), a number n(a) € N which is uniquely determined, a sequence {z,(t);
0 <n<n(a)}, a partition

{to(@) =0 < t1(0) < to() < -+ < tp@-1(0) < tn@ (@) =T}

of [0,T], constants r(@) >0 and M(@) >0, and a function h(u) € W'2(0,T; H)

1
such that max : |zn(@) || + — < r(a), (2.14)
(&)

0<n<n(a

max_|o(t, (@), @, 0(t,()); 2n(0))| + Ci{cor(a) + 1} + 1 < M(a), (2.15)

0<n<n(a)
T tn(10) o
{1 + M (u) exp (/ B(&;t)dt) }/ a(a;t)dt = —,
0 tn_1(a) €2

forall m=1,2,...,n(a) — 1, (2.16)

{1 + M(@) exp </0T5<a; t)dt) } /t;l(a) ol t)dt < 2—: (2.17)

and for any n € {0,1,2,...,n(a) — 1} the following properties are satisfied:
h(u;t) — zp(@) in H as t N\ t,(a), (2.18)

ltil\ﬁsgl)w(t, , 0(t); h(w; 1)) < p(tn(@), @, 0(ta(w)); 20 (1)), (2.19)
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sup [|A(a; t)||a < r(a), (2.20)

tn (0) <t<tp1(@)

N |p(t, @, 0(t); h(w;1))]
< M(a@) {1 + exp (/E(ﬁ;t)dt) /t B(u; T)d’i’} , (2.21)
0 tn (@)

I(h(@)' ()|l < {1 + M (@) exp (/OTB(&;t)dt) } a(u;t), a.a. t€(0,7), (2.22)

where Cy > 0 is the same constant that is obtained in Lemma 2.1.

Proof. We let C; > 0, Cy > 0 and {z4(a); 0 < s < T} the same constants
and family that are obtained in Lemmas 2.1 and 2.3. We choose r(u) > 0 and
M (@) > 0 such that

02 1

Then we see from (A1) that the following estimates are satisfied:

1 1 1 -
sup ||2()||w + — < — sup. 125 (@) [los) + — < r(a), (2.24)
0<s<T (&) C1 0<s< Co
N N 1 N
sup ||zs(@)]os) +1 < 2 | sup [Jzs(@)||la + — | < cor(a), (2.25)
0<s<T 0<s<T Co
sup (s, u(s), 0(s); zs(@))| + c2Cir(a) + 1 < M(a). (2.26)
0<s<T

Using Condition 1 as r = cor(u), we see that there exist nonnegative functions
a(a) € L*(0,T), f(a) € L*(0,T) and a family {ys(a;t); 0 <s<T, 0 <t < T}

such that
o) (@l < (Voo w0y m@N +1) | [ at@nir|, (22n)
ol 500 1)) — (s, 5, 5(5); 2o (@)
< (fols, (s @)+ 1) | [ Basmar]. (229)
We define a number (i) € N by s
o Lt

where [A] denotes the Gauss notation of A and

A= Z—j {1 + M (d) exp ( 0T5<a; t)dt) } /OTa(ﬂ;t)dt.
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Since the functions « (@) € L?(0,T) and 5( ) € L*(0,T) are nonnegative, we can
choose a partition {0 = to(%) < t1(0) < -+ < ty@)-1(0) < tp@)(a) = T} of [0,T]
such that (2.16) and (2.17) are satisfied. Moreover, we easily see that the sequence
{zn(@); 0 <n < n(w)} == {z,@(0); 0 <n <n(a)} satisfies (2.14) and (2.15).

Next, we construct a function h, () € W'2(t,_1(a),t,(a); H) for each n € {1, 2,
..,n(@)} which satisfies (2.18)—(2.22). In order to do this, first of all for any
m € N we consider a partition {¢,_1(a) = tg < t; <ty < -+ < t;, = tp(q)} of
[tn—1(1),t,(7)] and construct a sequence

{z'; 0 <k <m} C B(0,r(a) :=={z € H; |[2[|m < r(a)}
such that the following properties are satisfied for all k € {1,2,...,m}:

12 = 2 ooy < {1 + M(i) exp ( / " 5(1];t)dt> } / o, (2.30)

te—1

|gp(tk7a7@<tk))zl::n) _So(tk 17“’ U(tk lazk 1

< M(i)exp (/0 (ii:t dt) / B(i: £)d (2.31)
L+ [t @, 5(t8); )] < M(@) exp ( / B(ﬂ;t)dt) EENCES

Putting 2f" := 2, (@), we see from (2.24) that 2" € B(0,r(w)). Now, we assume
that we have already constructed a sequence

{zjm; 0<j<k}ycCB(Or(a), Vk=0,1,2...,m—1,

which satisfies (2.30)-(2.32). We note from (A1) that ||2]"(|sn,) < cor(@) because
of z* € B(0,r(u)). Using Condition 1 and (2.32), we see that there exists an
element 277, € D(¢(tps1, @, 0(tr11))) such that

tr4+1
et = F b < (il ozl +1) [ aoa 23
tr

tet+1

< / Yt )t + (e, @ 5(t); 2] + 1) / (it 1)t

tr tk

< {1 + M(@i) exp ( /0 " t)dt) } /:“ a(ii; t)dt, and

|0 (trgrs @, O(trg1); 21) — (T, @, U(tr); 25")|

< (1 fplta o)) [ A e

ti

< M(ii) exp ( /O " 5(a;t)dt) /j+ B(i: t)dt, (2.34)
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where a(u) and (@) are the same functions which are obtained in the argumen-
tation above. Then, (2.33) and (2.34) directly imply that (2.30) and (2.31) are
valid for j = k 4+ 1. Moreover, we see from (2.16), (2.17), (2.30) and (2.33) that

k+1 k+1

Izl < el + DMz — 2 lle < lzollzr + — Z 127" = 2% [lae;)
=1
k+1 ti g ts
1 - J ~ J B
<l +— > {1 + M (it) exp (/ 6(u;t)dt> } / i £)dt
17 0 ti_
7j=1 j—1

1 tet1
SHZSHHH—FC—l{l—I—M( exp(/ Butdt)}/

1 tn(u
§||z(7)n||H+C—1{1+M( exp(/ Butdt)} o t)dt

N U _ @ @llagn @y
< HZmPJGU(U)HH’+-E; <r(a), (2.35)

&1

which implies 27, € B(0,7(a)). Hence, we have ||, ||5t,,,) < cor(@). By using
(2.32) and (2.34), we have

tet+1
L Jptesss @ B(tn)s 2] < (L4 (b @ 5(t0): 20)) ( B )t + 1)

173

< M(@) ( Mt + 1) exp( Ot’b@; t)dt)

ti

< Mo ( t”b(a;wdt) ,

0

which implies that (2.32) is valid for k4 1. Hence, the set {z]"; n =0,1,2,...,m}
is as desired.

Next, for any m € N we consider a sequence {t}"; kK =0,1,2,...,m} defined by

k{t, (@) — t,_1(@
=, () + { (“)m @} ve—o012. . .m

and construct a set {z;"; k =0,1,2,...,m} C B(0,7(a)) according to the previ-
ous argumentation. For meN we define h,, ,,,(0) € C([t,—1(0),t,(@)]; H) by

26n = Ztnil(ﬁ) (fb) ift = tnfl('[l,),

N t—tm )
hanm (Us £) = m( AU (g — 2™ )+ 2
tn(ﬂ) . tn—l(a)( k k—l) k—1

if t € (t7, 1], Yk e {1,2,...,m}.
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Because of {z2}]"; k=0,1,2,...,m} C B(0,7(u)), we have

max thm(u g < r(a). (2.36)

b1 (@) <t<tn (i
Using (C1) with the convexities of ¢ and ¢(t, 4, 0(t)), (2.32) and (2.26), we have

sup |p(hnm(@ 1)) < sup  {p(hnm(@;8)) + Oy ([[Pnm (@)l + 1)}

L <t<tm tm | <t<ty

< sup At @, 0(t); o m (U5 8)) + Cr(|hm (@5 8) |r + 1)}

e <t<tm

< M (i) exp </0T5(a; t)dt) L O (@) +1), VEe{l,2,...,m} (2.37)

as well as
|0 (P (5 11 (0)))| < (¢, @, 0(tn-1(1)); 20") + Ci(ll20" [ + 1)
M(a) + Ci{r(a) + 1}. (2.38)

Using (C1) with (2.36)—(2.38) and applying Ascoli-Arzela’s theorem, we see that
there exist a subsequence {my }ren of {m}men and h, (@) € C([t,_1(@), t,(0)]; H)
such that

By () — h(@) in C([tn(@), ta(@)]; H) as &k — oo. (2.39)

From (2.30) we have for all s,t € [t,,—1(@),t,(a)] with s <t

JA |err<Z/ (o) 1 - Sl
SR EZ {1 + M) e </0Tﬁ e t)dt) } (/mm ol ”dt) |

< {1 + M (i) exp (/OT B(i t)dt) }2 /: it £)|2dt, (2.40)

where kg, k; € N are determined so that s € (£]!_, ;"] and ¢ € (t]!_,, t}"], respec-
tively. By (2.40) the sequence {hy, (@) }men is bounded in W2(t,, 1 (@), t,,(@); H),
we see that there exists a subsequence of {my }ren, which is denoted by the same
notation {my }ren again, such that the following convergence holds as k — oo:

Py (1) — hy (@) weakly in W2 (t,_1 (@), t,(a0); H). (2.41)

It follows from (2.36)—(2.41) that (2.20), (2.21) and

/H NEdr < {1+M( exp (/5utdt)} /|au H2dr, (2.42)
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which implies that (2.22) holds for a.a. t € (t,-1(a),t,()). Moreover, from (2.30)
and (2.39) we have

m(t —t3_,)
tn(a) tn—l(a)

121 = P (@ )| < ([P (5 8) = P (5 8) || 1 + Iz, — 21l

1
2

< 1P (5:8) = Fon () | 1 + (t"@) —mtnl(ﬂ))

N[

tm

x {1 + M(@i) exp (/OTﬁ(a; t)dt)} (/t |a(a;t)|2dt> ,

-1
which implies

2oty = hyp(U;t) in H forallt € [t, (), t,(a)] as Kk — oc. (2.43)
Using Lemma 2.4 and (2.31), (2.43), we have

(b, 1, D(1); ha(i55)) < lim inf G(ET 33 27" )
—00

k—o0 n(ﬁ)

< lim inf {(p(to, i, 5(to): 20) + M (@) exp ( /0 " (@ t)dt) /t L t)dt}

t

< Qltnmr (@), i, Bt 1 (8)); 20, @) (@) + M (@) exp ( / ﬁ(ﬂ;t)dt) i 5)ds,

tn(

hence, from Lemma 2.1

sup |@(t, @, 0(t); hn (15 2)))]

tn—1(@)<t<tn(a)

< osup o @(ta,00t); ha(5 1)) + Co([lhn(@; ) |ls + 1)

tn—1(0)<t<tn(a)

< lp(tn-a (@), @, 0(tn-1(@)); 21, @ ()| + Cr{r(@) + 1}

+ M(@) exp ( /0 Tﬁ(&;t)dt) /t t B(a; 8)ds

nfl(f")

< M(@) {1+exp ( /0 ' 6(a;t)dt> /t:_l(a)ﬁ(a; s)ds}, and

l\i‘m sup P(t, @, 0(t); hn(U;t)) < @(tn-1(a), @, 0(tn-1(0)); 2, @ (@),  (2.44)
t\tn—1(u

which imply that (2.19) holds. At last, we define the function h(a) by

poo [ if t=0,
(45t) == { ho(i:t) i € (tay (@), to(@)], Yn=1,2,...,n(q).

Then, the function h(a) is as desired and the proof is complete. O
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Remark 2.6. Let h(@) be the same function that is constructed in Proposition
2.5. From (2.21) we have h(u;t) € D(¢(t,a,0(t))) for all t € [0,7] and

s ot 00000 < (@) {1-+o ([ s@so) [ s,

@) o < {1+ i@ e [ "t o a0

Hence, we see that there exists a constant C5 > 0 depending on @, ||ug||y and
©(0, ug, vo; ug), such that

(h(u)) := n(a) + sup [|h(a; f)HH+ S !w( i, 0(t); h(a )] + [[(A(@))' 20 o)

0<t<T

< Cs.

2.3. Approximation of time-dependent convex functions

In this subsection, we consider the subdifferential 05y (t, @, 9(t)) of a proper Ls.c.
convex function (t, @, 0(t)) on H(0(t)), that is, z* 6 av(t)go(t @, 0(t); z) if and only
if z € D(p(t,u,v(t)) and

(2% y = 2)s) < (0, 0(t);y) — (t,0,0(t);2), Vy € H. (2.45)
For each A € (0, 1] and each ¢ € [0,T] we denote by J\(¢, @, v(t)) and Ax(t, @, 0(t))

t,u
Yosida’s approximation and the resolvent of J5()¢(t, @, 0(t)), respectively, and by
ox(t, @, 0(t)) Yosida’s regularization of (¢, w,0(t)) on H(0(t)), defined by

In(t, @, 0(t)) == (I + Ngwy(t, a, 0(t))) ™, (2.46)
Ay(t, 0, 5(8)) = %(1 (i, (), (2.47)

I ) .
Vze H, SDA(taU'yU(t)a Z) T ylglf_[ {ﬁ”z - y”f;(t) + @(tvu7v(t)ay)} : (248)

According to the general theory, for example, in [1], we already know that the
following properties hold for all ¢ € [0,77], all A € (0,1] and all z € H:

Ax(t,a,0(t); 2) = Opwya(t, 4, 0(t); 2), (2.49)
ANt @, 5(t); 2) € Dsolt, @ 0(t); Ja(t, @, alt); 2)), (2.50)
ol 0);2) = S1Ar(1,3,5(0);2) B + (0,8 50 (1, .00 ). (2:51)

Moreover, we show the next lemma, which is repeatedly used in Section 3 in order
to derive the uniform estimates for approximate solutions to Cauchy problems of

approximate evolution equations to auxiliary problems for (P)u0 .
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Lemma 2.7. The following uniform boundedness properties are satisfied:

(1)  There exists a constant Cy > 0 depending on @, ||uo||g and ¢(0, ug, vo; uo),
such that for allt € [0,T] and all z € H

sup [[Jx(t, %, 0(8); 2)[lsey < |2l + Ci, (2.52)

0<AL1

hence, for all A € (0,1], all t € [0,T] and all z € H we have

2||z|5 C
I An(t. .50 >Hv<t><%,
(

oa(t, @, 5(t); 2)] < a(t, @, 0(t); 2) +2C1 ([lzlloy + Ca+1) . (2.54)

and (2.53)

(2)  There exists a constant Cs > 0 depending on U, ||ugllg and ¢(0,ug, vo; ug),
such that for all X € (0,1], allt € [0,T] and all z € H

|o(t, @, 0(t); Ja(t, @, 0(1); 2))| < 2 (”ZH;W N (2.55)

(3)  There exists a constant Cg > 0 depending on @, ||uol|m and ¢(0,ug, vo; uo),
such that for all X € (0,1], all t € [0,T] and all z € H

ot 0, o2 < 0 1) (250

Proof. Throughout this proof we fix a parameter A € (0, 1], a time ¢ € [0,7] and
an element z € H.

(1) Let {z5(a); 0 < s < T} be the same family in H as obtained in Lemma 2.3.
Using Lemmas 2.1 and 2.3 with (2.47), (2.48), (2.51), we have for all s € [0, 7]

Cy > (s, 4, 0(t); 25(@) = (s, @, 0(s); z5(w))

= %st(ﬂ) — it @, 0(t); 25(0)) [ + (s, T, 0(5); Ja(s, 6, 0(s); 25(1)))
= %st(ﬁ) — Ji(s, 0, 0(s); 25(0) [5e) — CLlll Ji(s, @, 0(s); 24(@)) [lo() + 1)-

Hence, we see that there exists a constant Cy; > 0 depending on @, |Jug||xz and
(0, ug, vo; ug), such that
sup || J1(s, @, 0(s); z5(@))|5s) < Ca1- (2.57)

0<s<T

Since for all s € [0, 7] the resolvent J;(s, @, 0(s)) is a contraction on H(9(s)), we
have

sup || J1(s, @, 0(s); uo) lo(s)

0<s<T

< sup [[i(s, @, 0(s);u0) = Ji(s, @, 0(s); 25(@)) |ags) + sup || Ji(s, @, 0(s); 2s(@))l5(s)
0<s<T 0<s<T
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< sup |luo — zs(@)|as) + sup [|J1(s, @, 0(s); 25(@)) las)
0<s<T 0<s<T

< collug|lg + Co + Cyy.
Using the resolvent equation for all A € (0,1], all z € H and all s € [0,T]]
Ji(s,0,0(s);2) = (s, @, 0(s); Az + (1 — A\)Ji(s, @, 9(s); 2)),
and the contraction property of Jy(s, @, 0(s)) on H(9(s)), we have

sup || Jx(s, @, 0(s); uo)||a(s)
0<A<1
0<s<T
< sup || Ja(s, @, 0(s);u0) — Ji(s, @, 0(s); uo)llas) + sup |[Ji(s, @, 0(s); uo)llacs)
0<A<1 0<s<T
0<s<T
< sup || Ja(s, @, 0(s);uo) — Ja(s, @, 0(s); Adug + (1 — A)Ji(s, @, 0(s); wo))|la(s)

0<A<1
0<s<T

+ sup ||Ji(s, @, 0(s);uo)l|ss)

0<s<T

< sup (1 - )‘> { sup HUO - J1(37 fL,fJ(S); UO)H@(S)} + OquT HJ1(87 21,17(8); uO)HfI(S)

0<A<1 0<s<T

< eol|uollg +2 sup || Ji(s, @, 0(s); uo)as) < 3calluolla + 2(Ca + Cua).
0<s<T

Using the contraction property of Jy(¢, 4, v(t)) on H(v(t)) again, for all £ € [0, 7]
we have

< sup [ @ 0(t); 2) = Jat @ 0(t); wo)acry + sup. IIJA( u, 0(t); uo) llace

< |z = wollsw + 3ealluollm +2(C2 + Cuy)
< deyljuollm +2(C2 + Cua) + [ 2]l5r
which implies (2.52). The estimate (2.53) is derived from (2.47) and (2.52).

(2) Using Lemma 2.3, (2.49), (2.51) and the definition of Oy (L, @, 9(t)) with
(2.49), we have

s, 0(1); Ia(t, @, 9(t); 2)) < @alt, @, 0(t); 2)
) — (Ax(t, 0, 0(t); 2), 2(0) — 2)51)
§02+|\Ax(t,fm7() sy (I12lla@y + C2) -

We see from the second estimate of (1) in this lemma that the following uniform
estimate holds:

(2“ sy + Ca + 04)

§0<t7 11, 6(15); Jk(t,@, 6(t); Z)) S 02 + \
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Using Lemma 2.1 and the first estimate of (1) in this lemma, we have
|o(t, @, (1) Ia(t, @, 0(t); 2))]
S(t, @, 0(t); Ja(t @, 5(t); 2)) + Co ([a(E @, 0(1); 2) o) + 1)

Ll +G+C)°
= )

Cy (|2 ]lse + Ca +2)

which implies that the required estimate holds.

(3) The required estimate is derived from (2.51), and the estimates of (1) and (2)
in this lemma. [

At the end of this subsection, for each z € C([0,T]; H) we show the continuity of
functions t — Jy(t, @, 0(t); 2(t)) and t — A(t,a, 0(t); 2(t)).

Lemma 2.8. Forall z € C([0,T]; H), all A € (0,1] and all t € [0,T], we have

lim [ (1, i, 5(2); 2(5) o) = 1At 5(0): 2(0) [y, hemce, — (2.59)
lin || A (¢, @, 5(0): ()l = 1A (E &, 5(2): 2(6) s (2.59)

Proof. It is enough to show (2.58) because of (2.47). We use Condition 2, (A7),
the contraction property of Jy(t,a,0(t)) on H(9(t)) and the first estimate of (1)
in Lemma 2.7. Then, we have

WMWﬂﬂWM%—WMﬂM)UMM

< Yol at, @ 5(t); 2(5)) I3

/Nr )lxdr

+ (II2() s + 12 lae) + 2Ca) [12(s) = 2(t)]l5e)

Sv(@mMH(Nm+COQLmWUth

o<t<
+2@<@£g§W@NH+COH4Q—%@Wm

< 70 (Il2(s)lla + C4)

which implies (2.58). O

Lemma 2.9. For each z € C([0,T];H) and each A € (0,1] the function t —
Ia(t, @, 0(t); 2(t)) is continuous from [0,T] into H. Hence, the function t
Ax(t,a,v(t); 2(t)) is also continuous from [0,T] into H.

Proof. Throughout this proof we fix a time ¢ € [0,7] and consider any sequence
{tn}nen C [0,T] satisfying ¢, — ¢t as n — oo. Using Condition 2 and the first
estimate of (1) in Lemma 2.8, we have
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173 (tn, @, 0(t0); 2(t ))l|§(tn = 1ty @, 0(tn)s () )30 |

/ 15 ()|

LJWﬂmw

< Yol|Ix(tn, @, 0(tn); v(tn

Y

which implies
B {900 () By — [ 5000 2(0) B} = 0. (2.60)

Fixing any v € D(p(t,@,0(t))) and using Condition 1 as r = 73 > |lyells) + 1,
we see that there exist nonnegative functions a,., (@) € L*(0,T), B,,(u) € L*(0, T)
and a sequence {y;(t,)}nen such that

Mﬁw—wwmé(¢wwmammw4)[W%wer, (2.61)
[0ty B 5(t); 9e(t)) — (8, T, B(1); 1)
< lott,00001 + 1| [ ot i (262)
hence, from (A7)
loe(t0) = lle = exlloetn) = wllm > 2 Jon(tn) = willr-— (2:68)

Then, we see from (2.61), (2.62) and (2.63) that the following convergences hold:

yi(tn) — y in H(0(t)) as n — oo, (2.64)
B o(tn, @, (tn); 4e(tn)) = @(t, @, B(t); ). (2.65)

On the other hand, we see from (A1) and the first estimate of (1) in Lemma 2.7
that the sequence {Jy(t,, 4, 0(t,); 2(t,)) }nen is bounded in H(9(t)). So, we choose
a subsequence {t,, }ren of {t,}neny and an element Z, € H satisfying

In(tngs U, 0(t, ); 2(tn,)) — 2 weakly in - H(0(t)) as k — oc. (2.66)
We see from (2.60) and (2.66) that the following estimate holds:

Bt inf [y (Fy, @, 0(ta, ): 2(60,)) 3¢,

= 1 {1 g st ); 2 )0,y = 0 5, )i 2(00)) 20 }

k—o0

+ h]gglorolf HJA(tnk? ﬂ’v 6(tnk>; Z(tnk))Hz%)(t) > ||5tH%(t)' (267>
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Using Condition 2, (A1), the inequality obtained in the proof of Lemma 2.2 and
the first estimate of (1) in Lemma 2.7, we have

| (Z(tnk>7 yt(tnk))ﬁ(tnk) - <Z<tnk)7 Yt (tnk))ﬂ(t) |

t"k:
(HZ( ni) Yt ) Ze + 12 )30y + 19t 130) ‘/ 19 (7)[| xd

| /\

IA

3%
7(c2n1ax|r<>uH+supuyt M) | [ 1 lr] . and

0<t<

(b 90, )3 2t ), (2 + 90 (b))

= (I, @, 0(Eny ); (2(tn,))s (2 4 42) () )

Y, .
70 (1T (b @ Dty ); 2t D 3y + 12 (B ) Zey + 1192 (Eni) s))

t"k
/ /()| xdr
t
5’70 [Cz

2
4 ) 2 2
2| % (ot a0 ) +c2021tg§\|z<t>r|H+glg§<uyt<tn>uv<t>]

tn,
/ I (F)llxdr|.
t

which imply that the following convergences hold:
T (2(t, ), 9t e = (2(0), 0)ec0, (2.68)

lcli_{g()(‘])\(tnk? u, ﬁ(tnk); Z(tnk>)7 (Z + yt)(tnk))fi(tnk) = (2757 Z(t) + yt)f)(t)- (269)

IN

X

IN
|

X

Next, we fix a constant r4 > 0 satisfying ry > Cy + co maxo<i<7 ||2(t)|| g + 1. From
the first estimate of (1) and (2) in Lemma 2.7 we have

sup ||Ja(s, @, 0(s); 2(5))||as) < ra, and

0<s<T

o o T2C (2.70)
sup |@(s, , 0(s); Ja(s, @, 0(s); 2(s)))| < 4)\5
0<s<T

Using (A1), Condition 2 as r = ry and (2.70), we see that there exist nonneg-
ative functions oy, (@) € L*(0,T), B, (a) € L(0,T) and sequences {ys, () }nen,
{7:(ts) bnen such that
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tn
/ oy, (U;T)dT
¢

|90(tn7ﬂ’7 @(tn>; gt(tn)) - @(tu ﬂa f}(t); JA(tvﬂﬂﬁ(t); Z@)))’
< (Ti}\C% + 1> /tnﬁm(ﬂ T)dT

which imply that the following convergences hold:

Y

WW*A@@WW@W@SQQ4%+Q

Y, (t) — In(tn, @, 0(t,); 2(t,)) — 0 in H(9(t)) as n — oo, (2.71)
Tim {1, 5(0): 91, (1)) — @t 500 Ja (., 5(80); 2(1))} = 0, (2.72)
i) (273)

(2.74)

Repeating the argumententation similar to that for the sequence {y;(t,) }nen and
using (2.66), (2.73), we have

klgrolo(z(tnk)7 @t(tnk))ﬁ(tnk) = (Z(t)7 JA(t7 a? f)(t)v Z(t>>>5(t)7 (275>
B0 (J(t 5 Dt ); 20 ) (2 4 50 e

= (%, 2(t) + Ia(t, 0, 0(t); 2(t))) o) (2.76)

where {t,, }reny and Z; are the same subsequence of {t,},en and element which
are taken out in (2.66). From (2.66) and (2.71) for all y € H we have

Jim | (Y, (8) = 26 9)oo) |
< i Yyl 191, (8) = Ja(tog 5t ): 260, ) s
| Ul 50, 2(80,)) = 2 9)sco)| | = 0,
which implies
Yt,, (1) — Z  weakly in  H(0(t)) as k— oo. (2.77)

Since ¢(t, @, 0(t)) is weakly sequentially l.s.c. on H(9(t)), we see from (2.72) and
(2.77) that

liminf p(t,,, @, 0(ts, ); Ia(tn,, @, O(tn, ); 2(tn,)))

k—o0

> lim {<,0 nmu U( nk) JA( nk7u v<tnk) Z(tnk)>) - So(taa ®<t> ytnk(t))}

k—o0

+ liminf (¢, @, 0(t); yt,, (t)) > @(t, 0, 0(t); Z). (2.78)

k—o0
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Moreover, from (2.46) we have

||J>\( Tlmu U( le) (tnk>>H’U(tnk + /\90< nmu U( nk) ‘]>\( nk’u U(tnk> Z(tnk)))
< )‘30( nmu U( nk) yt(tnk)) ( ( k)?yt( nk))ﬁ(tnk)
+ (It @, 0(tn, ); 2(tn,))s (2 + 9e) (Bn) )ity ), and (2.79)

17 (s @, Dt )5 2 () I3,
S )\{(p(tnm&?ﬁ(tnk)vgt(tnk)) - gO(tnk,’LL U( ) J)\( nmu U(t ),Z(tnk)))}
+ (J)\<tnk7 u, i}<tnk)7 Z(t”k)>7 (Z + yt)(tnk))ﬁ(tnk) - (Z(tnk)7 ﬂt(tnk))ﬁ(tnk)' (280>

We take liminf, ., in both sides of (2.79) and use (2.64), (2.67), (2.78), (2.69),
(2.78). Then, we have

1211200y 4+ Ap(t, @, 0(8); Z0) < Ap(t, @, () ye) + (Zo, 2(8) + ye)a) — (2(), ve)ao)

o
hence, (%y—> < ot 0, 5 m) — ot 350 5). (281)
o(t)

Since ¥, is any element in D(@(t, 4, 0(t))), the inequality (2.81) implies
2(t) — Z € NOsyp(t, 1, 0(t); Z), hence, Z = Ji(t,u,0(t); 2(1)). (2.82)

Moreover, taking limsup,,_,., in both sides of (2.80) and using (2.73), (2.75),
(2.76), (2.82), we have

10 S0 || T (b 2 ),y < Mot 50 Ta(0, 3, 5(0); 2(1))) (2.83)

k—o0
D (b, ) g 30 )5 2(0)) b 087,500 2(0) 2
Applying Lemma 2.4 because of (2.66) and (2.82), we have

(b, D(8); J(t, 1, 0(0); 2(1)
< W nf (b, G 3ty ) Talla B Dty )i 2(00,))), (2:84)

k— o0

hence, from (2.83) and (2.84)

tn 5up [ty 8 5t ): 2t ) 3, ) < A0 2O) By (2:85)

k—o00

From (2.66), (2.67), (2.82) and (2.85) we have

T [t 200 e = 135 2(0) 0. (2.86)
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Using Condition 2, the first estimate of (1) in Lemma 2.7, (2.86) and the following
inequality:

| Ta(trs @ 0t ) 2t 5y — A (E @ B(2); 2) ()50

tnk
o [ 1 @lear
t

+ ‘I!Jx(tnk,ﬂ,ﬁ(tnk); 2t ) e,y — 13 (@ B(8); 2(2) 150

tng
/ /()| xdr
t

(tny) — NN @, 0(2); 2() I3

2
<% (04 + C2 olgtagXT ||Z(t)||H)

1 50, 280 )

we have
T (|3 (s 5 00y ); 2 () oy = 025 @, 0(2); 2) () [lage)- (2.87)
Finally, we see from (2.66), (2.82) and (2.87) that
In(tng, @ 0(tny); 2(tn,)) — Ia(t, @, 0(t); 2(t)) in Hyyy as k — oo. (2.88)
Because of (A1) the convergence (2.88) directly implies that the function ¢ —
Ja(t, @, 0(t); z(t)) is continuous from [0, 7] into H. O
2.4. Absolute continuity of norms and the Yosida regularization

In this subsection, we show Lemmas 2.10 and 2.11 below, which play important
roles to obtain the uniform estimates of approximate solutions to auxiliary evolu-
tion equations considered in Section 3 and whose original proofs have been given
in [4, Proposition 2.2.5 and Lemma 2.10], respectively.

Lemma 2.10. For eachz € W'(0,T; H) the function t +— ||2(t)|2,) is absolutely

continuous from [0, T] into R, and we have
d -
ZI2O1E0 = 2((1), 2()s| < wlT Ol Nz, a0t e ©0,T).

Proof. We put ¢,(t) := ||z(t)|]§(t). Using Condition 2 with the equality
li(s) = Ga(t) = [[2(9) 5 — I2(9)l5) + (2(5) — 2(1), 2(s) + 2())acey,  (2.89)

valid for all s,¢ € [0, 7], we have |l1(s) — ¢1(t)]

JAL
[ 1#@lxr

+112(s) = 2(®)lla (12(s) Iy + 12D llew))

[ 1@ ],

< oll2( ||v(t)

< o ax [|=(0)|% +2¢ max [[2(0)]lu
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which implies that the function ¢; is absolutely continuous from [0, 7] into R.

Going back to (2.89) and dividing its both sides by |s — t|, we obtain

t(s) —6(t)  (z(s) = 2(t)
— t
S e )
12(s)1[50) = 2() 5
- R <ol [ [ 15Ol (200
Taking the limit s — ¢ on both sides of (2.90), we get the lemma. O

Lemma 2.11.  For each z € WY (0,T; H) and each A\ € (0,1] the function
t — pa(t,a(t),v(t); z(t)) is absolutely continuous from [0,T] into R.
Moreover, the following inequality holds for a.a. t € (0,T):

i%(t,ﬂ, o(t); 2(t) — (2(t), Ax(t, @, 0(t); 2(t)) s

(2.91)

< At 5(0)s 2(0) ey (V1o i 50 2(0) + /i + 1) (i)

0N 4 (¢, 65(8); 2(E) Py |17

+ (0alt i 0(2); 2(0)] + raC + 1) By (1) + 227

where r4 > 0 and oy, (a) € L*(0,T), B,,(a) € L*(0,T) are the same constant and
nonnegative functions that are used in the proof of Lemma 2.9.

Proof. We see from the first estimate of (1) in Lemma 2.7 that

max {||Jx(t, @, 0(t): 2())law), | Ia(s, @, B(s): 2(5)) o) | + 1
<Ci+co max |[z2(T)[|[g+1<my
0<7<T

and from Lemma 2.1, (2.51) and the above inequality that
max {|o(t, @, 0(t); Ja(t, @, 0(t); 2(5)))|, [0 (s, @, 0(s); Ia(s, @, 0(s); 2(s))) [}
< max {@(t, @, 0(t); JA(t, @, 0(t); 2(5))), @(s, @, 0(s); Ia(s, @ 0(s); 2(s))) } + raCh
< max {|pa(t, @, 5(t); 2(5))|, [oa(s, @, 0(s); 2(s)) |} + raCh. (2.92)

Using Condition 1, we see from (2.92) that for each ¢ € [0,7] there exist two
families {Z;(s); 0 < s < T} and {Z5(¢); 0 < s < T} such that for each s € [0,7]
the following inequalities hold:

max{|Z(s) — Ja(t, B 5(8); 2(5)) sy, 126(8) = Ja (5,5, 5(5); 2(5)) s }
< (max {/Iox (s 0(8); 2] VVIoalt, 1 5(0); 2(5)[} + v/ + 1)

¢
/ o, (U;T)dT

X

, and (2.93)
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max{|@(s, 4, 0(s); Z(s)) — @(t, @, 0(t); Ja(t, 0, 0(t); ()], (2.94)
|o(t, @, 0(t); Z5(1)) — (s, @, 0(s); Ja(s, 0, 0(s); 2(s))) [}

/s By, (@ 7)dT

In order to show the absolute continuity of ¢, (¢, @, 0(t); z(t)), first of all we esti-
mate the function lo(s,t) := @a(s, 4, 0(s); 2(s)) — cpA(t u,0(t); 2(s)). Using Con-
dition 2 and (2.47), (2.48), we obtain two estimations below:

< (max{|pa(s, @, 0(s); 2(s))], lealt, @, 0(2); 2(5)) [} + r4C1 +1)

la(s,t) < @(s,0,0(s); 2(s)) — @(t, 0, 0(t); Ia(t, @, 0(t); 2(s)))

+52llals) = 2 — 514N 5, 5(0); ()l

2\ ’
- (Ak(t u, U(t)a Z(S))7 Zt(5> - JA@? U U(ﬂ? Z(S)))v(s)
2 (1A 1, 500): () 3 — A8 3, 800); 2(5)) )
< lpls, i, 5(s): 2(s)) — ol @, B(E); a1, 0, 5(2): 2(5)))]
+53@@—Awaaw>mw
AN B 50 25Dl I3 (5) — a8 5(0); 2(5)) e
+ 240,350 25D g /Hvruw (2.9
(s, ) = (s, 1, 5(s); Jals, @ 5(s): 2(5))) — ol 1, (1) (1)
2 a1, 8(5): () B 5w¢> ()11
> (b, @, 5(8): 24(1)) — (s, 8, 5(5); Ja(s, @, 5(5); 2(5)))
L - 2
— a5l (6) = s, 5(5); 2(5))
— 1 Ax(s, @ 5(); 2(5)) o 125 (8) — Ja(s, @, 5(5): 2(5)) sy
=20 Ay 1,005 () /|w lxdr|. (2.96)
We see from (1) and (3) of Lemma 2.7 and (2.93)-(2.96) that
(5, 1)] < 5 (s {/ToxCo, 0 005); 2D Va1 000 2D +/raCr 1)

2
X

¢
/ oy, (u; T)dr
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+<max{\/]<p,\ )|, V] oa(t, @, o(t ]—i-\/mCl—i-l})

x max{[|Ax(s, @, 0(s); 2(s))[loc, [|AN(E @, 0(2); 2(5))|a

ozm( ;T)dT

/s Bry(U; T)dr

+ (max {|oa(s, @, 0(s); 2(s))], lpalt, @, 0(t); 2(5)) [} +raCr + 1)

+mn1aX{\|AA(t,ﬂ 0(t); 2(5)) I3 [14A (s, @, D(s); 2()) 15y}

2
« / 1/ ()| xdr (2.97)
1 Co ' i
< ﬁ{ -~ (1 +02 tnax, H HH> + /1rsCh + 1} / oy, (U 7)dT
L) /S (4 t VG +1
1V (e ax =@l ) + VraCi+
t
X (202 max ||z(t)||z +C'4) / ., (U5 7)dT
0<t<T s
2
{76 1 + ¢, max Hz(t)HH> +ryCy + 1} (@;7)dr
+ ﬁy—)\ (202 max |lz(t)||e + 04) 7)||xdr|. (2.98)

We estimate the function l3(s,t) := pa(t, @, 0(t); 2(s)) — @a(t, @, 0(t); 2(t)). From
(2.49) we have

We see from (1) in Lemma 2.7 and (2.99), (2.100) that

[€5(s, )] < comax { [ Ax(t, @, (t); 2(t)) o), [|AN(E @, 0(2): 2(5)) o) }

~+

(2.101)

(2.102)

0<t<

< C)\ (202 max || 2(t )\|H+C’4)
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Hence we see from (2.98) and (2.102) that the function ¢ — @, (¢, @, 0(t); 2(t)) is
absolutely continuous from [0, 7] into R.

Next, we show (2.91). From (2.99) and (2.100) we have

0 < ly(s,t) = (2(s) — 2(2), Ax(t, @, 0(t); 2(1)), 2(2)) )ocry
S (A)\(ta ﬂv 6@)? Z(t))v Z(t>> - A)\(t7 ﬂ, ﬁ(t); Z(t))7 Z(t))v Z<S) - Z(t))’f)(t)

2

~l2(s) = 2Ol (2.103)

IN

Dividing both sides of (2.103) by |s — t| (s # t) and taking the limit s — ¢, we
have

it {£3(5,£) — (5 —2(8), An(E, . 5(0): 2(5) = Ay (£ 8, 5(0): 2(8)) e} 0. (2:104
Moreover, we see from (2.98)—(2.100) that we have

’(,0)\(8,1],?7(8); Z<3)) - ka(tﬂ]?{)(t)? Z<t>) - (Z(S) - Z<t)aA>\(t7ﬁ>ﬁ<t); Z@)))Mﬂ’

< [la(s, ) + la(s, 1) = (2(5) = 2(1), Ax(E, 0, 0(2); 2(1)))ar)
1

< — > (max{\/|<,0,\(8 @, (s s)|, \/|()0>\ 2(s ))|} + \/T4C1+1>2

x(max{ﬂw i, 5(5)s 2] Va6 50 2| | + v/raCr +1)

X / |, (@; 7)|dT

+ (max {[pa(s, @, 0(s); 2(s))], [oa(t, 4, 0(2); 2(s))[} + r4Cr + 1)

< / By (35 7)

max { || Ax(t, @, 9(1); 2(5)) [, [ Ax(s, @, 0(s); 2()) 15y }

¢
X / |v'(7)]| xdT| .

We divide both sides of (2.105) by |[t—s| (s # t) and take the limit s — ¢. Since for
each t € [0, T] the functions s — @y (t, 4, 0(t); 2(s)) and s — py(s, a,0(s); 2(s)) are
absolutely continuous from [0, 7] into R, we see that the inequality (2.91) holds
by using Lemmas 2.8 and 2.9. 0

CaYoA

_|_

(2.105)
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3. Auxiliary problem

For each @ € W(ug, vg) we consider the following initial-value problem of an evo-
lution inclusion {(3.1),(3.2),(3.3)}, which is denoted by (P) as an auxiliary
problem of (P)

U,u0,V0

up,vo "

u'(t) + G5y p(t, @ 0(1); u(t)) 3 f(1) in H(0(t)), aa. te[0,T],  (3.1)
(P)ﬂ,uo,vo ( ) (u;ta())UO in X7 Vi e [OvT]7 (32)
u(0) =wuy in H. (3.3)

Since in (P); ., the function @ is prescribed, hence, ¥ is also prescribed by (3.2),
this auxiliary problem is regarded as one of the typical examples of evolution
inclusions with a variational structure for inner products, which was considered
in [4]. However, as stated in the Introduction, in [4] Damlamian only considered
the case that the family of effective domains {D(p(t,u,v(t)); 0 < t < T} is
independent of the time variable ¢, that is, D(@(t,u,0(t)) = D(p(0,ug,ve)) for
all t € [0,7]. On the other hand, in our setting it depends on ¢ satisfying a
certain continuity which is precisely given in Proposition 2.5. Hence, we devote
this section to show Theorem 3.1 which is clearly stated below.

Theorem 3.1. For each (up,v9) € H x A satisfying ug € D(p(0,ug,vy)) the
problem (P), .. has one and only one solution u(w,ug,vo) € W'2(0,T; H).
Moreover, the following estimates are satisfied:

(1) There exists a constant C7 > 0 depending on 4 and ||uo|| g, such that

T

- T < .

g, [ o, i)y + [ (8500wl i) < C

(2)  There exists a constant Cg > 0 depending on @, ||uo||p and ¢(0,a,vo; uo),
such that

@, o, vo)' |2z + sup (@, 0(t); (u(@, uo, vo))(1))] < Cs.
<t<

Hence, we have u(u, ug, vo;t) € D(p(t,a,0(t))) for all t € [0,T].

(3)  There exist a constant r5 > 0 depending on @ and ||u|| g, and nonnegative
functions a,. (@) € L*(0,T) and B,.(a) € L'(0,T) such that the following
property (x) is satisfied:

(%) for any € € (0,1) there exists Cy > 0 depending on €, 4 and ||ug| m,
such that the following inequality is satisfied for all t € (0,T) and a.a.
€ (0,T) with s < t:

t

p(t, @, 0(t); u(@, ug, vo; t)) +/((U(ﬂv o, v0))' (1), (u(t, uo, v0)) (1) = f(7)) 5 dT

S

< SO(S? 'EL?T}(S); ’u,(ﬂ,’u,o,vo; 3)) + 5/ H(u(fL,UQ,’UQ))I(T) - f(T)||127(7—)dT

+C9/{90 1, 0(7); w(@, wo, vo; 7))+ T X (e (@, )P+ Brs (@ 7) [+ (7) | x) dr
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Proof of the uniqueness part of Theorem 3.1. For each i € {1,2} and
(ugi,v0) € H x A satisfying ug; € D(p(0,up,v0)) we let u; = u(, up;, vo) a
solution to (P) on [0,7T]. Taking u; — uy € W?(0,T; H) as z in Lemma

2.10, we have e
d 2 !
%H(Ul —ua) ()5 — 2((wr — u2)' (1), (w1 — ua)(?))sr)
< Yollv' () x 1w = ua) ()34, aa. t €[0,T]. (3.4)

Since 94 ¢(t, @, v(t)) is maximal monotone on H, from (3.1) we have
((ur —u2)'(t), (w1 — u2)(t))swy <0, a.a. tel0,T). (3.5)
We see from (3.4) and (3.5) that

d

Pl u2) )5 < ll?'O)llx + 1) (w1 —u2) ()5, 2.t €[0,7]. (3.6)

Applying Gronwall’s lemma to (3.6), we have

T
s — u) (O < ot — wosl|2, exp ( / <%||@’<t>||x+1>dt), Vi e 0,7),

which implies the uniqueness of solutions to (P); . on [0, T] whenever ug; = ug2
in H. [

In order to show the existence of solutions to (P); . ,, on [0,7], in the rest of
this section for each A € (0, 1] we consider an evolution equation (3.7) as an ap-
proximation of the evolution inclusion (3.1) and the Cauchy problem (P)} =

{(3:2),(3.3),(3.7)} as an approximate problem of (P); . o
u'(t) + Ax(t,a,0(t);u(t)) = f(t) in Hyy, aa.te(0,T). (3.7)
Applying the general results of evolution equations, we see that (P)Q’UWO has one

and only one solution wuy (@, ug,vo) € W12(0,T; H), whose proof is omitted in
this paper. In the following argumentation, we devote ourselves to derive the
uniform estimates of {uy(@,up,v9); 0 < A < 1}, which enable us to argue the
limit procedure for the approximate solutions wy (@, ug, vg) as A N\ 0.

Lemma 3.2. There exists a constant Cyy > 0 depending on @ and ||ug||g, such

that for all X € (0, 1]

T
sSup Hu)\(ﬁ7u071)0;t)|’f)(t) +/ ’@A(taa76<t)7u)\(ﬁ’7u07v07t>)|dt < ClO-
0<t<T 0

Proof. In the rest of this section, for simplicity we put wuy = uy (@, ug, vg). We
consider the same function h(@) that is constructed in Proposition 2.5. Taking
uy — h(@) as z in Lemma 2.10, we have for a.a. t € [0,7] and all X € (0, 1]
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d
—lua(®) = @ )15

2(uA (1) = (h(@))' (), ua(t) = h(@: 1))aco) + 70l10" () | x [ua(t) = Al )50
= 2(Ax(t, @, 0(t); ua(t)), ua(t) — h(a; 1))

+ (llv (®)llx + 2)llua(t) = h@: 1)l +e3 (IO + (@) @) - (3.8)

From (2.48), (2.49), (2.51), Lemma 2.1, the first estimate in (1) of Lemma 2.7,
Proposition 2.5 with Remark 2.6, we get for all ¢ € [0, 7] and all A € (0, 1]

- (AA(t7 fb, f)(t)v Uy (t))a U) (t) - h(ﬂ, t))ff)(t)
< gO(t7 u, ﬁ(t); h(ﬂ, t)) - @(tv u, ﬁ(t); JA(tv u, 6<t>; UA(t))

< ot @, 0(t); h(@; 1)) + Cr { lua(®)|lagy + Ca + 1}

IN

IN

1
< Slluat) =A@ )5 + C1{C1 +2C5 +2Cs + 1} + Cs. (3.9)
Substituting (3.9) into (3.8), we get for a.a. t € (0,T) and all X € (0, 1]
d N - - -
Zla(®) = (@ D)5 < g1 H)llua(t) =A@ D)5 + 92(8; 1), (3.10)

where the nonnegative functions g;(a) € L'(0,T) (i = 1,2) are given by
gu(@;t) =%l 0"(t)||x + 3,
s t) 1= & (I3 + I O)I) + Cr (Co +2C5 +2C4+ 1) + C

Using Condition 2, we have

[lua(s) = h(@; 8) |26 — llua(tn(@) — 20(@) 12, @y

| 1@l
tn(a)

+ (llua(s) = Al )o@y + llua(ta(@) = 2o (@) s, @)

X (llua(s) = ur(tn (@) lsea @) + 12(s) = 20 (@) l5¢n @)

/ & ()|l xdr
tn ()

263 { s ua (0l + Ca b (o) = @l + 105) = 20 (@)

< ollua(s) — h(a; )12, @y

2
< & { ma [[us (6 +03}

Taking the limit s \, ¢, (@) in the above inequality and using (2.18) in Proposition
2.5, we have

m () = b8 s = luata(@) = 2@l (1)
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Applying Gronwall’s lemma to (3.10) on [s,t] C (t,(@),tn41(@)] and taking the
limit s \ £, (@) in its result, we see from (3.11) that the following uniform estimate
holds for all A € (0, 1]: for each n € {0,1,2,...,n(a)—1}

spJlun(t) — A 1)
tn (1) <t<tny1(a)
B s tnt1(2) . tny1(@) B
< (Iontta@) 2@y + [ st e ([ i)
tn(u tn (i

< <2||UA(tn(71)) — (s tn (@) 35 iy + 200005 10 () = 20 (@) 131, a0
tn+1(%) tnt1(4)
+/t gg(’zl;t)dt> exp </t gl(ﬁ;t)dt>. (3.12)

n () n (@)
Inductively, (3.12) leads to the following uniform estimate for n € {1,2,...,n(a)}:

sup{ max Hu,\(t)—h(ﬂ;t)H%(t)}

0<A<1 (0<t<tn (@)

tn (1)
< 2wy — z0(@)2, exp ( / 0@ t)dt)
0

n—1 tn(ﬂ)
+Zzn-k||h<a;tk<a>>—zk< @)ooy XD ( / | g1<a;t>dt>
_ tr(u

k(@

t1(@) tn (%)
+Z2" k= 1/ g2 (i; 1) dt exp / gi(@:t)dt | .
t ()

tr (u)

Lemma 2.3 and Remark 2.6 imply the following uniform estimate:

sup. { o () - h<a;t>uz@}

0<a<1 (0<t<T

n(a)—1

T
< 2" L lug — 20(a) |12, + Z 12 (@) = 20 (@) 3 ) +/ 92 (@; t)dt
0

X exp ( /0 ' gl(il;t)dt>

< 2n@® [202||UOHH+2{71( )+1} Cg(ﬂ)z—{—chn(ﬁ)Cg(ﬂ)z—i—/gg(ﬂ;t)dt]. (3.13)
0
Going back to (3.8) and (3.9), we get for a.a. t € (0,7) and all X € (0,1]
—llua(t) = h(@, 1)l + 20a(t, @, 0(t); ua(t))

< 2lep(t, @, 5(t);ua ()] + (7' (B)llx + 2)[Jua(t) — hla: )l[5,
+HIF @O + 1@ (0150
< Cuoa (IFO1F + I(A@) @)1 + 19 @Ollx +1) (3.14)
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where Cip1 > 0 is a suitable constant satisfying

~ 2 2
Cuos 2 G+ 2) sup { e Jun(6) = h(a Ol | 4200+ &

Actually, such a constant Co; can be chosen from the uniform estimate (3.13).
After integrating both sides of (3.14) on [s,t,.1(@)] (C (t,(@), tay1(@)]), we take
the limit s N\ ¢,(u) in its result and use (3.11) to have

tn+1(a) 1
sup { max / w(tﬂ,ﬁ(t);w(i))dt} < 5 Nua(ta(@) =20 @) 2,

0<x<1 | n€{0,1,2,...n 2 (1)

C tnt1 (%)
o [ O+ 1Y O+ 17 Ol +1)

hence, for all A € (0, 1]

n(a)—1
< (llua(tn(@)) = (@ ta (@) 3@y + 1200 (@) = 20 (@)1, ay)
+ 0120’1 /O (P17 + I(r(@) O1F + 10" x + 1) dt. (3.15)

Then, from (2.51), Lemma 2.1 and the first estimate in (1) of Lemma 2.7, we get

oAty 4, 0(t);un(t)) = @(t, a, 0(t); Ja(t, @, 0(t); ua(t)))
> -, (HU/\(t)Hf,(t) + Oy + 1) ., hence (3.16)
[oalt, @, 0(t); un ()] < @alt, @, 0(t); ua(t)) +2C1 (lua(®) oy + Ca+1) . (3.17)

Finally, we see from (3.15) and (3.17) that the following uniform estimate holds:

sup / [oa(t, 0, B(t); ua ()] dt

0<AL1
< n(u — h(@:t)||?
<l sup { g s(t) ~ W) |

=S [ SO+ 1@ Ol + 17 0l) d

C
—i—T{ZC’l sup (max ||u,\(t)\|%(t))+201(C’4—|—1)—1— 120’1}—1—271(71) (C2+ ).

0<A<1 \0=t=T

Using the above uniform estimate with (3.13), we see that this lemma holds. [
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Lemma 3.3.  There exists a constant C1; > 0 depending on a, ||ugl|ly and
90(07Uo,vo;uo), such that

sup/ || (wx (@, uo, vo))' () |3t

0<A<L1 Jo

YRY . y . < X
S {Og%w a, 0(1); ux(a, uo,vo,t))!} =Cu

Proof. We fix a constant rg > 0 such that rqg > Cy + c2Ci0+ 1, where C; > 0 and
Clo > 0 are the same constants that are obtained in the first estimate in (1) of
Lemma 2.7 and Lemma 3.2, respectively. Using Condition 1 and applying Lemma
2.10, we see from that there exist nonnegative functions «,(u) € L*(0,7) and
Brs(0) € L'(0,T) such that the following inequality holds for a.a. t € (0,7) and
all A € (0,1]:

%W@wmwwﬂww%
< Ax(t @, 50 ()l (VIA T @ 00 ir ()] + v/76Cr + 1) g (i)
+ (lea(t ,ﬂ,ﬂ(t);uA(t)ﬂ +76C1 4+ 1) Brg (Us t)
202 s 0,1, 0000 (0) [ (0, henee,
wmmm+dw@awmmms§wmﬁ+imwm» (318)

where
I (@5) 5= A (8 5(2)s 03 ()l (VIon(E B 5005 r () +v/76Cr-+1) g (1),

Do(t;2) == ([oa(t, @, 0(8); un ()] + r6C1 + 1) Brg (43 1),

. YoA . _
Dya(@s 1) = 5= AN, @ 0(8); ua (8) 30 17 (1) x-
We estimate Iy 1(@) and I, 2(@). Using (3.17), (2.54) and Lemma 3.2, we have
1 / C% 2
Da(t) < 2@l + 21O (3.19)

2 (VIoalt 1000 )]+ Vrer 4 1), e (1)

IN

1, , 3 _
ZHUA(t)‘z(t) + f\lf(t)H?q + Ao (@)

2
><{@A(t,ﬁ,17(15);uA(t))+2C’1(C’10+C4+1)+(\/r601+1> } and

Doo(t;t) < {oa(t, @, 0(); u(t)) +2C1 (Cro+Cy+1)+r6Cr+1} By (@5 t).  (3.20)
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Moreover, in order to estimate I 3(%), we use (2.51) with (2.54) and Lemma 3.2.
Then, we have

Iya(@;t) = vo{@a(tua(t)) — Gt Ja(t; ua () HI0'(t)]|x
< 0 {eat, @, 0(t); ua(t)) +2C1(Cro + Ca+ DT (H)]lx- (3.21)
Substituting (3.19)—(3.21) into (3.18), we get for a.a. t € (0,7T),

d . 1,
E@A(ta a, 0(t); ua(t)) + Z|’u>\<t)||127(t)

< (Y0 +4) (lowg (@ ) + Br (@ 8) + [[0/(1) [ x) oa(t, @ 0(); ua(t))
+ Cua (o (@ )17 + By (a36) + 17'(0)l|x + 1 (O117) (3.22)

where C;1 > 0 is a positive constant that is, for example, given by

2 2
C’11,1:201(’YO+4)(010+C’4—|—1)—|—4< rGCﬁLl) +Z2'

Applying Gronwall’s lemma to (3.22), we have

0<t<T

mas oa (e, 50 (0) + - [ () ds
{ i j

T
< <|so<o,a,vo;uo>\+cu,1 [ (lan @0 + 5o+ 1700 + 101 dt)

T

X exp (201(%+4> / (lourg (5 8)*+ By (15 1) + 12 (1) ] x) dt) = Cna.  (3.23)
0
Using (2.54), (3.12) and Lemma 3.2, we have

sup { max |<p>\(t, ﬂ, "Zl(t); U)\(t))|} S 01172 + 201(010 + 04 + 1), (324)

0<Aa<1 (0T

hence, from (3.23) and (3.24)

T
sup / Hul,\(t)Hg(t)dt <2012+ 2C1(Cro+ Cy+ 1). (3.25)
0

0<A<L1

Hence, we see from (3.24) and (3.25) that the uniform estimates of this lemma
hold. [

Before showing the existence of solutions to (P) we discuss two lemmas

U,u0,v0’
below. For this purpose we consider a Hilbert space L?*(0,7; H) whose inner
product is usually given by

T
(7717772)L2(0,T;H) 3:/ (771(75)7772(75))Hdt, Vnu,m € LQ(O»T; H)-
0
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For @€ W)(ug, vy) we define an inner product on L?*(0,T; H) associated to @ by

T
(7717772)L2(0,T;H(17)) ZZ/ (nl(t)an2(t))i(t)dtv Vi, m € L2(07T§ H)~
0

We denote by L*(0,T; H(v)) a Hilbert space L*(0,T; H) with the inner product
(*s-)r2(0,1;H(5))- Then, we easily see from (A1) that (-, -)r2(0,7;m(s)) is equivalent to
() r20.1:m)-

Lemma 3.4. Consider some sequences {&m tmen, {Mmtmen C L*(0,T; H), and
{tm }men C W(ug,vo), and elements &, n € L*(0,T; H), @ € W(ug,vo) satisfying
the following convergences as m — oo:

um —u  in C([0,T); H),
Em — & in  L*(0,T; H(v)), (3.26)
N — 1) weakly in  L*(0,T; H(?)).

Then, we have %@w(gmanm)LQ(O,T;H(ﬂm)) = (&, M) 200,11 (5))- (3.27)

Proof. We see from (S3) that the following convergence holds as m — oo:
U (+) = S (U, -, 0)vg — 0(-) = S(4,-,0)vy in C([0,77; X). (3.28)
From (326) we have nli*)rréo(fm/r/m)LQ(O’T;H(ﬁ)) = (g,’r])L2(07T;H(5)). (329)

Repeating the argumentation of the proof of Lemma 2.2 in a similar way and
using Condition 2, we have

[ (a0 @i = (00 00101

T
< 3

=35/ 19 (t) = 3 (0)llx (I1€m (O Z ) + () 15e)) dt

3% g 2 g 2 ~ ~
< —{sw [ [&x®lzpdt +sup [ (0m(®)F50dt ) 10m — Olloor;x)-
2 0 meN Jo

meN

This estimate with (3.26) and (3.28) implies

lim / {En® ()0 — EnlD)oma (o} de = 0. (330)

m—ro0

Hence, we see from (3.29) and (3.30) that (3.27) holds. O
Next, we define a multi-valued operator A(@) : L*(0,T; H(%)) — 2K OT:H@) by
n* € A(u;n) if and only if 1™ (t) € Oswy(t, @, v(t);n(t)), a.a. t € (0,7). (3.31)

The operator A(a) is called the natural extension of the family {05 p(t, @, 0(t));
0<t<T}toL*0,T; H(v)) and satisfies the properties in Lemma 3.5 below.
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Lemma 3.5. The natural extension A(@) of {0z p(t,4,0(t)); 0 <t < T} to
L*(0,T; H(v)), which is defined by (3.31), is mazimal monotone on L*(0,T; H(?)).
Hence, A(w) is demi-closed, that is, if any sequence {[Nm, 05 bmen C G(A(@)), the
graph of A(@), and any element [n,n*] € L*(0,T; H(v)) x L*(0,T; H(v)) satisfy
Nm — n in L*(0,T; H()) and 0, — n* weakly in L*(0,T; H(0)) as m — oo,
then we have [n,n*] € G(A(1)).

Proof. Since it is clear that A(@) is monotone on L*(0,T; H(v)), it is enough
to show that A(@) is maximal on L%(0,T; H(v)). We fix any A € (0,1]. For any
n* € L*0,T; H(v)) we define n by n(t) := Jy(t, @, v(t);n*(t)) for all t € [0,T].
Then, we see from the first estimate in (1) of Lemma 2.7 that

@y = IIx(E; @ 0@); 0" (E)llawy < (107 (@) lsw + Ca,
which implies n € L*(0,T; H(?)). Moreover, from (2.46) we have

L0 (0 = (D) € ot 1, (W@, Ve DT (332)

From (3.31) and (3.32) we have n* € (I+\A(@))n, which implies L(0,T; H(?))
R(I + MA(@)). Hence, A(u) is maximal on L?(0,T; H(7)).

cIo

The next lemma is used to show the strong covergence of {uy; 0 < A < 1} in
L*(0,T; H(v)) as A \ 0, which was given in [3] and sometimes called Crandall-
Pazy’s convergence criterion.

Lemma 3.6. (cf.[3]) Let V' be a real Hilbert space. We assume that a sequence
{ax; 0 < A <1} in V satisfies the following inequality:

(ax —ay, Aay — pa,)y <0, VA pe(0,1].

Then, ay converges in'V as A\0 if and only if {ay; 0 < X < 1} is bounded in V.

Now we are ready to present the full proof of the existence part in Theorem 3.1.

Proof of the existence part and of (1) in Theorem 3.1.
Using Lemma 2.10 as z = uy — u,, we have

%IIUA(U = (1) |[50) — 2w (8) — w, (8), ua(t) — w(1))se)

< 2l @)llxua®t) — wuOlZy,  aa.t€(0,T).

We see from (2.50) that the following inequality holds for a.a. t € (0,7):

—lua() = w150y — 900" O llxlua(t) — ()5 + 2(ANE @ 0(t); ua(?))
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Applying Gronwall’s lemma to the above inequality, we get

Ji0) = w0 exp (0 [ 156 v
+2 /0 (22(5) = 2n(5). Aoa(s) — p12(8))ogeyds < 0, (3.33)

for all t € [0, 7] and all A, € (0, 1], where z, is defined by

) =exp [ =2 [ 15()||xds ) Ax(t, @, 5(t); un(t), Vit e [0, 7).
(-3 [ wonsa)

Therefore, we have
(2a = 2Zus A2y — p2p) 20y <0, VA, pe (0,1 (3.34)

Moreover, Lemma 3.3 implies that {z,; 0 < A < 1} is bounded in L?(0,T; H (7))
because of the following estimate: for all A € (0, 1]

T t
EN - / exp (—% / Hf/<s>||xds) 1A (@, 5(2); un (1)) |2 dt
T T
<2 / ot (1) 2t + 2 / 1F(0)20dt.

Applying Crandall-Pazy’s criterion (cf. Lemma 3.6), we see that there exists an
element z(w) € L?(0,T; H(?)) such that

zy — 2(@) in L*0,T; H(D)) as A N\0. (3.35)
Going back to (3.33), we get for all A\, u € (0, 1]

2 2
& max lun(t) — (B

< QO%agcT{exp (70/ 17'(s ||Xd3>/ |(2x(s $), Aza(8) = pzu(s))a(s) ‘ds}

< A+ ) exp (’70 / Hv()det) up / oa(t) 2,

0<A<1 Jo

which implies that {uy; 0 < A < 1} is a Cauchy sequence in C([0,7]; H). Hence,
we see that there exists an element u(a) € C([0,7]; H) such that

uy — u(a) in C([0,T];H) as AN\,0. (3.36)

Hence, the following convergence and estimate hold for all ¢ € [0, T:
ux(t) = u(u;t) in H(0(t)) as A\ 0, (3.37)
ity @, 0(t); u(is ) < lminf o(t, 4, 5(t); ua(t)). (3.38)



A. Ito / Evolution Inclusion on a Real Hilbert Space ... 1225

On the other hand, defining w(a) € L*(0,T; H(0)) by

atit) = (2 [ 196 vds ) smo, vee 0.1)

we have

AN i, 50 03) — D) oy
T t

= [ ew (% / ||@'<s>||xds) oa(t) — =@ )2yt
0 0

T
M . N
< exp (30/ HU'(t)Hth) l2x = 2(@) | 20,71 )
0

which implies that

Ax(, 1, 0(-);uy) — w(@) in L*0,T; H(®)) as A \,0. (3.39)
Since from (2.47) we get for all ¢ € [0, 7] and for all X € (0, 1]
[ I3(#; @, 0(8); un () = u(@; oy < MANE @, 0(8); un(8)) o) +[lua(t) =u(@; ) s,
we see from (3.36) and (3.39) that

Ia( 0, 0();un) —u(@) in L*(0,T;H(D)) as AN\0. (3.40)

Using (2.50), (3.39) and (3.40), and applying Lemma 3.5, we obtain immediately
[u(@), ©(@)] € G(A(@), hence,

w(i;t) € Dyyplt, @, 0(t); u(; 1)), a.a. t e (0,T). (3.41)
From (3.7) and (3.39) we have
uy — f—w(@) in L*0,T;H(®)) as A\,0. (3.42)
We see from (3.36) and (3.42) that
(u(@) = f —w(a), (3.43)

where (u(@))" is the derivative of (@) with respect to the variable ¢ in the distri-
bution sense. So, we have u(a) € WH2(0,T; H) and from (3.41) and (3.43)

F@) = (w(@))'(t) € Osyp(t, @, 0(t);u(t)) in H(o(t)), aa.te(0,T).

Hence, we see that u(a) is a solution to (P) and from (3.36) and Lemma 3.2

we have

U,u0,v0’

mass [u(@: ) s < Clo. (3.44)

Applying Fatou’s lemma and using (2.51) and (3.40), we have

T T
/ o(t,a,v(t); u(u;t))dt < lir)\n\i(r)lf/ o(t, u,0(t); Jx(t, a, v;ux(t)))dt
0 0

T
Slir)}q\i(l)qf/o ox(t, T, 0(t); ur(t))dt. (3.45)
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Using (3.44), (3.45), Lemmas 2.1 and 3.2, we have
T
/ lo(t, u, 0(t); u(a(t)))|dt < Cio+ C1(Cho + 1). (3.46)
0

At last, we see from (3.44) and (3.46) that the boundedness (1) of Theorem 3.1
holds. ]

Proof of (2) in Theorem 3.1. From (3.41) we have u(u;t) € D(p(t,a,0(t))) for
a.a. t € (0,T). Hence, we have for a.a. t € (0,7)

It a,0(t);u(a; t)) — uw(ast) in H(o(t)) as A N\(0. (3.47)
We define a measurable subset I; C (0,7") by
I :={t €(0,7); (3.47) is satisfied at t}.
Since Jy\(t,a,9(t)) is a contraction operator on H(9(t)), we have

[I5(E @, 0(t); ua(t)) — u(@; 8)]lse)
< [lua(t) = u(@; t)lloq + (I3 @, 0(8); u(@; 1)) = u(@; t)]|oq). - (3.48)
Hence, we see from (3.37), (3.47) and (3.48) that
Vtel, Jxtu,0(t);ux(t)) — u(a;t) in H(0(t) as AN\0.

Repeating the same argumentation of the derivation of (3.45) and using Lemma
3.3, we get

o(t,u,v(t);u(ust)) < lilgl\iglf oa(t, 0, 0(t);ur(t)) < Cui, Vtel. (3.49)

Now, we assume that there exists a time tq € [0,7] \ I; such that u(a;ty) ¢
D(p(to, @, 0(to))). Then, we see that there exists a constant g > 0 such that

{z € H; ||z —u(@sto)||w < do} € H\ D(¢(to;, u,0(to))), that is,
Iz = w(@to) |l = do, V2 € D(p(to, @ 0(to))). (3.50)

Applying Condition 1 as r = rg > C7, we see that there exist nonnegative functions
ane () € L*(0,T), B,s(a) € L*(0,T) and a family {z,(to); s € I;} such that

{zs(to); s € 1} C D(p(to, u,v(to))), (3.51)

to
|2s(t0) — w(ts 8)|[5(z0) < ( Ci1 + 1) / ae(w;T)dr, Vs e l. (3.52)
Using (3.52) and u(w) € C([0, T]; H), we can take a constant 7y € (0, min{7'—t¢, o })

such that

5
124 (to) — u(it; $) lage) < =2, Vs € I N [to — 7o, 0], and (3.53)

4
u(t; s) — u(; to)|| g < Vs € [ty — o, to)- (3.54)

Z?
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Hence, from (3.51), (3.53) and (3.54) we have

N 1)
|25 (to) — w(; to) ||z < 50, Vs e Nty — 70,0,

which is in contradiction to (3.50). So, we see that u(u;t) € D(p(t,a,0(t)))
holds for all ¢ € [0,7]. Hence, (3.47) holds for all ¢ € [0,7]. Repeating the same
argumentation that was used in the derivation of (3.49), we get

sup Sp(t7 a? i}<t)7 u(ﬂ’) t)) S Cllv
0<t<T

hence, from Lemma 2.1

sup |o(t, @, v(t); u(a;t))| < Cip + C1(Cr + 1). (3.55)
0<t<T
Moreover, from Lemma 3.3 and (3.42), (3.43) we have
‘|(u(ﬂ))/‘|i2(o,T;H(@)) < Ch. (3.56)
Taking Cg > 0 so that Cs > 2C1; + C(C7 + 1), we see from (3.55) and (3.56) that
the estimate in (2) of Theorem 3.1 is satisfied. N

Proof of (3) in Theorem 3.1. Following (3.39) we can choose a sequence
{An}nen C (0,1] such that A\, \, 0 and for a.a. t € (0,7)
Ax, (0, 0(t);un, (1) — w(@;8) = f(2) = (u(@)'(t) in H(@()  (3.57)

as n — oo. From (2.50) we have

P, (t, @, 0(1); un, (1))

< (t, , 0(8); u(t; 1)) + (Ax, (£, @, 0(8); un, (1)), un, (8) — w(@; £))awy- (3.58)
Taking lim sup,,_,., in both sides of (3.58) and using (3.36), (3.57), we have
(t

limsup oy, (¢, @, 0(t); ua, (1)) < @o(t, @, 0(t);u(ust)), a.a.te (0,7). (3.59)

n—oo

Now, we define a subset I of (0,7) by I := {t € (0,T); (3.59) is satisfied at ¢.}.
Then, we see from (3.49) and (3.59) that

lim oy, (t, @, 0(t); uy, () = p(t,a,0(t);u(u;t)), Vte l. (3.60)
n—oo

In the following argumentation we fix a constant r; > 0 so that r; > Cy+C7+1.
Using Condition 1 as » = r; and applying Lemma 2.11, we see that there exist
nonnegative functions «,. (@) € L*(0,T) and B,.,(u) € L'(0,T) such that the
following inequality holds for a.a. t € (0,7):
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Using (2.51), (3.16) and (3.17), for each € > 0 we have for a.a. t € (0,T)

d

E%n(t,ﬂ, o(t);un, (1) — (u), (t)v Ay, (1, 0(t); un, (1))s)

< el Ax, (¢, @, 0(1); u ())||U(t>+ ~ (lex, (¢ @

+ (o, (@, 0(t); up, ()] +r701 +1) 8.

i, D(8); un, (1)) +2r7C1+2) Jang (3 1)
t)
a (B8, D(t); ua,, ()} [[7(8) || x

(W
(t); J
€|!Axn(t7ﬂﬂ7(t);UAn(t))H%(t)Jr( +%+1) o, (@ 1)+ By (151) + 1|9 (1) | x)

X {(10)\” (t, INL, 17(75); u,\n(t)) + 201(04 + Cg + ) + T701 + 1} . (361)

+ 70 {ox, (£, 0, 0(t); un, (1) — or, (t, @, 0(t

IA

Choosing Cy > 0 such that
1
Cg Z (2—5 + Yo + 1) {201(04 + Cg + 1) + 7“701 + 1}, and

integrating both sides of (3.61) on [s,t] C [0,7] with s <t and s € I5, we get

Taking liminf, ,,, in both sides of (3.62) and applying Lebesgue’s dominated
convergence theorem with (3.36), (3.42), (3.49), (3.57), (3.60), we see that (3) of
Theorem 3.1 holds. [

At the end of this section, we consider a function ® (@) on L?(0,T; H(?)) defined
by

T
V(@)= [ (a0, 00 Yo POTHE)).
0
Then, we have the following lemmas.

Lemma 3.7. The function ®T () is proper, l.s.c. and convex on L*(0,T; H(?)).

Proof. From Proposition 2.5 we have the function h(a) € W(ug,vo) such that
(-, u,0(-); (@) € L>(0,T), hence, (1) is proper on L?(0,T; H(v)). Since
o(t,u,0(t)) are Ls.c. and convex on H(0(t)) for all t € [0, T, we see that ' (u) is
also Ls.c. and convex on L?(0,T; H(?)). Tts proof is quite standard, so, we omit,
it in this paper. 0]
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Lemma 3.8. The subdifferential 0;®T (@) of ®T (@) on L*(0,T; H(v)), which is
defined in the following way: n* € &;(I)T(ﬂ; n) if and only if

coincides with the natural extension A(w) of the family {Ogw e (t, @, 0(t)); 0 <t <
T}, which is defined by (3.31).

Proof. Since we see from Lemmas 3.5 and 3.7 that both A(@) and 9;® (@) are
maximal monotone on L?(0, T’; H(?)), it is enough to show G(A(u)) C G(9:;PT (@)).
Let n* be any element of A(@;n). Then, from (3.31) we have

n*(t) € Opuyp(t, @, 0(t);n(t)), a.a.te(0,T).

Hence, from (2.45) we get for all y € H(v(t)) and a.a. t € (0,7T)

(" (8),y = n(t))aw) < @(t, @, 0(t);y) — o(t, @, 0(t);n(t)). (3.64)
For any & € L*(0,T; H(?)) we substitute y = £(t) in (3.64) and integrate its result
n (0,7). Then, we have (3.63), that is, n* € 9;®” (u;n). O

As a direct consequence of Lemma 3.8, we derive Theorem 3.9 below, which gives

the characterization of the evolution inclusion in (P); , .

Theorem 3.9. A function w € W42(0,T; H) satisfies the evolution inclusion in
(P)i g if and only if w satisfies f—w' € 0;@" (4 w), i.e., f—w'€ D(®T(a)) and

(W = fow = r2omuam) < 7€) — o (@w), VEe L*(0,T; H(v)).

4. Existence of local-in-time solutions

We devote this section to show the existence of local-in-time solutions to (P),, ..
by using Schauder’s fixed point argumentation. In order to do this, we consider
two subsets of W (ug, vg), which are defined by

V(ug, vo) = {ﬁ € Wiuo, vo) ; 1@ 11720211y + Sup lp(a(t))] < OO} ;
<t<

and for each C > 0

V(o) 1= { € Vo) 17 o + guss lola0)] < €'}
From Theorem 3.1 we have already shown that for each @ € V(ug,vg), which
denotes the closure of V(ug,vo) in C([0,T]; H), the auxiliary Cauchy problem
(P) 0.0, D@8 & unique solution (i, ug, vo). Hence, we can define a solution opera-
tor A from V(ug, vg) into C([0, T]; H) by A(@) := u(@, uo, vo) for all @ € V(ug, vo),
and denote by Ac the restriction of A on Ve (ug,vg). All estimates, which have
been obtained in Section 3, depend on the prescribed datum @ € W(ug,vy). So,
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we cannot use them for the fixed point argumentation to show the existence of
local-in-time solutions to (P)uo,vo' Roughly speaking, first of all we have to derive
the uniform estimates of the solutions A¢(@) = A(@), which are independent of
the choice of 4 € Ve (ug,vp). In order to do this, we assume that Condition 3
below is satisfied, whose original one was proposed in [9].

Condition 3. We give a constant Cj5 > 0 by

4
C12 = <c_2 + 1) (‘@(O, Ug, Vo, Uo)‘ + CQClHUOHH —+ Cl) . (41)
1

There exist a constant Ci3 > (15 and a family of positive numbers M,., denoted
by {M, ; 0 < r < oo}, such that the following properties are satisfied:

(1) For each @ € Vg, (ug,v) the family {p(t,u,0(t)); 0 < ¢t < T} satisfies
Conditions 1 and 2.

(2) For each @ € Vg, (ug,v9) we let {a,(a); 0 < r < oo} C L*(0,T) and
{B.(1); 0 < r < oo} C LY0,T) the same families of nonnegative functions
that are given in Condition 1. Then, we have

Vr € (0,00), sup  {|low (@)l L2007y + 18-(@) | 2201y } < M.

@ € Ve 4 (uo,v0)

(3) For each r > 0 and ¢ > 0 there exists a constant ¢, . > 0 such that

Orc
sup / {la(@; $)|* + |Br(@; s)| + [|0'(s)||x } ds < e.
) 0

ue ch (UOKUO
(4) There exists a constant C14 > 0 such that

sup HﬁHWl*l(O,T;X) = sup HS(fL, ',O)UOHWl,l(QT;X) < C14. (42)

WE Ve (uo0,v0) UWE Ve (uo0,v0)

The main theorem in this section is Theorem 4.1 below, which guarantees the

existence of local-in-time solutions to (P), .

Theorem 4.1. In addition to all assumptions in Section 2 we assume that Condi-
tion 3 is satisfied. Then, for each ug € D(¢(0,ug,vo)) there exists Ty € (0,T] such
that (P),, ., has at least one solution u(ug,vo) on [0,T1]. Moreover, there exists a
constant C5 > 0 depending on ||ug||g and ©(0, ug, vo; ug), such that

|| 20,10y + sUP |o(t,u, v(t); u(t))] < Cis.

0<t<Ty

In the following argumentation we show Theorem 4.1 by applying Schauder’s
fixed point theorem. For this purpose we first prove Propositions 4.2 and 4.3
below, which give uniform estimates of solutions u(&,ug,vo) to (P); ., ,, for all
U € Voo, (ug, o), and enable us to proceed with the fixed point argumentation.
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Proposition 4.2. For each C' > 0 such that C > |p(ug)| the set Ve(ug,vy) is
nonempty, convex and relatively compact in C([0,T]; H) as well as relatively weakly
compact in W42(0,T; H).

Proof. Since it is clear that for each C' > |p(ug)| the set Ve (ug,vg) is not
only nonempty and convex in C([0,7]; H) but also relatively weakly compact
Wh2(0,T; H), it is enough to show that it is relatively compact in C([0,T]; H). Us-
ing (C1) and applying Ascoli-Arzera’s compactness theorem, we see that Ve (ug, vo)
is relatively compact in C([0,T]; H). O

Proposition 4.3. The operator Aoy, : Ve, (uo, vo) — C([0,T]; H) is continuous.

In order to show Proposition 4.3, we prove Lemmas 4.4-4.6 below. As a direct
consequence of Lemma 4.4, we see that all constants C; > 0 (i = 2,3,...,6), that
are obtained in Section 2, can be chosen so that they are independent of the choice
of & € Ve,,(ug,vp). This fact is essential and important to obtain the uniform
estimates of solutions A¢,, () to (P) with respect to @ € V¢, (10, v9) under
Condition 3.

,u0,v0

Lemma 4.4. Let {h(@) € W(uo, ) ; @ € Vor,(uo, vo) } be a family of functions
h(w), which are constructed in Proposition 2.5. Then, there ezists a constant
Ci6 > 0 depending on ||ug||p and ¢(0,ug, vo; ug), such that

n(a) + sup ||h(a;t)||g + sup |o(t, @, 0(t); h(u;t))]
0<t<T n(ﬁ)—l 0<t<T

+ Z ICR(@) 12t (i)t 2 ey < Crsy V€ Ve (0, v0),

n=0

where n(a) is given by (2.29) in the proof of Proposition 2.5.

Proof. Let 7, > 0, a,, (@) € L*(0,T), B,,(a) € L'(0,T) and {z(a); 0 <t < T}
be the same constant, nonnegative functions and a family in H, respectively, that
are obtainded in Lemma 2.3. Using (1) and (2) of Condition 3, we have

t
@l < ol + (VIO T o) 1) [, (35
0

< uo ||y + VT <\/|g0(0,u0,vo;uo)| + 1> M,,, and
t
lp(t, @, 0(t); (1)) < |g0((),ﬂ,v0;u0)|+(|¢(O,ﬁ,vo;u0)|+1)/ B (s 5)ds
0

< (l(0, o, vo; ug)| + 1) (1 + M,,).

Hence, we see that there exists a constant Cjg; > 0 depending on ||ug||z and
(0, ug, vo; ug), such that

swp | sup {lla@llse + o653 50 2@} | < Chon
t<

uwE Vo, (uo0,v0)
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This estimate especially implies that the constant C5, which is obtained in Lemma
2.3, is independent of the choice of & € Ve, (10, v9). Repeating the argumentation
similar to the proof of Proposition 2.5, we see that this lemma holds. ]

Lemma 4.5. Consider sequences {tm ymen CC([0,T]; H), {&n}men CL*(0,T; H)
and elements € C([0,T); H), £€ L*(0,T; H) satisfying t@,, — @ in C([0,T]; H)
and &, — & in L?(0,T; H) as m—o0o. Then, there exists a subsequence {my }ren
of {m}men such that

®T(3;¢) < liminf & (T, ; &y )-

k—o0
Proof. We choose a subsequence {my}ren of {m}en such that

Em,(t) — &(t) in H, aa.te(0,7) as k— oo, hence,

Em,(t) — &(t) in H(0(t)), aa.te(0,7) as k— oo. (4.3)

Since @(t, U, U (t)) — @(t, @, 9(t)) on H(0(t)) in the sense of Mosco as m — oo,
from (4.3) we have

ot 1, T(1); (1)) <l inf @(F, Ty, B (1) 6 (1), a2t € (0,T). (44)

Integrating both sides of (4.4) on (0,7") and using Fatou’s lemma, we see that this
lemma holds. [

The next lemma means that any function ¢ € D(®7 (%)) can be approximated
by a suitable subsequence of {&,,}men such that &, € D(®T(a,,)) for all m € N
whenever u,, — u in C([0,T]; H) as m — oo. Although the original lemma
has already been shown in [10, Proposition 2.7.1], we give its proof in detail here
because it is much more complicate than that of [10], and which comes from the
variational structure for inner products (-, -)s()-

Lemma 4.6. Consider a sequence {tm}men C Vey,(uo,vo) and an element o €
Ve, (uo, vo) satisfying t,, — @ in C([0,T];H) as m — oo. Then, for any
¢ € D(®(a)) there exists a sequence {& }reny C L*(0,T; H) such that

& — & in L*0,T;H(D)) as k — oo, (4.5)
lim T (G, ; &) = @7 (@ €). (4.6)

Proof. At first, we consider the case that there exists a constant p > 0 such that

sup [lE@)lswy < p,  sup [p(t, @, 0(t); £(2))] < p. (4.7)
0<t<T 0<t<T

We fix a number ¢ € (0,1). Applying Lusin’s theorem, we see that there exists a
closed set E(e) C [0,T] such that the function t — @(t, @, 0(t); £(t)) is continuous
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on E(e) and [[0,T] \ E(e)| < e. Then, we can take out a partition {E,(¢); n =
1,2,...,0(e)} of E(e) such that
L(g)
E(e)=|JE.(e). Ei(e)NEj(e)=0 ifi+#j Vije{l,2,... ()} (48)

n=1

to(e) :=inf E,(e)€ E,(¢), sup E,(¢) < tni1(e), sup E,(e)—t,(e) <e, (4.9)

sup { sup ||§(t)—f(tn(€))||a(t>} <e¢, (4.10)

n€{l,2,...,0(e)} | t€EEn(e)

sup {Sup !90(757?175@);5(75))—90(%(6),ﬂjﬁ(tn(ff));é(tn(f)))!}S5- (4.11)

ne{1,2,...0(e)} | t€En(e)

Since (t, Uy, U (t)) — @(t, @, 0(t)) on H(0(t)) in the sense of Mosco as m — oo
for all t € [0,T], we see that for any n € {1,2,...,¢(¢)} there exists a sequence
{z(m,e,n)}men C H such that

z(m,e,n) — &(t,(e)) in H(0(t,(e))) as m — oo, (4.12)

i (t,(2), tm, O (tn(€)); 2(m, €,0)) = @(tn(e), 0, 0(ta(2)); E(En(€))). (4.13)

m—0o0

Hence, we see from (4.7), (4.12) and (4.13) that there exits a number m(e) € N
such that

sup { supJz(m,e,n) = E(ta()) sgen b < = (4.14)

m>m(e) ~ ne{l,2,....0(e)}

swp {sup [p(ta(e), o, T (ta(e)); 2(m, 2,m))
m>m(e) ~ ne{l,2,...0(e)}

—p(ta(©), @, Dt (€)); E(ta(0))) |} < (4.15)

In the following argumentation, for each e€(0,1), n€{1,2,...,4(¢)} and meN we
consider the Cauchy problem {(4.16),(4.17),(4.18)}, which is denoted by (P).,»
here, with a variational structure for inner products:

ul(t) + aﬁm,a,n(t)@(tv (am)tn(eﬁ @m,s,n(t)§ u(t)) >0

in H(Umen(t)), a.a. te(0,7), (4.16)
Umen(t) = S((Um)in(e), t,0)0m(tn(e)) in X, Vtel0,T], (4.17)
u(0) = z(m,e,n) in H(0y(t,(2))). (4.18)

From (3.2), (4.15), (S5) and (S6) we have for all ¢ € [0,T — t,,(¢)]

2(m, e,n) € D(@(0; (@n)in () Umen(0))) = D@ (ta(e), tm(tn(e)), 0(ta(e)))),
Tmean(t) = (ST, t + a(€), tn(€)) © S(lm, ta(€), 0))v0 = T (t + ta(e)).
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Hence, we see that the family {@(¢, (@i, (e), Umen(t)); 0 <t < T} satisfies Con-
dition 1. Indeed, for each r > 0 the following nonnegative functions «,.(m,e,n) €
L*(0,T) and 83,(m,e,n) € L' (0, T) can be chosen as «,.(@) and 3,(@) in Condition 1:

ap(Um;t +t,(e))  if t€]0,T —t,(e)]

ay(m,e,n;t) == ’
0 it te(T—t,(e),T],

Bt + () if t€[0,T —t,(e)]
0 if te (T —tye),T

5r(m> &, t) = {

We see from Condition 3 that the following uniform estimates are satisfied:

sup [SUP { sup (llev(m, &,n) || 20,1y + 18 (my8,0) |21 0,1)) }] < M,.

€€(0,1) | meN | ne{1,2,....4(e)}

From Theorem 3.1 we see that (P),, _ has one and only one solution u(m,e,n) €
W20, T; H). Further, weuse (4.14), (4.15) and the function h(m, e,n) defined by

: [ Mm@ te0.T -]
}Wm&”xw"{h@mﬂn it (T —t,(e), 7],

where the functions (i, ) satisfy the following uniform estimates (cf. Lemma 4.4):

sup L) + SUp it )l + D6 (F b, B (1) i 1))
meN 0<t<T 0<t<T

n(tm)—1

£ @) W s it < Cla

n=0

for a suitable constant C'j53 > 0, and repeat the argumention similarly as in the
proofs of Lemmas 3.2 and 3.3. Then, we see from (1) and (2) of Theorem 3.1 that
there exists a constant Cs; > 0 such that

sup | sup { sup (ll(ulm,,n)) e + sup lu(m,z,nit)|n
€€(0,1) Em>m(e) ~ ne{l,2,...L(e)} 0<t<T

8D (@t ()0 T (D ulm, e, mi0)]) | < Coa (419)

0<t<T

Using the solutions u(m,e,n) to (P) we define the functions &(m, ) by

m,e,n’

E(m,e;t) = { wmemt—ta(e) it ¢ € Ele), ne (L2 Uk

h(iim; t) it tel0,T]\ E).
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Then, we see from (4.9), (4.10), (4.14) and (4.19) that
1€(2) = &(m, &5 8) oy < N1€(8) = Etnle)) o) + Z—jllf(tn(??)) = 2(m, &, 1) [la(tn))
t—tn(e)
v [ Mtz Olludr < (2 1)+ a2

for all t € F,(¢) and all m > m(e), hence, from Lemma 4.4

sup [|€ —&(m, 5)”%2(0,T;H(f)))

m>m(e)

< s {0+ A D)

m>m(e)
+ Z I CCREEDIEND:
2 C2
<e(p+caRy)” + {(— + 1)5 + cm/éC&l} T, Vm > m(e). (4.20)

1

Moreover, applying (3) of Theorem 3.1 as ¢ = 1, we see that there exist con-
stants 7 > 0 and Cy; > 0 such that the following estimate holds for all ¢t €
[tn(€),tni1(e)], all s =t —t,(e), all m > m(e), and all n € {1,2,...,4(e)}:

Pt m, D (t); u(m, €05t = 10(€))) — @(En(€), ims U (tn(€)); 2(m, €,m))
= @8, (Wn)tn(e)s Vmen(8); u(m, e,m;8)) — @0, (Un )1, (e) Vm,en(0); u(m, €,n;0))
/ {@(7, (Um)in(e)s Umen(T); ulm, e,n57)) + 1}

(\ars(m@n; T + 1B (m e, 05 7) ] + | (Fmen) (7)) d

tnt1(e)

< Coa(Csa + 1)/ (lovng (@im; T)* + 1B (G 7)] + [0 (7)1 x) . (4.21)

tn(€)

Using (2) of Condition 3 and (4.10), (4.14), (4.21), we have

/ (b i, B (£): E(m )t — / o(t 1, B(8); £(8))dt
En(e)

n(€)

L(e)
< ;/n(s){ O(t, Uy, U (); u(m, e, 5t — t,(€))

— o(tn(€), tm, D (tn(€)); 2(m, €, n)) pdt

+ Z/ €), U, U (tn(€)); 2(m,,n))
— @t (€), Um, U (tn(€)); E(tn(e)))|dl
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£(e)
+Z/ ()|90(tn(€),ﬁm»ﬁm(tn(e));f(tn(e))) —(t, @, 0(t); &(t))|dt
L(e)

L(e)
<e {22 |En ()] + 209,1(08,1 +1)
n=1

n=1

tn+1(5)
X / o (g (@ )7 4 | Brg (i 8)| + |00, () [ ) dS}
tn(e
< e{2T + Cy 1 (Csy + 1) (M, +Cr)},  Vm >me). (4.22)
From Lemma 4.4 and (4.19), (4.22), we have
O (i E(m, €)) — T (45 €)
< e{2T + Co1(Cgy + 1) (Myg + Cha)}
]ttt B0 i) — (50 €(0)
[0,TN\E(e)
S € {2T + 0971(0871 + ]‘)(M”"S + 014) + 013 + p} s Ym Z m(s) (423)

We see from (4.20) and (4.23) that for any § > 0 there exist numbers £(§) > 0
and m(d) € N such that for all m > m(J)

1§ (m, €(8)) = Ellarsmn <6, D7 (Um;€(m,e(d))) < DT (@5€) +46.  (4.24)

Hence, from (4.24) we can take out a subsequence {t,;}jen Of {@n}men and
construct a sequence {;};en C L?(0,T; H(v)) such that

& — €& in L*0,T;H(D)) as j — oo, (4.25)
lim sup 7 (@, ; §5) < D7 (1 €). (4.26)
Jj—00

Applying Lemma 4.5, we can take out a subsequence of {j},en, which is denoted
by the same notation {j} ey here, such that

lim & (y,,; &) = 7(;€). (4.27)

J—00

From (4.25) and (4.27), this sequence {;};en is as desired.

Next, we consider the case that (4.7) does not hold. Then, we can take out a
sequence {F, },en of closed subsets F), of [0, 7] and a sequence {p, }nen of positive
numbers p,, such that p, — 0o as n — oo, and for all n € N,

1 .
0, 7T\ Fol < =, sup [E@) sty < pn,  sup |o(t, @, 0(t);€(1))] < pn,
n teF, tEF,
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and define a function &, by

£ty if tekr,
h

&n(t) == { (a;t) if te€[0,T]\ Fn,

which satisfies & — € in L*0,T;H(?)) as n — 0o, (4.28)
lim &7 (a;¢,) = @7 (a; ). (4.29)
n—oo

Moreover, since for each n € N the function &, satisfies (4.7) as p = max{p,, Ci3},
we see that for each n € N there exists a sequence {¢,,;} such that

bni — & in L*(0,T; H(D)) as i — oo. (4.30)
lim @7 (@,; &) = 7 (% &0). (4.31)
1—00
From (4.28) and (4.30) we can choose a subsequence {&}ray of {&,; n,i € N}
such that (4.5) and (4.6) are satisfied. Hence the proof is complete. O

Proof of Proposition 4.3. Let a sequence {Uy,}men C Voy,(ug,v9) and an
element @ € Ve, (uo, vo) satisfy @, — @ in C([0,T]; H) as m — oco. We put
U, = Neyy (U). We see from (C1), Theorem 3.1 and Lemma 4.4 that there exists
a constant Cso > 0 such that

sup {ua;nuim,m T sup |¢<am<t>>r} < Cun. (4.32)
meN 0<t<T

Since we see from (4.15) and (C1) that {&, }men is not only relatively compact in
C([0,T]; H) but also relatively weakly compact in W'2(0,T; H), we can choose
a subsequence {t, }ren Of {Um tmen and an element u € WH2(0,T; H) such that
the following convergence holds as k — oco:

U, — @ in O([0,T); H) and weakly in W"2(0,T; H). (4.33)
Applying Theorem 3.9, we have for all n € L*(0,T; H(0y,,))
(U = £ Uy, — M) 220,138 () < O (T, ;) — B (T Uiy ) - (4.34)

Let £ be any element in D(®7(@)). Applying Lemma 4.6, we see that there exists
a subsequence of {my }ren, which is denoted by the same notation {my }ren, and
a sequence {&tren C L?(0,T; H(?)) such that (4.5) and (4.6) are satisfied. We
substitute n = & in (4.34) and take liminf;_,., in both sides of its result. Then,
we use Lemmas 3.4, 4.4 and 4.6 with (4.5), (4.6), (4.34) to obtain

T (ayu) + (0 — f,u—&)r2ormmy) < O (0;€), VE€ L*0,T;H(D)).

Applying Theorem 3.9 again, we see that @ is a solution to (P), wowy Uhat Is,
U = AC’13 (’EL) ]

At last, we are ready to give the proof of Theorem 4.1.

Proof of Theorem 4.1. For any @ € Ve, (ug,v0) we put u(a) = Ac, ().
We repeat the argumentation similar to that in Section 3, and use Condition
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3 and Lemma 4.4. Then, we see from Theorem 3.1 that there exist constants
C71 > 0 (depending on Cy3 and ||ug||m), Cs3 > 0 (depending on Cis, ||ug|lx and
(0, ug, vo;up)), Co2 > 0, (depending on Cy3 and ||ug||x), and r9 > 0 (depending
on |lug||g) such that

sup { sup ||u(11;t)||1~,(t)} < Cra, (4.35)

W E Ve, (uowo) \OSEST

sup {H(UJ(a))/H%?(O,T;H)+ sup [@(t, @, 0(t); u(t; t))l} < Gy, (4.30)
0<t<T

%€ Ve 45 (u05v0)

p(t, a, 0(t); u(u; 1)) +/0 ((w(@))'(s), (u(@))'(s) = f(s))s(s)ds
< 09,2/ {eo(s, @, 0(s);u(i; 8))+1} (lowg (1 8)|*+ [ Brg (1 5) |47 (s) || x) ds
+(0, ug, vo; ug) / [0/ (@; 5) — f(5)||30ds, Y€ Ve, (ug, vo). (4.37)

Moreover, using (3) of Condition 3, we see that for each € > 0 there exists a time
t(e) € (0,T] such that

22 2 t(e)
1% ] 2
e+ 2 [ I las

1

t(e)
+ Cy2(Cs 3 + 1)/ (|ar9(ﬂ; )2 + | By, (3 8)| + ||17'(s)||X) ds < e, (4.38)
0

where C; > 0 is the same constant that is obtained in Lemma 2.1. From (4.35)—
(4.37) we have for all ¢ € [0,T]

ot 1, 6(t): / (@) ()| ds < (0, o, v0; uo)|
C2 t
LG / 1£()|%ds + Con(Cis 1) / (It (5 8)2+1Bry ()| + () 1 x) s (4.39)
2 0 0

In addtion, we use the following estimate repeatedly: for each § > 0

(s )l / I ods + [[uollog

2
5t
< 5/ H ||2 )d s+ — 4(5 5 +CQHUOHH, Vte [O,T] (440)

Using Lemma 2.1 and (4.40) as § = we have for all t € [0, 7]

4C’

o C’2
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We substitute (4.41) into (4.39) and use (4.38) to have

1

t(e)
Z/ 1(u(@)' () 155 ds < &+ 12(0, o, vo; uo)| + c2Cilluoller + C1. (4.42)
0

Using (4.38), (4.39) and Lemma 2.1 with (4.40) as § = ﬁ again, we get

l(u(@:t))] < o(t,a, 0(t);u(@; t) + Cr ([lua(t)llse + 1)

202
<p(t, 7, 3(1); / I(02)) (8) s+ G+ exCullull + C
<e + |0(0, uo, vo; uo)| + c2Chl|uol[m + C1, Vi € [0,¢(e)]. (4.43)
We see from (4.1), (4.42) and (4.43) that
t(e) 4
/ u(@; )| 5dt + sup  |o(u(@;t))] < (—2 + 1) e+ Cho. (4.44)
0 0<t<t(e) “

NOW, we fix g1 > 0 such that (;%%—1)51%—012 = 013, and take T1 = t(El) S (O,T]

Then, we have

1(u(@) 220, m+ S |o(u(@; 1))] < Chs. (4.45)

<t<Ty
We define a continuous operator Ay from C([0,7]; H) into Ve, (ug, vo) by

=(t) if tel0,T,

(A1 (2))(t) == { 2(Ty) if te(Ty;T).

From Proposition 4.3 we see that the composite operator A; o A¢,, is continuous
from Ve, (ug, vo) into itself with respect to the topology of C([0,7]; H). Applying
Schauder’s fixed point theorem, the operator A; o A, has at least one fixed point
u* € Voo, (ug, o), that is, (A o Agy,)(u*) = u*.

We denote by u the restriction of the fixed point u* of Ay o A¢,, on [0,71]. Then,
we easily see from the definition of A; that this function u is a solution to (P), ..
on [0, T]. O

At the end of this section, we prove the boundedness of the solutions to (P),, ..

Theorem 4.7. For each (ug,vy) € H x A with ug € D(¢(0,up,v9)) we let u a
solution to (P), . on [0,7]. Then, there exist constants C17 > 0, Cig > 0 and

Che > 0, which are independent of u, such that the following estimates are satisfied
for any h € WH2(0, 7; H) with (-, u,v;h(-)) € L*(0,7):

sup [Ju(t) — h(H)]2 < Curexp (018 [ i+ dt) {uuo C O,

0<t<r

/OT(MO(MU() ())|+Hf()H%ﬁr||h(t)H?z+Hh’(t)ll?{+1)dt} (4.46)



1240 A. Ito / Evolution Inclusion on a Real Hilbert Space ...

and / [(t, u, v(t); ult))|dt
< ClQ{HuO — h(0)|1%, + /0 (o' @)l x + 1) [Jult) = h(E)]5dt
/OT (It w, w(@); RO+ LF @O + 1R + W (O)]17 + 1) dt}- (4.47)

Proof. Using Lemma2.10 as z=u—h and (1.1),(2.45), we have for a.a. t€ (0, 7)

%HUG) — h(O) |5 + 20(t, u, v(t); u(t)) (4.48)

< Yol (@) llx lu®) = h(®) 5 + 2t u, v(); h(2))]
+ 2 (IF oy + 1B @llow) lu(t) = Ao o)

< 2lp(t, u, v(8); A(O) [+ (ollv ()l x +2) [[u(t) =R (@) 150y + ILF O3+ @15 0)-
Next, we use Lemma 2.1 to get for all ¢ € [0, 7]
20(t, u, v(t);u(t) > —llu(t) = h(t)ll5e — 1O 5 —2C1(C1+1). (4.49)
Substituting (4.49) into (4.48), we obtain for a.a. t € [0, 7]

%HUG) = h(O)F5 = (ollv )l x +3) lu(t) = h(t)]50) (4.50)

< 2f(t, u(t), v(t); A(®)| + & (ILF O + 1RO + 17 O1F) +2C1(Cr + 1).

Applying Gronwall’s lemma to (4.50), we get for all ¢ € [0, 7]

)=y < {luo=nO), +2 [ sl us o))t + 26,(C+ 17
+& [T OB+ I + 1) b ess ([ ol @l +3)at)

which implies (4.46).
Going back to (4.48) and integrating the terms on [0, 7], we obtain
T 1
| et ooyt < Gl - O,
0
1 T
+3 | ol Ol +2) ute) = o)

2
/ (b, 0(0); h(0)dt + 2 / (A1 + IHOR) d. (451)
Using Lemma 2.1 again, we get for all ¢ € [0, 7]
(b, v(t); u(t)
302

< p(tu,v(t);u(t)) +llult) — A + 2IIh( 7 + T +C1. (4.52)



A. Ito / Evolution Inclusion on a Real Hilbert Space ... 1241

From (4.51) and (4.52) we have
et u v(®);u(®))ldt < Flluo = (O,

# [ (10l +2) o) = bl + [ lote w00 bie)

s [T , 3C%
+ 2 [T+ 1o + ol e (S c)

which implies that (4.47) is satisfied. O

5. Existence of global-in-time solutions

We give a subset U (ug, vg) of W(ug,vo) by

U(ug, vg) = {ﬁ € W(ug, v); OiltlET la(t)|| i +/0 lp(a(t))|dt < oo} ,

and for each C' > 0 we denote by Uc(ug, v) a subset of U (ug, vg) given by

Uc(ug, vg) := {& € U(ug.vg); sup |a(t)|x +/O lo(a(t))|dt < C} :

0<t<T

In order to obtain the existence of global-in-time solutions to (P)
that Condition 4 below is satisfied instead of Condition 3:

0,00’ we assume

Condition 4. Let Ci5 > 0 be the same constant that is given in Condition 3.
For each C' > (5 there exists a family {M,c; 0 <r < oo} of positive numbers
M, ¢ such that the following properties are satisfied:

(1) For u€Uc(ug,vy) we take the same families {a,(@); 0 < r < oo} C L*(0,T)
and {8,(u); 0 <r < oo} C L'(0,T) as in Condition 1. Then

Vr >0, sup  { [l (@) || 20,y + 18- (@) || 20y } < M.

U GZ/{c(uo,’Uo)

(2) For each r > 0 and ¢ > 0 there exists a constant ¢, . > 0 such that

@ €Uc(uoyvo) | tE[0,T]

min{t+6,,T}
sup sup / (|ewr(@; 8) [ + |8 (@ s)| 4+ |0(s) ]| x) ds p < e.
¢

(3) There exist a constant Cyy >0 and a family {h(u) € W'2(0,T; H); a €U (up, vo) }
such that

T
)Y W00, )+ [l 5(0): sl < Cone - (5.1)

(4) There exists a constant Cy; > 0 such that

sup ||| 10,rx) < Can. (5.2)

@ € Uc (uo,v0
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Theorem 5.1 below guarantees the existence of global-in-time solutions to (P),, ..

Theorem 5.1. Assume that all assumptions except Condition 3 in Theorem 4.1
and Condition 4 are fulfilled. Then, for each (ug,vy) € HXA such that ug € D(¢(0,
ug, Vo)) the Cauchy problem (P),, .., has at least one global-in-time solution wu.

In order to show Theorem 5.1, we define a set Z(ug, vy) by

Z(ug,vg) 1= {(u,v,r); u isasolutionto (P), . on [0,7] and v(-) = S(u, ~,0)v0}
c U cllo.r): )y x (0.7 X) x {7},

o<r<T
and induce an order relation < on Z(ug, vo) by
(ug,v1,71) = (ug,v2,72) if and only if 7 <7 and w; =wuy in C([0,7]; H).

From (S5) we have v; = vy in C([0, 71]; X'). We see from Theorem 4.1 that Z (ug, vo)
is non-empty. In order to show Theorem 5.1, first of all we show Proposition 5.2
below.

Proposition 5.2. The ordered set (Z(ug,vo),=) is an inductively ordered set.

) —

That is, any linearly ordered subset'Y of Z(ug,vg) is bounded above.

Proof. Let Y be any linearly ordered subset of Z(ug,vg). We define 7 := sup{r €
(0,7); (u,v,7) € Y} and a pair (4, 0) by

(a(t),o(t)) = (u(t),v(t)) if and only if (u,v,7) €Y andt € [0,7]. (5.3)

Since Y is a linearly ordered subset of Z(ug,vg), we see that the triplet (@, 0, 7)
is uniquely determined. Actually, the time 7 is uniquely determined. So, it is
enough to show that the pair (@, ) is also uniquely determined. We assume
that u; (i = 1,2) satisfies (5.3). Then, we have @;(t) = U2(t), hence, from (S3)
@1(15) = S(ﬁl,t, O)Uo = S(ﬁg,t, O)UO = @Q(t) forall t € [0, 7A')

Next, from the definition of 7 we take out a sequence {7, },en C (0,7) such that
T, —> T as n — 00, and consider a sequence {(a, 0, 7,) }nen. Using this sequence
{(ﬁv @7 Tn)}neN; we define a sequence {(am ﬂn)}neN - C([Ou T]: H) X C([Oa T]7 X)

(a(t),v(t)) if ¢te[0,7,],
(U(7), 0(10)) if te (rm,T].

Since u is a solution to (P) on [0, 7,], we have

uo,v0

sup [[an(t) s + / (1, T, B (8); ()

0<t<T
Tn

< sup [la@)|a+ [ ot @ 00t); a(t)|dt + (T =) [(Tn, @, 0(7n); 4(T0))| < 00,
0

0<t<r,
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which implies @, € U(up,vo) for all n € N. Using (3), (4) of Condition 4 and
applying Theorem 4.7, we have

sup [4(t) — hu(t) 2 < Cir oxp (018 / <||v;<t>||x+1>dt) (5.4)

0<t<my,

Lo~ i), / ot T, () 0 1))

+/O (1Aans )7 + [[(A(an)) @7 + 1F O + 1) dt}

< 017 {2”’&0”30 + (QC% + T+ 1)020 + ||f||%2(O,T;H) + T)} €exXp (018021 + ClgT)
and | et osaelar
0

T
< Cho {Iluo — h(in; 0)|[5, + Sup la(t) — h(un;t)H%(t)/o (7' ()llx + 1) dt

<t<tp

T
[ lott 300 bl O+ LA+ 1o O+ ) O +1)
< Cis {2uoll2, + 26 + T+ 1)Cao + I/ 320 + T

+C17(Cor +T) sup [Ja(t) — h(tn; t)l[50. (5.5)

0<t<m

We see from (5.4) and (5.5) that there exists a constant Cyy > 0 such that

sup{ sup ()]l + / ! |w<t,a<t>,@<t>;a<t>>\dt} <Cn  (56)

neN 0<t<m,

Taking the limit n — oo in (5.6), we have
sup @)+ [ (1,000 20|t <
0<t<?

which implies @ € U(up,v9) as T = 7. Applying Theorem 3.1, we see that the
Cauchy problem (P). below has one and only one solution w € W12(0,7; H):

’LLU’U

W' (t) + Osyp(t, w, 0(t);w(t)) 3 f(t) in H(0(t)), aa.te(0,7),
o(t) = S(a,t,0)vy in X, Vtel0,7],
w(0) =wuy in  H(vy).

( >?1,UO,vo

,0(t)) for all t € [0,7), we see that

[@p)
=
=
@)
@)
—~
S
~—~
~
SN—
N
—~
~
SN—
SN—
I
—~
>
—~
~
\_/
@>

(U(70), D(75)) = (w(Tn), 9(15)) — (w(7),5(7)) in HxX as n — co.

Hence, we see that (w,v,7) is an upper bound of Y. O
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In the rest of this section, we give the proof of Theorem 5.1.

Proof of Theorem 5.1. Applying Zorn’s lemma, the inductively orderd set
(Z,=) has at least one maximal element (u*,v*, 7*). If 7% = T is proved, from
the definition of (Z, <) it is clear that (u*,v*) is a solution to (P), . on [0,T7].
Hence, it is enough to show 7% = T. Assume 7* < T. From Theorem 4.1 we
have already shown that there exists a constant Cy3 > 0 depending on ||ug|| g and
(0, ug, vo; up), such that

||(u*),HL2(O,T*;H(’U*)) + sup |o(t,u,v*(t);u*(t))] < Cas. (5.7)

0<t<r*

Now, we consider the Cauchy problem {(5.8), (5.9), (5.10)} below, which is de-
noted by (P)* here:

W' (t)+ 05" (¢, w(t),0(t);w(t) > f(t+77) in H(0(t)), a.a. te[0,T—7*], (5.8)
(P)* o(t) = S(w,t,0)v* (") in X, Vtel0,T -7, (5.9)
w(0) =u*(r") in H, (5.10)
where ©*(t,w,0(t)) = @(t + 7, w, 0(t)) for all ¢ € [0, T — 7*]. From (5.7) we have
u(77) € D(p(r", u",v"(77))) = D(e(7", [u"(77)], v*(77)))
= D(p*(0,u"(77),v"(77)))-

Applying Theorem 4.1, we see that there exists a finite time 77 € (0,7 — 7*] such
that (P)* has at least one solution w € W12(0,Ty; H) on [0, T3].

Then, we define a pair (u,v) € WH2(0,7* + Ty; H) x WH(0, 7% + T1; X) by
u*(t), v*(t it te|0,77],
(u(t),v(t)) == { Ew((t )_ T*()’);(t _)) i te ET*vT]* + T,
Then, we easily see that u satisfies (1.1) and (1.3).
Moreover, from (S5) and (S6) we have for all ¢ € (7%, 7* + T}]
S(u,t,0)vg = (S(u,t,7*) 0 S(u,7*,0))vg = S(u,t, 7°)v"(7%)

= S(W_re, t, 70" (T7) = S(w;t — 77, 0)v*(77)
=0o(t—71") =v(t),

which implies that v satisfies (1.2). Hence, u is a solution to (P),, . on [0, 7*+Ti],
which is in contradiction with the definition of (u*,v*,7*). So, we see that 7* =T
must hold. O

6. A phase field model with quasi-variational boundary condition

We consider the following phase field model {(6.1) - (6.7)} of Fix-Caginalp type,
which is denoted by (PF)., ., here, with a quasi-variationel structure for a bound-

ary condition:
ee —Ale—w)=f ae in Qx(0,7T), (6.1)
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wy—Aw+glw)+E+w—e=0 ae in Qx(0,7), (6.2

€ p(w) ae in Qx(0,7), (6.3

(PF) g 0 Vie—w) -v+n(w)le—w)=h ae on T x(0,7), (6.4
Vw-v=0 ae on I'x(0,7), (6.5

e(0) =¢y a.e. in €, (6.6

w(0) =wy a.e.in € (6.7

where Q is a bounded domain in RY (N = 1,2,3) with a smooth boundary
[ := 0Q; v are outer unit normal vectors on I, and for each z € L?(2) the value

zZ € R is defined by
i),
zZ:=— [ z(x)dzx.
o Jo

The equations (6.1) and (6.2) are originally proposed and analyzed mathemati-
cally in [2, 5] in order to describe solid-liquid phase transition phenomena under
the nonconstant relative temperature ¢ := e —w in (PF), ., where the unknown
functions e and w imply the internal energy density and the order parameter
describing the phase state of a material, respectively. We entrust the detail ex-
planation of this system from the physical point of view to [2, 5] and omit it in
this paper. It is important and essential that the coefficient n(w) of e — w in
(6.4) depends on the order parameter w, which is unknown in (PF), ., . As you
see from the settings below, this property gives (PF) the quasi-variational
structure for inner products.

€0,W0

In order to analyze (PF) we assume that the following conditions are satisfied:

€o,wo’

(P1) f is a maximal monotone graph R x R. There exist constants o,, ¢* € R
such that o, < ¢* and W = [0, 0%]. Moreover, there exists a nonnega-
tive proper l.s.c. convex function ﬁ on R such that the subdifferential of B
coincides with f.

(P2) n is a nonconstant C''—function from R into itself. There exist constants
ny > 0 and ne > 0 such that

ny <n(r) <ng, VreE]o.,o"].

Then, we get for all ry,re € [0y, 0]

In(r1) —n(ry)| < nglry —re|, with ng:= max |n'(r)|.

r€[os,0%]

(P3) g is a continuous function from R into itself. From (P2) without loss of
generality we can assume that g is globally Lipschitz continuous on R with
a Lipschitz constant L, > 0. Moreover, we fix the primitive of g, denoted
by g, such that g(r) > 0 for all r € [o,,0%].

(P4) f e L*0,T;L*)) and h € L*(0,T; L*(I)).

(P5) eg € L*(Q).
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(P6) wy € H'(Q) with S(w,) € LY(Q), where H'(Q) is a Hilbert space with the
usual inner product (-,-)g1(q) given by

(21, 22) () = / Vzi(x) - Vzy(z)dr + / 21(2) 2o (x)dw, ¥ 21,20 € HY(Q).
Q Q

In order to apply Theorem 5.1 to the Cauchy problem (PF) we consider V'

ep,wo’
as a real Hilbert space H, which is the dual space of V := H*() with an inner
product below:

(z1,20)y = /szl(x) - Vzo(z)dr + /le(x)z2(x)df‘, V21,29 €V, (6.8)

which is equivalent to (-, )1 (q), that is, there exist constants d; > 0 and dy > 0
such that
dillzlm@ < Izl < dallzllm ), ¥z € HQ). (6.9)

We denote by (z*, z) the duality pairing between z* € V' and z € V, and by F
the duality map from V onto V’, respectively. According to [12, Definition 32.19,
Example 32.20], we have F' = 0.J, where J is defined by

O B (6.10)
and 0.J : V. — V" is the single-valued subdifferential of J defined by
2 € 0dJ(z) ifandonlyif (2",y—2)<J(y) —J(z), VyeV. (6.11)
Then, we see that V' is a real Hilbert space with an inner product
(25, 25 = (2}, F7'2), Ve, eV, (6.12)
and the following equalities hold:
(Fz1,20) = (21, 22)v, V21,22 €V, (6.13)
(z1,22) = (21, 22) 1200, V21 € L*(Q), Ve V. (6.14)

Moreover, we consider L?(€2) as a Banach space X and define a nonempty subset
of L?(2) by

A= {w e HY(Q); Bw) € Ll(Q)}.

For each w € A we define an inner product (-, )y in V by

(21, 22)v(w) = /QVZ1(33) - Vzo(x)dx + n(w) / 21(x)z2(x)dl, V21,29 € V. (6.15)

r

We also denote by F), the duality map from V' with the inner product given by
(6.15) onto V'. Then, we have F,, = d.J,,, where J,, is defined by

1
To(2) = 5o, eV, (6.16)
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and 0J,, : V. — V' is the single-valued subdifferential of .J,, defined by
2* € 0Jy(z) ifand only if (2", y—2) < J,(y) — Ju(z), VYyeV. (6.17)

Then, for each w € A we see that V' is also a real Hilbert space with an inner
product

(2, 25)0 = (2}, Ft23), YweA Vi eV, (6.18)
which is denoted by (V (w )) throughout this section, and have

(Fuz1,20) = (21, 22)viw), YVw€E A, Vz,20 € V. (6.19)
For (PF), . we have Theorem 6.1 below.

Theorem 6.1. Assume that all conditions (P1)—~(P6) are satisfied. Then, (PF), .
has at least one global-in-time solution (e,w) such that the following properties
are satisfied:

(1) eeWh0,T; V)N L>(0,T; L*(Q)) N L*(0,T;V);
() we W'(0,T; I2()) N L=(0,T; H(Q)) N L2(0,T; HX();
(3)  (6.1) is satisfied in the following quasi-variational sense for a.a. t € (0,T):

(€'(t),z) + / V(e —w)(z,t) - Vz(z)dz + n(w) /(e —w)(x,t)z(x)dl

r

/fxt D+ [ W@, vieV.  (620)

that is, for a.a. t € (0,T)

(1) + Fuw(e —w)(t) = f7(t) in (V(w(t))); (6.21)

(4)  There exists a function & € L*(0,T;L*(Q)) and (6.2) is satisfied in the
following sense for a.a. t € (0,T

):
w'(t) — Anw(t) + g(w(t)) +E(t) +w(t) = e(t) in L*(Q); (6.22)
(5) e0)=e€ in V';
6) w(0)=wy in L*Q).
We build on the general theory of duality maps of [12] and start the argumentation
beginning with Lemma 6.2 below.

Lemma 6.2. (Al) is satisfied, that is, there exist constants ¢; > 0 and ca > 0
such that
allz* v < 125w < |2 |lv, Vwe A, V2reV'.

Proof. In the following argumentation, we let v, z and z* any elements in A, V'
and V', respectively. From (P2) we have
min{1, ni } |25 < [|2]17 ) < max{1, na} |7,

so, from (6.19) min{1,n1}||z||} < (Fuz,2) < max{1,ny}||z|%, (6.23)

which implies min{1, ni }||z|lv < ||Fuzlly: < max{1,na}|z||v. (6.24)
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Substituting z = F;'2* into (6.23) and (6.24), and using (6.18), we get

Vvmin{1,ni} [|F 2[5 < [|2°)% < Vmax{1,no} | F, ' 2"}, and (6.25)
min{l,nl}HFglz*HV < |IZ*v < max{l,nQ}HF,;lz*HV. (6.26)

Taking constants ¢; > 0 and ¢y > 0, for example, as

/min{l,n;} vmax{1l,ny}

d cy:=
max{1,ns} ane e min{1,n;} ’

C1 =

we see from (6.25) and (6.26) that this lemma holds. O

Lemma 6.3. (A2) is satisfied, that is, there exists a constant 7o > 0 such that
25115, = 12715, ] < vollwr — wallzall=*[1%,, Vwi,we € A, V2" € V.

wa?

Hence, Condition 2 is also satisfied.

Proof. Using (P2) and (6.15), (6.19), we get for all wy,ws € A and all z1,20€V

(Fuy = Fu,)z1, 22) < [n(w1) —n(w_z)\/rlzl(ﬂf)l\%(x)\df

n
< 3

=0

w1 — ws| 2 || 21llv [ 22lv,

3

which implies for all wq,w, € A
n3
V1€

Using (6.18), (6.24), (6.27) and Lemma 6.2, we get for all wy,wy € A and z* € V’

| Foy = Fusllcovvny <

le — w2HL2(Q). (627)

215, = 12715, | < [[Fo) (Fu — Fu)Fy 2| 127l

< HFuTlch(Vly) ”Fw2 - le”[ﬂ(\/,v’) ‘Fujngg(vly) HZ*H%//
nz(max{1,ny})?

T V/Q(min{1,n})

> o = wa| 22 12% 112,

which completes the proof of this lemma. O

For each é € C([0,T]; V') N L*(0,T; L*(Q)), s € [0,T] and w, € A we consider
the Cauchy problem (P); ; = {(6.2),(6.3),(6.5),(6.6)} in which e, 0 and wy are
replaced by €, s and ws, respectively. Applying the general theory established in
[10], we have already obtained the following lemma.

Lemma 6.4. For each ¢ € C([0,T); V') N L*(0,T; L*(Q)), s € [0,T] and w, € A
the Cauchy problem (P); 5 has a unique solution

W= W(E, ;) € WY3(s, T; L*(Q)) N L¥(s, T; H(Q)) N L2(s, T; H2(Q))
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such that (4) and (6) of Theorem 6.1 are satisfied in which e, w, 0 and wy are
replaced by €, w, s and w,, respectively.

Moreover, there exists a constant Coy > 0 depending on ||€||r20.m;22(0)), ||Ws|la1 (@)
and ||B(ws)||L1(Q ), such that

||(ﬁ)(éy@s))/HH(s,T;L?(Q))JFE?STH@(@@: )] a1 +SUP 1B3( (€, Ws; t)|| 1) < Con-

Due to Lemma 6.4, for each ¢ € C([0,T); V') N L*(0,T; L*()) we can define an
evolution system {S(é,t,5); 0<s<t<T} on A by

Vs, t €[0,T) with s <t, S(é,t, s)ws :=w(e,ws;t), Vs € A,
which satisfies the conditions (S1), (S4) and (S5).

Lemma 6.5. (S2) and (S3) are satisfied.

Proof. For each ¢; € Wh(0,T; V') N L*(0,T; L*(Q)) (i = 1,2), s € [0,T] and

w;s € A (i =1,2) we put w;(t) := S(é;,t,s)w; s for all t € [s, T| throughout this
proof. Then, we have

(@1 — 2)'(t) = An (@1 — W) (1) + g (t)) — g(@2(1)) + &1(1) — Ea(t)

by (t) — Wy(t) = E1(t) — E(t) in L*(Q), a.a. t € (s,T); (6.28)

&(t) € B(wi(t) in L*Q), aa.te(sT), i=1,2; (6.29)

wi(s) =w;, in L*Q), i=1,2,. (6.30)

)

We take the inner product in L*(€) in both sides of (6.28), and use (P3), (6.14
and the monotonicity of 8 in L*(Q) with (6.29). Then, we get for a.a. t € (s,T)

1d
2dt

< (61 = é)(t), (w1 — Wa) (1)) + Lyl (w1 — 2) (1) 72
hence from (6.9)

—|1(1 — D) (1) [|72() + [l (01 — @2) (1) 3710

d - -
dt“(wl — W) (1) [72(0y + Il (@01 — @2) (1)1

< 2L, (w01 — W2) (1) T2 + dall (1 — E) (B)I[5 (6.31)
Applying Gronwall’s lemma to (6.31), we get for all ¢ € [s, T
t
(1 — 2) () |72 +/ (1 — 2) (7) 371 @7

dy?

< e2halt=s) (les was | 320y + oL, anes Il - 52)(t)||2v') , hence,
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max [|(dy — ws) (1) |12y + 01 — BallL2(oran (@)

s<t<T
< 2e*87 { [wis — was7 g (&1 — ) (®)IR (6.32)
> 4€ Wis — Was||L2(q) 2Lg ogtaéf €1 — €2 v - .
The estimation (6.32) directly implies that (S2) and (S3) are satisfied. O

Next, for each (eg, wg) € L*(2) x A, t€[0,T] and €€ C([0,T]; V') N L*(0, T; L*(2))
such that é(0) = ey we define a time-dependent proper ls.c. convex function
(e, w(t)) on V' by

1 * ~ 2 : * 2
o6, (t): ) 1= E/Q\z (x) — w(z,t)|°de, if z* € L*(Q), (6.33)
+00,

it 2t eV L3(Q),
where w(t) = S(e,t,0)wy for all t € [0, 7.
Lemma 6.6. (C1) and (C2) are satisfied.

Proof. We see from Lemma 6.5 that (C2) is satisfied. So, in this proof it is
enough to show that (C1) is satisfied. In order to do this, for each C' > 0 we
define a proper l.s.c. convex function ¢z on V' by

1
-/ 2 (2)2de — O, if =t e LA(Q),
po(z) =4 4Jo
+o0, it 2t e VI L3(9).
From Lemma 6.4 we have o, < @w(t) < o* a.a.in Q for all t € [0,7] and
D(¢c) = D(p(&,w(t))) = L*(Q), Vte[0,T].
Hence, we get for all z* € L*(Q)
~ ~ * 1 * 2 1 2 * |2
p(e, )i 2 § [ |27 (@)Pds = 5 19] max {jo P, o} (6.34)
Taking Cos > 0 such that Cos > Q| {[0.|?, [0¥|?}, we see that (C1) is satisfied
for ¢ == @, . ]
Lemma 6.7. (C3) is satisfied.

Proof. Assume that the sequences {é,,}men C C([0,T]; V') N L3(0,T; L*(2)),
{wom}men C A and the elements é € C([0,7];V’) N L*(0,T; L*()), wy € A,
satisfy

ém — € in C([0,T}; V"), wom — wo in L*() as m — oo.
We see from (6.32) in the proof of Lemma 6.5 that

W, — @ in C([0,T]; L*(Q)) N L*(0,T; HY(Q)) as m — oo,  (6.35)
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where W,,(t) = S(ém,t,0)wy, and w(t) = S(ét,0)wy for all ¢ € [0,T]. From
(6.35) we have

Vz* e LX(Q), Vt € [0,T], lim p(Ep, wm(t); 2°) = 0(&,0(t); %),

m—ro0

which implies that (1) of (C3) is satisfied.

Next, we consider any subsequences {€, }ren and {wom, Jren 0f {€}men and
{Wom }men, respectively, and a sequence {z}}rey C V' and an element z* € V’
such that

zg — 2" weakly in  (V(w(t))) as k— oc. (6.36)

It is enough to show the case that d := liminfy . (€, , Wi, (t); 25) < +00. First
of all, from (6.34) we have

|¢(émk7 wmk (t); ZZ) - 90(67 UNJ(t); Zl:)|

= |3 [ 1@, ~ 0w O+ 5 [ (o) = it do

Q

~ ~ * 1 *
< (@, = ) Ollzy (128l 200y + 10212 max{lo], o*1})
= (|, = D)D) (06 () ) + 2v/ [ max{lo] 0"} +1) . (6:37)
From (6.35) and (6.37) we have

lim { @€, W, (1); ) — (€, 0(1); )} = 0. (6.38)

k—o0

Moreover, since (€, w(t)) is weakly sequentially l.s.c. on (V(w(t)))’, from (6.36)
we have

p(e,w(t); z*) < li]gn inf (€, w(t); z;). (6.39)
—s00
From (6.38) and (6.39) we have

Hrnnf @&y, @ (8); 20) = L {p(Emy, o (1): 21) — (2, 0(8); 50))

k—o0 k—o0
—Hi]gn inf p(&,w(t); z;) > p(& w(t); z"). (6.40)
—00
Hence, we see from (6.39) and (6.40) that (2) of (C3) is satisfied. O

Lemma 6.8. Condition 1 is satisfied.

Proof. For ¢ € C([0,T); V") N L*(0,T; L*(Q)) we have D(p(¢,w(t))) = L*(2) for
all t € [0,T]. Now, we define functions «(€) and (€), which are independent of
r >0, by
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Then, we see from (6.34) that there exists a constant Cys > 0 such that
|p(e, w(t); 2%) — (e, w(s); 2%)|

/Q(Iz*(fv)! +|w(z, )] + |w(z, s)])|w(z,t) — @z, s)|dz

IN

(12 @) + 2mas{ o], |o*[})dx ) [[6(t) — (s)] 12
( )

IN

< o {p(e, w(t); 2") + 1} :

t
[ @@ ar

Hence, we see that Condition 1 is satisfied. ]

Lemma 6.9. Condition 4 is satisfied.
Proof. We consider subsets W(eg, wy) and Ue(eq, wy) of C([0,T]; V') given by
W(eo,wp) :={é € C([0,T);V');€(0) = e and w(t) = S(é,t,0)wy, Vt € [0,T]},

Uc(eg, wp) := {é € W(ep, wo) ; OiltlET e@)]||v +/0 lp(é(t))|dt < C} :

We take the inner products in L*(2) between @ (t) and both sides of (6.22), in
which e, w and £ are replaced by €, w and &, respectively. Then, we get for a.a.
te(0,7)

3100l + 55 {51000 + [ St )i+ [ Gato o)

1
< 2|p(e(t))| + §C25, hence

||w/’|%2(o,T;L2(Q)) <40+ CosT + ||w0||§{1(9)
+2 / Bluwo(x))dz +2 / Ci(wo(x))dz = Mo, (6.41)
Q Q

which implies (1) and (4) of Condition 4. Next, from (6.41) we get

min{t+46,T} ~
sup sup}/ [0 ()| 2y ds ¢ < VO|@ || 20200 < \/ Mo,
t

éGuC(eo,wo) tG[O,T

which implies that (3) of Condition 4 is satisfied.

Finally, because of D(p(é,w(t))) = L*(Q2) for all ¢ € [0, T], we easily see that (3)
of Condition 4 is satisfied. Actually, we can choose the function h(é;t) = 0 for all
t € 10,77 O

In order to rewrite (PF), ., into one of the examples of (P), ., we show Propo-
sition 6.10 below which definitely gives the expression of the subdifferential of

(e, w(t)) in (V(w(t)))".
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Proposition 6.10. The following properties are equivalent:
(1) & € 0puyp(e,w(t); z*).
(2) 2zeV and & = Fyu (2" —w(t)).

Proof. First of all, we show that (1) implies that (2) is satisfied. Since Fg is
one-to-one from V onto V', we see that there exists a unique element z € V such
that £* = Fjp)z. Using the definition of dg (€, w(t)), we have z* € L*(Q2) and

(y" — 2%, Z)LZ(Q) = <?J* — 27, 5) = (F@(t)z, Y — Z*)u?(t)
= (&% y" = 2")aw < p(&,0(t);y") — p(&,w(t); 2*), Vy* e L*(Q).

Substituting y*+2* € L?(Q2) as y* in the above inequality, we get for all y* € L*(2)

{z(2) — 2(2) + @(x, 1)}
4

+ ]d:v <0.  (6.42)

From (6.42) we have z = 2* — w(t) a.e. in Q, so, Z = z* — w(¢) in V. Because of
z €V as well as w(t) € H'(Q2), we have 2* € V.

Conversely, we show that (2) implies that (1) is satisfied. From z* € V' we have

&y —2%)aw = (

Fy )
=" =22 —w(t)) e
= (" —w(t), 2" — ()2 — [|12" = 0(1) || 720
< (& w(t);y") — @(&,w(t); "), Vy' € L(Q),
which implies that (1) is satisfied. O

By Proposition 6.10 we can rewrite (PF),, ,, as the following Cauchy problem of
an evolution inclusion with a quasi-variational structure for inner products of V":
(t) + Duple, w(t)ie(t) 3 f(8) in (V(w(t)), aa. t € (0,7),
w(t) = S(e, t,0)wy in L*(Q), Vt € [0,T],
e(0) =ey in (V(wp))'.

Theorem 6.1 is a direct consequence, which is obtained by applying Theorem 5.1,
except for the regularities e € L*(0,T;V) and w € L*(0,T; H*(Q2)). But these
regularities are obtained from (6.20) and (6.22).
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