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1. Introduction

Tensor products of finite dimensional spaces play a fundamental role in a wide
range of problems in applications. They arise, among others, in quantum com-
puting [31], in theoretical computer science [10], and in the use of tensor de-
compositions to extract and explain properties from data arrays (see [17] and
the references therein). This fact has motivated the current research into their
geometric, topologic and algebraic properties, as can be seen in [6, 12, 14, 18, 28].

On the other hand, there is a well developed theory of norms defined on tensor
products of Banach spaces. This theory was established by A. Grothendieck [13].
It has had a great impact in the Geometry of Banach spaces, as can be traced
in [7, 8,9, 22, 24, 27]. Indeed, its impact extends even beyond Mathematical
Analysis. By way of example, we refer to the survey [16] where applications of
Grothendieck’s theorem (usually called Grothendieck’s inequality) to the design of
polynomial time algorithms for computing approximate solutions of NP problems
are detailed. In the other direction, we refer to [5] where results from theoretical
computer science are used to prove that for some indices pi,ps, p3, the space
Cpy @by, @y, fails to have non trivial cotype. The interested reader can consult
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[1, 23, 26] for further information about tensor products of Banach spaces and
their applications.

In the case of finite dimensions, the Minkowski functional enables the use of convex
geometry to study finite dimensional Banach spaces (also known as Minkowski
spaces) and vice versa. With it, a bijection between norms and 0-symmetric
convex bodies in R? is established. This result was originally due to H. Minkowski
[21], and nowadays is a standard result (see [25, Remark 1.7.7] for a modern
statement). Thus, in the context of tensors of finite dimensional spaces, a natural
question to ask is if it is possible to determine the convex bodies that are the unit
balls of tensor normed spaces, as well as 0-symmetric convex bodies are the unit
balls of normed spaces. The main result of this paper, Theorem 3.2, provides an
affirmative answer to this question.

This work, as well as [3], lies between the theory of tensor norms and convex
geometry. In [3], G. Aubrun and S. Szarek establish connections between tensor
norms on finite dimensions and convex geometry to estimate the volume of the
set of separable mixed quantum states.

We now briefly expose our results. Bringing together the theory of tensor norms
and convex geometry, we immediately obtain that the the convex bodies Q@ C R¢
that are the unit ball of a reasonable crossnorm defined on R = R®" @ - .. @ R%,
d =dy---d, are those Q C R" @ --- @ R% for which there exist norms |[|-||; on
R% such that

Bo, (e ,) € @ < Bo.(ma ) (1)

where B denotes the closed unit ball of the projective and the injective tensor
norms. In Proposition 3.1, we prove that (1) is equivalent to say that

Q1 ®Or ®r QI CEQC QL& Ry, (2)

where for each i, Q; C R% is the closed unit ball of (R%, |-|,), and ®x, ®. are the
projective and the injective tensor products of O-symmetric convex bodies, defined
by G. Aubrun and S. Szarek in [3, 4].

Our main result (Theorem 3.2) lies much deeper than Proposition 3.1. There, we
establish the conditions on ) C RY = R% @--- @ R% that guarantee the existence
of the convex sets Q; C R% in (2) and give an explicit description of them.

Proposition 3.1 and Theorem 3.2 allow us to introduce “tensorial bodies”: a 0-
symmetric convex body Q C R*" ®@---@R% is a tensorial body in R¥* @ --- @ R4
if there exist O-symmetric convex bodies Q; C R%, i = 1,...,[ such that (2) holds
(see Definition 3.3).

Corollary 3.4 shows that the reasonable crossnorms on R® @ --- ® R% are the
image of the tensorial bodies in R" ® - -- ® R%, under the bijection given by the
Minkowski functional. With it, we can go further with the study of this class
of convex sets. We prove that the polar set of a tensorial body is a tensorial
body and prove the stability of tensorial bodies by multiplying for positive scalars
(Proposition 3.5). We also show that the convex bodies Q); in (2) are essentially
unique (see Proposition 3.6).
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In Theorem 3.12 we prove that the subgroup of linear isomorphisms on R% ®
- ® R% preserving decomposable vectors also preserve tensorial bodies. We
denote this group by GLg (®ﬁ:1Rdi). By means of GLg (®221Rdi), we start a
geometric study of the set of tensorial bodies, defining the following distance:

SEM(P,Q):=imf {A\>1:Q CTP CAQ for T € GLg (&|_R%)},

where P,Q C R% @ --- ® R% are tensorial bodies. We call 5§M the tensorial
Banach-Mazur distance. We use it to show that there is a Banach-Mazur type
compactum of tensorial bodies in R® ® - -- @ R% (Theorem 3.13).

Finally, we apply the ideas developed through the paper to prove that the only
ellipsoids that are also tensorial bodies in R% ® - -- ® R% are the unit balls of the
Hilbert tensor product of Euclidean spaces (see Theorem 4.2 and Corollary 4.3).

The paper is organized as follows: in Subection 1.1, we introduce the notation and
basic results that we will use throughout the paper. In Section 2, we recall the
main properties of the projective and the injective tensor products of 0-symmetric
convex bodies. In Section 3, we prove Theorem 3.2 and establish the fundamental
properties of tensorial bodies. There, we exhibit examples of tensorial bodies and
show that not every 0-symmetric convex body is of this type. In Subsection 3.2, we
establish the relation between G Ly, (®é:1Rdi) and the set of tensorial bodies, and
settle the fundamental properties of §5*. We finish this section by giving upper
bounds for 65 (Corollary 3.15). In Section 4, we characterize the ellipsoids in
the class of tensorial bodies (Theorem 4.2 and Corollary 4.3).

We like to point out that Theorems 3.2 and 3.12 remain true in C? = ®!_,C%
d = d,...d;, when circled convex bodies (i.e. a convex body Q C C? s.t. ¢?Q=Q)
are considered. As a consequence, it is possible to provide the corresponding
notion of “tensorial body in ®'_,C%” as well as the definition of the tensorial
Banach-Mazur distance. Here, for the sake of transparency we will concentrate in
the case of 0-symmetric convex bodies in real spaces.

1.1. Preliminaries

Throughout this paper, X, Y or X; will denote Banach spaces. The closed unit
ball of X will be denoted by Bx and its dual space by X*. We write £ (X,Y’) to
denote the space of bounded linear operators from X to Y.

Let Vi, i = 1,...,1 be vector spaces over R. By ®!_,V; we denote its tensor
product, and by ® we denote the canonical multilinear map:

K:Vix---xV —>®§:1V}, (ml,...,xl) Sl @
In the case of Banach spaces, a norm « (-) on the tensor product ®!_, X; is called
a reasonable crossnorm if

(1) a(@'®@---@a') < |at]|---||2!]| forevery 2’ € X; withi=1,..,1.
(2) If xf € X for i =1,...,] then
@@ € (@ X a)” and [l27 @ @] < |- fla7]
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a,i=1
space (®§:1Xi, a) ,and X ®g - - - ®o X its completion. For each u € ®§:1XZ-, the
projective norm m and the injective norm e are defined by:

7 (u) = mf{znxgn...uxg” u=Ya! ®.~®x§}, and
=1 i=1

e(u) :=sup{|z] ®--- @] (u)| : 2] € Bxr, fori=1,...,1}.

If () is a reasonable crossnorm on ®_, X;, ® X; will denote the normed

Both the projective and the injective norm are reasonable crossnorms on ®!_, X;.
Indeed, these norms provide the next fundamental characterization of reasonable
crossnorms: A norm « (-) on ®'_, X; is a reasonable crossnorm if and only if

€(u) <a(u) <m(u) for every u € ®§:1Xi- (3)

The proof of this equivalence in the case of two normed spaces can be consulted in
[24, Proposition 6.3]. Foradeeper discussion about tensor norms we refer to [7].

1.1.1. Convex bodies in Euclidean spaces

Let E be a real Euclidean space with scalar product (-, -); and Euclidean ball Bg.
A subset P C E is called a convez body if P is a compact convex set with nonempty
interior. Every convex body P C E for which P = —P is called a 0-symmetric
(or centrally symmetric) convex body. The set of 0-symmetric convex bodies in
E is denoted by B (E) (resp. B (d) if E = RY).

If C' is a nonempty subset of E, then its polar set is defined by
C°:={y € E :sup,cc (z,y)p < 1}.

The Minkowski functional (or gauge function) of P € B (E) is defined as
1
gp(x) == inf{)\ >0: &€ P} for x € E.

A fundamental result concerning 0-symmetric convex bodies is the bijection be-
tween norms defined on E and O-symmetric convex bodies in E. This result,
originally due to H. Minkowksi [21], will be used throughout the paper without
making an explicit reference. We will use it in the following form:

Theorem 1.1. Let E be a Euclidean space. If A € B(E), then
2]l 4 == ga (z) forz ek

defines a norm |||, on E for which A is the closed unit ball. Furthermore, for
every x € E we have

2l g0 = 1G5} = (B[] 2) = R|

This statement as well as the theory of convex bodies and convex geometry that
will be used in this paper, can be found in [25].
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2. Projective and injective tensor products of (-symmetric convex
bodies

To introduce the projective and the injective tensor products of 0-symmetric con-
vex bodies, it is convenient to recall two well known facts about tensor products
of Banach spaces. The first one is that

Bx,o..6.x, = conv{z' @ - @2l 12! € By,,...,2' € By, }. (4)

The second one is the duality between the injective and projective tensor product
of Banach spaces given by the canonical isometry:

X1®E”'®EXZ(_>(Xf®ﬂ"'®ﬂXl*>*7 (5)

which on finite dimensions is an isometric isomorphism (see [7, pp. 27, 46,
respectively).

Let Q;CR%, i =1,...,1be0-symmetric convex bodies with associated Minkowski
functionals go,, i = 1,...,l. By (4), m{xl ®---@z 2t e Qz} is the closed
unit ball of the projective norm on ®!_, (Rdi, gQi) . This fact provides a natural
way to define the projective tensor product of 0-symmetric convex bodies: the

projective tensor product of Q1, ..., Q; is the O-symmetric convex body in ®!_,R%
defined by:

Ql®7r"'®7r@l ::Conv{x1®"'®l’l€®§:1RdiZJ]iGQi,i:l,...,l}.

This definition was introduced by G.Aubrun and S.Szarek in [3]. There, the
projective tensor product of more general classes of convex sets is considered.

Since conv {z!' @ --- @ 2! € @ _;R% : 2’ € Q;} is compact (see Proposition 2.4),
it coincides with its closure. Then,

Qe 22 Q= By (wage ) )

The duality between the injective and the projective tensor norms given in (5)
gives rise to a notion of injective tensor product of 0-symmetric convex bodies.
To be precise, we first fix the scalar products that will be used through the paper.

Given d € N, we will denote by (-,-) the standard scalar product on R¢, and by
||l , BY its associated norm and Euclidean ball respectively.

The scalar product on ®'_;R% will be the one associated to the Hilbert tensor
product ®§q,i:1Rdi, that is, (-,-)y will be the bilinear form determined by the
relation

<x1 Q- --@z,y! ®"'®yl>H = H§:1 <xi,yi>

(see [15, Section 2.5]). The closed unit ball of ®}; ,_;R% will be denoted by Bt
and its norm by ||-||z. In this way, given a 0-symmetric convex body Q C ®!_ R%
its polar set acquires the form Q° = {z € ®_ R% : SUP,eq (U, 2) | < 1} )
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Now, if @Q; € R%, i = 1,...,l are O-symmetric convex bodies, the injective
tensor product of Q1,...,Q; is the 0-symmetric convex body in ®@!_;R% defined
as follows:

Q1 Qe+ Qe Q1 = (Q] ®r -+ O Q)"
This definition appeared for the first time in the remarkable monograph [4, Sub-
section 4.1.4] published in 2017. Later we will use this identity written in the
following equivalent ways:

Proposition 2.1. Let Q; C R% i =1,...,1 be 0-symmetric convex bodies. Then,

(]‘) (Ql ®e"'®te)O:Q? ®7r"'®7rQlo.
(2) (Ql®7r"'®7r@l)o:QC1>®5"'®5Q?.

Due to the duality between the projective and the injective tensor norms (5),
along with (6), we have that

Ql R R Ql = B®le,i:1 (Rdi»gQi('))' <7>

2.1. The unit balls of ¢ and ¢%.

Proposition 2.2 below, together with (6) and (7) show that the convex bodies B,
B . d=dy---d, are the closed unit balls of ®! Ef" and ®L,_, (%  respectively.

Te=1 e,1=1

In effect, let Bg be the closed unit ball of Eg, d e Nand 1 < p < oo. For each

i=1,...,1, let {egj}j:l ;. be the standard basis of R% . Then, the set of vectors

{e?ll ®-® e?l‘} is an orthonormal basis in ®§q,i:1Rdi, and it can be identified

with the standard basis of R?, d = d; - - -d;. Consequently, for each 1 < p < oo,
the sets

Bgl’m’dl = {Z € ®_,R% : Z

and Bl-di . — {z € ®_,R% : max ’<Z ... ® e?l’> ‘ < 1}
H

N B b
J1reedt 7

d a\ |*
z, €5 - Q€ <1, for p=# o0
H

are naturally identified with the closed unit balls of ¢2. Thus, Bf = Bt~ for
I <p<oc

Proposition 2.2. Let d € N. For every factorization of d in natural numbers
d=d---d;, we have

Bl=B"®, ... @, B! and  BL =Bh1 @, -® B%.

The previous proposition is a well known result, see for instance [24, Excercise
2.6] or [4, pp. 83].

In Subection 3.1, we will treat the case 1 < p < co. We will see that Bg is the
closed unit ball associated to a reasonable crossnorm on ®é:1€gi. In this case it is
not the projective nor the injective tensor norm on ®§:1€Zi.
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We finish this section stating without proof two results that will be used through-
out the paper. Proposition 2.3 is a well known result (for a proof see [6, Proposition
4.2]). Proposition 2.4 is a direct consequence of the continuity of the canonical
multilinear map ® : R% x ... x R% — ®lH’i:1Rdi.

Proposition 2.3. The set of decomposable vectors
{xl ® --zex_R%: 2 c ]Rdi}
is a closed subset of ®lH72~:1Rdi.
Proposition 2.4. If A; CR% i=1,....1 are compact sets then
® AL, A)={a'® @ ca_ R4 2 c A}

is a compact subset of @'y ;| R%.

3. Tensorial bodies

In this section we characterize the convex bodies in ®!_;R% that are the closed unit
balls of reasonable crossnorms. They will be called tensorial bodies (Definition
3.3). A main tool to study them is the group of linear isomorphisms that preserve
decomposable vectors. With it, we will introduce a Banach-Mazur type distance
between tensorial bodies, and prove that there is a Banach-Mazur type compactum
associated to them (see Subsection 3.2).

Recall that we have already fixed the scalar product (-, ) ; on ®!_;R% and that gg
denotes the Minkowski functional of a 0-symmetric convex body ). Whit them,
we have:

Proposition 3.1. Let Q C ®._R% and Q; C R%, i =1,...,1 be 0-symmetric
convez bodies. Then, gq () is a reasonable crossnorm on ®._; (R%, gq, () if and
only if

Q®r B QS QC QB D Q. (8)

In this case, for every decomposable vector x' @ -+ ® 2! € @_|R% we have:

9o (' ® - ®@2a') = go, (z') - g0 (2'), and
9o (z' @ @a') = gos (¢') - gg; (') -

Proof. Let Q; C R%, i = 1,...,l, be O-symmetric convex bodies. Then, (6)
and (7) tell us that Q ® -+ @ Q is the closed unit ball of ®,_; (R%, go,),
and Q) ®, - -+ ®. @ is the closed unit ball of ®l€7i:1 (Rdi,gQi) . Now, the proof
of the first part follows from the characterization of a reasonable crossnorm (3).
The second part follows using the two properties that define being a reasonable

Crossnorm. O]

This proposition can be understood as the definition of a reasonable crossnorm
written in terms of convex bodies. It determines when a 0-symmetric convex body
in ®._;R% is the unit ball of a reasonable crossnorm when the norms g, on each
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R% are given. Our next result goes further: it determines when a 0-symmetric
convex body in ®'_;R% is the unit ball of a reasonable crossnorm, with respect
to some norms (not determined a priori) on the spaces R%.

Given a 0-symmetric convex body @ C ®!_;R% and a non-zero decomposable
vectora=a'® --®@ad € ®_R%, let us consider the 0-symmetric convex bodies
in R% i =1,...,1, defined as:

Qq1,-.-7al — {.CEZ c R% . ol ® - Qd 1o att! Q- ® d e Q} ) (9)

)

Theorem 3.2. Let Q C ®L_R% be a 0-symmetric convex body. Then, there exist
norms ||-||; on R% i =1,....1, such that Q is the closed unit ball of a reasonable
crossnorm on ®_; (R%, ||-||,) if and only if for an arbitrary decomposable vector
a'®---®ad €0Q it holds:

al,...al al,...al al,...al al,...al
Ql ®7r"'®7rQl gQng ®e"'®e@l . (10)

R . CLI “.al .
In such a situation, Q7 " = ||a*; B(Rdi L)
’ 7

Proof. Suppose that @ is the unit ball of a reasonable crossnorm « (-) on the
product ®_; (R%, ||-||,) . Clearly gq (-) = a(-) and for each ' ®- - - @2 € ®!_|R%
we have:

do (& - @) = o], |, and
G @@ty = )] )

|- l:), i =1,...,1. Now, if we fix an
)=

, (11)

where (-,z%) is a linear funtional on (R%,

arbitrary a' ® -+ ® a! € 9Q, then gg (a' ® -~ ®d') = ||la*]|, - - [|d'||, = 1, and
go(@'® - ad'®red"® - ®d)
= fla™ll, ey et ll o™ oy - lla'll, = ﬁ (P
From the definition of Q% ", we obtain g gt (@) = ]l fori =1,
and Q) " = lall; B(ga ) equivalent to JEs (") = [la’[l; [I{-, 2|, for

i=1,...,1. Hence, from (11) and the previous equalities we have:
gQ (:L'l R R ,’]jl) = gQal 7777 al (l‘l) ‘e gQa‘l ,,,, al (I’l) and
1 l

goe (#' ®--- @) = [[(hat @ @al), | = [ - [I¢ 2D

Therefore, by Proposition 3.1, (10) holds.

To prove the converse, suppose that @ satisfies (10) for a! ® --- ® o' € 9Q,
then from Proposition 3.1, we conclude that gg is a reasonable crossnorm on

®L_, (Rdi, 9ot az) . This completes the proof. [

,,,,,
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Now, we introduce the formal notion of a tensorial body:

Definition 3.3. A 0-symmetric convex body @ C ®'_;R% is called a tensorial
body in ®}_,R% if there exist O-symmetric convex bodies Q; C R%, i = 1,...,1
such that

QP07 @, QI CQC QR R Q.

If () satisfies the inclusions in Definition 3.3, we will say that @) is a tensorial
body with respect to Q1,...,Q;. By Bg (®§:1]Rdi) we denote the set of tensorial
bodies in ®!_;R%. The set of tensorial bodies w.r.t. Qi,...,Q; is denoted by
BQ1 ----- Q (®é:1Rdi) .

In the next corollary, we summarize the relation between tensorial bodies in
®l_R% and reasonable crossnorms. We omit its proof, since it follows directly
from Proposition 3.1 and Theorem 3.2.

Corollary 3.4. Let Q C ®'_,R% be a 0-symmetric convexr body. The following
are equivalent:

(1)  Q is a tensorial body in ®@'_ R%.
(2)  Q satisfies (10) for any a* ® --- ®@ a' € 9Q.
(3)  There exist norms |||, on R%, i = 1,...,1, such that gq is a reasonable

crossnorm on ®%_; (R% |-[|,) -

,,,,,

.....

Proof. (1). If Q C ®._,R% is a tensorial body with respect to Qy, ..., Q; then

Q1O @ QCEQC QL& B Q.

Thus, (Q1 R+ R Q)" C Q° C (Q1 @y - - R, Q;)°. By Proposition 2.1, this
implies that Q] ®, -+ ®, Q] € Q° C Q] ®, -+ @ @ which is equivalent to
Q° € Bge,..qp (®1_,R%).

(2) We assume, w.l.o.g., that £ = 1. To prove this part, it is enough to observe
that, by definition, for each real number A > 0, we have \(Q ®, -+ ®, ;) =
()\Ql) ®ﬂ- cee ®7T Ql and

)‘Ql ®e ®E Ql = A(Q? ®7r ®7r Q?)O = ()‘71(@1) ®ﬂ' ®71' Q?))o
= (()‘Ql)o O Q?)O = ()‘Ql) e+ Qe Ql-

..........
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A tensorial body in ®!_,R% is a tensorial body with respect to an essentially
unique [-tuple of convex bodies. More precisely:

Proposition 3.6. Let P, Q; CR% i=1...,1 be 0-symmetric convex bodies. If
Q € Bp,,..p, (®§:1Rdi) N Bq,...q <®§:1Rdi) )

then there exist real numbers \; > 0, ¢ = 1,...,1 such that \y--- X\, = 1 and
]DZ' = )\ZQZ fOT' 1= 1, ,l

Proof. Let g, gg, and gp, be the Minkowski functionals associated to @, (); and
P; respectively. If @) is a tensorial body with respect to P;, i = 1,...,[, and with
respect to QQ;, © = 1,...,[, then Proposition 3.1 implies that:

g (@') - gn (3') = g (+' @ -~ ®2") = gq, (27) -+~ ga: (2') -
Therefore, if we fix ! ® --- ® a! € 0Q, then
9 (@) - g, (a') = gp, (a') ---gp (a) = 1.
Analogously, fora' ® -+ - ®ad ' @2 ®ad T ® - ®@ad', i =1,...,1, we have:

9Qu (al) T 9Qi (ai_l) 9Q: (xz> 9Qi+1 (CLH—I) " 9Q, (al)
=gp (') -gr, (@) gp (27) gy (@) - g (d').

Now, if we multiply both sides of the above equation by gq, (a') gp, (a') , we obtain
)

gr, (a') go, (z') = gg, (a’) gp, (%), equivalent to gp, (z) = “(;’;i_(((;) gg; (x') . Thus, if

A= 90:(") 1 =1,...,1 then we have proved that \;--- X\, =1 and P, = \;Q;, as

gp, (i)’

required. O

In order to simplify the arguments, we will choose the convex bodies defined (9)
in a specific way: for every O0-symmetric convex body @ C ®!_,R% Q" will denote

the convex bodies generated by e @---@ (Xef!), A = 1/(go(el' @ - - - ®@et)). That
o, @ il
Proposition 3.7. If Q,, n € N, are tensorial bodies in ®._R% such that gq,
converges uniformly on compact sets to gg, for some 0-symmetric conver body
Q, then Q is a tensorial body in ®._R%. In this case, 9qi, and ggiy converge
uniformly on compact sets to ggi and ggiye, respectively.

fori=1,... L

Proof. Since @Q),,, n € N, are tensorial bodies, then (2) of Corollary 3.4 implies
that Q1 @, -+ 2, QL CQ, C Q@ - ®QL, forn € N.

Suppose that we already proved the uniform convergence (on compact sets) of
9qi, to ggi. From this, it follows that g(: o converges uniformly on compact sets
to g(giye- Thus, we get:
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90 (x1®...®$l) :JH&QQ" ($1®--'®xl) :nh_{gog% (xl)...g% (xl)
= g9gr (¢') - 9q: (')
Similarly, since the uniform convergence of gg, to gqg implies the convergence ggo
to gge, we have ggo (z' ® - ®@a') = ggiye (a) - “9(qry? (z') . Therefore, from
Proposition 3.1, ) is a tensorial body w.r.t. Q*, 1 =1,...,1.

Now, we turn to prove that for each i = 1,...,l, gg: converges pointwise to gq:.
Then, by [25, Theorem 1.8.12], we know that this implies the uniform convergence.
From the convergence of gg, to gg, and the definition of Q', Q! , it follows directly
that gqi converges pointwise to goi. For the case i =1,...,1 — 1, it is enough to
observe that

1
gou (el @@ efl)

g0, (+) = o, (& @ v o @ o).

for z* € R%. Thus, from the definiton of Q" and the convergence of gq, to gg, we
know that gg: converges pointwise gqi. [

3.1. Examples of tensorial bodies
3.1.1. The trivial case

Every 0-symmetric convex body @ C R ® R? is a tensorial body in R ® R? :

Proposition 3.8. Let Q CR® R? be a 0-symmetric convex body. Then we have
Q= [-1,1] ®; Q where [-1,1] = {N€R: -1 <A< 1} and Q := {z € R? :
l®xe @}

Proof. Let u € R®@R?, then u= 31" A ® 2, =1® (>, \iz;). Thus, u € Q

if and only if u = 1 ®u with u = Zfil Nz € Q. Therefore, from the definition of
[—1,1] ®, @ we obtain the desired result. O

The proposition above and (6) show that every 0-symmetric convex body @ in
R ® R? is the closed unit ball associated to the projective tensor norm on R ®
(Rd, gQ). It is also worth to notice that on R@R?, the projective and the injective
tensor product of O-symmetric convex bodies are equal.

3.1.2. The closed unit balls of Eg.

Proposition 3.9. Let d € N. For every factorization of d in natural numbers
d = dy---d; and for every 1 < p < oo, Bg = Bgl’“"dl is a tensorial body in
®L_R% . It holds that
d d d _ pdi,..d d d
Bp1®7r"'®7erlng—Bpl lngl®5"'®EBl 1§p§00

p?

In the cases where 1 <p < oo, d; > 2,1 =1,...,1, Bgl"“’dl is not the projective
nor the injective tensor product of Bgi, 1=1,...,1.
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Proof. We will use the notation fixed in Example 2.1. The cases p = 1, co were
already proved in Proposition 2.2. We will give the proof for 1 < p < oc.

Let 2 € R%, i =1,...,[ then:

G (331 ®...®$l): <Z

= "], --- [l="[],-

1

)

1 I d d
<x ®---®x,ejj®---®ej;>H

J1seesJi

Thus, from the last equality for p* and the relation (B;fl’"-vdl)O = Bgi""’dl we have

pe |2 ,- - Therefore, by Proposition 3.1,
diyenndy : di
Bpt-% is a tensorial body w.r.t. By, i=1...,1[.

To prove the other statement, first observe that if d; = 1,7 =1,...,0 — 1 then
B;,...,dz _ B; R -+ R, Bgl = B; R -+ R, Bgl. To avoid this case, we assume that
each d; > 2.

Let EC ®£m’=1£gi be the vector space generated by {eih X ® efl, MR . ® egl}.
Then, from [2, Theorem 1.3,], it follows that E is isometrically isomorphic to 2
for 1 = min{1, 1%} Hence, for each u = a1 @ - - @ e + aged @ - @3t € E we
have 7 (u) = (|ai|" + |a2|r)% . Therefore, Bi*% 2 B @, --- @, Bl

Now, suppose that Bﬁl"“’dl = Bﬁl Qe = Pe Bgl for some 1 < p < co. Then, from
Proposition 2.1, B;li’”"d‘ = Bgi R+ Qn Bgi. Since the latter equality is not
possible, we must have Bit% # Bh @, - @, Bl for all 1 < p < oc. N
Proposition 3.9 together with Corollary 3.4 imply that B]‘f, 1 <p < oo, is the

closed unit ball associated to a reasonable crossnorm on ®_, % for any factoriza-
tiond =d;---dj.

3.1.3. A convex body in R = R™ ® R” which is not a tensorial body
in R @ R"

Let m,n > 2 be natural numbers. Let

— m n |le|2 |zmn|2 2
Sz{z:Zzijei ®e;: 3 + 5 + Z !Zijl Sl}-

1,5=1 (i’j)#(lfl)v(mﬂ@)

Then £ € B(R™ @ R") \ Bg(R™ @ R™). To verify this, consider the convex bodies
generated by €' ® /3¢t and e ® /2¢”, according to the relation (9):

Efin’ﬁe? ={zeR™:z2®V3e} € E}, 516%&6;t ={zeR™: 2@ V2" €E}.

We proceed by contradiction. Suppose that £ is a tensorial body in R™ @ R",
then Corollary 3.4 and Proposition 3.6 imply that there exists A\; > 0 such that
551"7\/56711 —\ ge%\/ﬁeﬁ

1 = A6 :
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However, for every x = (21,...,2,) € R™ we have:

ny\ __ 2 m 2
m—1
Geemwaar (€) = e (:v ® \/Eez) = \/ jwnl® +2) il

Thus Slein’\/ge? # )\Efﬁ’ﬁez for all A > 0. This is a contradiction, hence () is not
a tensorial body in R™ @ R".

Analogous examples € so that £ € B(®!_;R%)\ Bg(®!_;R%), can be constructed
in ®_,R% when [ > 2.

Remark 3.10. The previous example, in contrast with Example 3.1.1 (the trivial
case), shows that if d = mn is not a trivial factorization of d (i.e. if m # 1 or
n # 1) then Bg(R™ @ R") € B(R™ ® R"). As a consequence being a tensorial
body depends on the tensor decomposition defined on R¢.

3.2. Linear isomorphisms preserving tensorial bodies

A linear map T: ®!_; R4 — ®I_ R% preserves decomposable vectors if the
vector T (a:l ® .- ®xl) is decomposable for every z° € R%, i = 1,...,1. By
GLg (®,_1R%) we denote the set of linear isomorphisms 7" : ®@!_;R% — ®!_;R%
preserving decomposable vectors. To shorten notation we usually write G Lg.

Linear mappings preserving decomposable vectors have been deeply studied. For
an account on this topic as well as for the fundamentals about it, we refer the
reader to [19, 20, 29, 30]. In [19, Corollary 2.14], it is proved that if d; > 2,
t=1,...,1, then for each element T' € GLg (®§:1Rdi) there exists a permutation
o on {1,...,1} and linear isomorphisms T : R%® — R% 4 = 1,....1 such that for
every r' @ - - ® 2! € ®_ R%,

T(xl(g)...@xl) =T (xﬂ(l)) ®...®Tl(x0(l))_ (12)

Using this characterization and the fact that the set of decomposable vectors is
closed in ®Y;,_ R (see Proposition 2.3), we can easily obtain the next result.

Proposition 3.11. Letd; > 2,1 =1,...,1 be natural numbers.
Then GLg (®§:1Rdi) is a closed subgroup of G'L (®§{7i:1Rdi) .

Theorem 3.12. (GLg preserves tensorial bodies). Assume d; > 2 fori=1,...,1.
IfT € GLg (®_1R%) and Q € By (®_,R%), then TQ € Bg (®!_,R%) .

Proof. Suppose that Q is a tensorial body in ®!_;R%, then (8) holds for suitable
0-symmetric convex bodies Q; C R%, i =1,....1.

On the other hand, let T' be an element in G Lg, (®é:1Rdi) and let T;, 1 =1, ..., 1,
be as in (12). Then, by the definition of ®,, we have:

T (Ql Qr - Or Ql) = TlQO’(l) Qp + - On ,I}Qa(l)- (13)
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Similarly, T(Q1®c @ Q) = (T (Q} @+ ®: Q)"
= ((TH) ' Qo) ®= -+ = (T}) ' Qo) = ThQo(1) ®c + - @ TiQo1)-

Therefore, T1Qr1) @7+ Rz T1Qs1y € TQ C T1Qs1)®e - - - @ T1Qsr)- This proves
that T'Q is a tensorial body in ®!_ R%. O]

A Banach-Mazur type distance

From now on, we will assume that each space R%, i = 1,...,[ has dimension
d; > 2. Using Theorem 3.12 we are able to define a distance 5§M between tensorial
bodies in ®._;R% which is the analogue, for tensorial bodies, of the Banach-Mazur
distance.

Recall that the Banach-Mazur distance between isomorphic Banach spaces X and
Y is defined as:

SPMX,Y) =if {|IT|||T7Y|: T € L(X,Y) and T ' € L(Y,X)}.

Between 0-symmetric convex bodies in a Euclidean space E, it is defined as:

(14)

BM . T:E — E is a bijective linear
P (P,Q):==inf (A >1:
map and Q C TP C \Q

A complete exposition of the Banach-Mazur distance and its properties can be
found in [27].

Let P,Q be tensorial bodies in ®!_,R%. We define the tensorial Banach-Mazur
distance 68 (P, Q) as follows:

SEM(P,Q) :=inf{A>1:QC TP C)Q, for T € GLy (& _R¥)}.  (15)

It is well defined, since for every P, Q) € B (®§:1Rdi) there exist real numbers
r1,79 > 0 such that Q C r P C (). It holds that

§PM(P.Q) < 65 (P.Q) for P,Q € By (®;_,R"). (16)

Using Proposition 3.11 and Theorem 3.12, it can be directly proved that for each
pair P,Q C ®_,R% of tensorial bodies, the infimum in (15) attains its value at
some A > 0 and some T € GLg (®,_;R%) . Indeed, it is possible to define the
following equivalence relation:

For every P,Q € Bg (®§:1Rdi) , P~ Q if and only if 68™ (P,Q) = 1.

We denote BMyg (®!_;R%) the set of equivalence classes of tensorial bodies de-
termined by this relation. Elementary arguments show that log (5£M is a metric
on this set. Moreover, this metric gives rise to a Banach-Mazur type compactum
of tensorial bodies:
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Theorem 3.13. (B/\/l® (®§:1Rdi) , log 5§M) is a compact metric space.

Proof. The proof is essentially a standard argument of compactness. Given a
tensorial body P C ®!_;R%  [P] denotes its associate equivalence class.

Let {[P,]} be a sequence in BMg (®,_;R%) and let P! be the convex sets intro-
duced in Proposition 3.7. By Corollary 3.4, P!®,---®,P' C P, C Pl®,---® P..
Thus, from [11, Proposition 2.4], it follows for every n € N that

Pﬁ&--@ﬁ,ﬁg&gdiPﬁ&'--@WPﬁ. (17)
1

On the other hand, from a general well known fact, for every P, i = 1,...,1 there
exists a linear isomorphism 7;,, : R% — R%, such that Bfi - TmPfZ - diBfi.
Hence, applying 71, ® --- ® 1}, to (17) together with (13), we have

d2
Bill ®7r"'®7rBiil Q(Tl,n®"'®Tl,n)Pnngfl ®7r"'®7rBill.
l

Now, for each n € N denote by @,, the tensorial body (71, ® ---® 1;,) P,. By
the Arzela-Ascoli theorem, there is a subsequence { ank} converging uniformly

(on compact sets of ®_;R%) to gq for some 0-symmetric convex body Q. Hence,
by Proposition 3.7, @Q is a tensorial body in ®!_ R%.

It remains to show that [P, ] converges to [Q]. To prove this, notice that the
uniform convergence of gq, to go implies that the indentity map

Iy : (R R%, g, ) = (@1_1R%, g0)
is such that limg oo || 1% || ||I,;1H = 1. Thus, limj_,d5" (Q,,, Q) = 1. Since

5£M (Pnk’ Q) = 55M (Q?’Lka Q) )

we conclude that [P,,] converges to [Q)] as required. O

We finish this section by giving some upper bounds for the tensorial Banach-Mazur
distance 65.

Proposition 3.14. Let P;,Q; C R%, i =1,...,1 be 0-symmetric conver bodies.
Then,

(1) 6°M(PL®r- ®x P, Q1 ®n -+ @7 Qp) < 6°M (P, Qu) - 0%M (P, Q1)

(2) M (PL®c @ B, Q1 Oc -+ @ Qr) < 6PM (P, Qy)---6"M (P, Q1)

Proof. We give the proof only for the projective tensor product of 0-symmetric
convex bodies. The proof for ®. is analogous. First, we will show that for each
i € {1,...,1} the following inequality holds:

6BM(P1 Or oo On R O oo On B7P1 Or o On Qz Or ... Qp Pl) S 5BM<-Pia Qz) . (18)
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Let A > 08M (P, Q;). Then, Q; C T;(P;) C AQ; for some linear isomorphism
T; : R% — R%. By (13) we have
P1®7r®7rT‘sz®7r®7rPl
=g, @ QT; R+ ® Iy, (P1®7r...®ﬂpi®ﬂ...®7rpl).

Therefore, if S =Ipa, @+ RT; ® -+ ® Iga, then

P1®7T®7’I’QZ®7T®T(‘PlgS<P1®7T®7T‘P7,®7T®7T-Pl)

gpl®7r®7r)\Qz®7r®7r13l:)\(P1®7r®7er®7r®ﬂ'Pl)a

which implies (18). To prove (1), observe that from the multiplicative triangle
inequality of %M and (18) we have:

"M (P @r -+ @r Py Q1 @ -+ @7 Q)
l
S Hi:15BM (Ql ®7r e ®7r Qi—l ®7r Pz ®7r Pi—l—l ®7r T ®7r -Pl7
Ql®7r"'®7FQ2'—1®7rQi®7r]Di+1®7r"'®ﬂ'Pl)
S(SBM (P17Q1>“'5BM (plan) [
Using the previous proposition and [11, Proposition 2.4], we obtain the following
upper bound for the tensorial Banach-Mazur distance.

Corollary 3.15. For every pair of tensorial bodies P,Q C ®'_;R% we have:
(1) 08V (P.Q) < (dr -+ dia)” (TTi0™ (P',Q1).
(2) EM(P.Q) < (di---di)* (di---dy).

4. Tensorial ellipsoids

In this section we give a complete description of the ellipsoids in ®!_;R% which
are also tensorial bodies (Corollary 4.3). To this end, we first introduce some
definitions.

Recall that an ellipsoid £ C V' in a vector space of dimension d is defined as the
image of the Euclidean ball B¢ by a linear isomorphism 7: RY — V. In the case
of ellipsoids in ®!_R% alternatively, we will say that £ C ®!_,R% is an ellipsoid

Definition 4.1. An ellipsoid £ C ®'_R% is called a tensorial ellipsoid in @}_,R%
if £ is also a tensorial body in ®'_;R%. The set of tensorial ellipsoids in ®!_,R%
will be denoted by & (®!_;R%) .

If&=T,(By),i=1,...,1 are ellipsoids in R%, i = 1, ..., ] respectively, then the
Hilbertian tensor product of &, ..., &, introduced in [3], is defined as
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It can be directly proved that £ ®s --- ®9 & is the closed unit ball of the Hilbert
tensor product ®ZHJ-:1 (]Rdi, ggi). Thus, Hilbertian tensor products of ellipsoids
are the first examples of tensorial ellipsoids. In particular for the Euclidean ball
we have:

Actually, in Theorem 4.2 we prove that Bgl """ % is the only ellipsoid between

By @ - @ Bgl and BI @, --- ®. Bgl. From this, we obtain that the only
tensorial ellipsoids are the Hilbertian tensor product of ellipsoids (Corollary 4.3).

Theorem 4.2. Let £ C ®@._R% be an ellipsoid such that

Bi®,..-@,Bicfc B!, @ B, (19)

We will give the proof of the theorem at the end of the section. Before, we will
prove Corollary 4.3 and several related results.

Corollary 4.3. If £ is a tensorial ellipsoid in ®'_R%, then there exist linear
isomorphisms T, : R% — R% fori=1,...,1 such that

Proof. Assume that £ belongs to & (®§:1Rdi) . Then there exist 0-symmetric
convex bodies A; € R%, i =1,...,1 such that

A1®7r"'®7rAlCECA1®6"'®5AZ-

Since £ is an ellipsoid we must have that all A;, 2 =1,...,[ are ellipsoids. Thus,
there exist linear isomorphisms 7} : R% — R% ¢ =1,...,] with 4, = T, (Bgi) .
From this and Theorem 3.12, we obtain:

T (BY) @ 0. T (BY) CEC T (BY) @ . T (BY)

By @, @, By C (T7'®--®T')EC By @ - ® By

scalar product (-,+) = (T"'(-), 77" (-)) . In view of this, the following propo-
sition describes the relation between (:,-). and (:,-), on decomposable vectors,
when £ is a tensorial ellipsoid in R™ @ R™.

Proposition 4.4. Let m,n be natural numbers. If € = T (By"") C R™ @ R™ is
an ellipsoid, then
BY' ®, By C £ C By ® By (20)
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if and only if for L =T~ Tt the following relations hold :
(2, 2)(y,w) = (L(z®y), L(z@w)u +(L(r@w),L(z@y)ul/2  (21)

for each x,z € R™ and y,w € R™.

Proof. Recall, if E=T (By"") CR™ ® R is an ellipsoid then £° = (T*)"" (By"").

Assume that (21) holds for 7! and T*. Then, if we make r = y and z = w
in (21), we have g (z @ y) = [lz]2]ly[l2 and geo (x @ y) = |[z[|2[|y[lo. Thus, from
Proposition 3.1, we get that (20) holds.

Assume that (20) holds. Let x,z € R™ and y,w € R™. From Proposition 3.1, we
know that ge (z ® y) = [[z[2[|y[lo- Thus, |T7" (z @ y)ll 5z = =[5 1yl -

Now, the polarization formula applied to (T (z®vy),T ! (z @ w)), and the
latter equality imply:

(T @oy), T @ ow), = |zl {yw). (22)
From the polarization formula and (22), we have
(2, 2) (y,w) = [(l2 + 213 = |z = 2[3)/4] {y, w).

Thus, using (22) in the last equality, we get that (21) holds for L = T~!. To finish
the proof, observe that £° also satisfies (20), see Proposition 3.5. Hence, (21)
holds for T". O

Lemma 4.5. Let £ be a tensorial ellipsoid in @._R%. For every z' € OB, let
i RT"®@ - @R S RY - @RI @ RY,
R BN i S
and &, :=i;' (€). Then, if
Bl @, - @, B c£C B!, ® B
one has Bgl Rp - Qp BSH CcC&.C Bgl Re - R BSH.

Proof. Let (-, ). be the scalar product associated to €. From the definition of £,
we know that it is an ellipsoid. By (-, )i, ge, (-) we denote the scalar product and

the Minkowski functional determined by &£,:. Thus, for every u € R4 ®- - - @ R%-1,
we have ge , (u) = ge (i (u)). Since € is a tensorial ellipsoid, from Proposition

3.1, ge, ('@ @) =2ty Ha:l_le . We also have:
g(gl)o (m1®---®xl_1): sup |<a,x1®---®xl_1>H|
: e (@<1

= sup |<izz (a),$1®---®xl_1®zl>H|
ge(i,1(a))<1

Sge (2@ @ @) = |2, [l
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Therefore, from Proposition 3.1, we know that £,: is a tensorial body w.r.t. BQdi,

i=1,...,1—1. O

Proof of Theorem 4.2. The proof will be divided into two parts. First, we will
prove the theorem for tensorial ellipsoids in R™ @ R™. Then, for the general case
we will use induction on I, the number of factors on the tensor product ®!_;R%.

Step 1. Take an ellipsoid £ C R™ ® R" such that B} @, B} C £ C BY' ®. BY.
If &€ =T (By"") for some linear isomorphism on R™ @ R™, then from Proposition
4.4, (21) holds for T, T*. Thus, for z,z € R™, y,w € R" and S = TT" we have:

(x,2) (y,w) = [<S’1 (x@y),z®w>H—|—<S*1 (x®w),z®y>H}/2,

(2.2) (g w) = [(S (e @y), 2@ w), +(S e @w),20y), |/2
On the other hand, for the canonical basis {e;},_; 4, € RY {e;},_; ,, € R™
and {e;},_, , CR"let P4y R" @R — R? be the bijective map such that

Q) (€ ® €j) = e(i—1ynyj for 1 <i <mand 1 < j < n. Clearly, ®(,, ) preserves

(-, and the standard scalar product (-,-) on R% Hence if S := @, SqD(nin
we have:

<e(i71)n+jae(k71)n+l> = [<§_1€(i71)n+j76(k71)n+l> <S (i—1)n+ls €(k— 1)n+j>]/2>

<e(i—1)n+jae(k—1)n+l> = [<g€(z‘—1)n+j7€(k—1)n+l> <S€(z D+l €(k— 1n+]>:|/2
%4

for 1 <i,k <m and 1 < j,1 <n. Therefore, for :5’,5_1
1 itk=il=j
0 ifk=idil#j
w i—1)n+j —1)n = 23
< €(i—1)n+jy E(k—1) +l> 0 ifl{:#i,l:j ( )

- <W€(i71)n+la e(kfl)n+j> if k#14,15#j

Hence, the positive definite matrices associated to S, S~! can be written using the
matrices

Api = (<S’e(i71)n+ja e(kfl)n+l>>l 4 and By, 1= (<S’_1€(ifl)n+j>e(kfl)n+l>>l -
7‘7 7]

That is, S = (Am),” and S! = (Blm)m for 1 < k,7 < m. Clearly, Ay;, By; €
M, (R) for all 1 < k,i < m. Moreover, from (23), it follows that Ay; and By,
k # i, are antysimmetric matrices and Ay, = By = I, k = i (I, is the identity
matrix). From this and the symmetry of S , S —1 we know that A;;, = —Ay;. Thus,
S, 51 satisfy (24) (see Lemma 4.6 at the end of this section) and S = I,. The
latter implies that the linear isomorphism 7' is such that T7T* = I, so it is an
orthogonal map on ®},_R% and £ = By"". This finishes the first part of the
proof.
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Step 2. As we mentioned at the beginning of the proof, this case will be proved
by induction on the number [ of factors on the tensor product. To simplify the
notation, in this part of the proof we use the symbol ||-||, to denote the Minkowski
functional associated to a 0-symmetric convex body Q).

The case | = 2 was already proved. Now we assume that the result holds for [ — 1.
This means that for every tensorial ellipsoid & C ®.Z]R% such that

Bd1 Ry - - ®ﬂde 1C8CB31 R - - ®EBdl 17

d77
we have £ = By’

Let & be a tensorial ellipsoid in ®!_;R% satisfying (19), and let ||| be its
Minkowski functional. By Lemma 4.5, for every z' € B3 we have B! @ - - @,
BdH C&1 CBI'® - ®. B;H. Applying the induction hypothesis we obtain
£, = BI "1 Therefore, for every SV 2@ @2 € ®ZIR% we have

N
Hg x}@...@xé_l(gzl
=1 &

. N 1—1) _H Ny 1—1H
_sz‘:lxi(g D £ Zizlxi(g N

Since, by Proposition 3.5, £° also satisfies (19) , we also have

N N
[Eorteented, =X e e
Now, consider the canonical isomorphism
Yv:R"® - @R")@R" 5 R"®@--- @ R*' @ R4
(x1®---®xl_1)®xl—>x1®---®xl_1®xl,

- .

and denote by & the ellipsoid in (Rdl & - ®]Rdl—1) ® R% determined by this
isomorphism and &.

Then, for each non-zero z! € R* and u = Zf\il 7l® -t eRY - @ RY-
we have

Juealls=|> oo oo,
— > ®---®xi‘1HH o'l =

Nl = sup (e, u @2’ |
acl

N
= sup ‘<w(a), , x,~1®---®mlf1®xl> ‘
(@)l <1 lel H

< _ 2L x‘

sz 1 ®

:HZ T @ @a !
=1

and

Eo

Nl = Tl [l
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Thus, by Proposition 3.1, € is a tensorial ellipsoid in (Rdl Q& Rd“l) ® R%,
and Biv " @ B&% ¢ £ ¢ BSv U @, B

Now, let d = dy - - - d;_1. Then, by the identification BS" " = Bj (see Subsection
2.1) and the case of two factors proved in Step 1., we know that & = Bg At Finally,

the desired result. O

The next lemma is used in the proof of Theorem 4.2. For a given n € N, I, €
M« (R) will denote the identity matrix of dimension 7.

Lemma 4.6. Let m,n € N and d = mn. If S € Mgy (R) is a positive definite
matriz and there exist antisymmetric matrices Agi, Bri € M, (R), k=1,...,m—1,
1=k+1,...,m such that

I, A 0 Ay I, By ... Bin
. —1‘412 ]n B A2'7m 51— —?12 I'n B Bgfm (24)
M —Agp o, B, By ... I,
Then S = 1.

Proof. Let n > 1 be fixed. We will prove the result by induction on m.

Step 1. If m = 1, then d = n. By definition of S, S = I; and the result is proved.
Assume now that m = 2. In this case,

- In A12 -1 In B12
5 _{—Au In} and 5 _{—312 Jnl

Then S8t = [

I, — A1sB12s Ao+ By _ I 0
—Ay9 — By I, — A12Byo 0 I, '

Thus, Bz = —Ajp and A%, = 0. Since Ajy is antisymmetric, the latter equality
implies that A{yA12 = 0 so Aj2 = 0 which completes the proof.

Step 2. Assume the result is valid for m—1. By E, F, G, H we denote the following
matrices:

I, A o Al [ Ay, ]
g | e o e A ,
~Aino1 —Aam I Lty nm—1) [Am—tm] 1)
I, Bis B 1] [ Bim |
G _ _Bl2 In BQ,Tnfl : H — BQ,m :
~Bimoy —Bap I, Bt

4 n(m—-1),n(m-1) L 4 n(m-1),n
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Clearly, since S is a positive definite matrix then S=!, E, G are positive definite
matrices. Also,

[E F L [¢ H
s=lp 1) = la 1)

and SS = {EG+ FH' EH+ FI"] - [In(m—l) OTL(m—l),n:| .

F'G+I,H' F'H+1, Opmim-1)  In

Therefore, F'H + I,, = I, and F'H = 0,,,. Since we also have F'G + I, H' =
Opn(m—1) then H' = —F'G. This yields

H = -GF. (25)

From the previous equations we get 0 = F'H = —F*GF and

FIGF = 0,,,. (26)
Now, if we write F}, i = 1,2,...,n for the columns of F, then from (26) we have
F'GF; = 0. (27)

Since G is a positive definite matrix, from (27) we know that each F; = 0, i =
1,2,...,nand F = 0. This and (25) imply H = 0.

Finally, we are in position to apply our inductive hypothesis to £ and £~ = G.
Then, E = I,,(;,—1) which implies S = I;. O]
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