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1. Introduction.

The aim of this paper is to study some geometrical properties for sets in the con-
text of degenerate geometries as Carnot groups or more general sub-Riemannian
geometries. In particular we focus on starshapedness and convexity. In this set-
ting convexity for functions has been extensively studied. In contrast with the
Riemannian case, Monti and Rickly in [24] have proved that geodesic convexity
is a bad notion for these more degenerate geometries: in fact in the Heisenberg
group (that is the easiest but also the most significant example) the only geodesi-
cally convex functions are the constants. Danielli, Garofalo and Nhieu [10] and,
independently, Lu, Manfredi and Stroffolini [21] (see also [20]) introduced the
notion of horizontal convexity, named also H-convexity. This notion considers
the scaling (or dilations) associated to the group along horizontal increments only
(for a precise definition we refer to [10, 21]) and it turns out to be a suitable
generalisation of the standard Euclidean convexity in the case of Carnot groups.

Indeed, using horizontal convexity, many typical properties of standard convex
functions has been retrieved, see e.g. [1, 7, 10, 11, 15, 18, 20, 21, 22, 25, 30]. On
the other hand, this notion needs the Lie-group structure associated to a Carnot
group and so it cannot be extended to more general sub-Riemannian geometries. A
more general definition of convexity for functions in this setting has been developed
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by Bardi and Dragoni in [3, 4], by using the idea of convexity along vector fields.
This second notion is equivalent to horizontal convexity in Carnot groups but
applies to any given family of vector fields. Different from the case of convex
functions, the literature about convex sets in the context of Carnot groups and
sub-Riemannian geometries is very tiny. Some properties for horizontally convex
sets in Carnot groups have been investigated by Danielli, Garofalo and Nhieu in
[10]. In this paper we generalise the results therein to the geometry of vector fields
by using the notion of X-convexity developed in [3].

A notion which is deeply connected to convexity is starshapedness: in the Eu-
clidean setting, a set Q C RY is said starshaped (or starlike) with respect to a
point xy € Q if for every x € € the whole segment (1 —t)zo+tx, t € (0, 1), connec-
ting = to xg, is contained in €. It is easily seen that a set is convex if and only if it
is starshaped with respect to any one of its points. Then starshaped sets are surely
interesting for their connections with convex sets, but also independently, since
they provide a more general framework where some properties typically linked to
convexity can be retrieved. For this reason they have been studied and used in
many contexts, including PDEs, see for instance [14, 16, 17, 19, 26, 27, 28, 29].

In this paper we are interested in starshaped sets in Carnot groups, and also
in the more general case of geometries of vector fields, including the Héormander
case as subcase. Indeed, in this framework the notion of starshapedness is not
very well-established. Some definitions and results on starshapedness for Carnot
groups can be found in [8, 9, 12].

Here we consider two different notions of starshapedness in Carnot groups, namely
respectively G-starshapedness and weak starshapedness; the latter working also
in the general case of geometries of vector fields. While the first definition has
been introduced and then studied in the above papers, the second one is newly
introduced in this work. We investigate their mutual relations and their relations
with standard starshapedeness, and some basic properties, which are useful when
studying the geometry of solutions of PDEs, including their connections with
horizontal convexity and X-convexity.

The paper is organised as follows. In Section 2 we recall some known properties of
Euclidean starshaped sets. In Section 3 we introduce Carnot groups and general
sub-Riemannian geometries. In Section 4 we study a first notion of starsheped-
ness in Carnot groups, namely G-starshapedness, by using the natural anisotropic
scaling of the group (dilations). We also look at the connections with horizontal
convex sets. In Section 5 we introduce a new notion of starshapedness in Carnot
groups, namely weak G-starshapedness, that applies also to more general sub-
Riemannian geometries. This second notion is indeed equivalent to X'-convexity
(and so to horizontal convexity in the particular case of Carnot group) whenever
it holds true w.r.t. every internal point. In Section 6 we investigate the rela-
tion between G-starshaped sets, weakly starshaped sets and standard Euclidean
starshaped sets. In Section 7 we study some relations between X-convex sets
and X-convex functions, so extending some results previously known in Carnot
groups.
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2. Starshaped sets in the Euclidean space

We recall some definitions and properties of starshaped sets in the Euclidean space
RY. For more details and properties, we refer for instance to [17, 26, 28, 29].

Definition 2.1. A set Q C RY is said to be starshaped w.r.t. the point xy € Q if
for every x € Q the line segment (1 — t)xg + tx, t € [0, 1], joining xy to x is all
contained in the set (2. We denote by S,, the class of sets that are starshaped
w.r.t. xg. If Q€ Sy, ie. if xp = 0, we simply say that € is starshaped.

Clearly, a starshaped set is connected; indeed it is simply connected. Moreover,
Q) is convex if and only if it is starshaped w.r.t. any one of its points. The class
of starshaped sets is much larger than that one of convex sets; see Figure 2.1 for
some examples. In general a union of convex sets is not convex but is w.r.t. all the
points of the intersection. Thus the easiest way to construct sets not starshaped
w.r.t. any internal point is to consider the union of 3 convex sets with empty
intersection, as e.g. in Figure 2.2.

A

Figure 2.1: A star is starshaped w.r.t. every point in the marked region; a
butterfly-like set is starshaped w.r.t. a single point.

\\//

Figure 2.2: The dumbbell is not starshaped w.r.t. any point; e.g. the picture
shows that it is not starshaped w.r.t. the centre.

Some other trivial properties are listed below: we denote by A and A° the closure
and the interior of the set A, respectively and omit the proofs.

Lemma 2.2. Let A,BCRY andxo € ANB. If A,B € S,, then:
(i) ANBeS,;

(i) AUBE€S,,;

(iii) A€ S,y;

(iv) A° € S,, if and only if xy € A°.
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To avoid problems possibly linked to the previous point (iv), we will usually
consider regular open sets, i.e. sets that coincide with the interior of their closure.

Note that Definition 2.1 can be rewritten as
(1—t)xg+tQCQ, VO<t<I. (1)

Whenever 25 = 0, (1) can be clearly interpreted as a scaling property.

Another well-known characterisation is related to the direction of the normal at
the boundary.

Theorem 2.3. Let Q C RY be a reqular bounded open set with C* boundary.
(i)  If Q is starshaped w.r.t. zo € Q, then

(n(z),z —x0) >0, VaedQ, (2)

where n(z) is the outer unit normal of £ at the point x.

(ii)  Assume that the strict inequality in (2) holds true, then ) is starshaped
w.T.t. Tg.

Proof. The result is well-known but we include a proof for completeness and for
later generalisations. Fix a point z € 0 and indicate by 7,,. the segment line
joining zo to z in time 1, i.e. 74,1 [0,1] = RY defined as v, . (t) = (z—x¢)t + 0.
Note that, without loss of generality, we can assume that there exists some C!
function u: RY — R such that 9Q = {z € RY |u(z) < 0} and 9Q = {z € R"|
u(z) = 0} (otherwise we can argue locally). In this case:

n(:c) = < and ;Y:t:o,:zz(l) = X — Zo. (3>

(4)

d
Then — U (Va2 (1))

o (e®) — 4 (ege(1)
7 = lim > 0. (5)

t—1— t—1 -

t=1

On the other hand, using Equation (3) we find

d

—U (Y (1))

i = (Vu(@), 3o (1)) = |Vu(@)|(n(z), z — z0). (6)

t=1

Combining (5) and (6) we get (2).
To prove part (ii) we assume the strict inequality in (2). Then by (6) we deduce
that there exists some n € (0, 1] such that

u(’ywo,w(t)) < 07 Vit e (1 - 1)7
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which means 7,,.(t) € Q, Vt € (1 —n,1). Define
t:=min{t € [0,1]|75.(t) €QVE € (t,1)}.

Note that such a minimum exists by continuity and also £ # 1 since t < 1—n < 1.
If t = 0 we can conclude that € is starshaped w.r.t. xy. So lets assume that
t € (0,1). In this case obviously

T i= Yapu(t) € O0.

We apply the strict inequality in (2) at Z. Arguing as above we can find 77 € (0, 1]
such that v,,z(t) €, Vi€ (1 —7,1). On the other hand by using the structure
of (Euclidean) lines and the fact that Q is a regular open set, this means that
Vao.(t) € Q for t € (t —177,1), which contradicts the minimality of ¢. O

The following remark is essential to understand the large generality of the proof
above.

Remark 2.4. In the above proof we can actually replace the segment line v, ,
with any other family of C! curves joining z( to x in time 1 as soon as the following
rescaling property is satisfied:

Yo () = C Yzoz(1), withT =,,,(f) and for some C' = C(¢) >0. (7)
In fact assumption (7) ensures that

(1(F) Aroz(D)) >0 = Tzl | <0

t=t
Obviously (7) is trivially true for (Euclidean) lines since

oz (1) = (T = 20) = £z = 20) = Fao (),

but this rescaling property can be easily checked in other families of curves which
will be crucial in our later generalisations.

3. Carnot groups and sub-Riemannian geometries

Carnot groups are stratified non-commutative Lie groups and the Heisenberg
group is the most famous example of a Carnot group. We briefly recall the main
definitions and some properties about Carnot groups. For more details we refer
to [6].

Definition 3.1. (Carnot group) A Carnot group is a simply connected nilpotent
Lie group (G, o) whose algebra g is stratified, i.e.

g=81DgD - ODgk,

for some natural number £ > 1 and g, = {0} for all » > k. Moreover g; = [gl, gi,l}
for all 4 = 2,...k. The natural number k is called the step of the Carnot group.
(G, o) is non-commutative whenever k > 2.
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Recall that g; is the generator of the Lie algebra g. In general we indicate by N
the dimension of g (which is equal to the dimension of G) while we indicate by
m; the dimension of each layer g; for i = 1,... k; hence m; +---+my = N. We
usually write m = m;.

Carnot groups are equipped with a family of automorphisms of the group (namely
dilations), defined by

oy (exp (Z Z gj,in,i>> = exp (Z Z tigj,in,i> , (8)

i=1 j=1 i=1 j=1
where exp is the exponential map (see [6] for definition and properties) and g; ;
are the exponential coordinates of the point g € G, that is:
g = exp (Zl 12j 195 “) and X;; for j = 1,...,m; are a basis for g; with
1=1,...,k.

We also like to recall the following lemma.

Lemma 3.2. ([6], Proposition 2.2.22) If G is a simply connected nilpotent Lie
group, then it is isomorphic to RY (so we indicate every element g by the cor-
responding point x in RY ) with a polynomial multiplication law (2°,2) — 2° o x
whose identity is 0 and inverse is © — —x.

Then we identify G with the triplet (RY,0,d;). By the definition of dilations one
can deduce the following properties (see e.g. [6]).

Lemma 3.3. (Properties of dilations) Given a Carnot group G = (R, 0,4,), for
all z,y and for all t,ty,ts the following properties hold:

(1) Gi(z) =z

2)  d(x) = (51)  (2),

(3) 4y (5t2(:v)) = 04,1, (),
(4> 5t(x) o 5t(y) = (5t<x © y),
(5)

5)  whenever k > 2, then 0y, (x) 0 64, () # 84,14, ().

We are interested in the non-commutative case (i.e. k > 2), then in general the
left-translations and the right-translations are different. We consider only [eft-
translations, defined, V2 € RY, by the function L,: RY — RY with L,(y) = zoy.

Carnot groups can be endowed by a distance and a norm defined in line with the
stratification of the Lie algebra, as follows.

Definition 3.4. (Homogeneous norm and homogeneous distance) A homogeneous
norm || - || is a continuous function from G = (RY,0,4,) to [0, +-00) such that
(1) Jlz|lp=0 <= z=0,

2) llz7Hn = llzlln, Yz eRY

(3)  |IoA(@)||n = Mz||n, V2 € RM, X >0,

4) Nlzoylln < llzlln + [1ylln, Yo,y € RY.
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The induced homogenous distance between two points z,y € RY is defined by
di(z,y) = [ly™" o zlln = [[(~y) o z|s-

The homogenous norm can explicitly be written as:

k
llln = [
=1

;- 2¥), exp~(2') € g; and [|z’]|,, is the standard Euclidean norm

1

- (9)

where z = (z*

in R™,
Example 3.5. (The Heisenberg group) The n-dimensional Heisenberg group H"

is a Carnot group of step k = 2 defined on R*"*!. Here N = 2n + 1 and m = 2n.
The group operation is

2yt —zt -y
roy= |21+ Y1, -, Ton + Yon, Lont+1 + Yon+1 + — 5 — |,
where z = (2!, 2% 29,41) € R" x R" x R and 2! = (21,...,2,) € R" and 22 =
(Tpit,- .-, Ton) € R™ The dilations are given by 6;(z) = (txy, ..., tTon, *Tony1),

and the homogenous norm (9) can be written as ||z||, = ((Zfil x?)?+ 3,

)1/4
Since Carnot groups are Lie groups, we can associate to them also a manifold
structure: in fact g can be identified with the tangent space at the identity element
e, thus g; is an m-dimensional subspace at that point. By left translations we
define an associated distribution by exp~* (q: o Ql) where G; = exp(gi), at any
other point of the group (see [6] for more details). Choose Xi,...X,,, as basis
of left-invariant vector fields for g;, then the distribution spanned at any point
by Xi,..., Xy, is usually called horizontal tangent space. For more definitions
and properties on left-invariant vector fields in Carnot groups we refer to [6],
Section 2.17, Definition 2.1.41. Note that those vector fields satisfy the Hormander
condition with constant step k (namely the distribution is bracket generating),
that means that

Span(E(Xl,...,Xm)(a:)) =T,G, Vzeg, (10)

where £(X1,..., X,,)(z) is the Lie algebra (the set of all commutators) associated
to the given family of vector fields at the point x.

Example 3.6. In the case of the Heisenberg group (Example 3.5) the left-invariant

vector fields spanning g; are

l‘ .
XZ(ZU) =€; — T;Z €on+1,

. fori=1,...,n, (11)
XnJrz(x) = €p+q + 51 €on+1,

while X5,11 = es,1 spans go with g = g; @ go, and thus it is trivial to check the
Hormander condition with step 2; in fact [Xl(x), X2n+1(a:)} = e9,11, at any .
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Note that condition (10) is independent on the group structure and can be intro-
duced in every manifold. This is the key idea behind sub-Riemannian manifolds.

Definition 3.7. (Sub-Riemannian manifolds) Given an N-dimensional manifold
M and a family of vector fields X = {X3,...,X,,} defined on M satisfying the
Hormander condition (10), one can induce a Riemannian metric <-, >H on the
associated distribution H, = Span(Xi(z), ..., X;,(2)), for more details we refer
to [23]. The triple (M, H., <,>H) is called sub-Riemannian manifold or sub-

Riemanninan geometry.

On sub-Riemannian geometries which are not Carnot groups, it is in general not
possible to define dilations, translations and the homogenous norm and distance.
Still these geometries are metric spaces with the associated Carnot-Carathodory
distance (see e.g. [5, 23] for definitions and properties). A key notion in this setting
is the one of admissible, namely horizontal, curves. Any absolutely continuous
x: [0,1] — RY is horizontal whenever 3 o, ..., a,, measurable such that

i(t) = Zai(t)Xi(x(t)), a.e. t € (0,1). (12)

The m-valued measurable function o = (ay, ..., ay,) is called horizontal velocity.

Example 3.8. The easiest example of a sub-Riemannian manifold which is not
(globally) associated to any Carnot group is R? (with the usual topology of open
sets) with the vector fields X (z1,22) = (1,0)" and Xa(z1,22) = (0,21)" for all
(71, 72) € R? with the Riemannian metric induced by the Euclidean metric on
the space generated by X; and Xs. Such a geometry is known as the Grushin
plane.

For more properties and examples on sub-Riemannian manifolds we refer to [23].

4. G-starshaped sets

In every Carnot group G we can define a notion of starshapedness in line with the
Euclidean definition given by (1).

Definition 4.1. Consider a Carnot group G = (RN , 0, (5t) and Q C RY, we say
that € is G-starshaped w.r.t. a point xo €  if and only if

To00(—x00Q) CQ, Vitelo1]. (13)

Note that by the Lemma 3.2 we know that 2, ' = —zy. The above definition gives
back the standard Euclidean definition whenever §;(x) =tx and xoy =x +y. If
zo = 0 then (13) becomes simply 6;(Q2) C €; thus it is evident as Definition 4.1 is
actually a scaling property w.r.t. the natural scaling induced by the dilations on
a Carnot group.

For a generic z, we can consider the left-translated set Q' = L_, () = —zg 0 €,
then (13) is equivalent to requiring €’ G-starshaped w.r.t. 0 (note that zo € Q =
0 € V). Then Definition 4.1 is coherent with the Lie group structure of G.
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Remark 4.2. Unlike the standard Euclidean case, in Carnot groups in general
To © (St(—l'o) 7é 51_t($0).

Next we give some easy examples.

Example 4.3. Consider the gauge ball B%(0) := {z € R"||z|, < R} C RV,
where ||z, is given by (9). By using [|6;(x)||r = t||z||n an easy computation
shows that §;(B%(0)) = Bl (0), which trivially implies B%(0) G-starshaped w.r.t.
0. In the same way B (zo) is G-starshaped w.r.t. a generic centre .

Figure 4.1: The dilation curves v(t;x) = (tx1,txo,t* x3) in H', represented on
the projection plane x5 = 0.

Remark 4.4. (G-starshaped in the Heisenberg group) In the particular case of
the 1-ional Heisenberg group H!, Definition 4.1 with 2y = 0 means that, for all
r = (11,29, 73) € Q, the curve v(t;x) = (tx1,t 9, 1? x3) is contained in Q for all
t € [0,1]. For any fixed z, v(t; ) are parabolas around the zj-axis starting at
the origin, passing through the point = (see Figure 4.1). Note that the parabolas
degenerate into Euclidean straight lines on the plane z3 = 0. Moreover they
become straight segment also on the xz-axis but with velocity 2x3t (instead of
constant velocity as in the Euclidean case). Using these parabolic curves, it is
easy to build plenty of examples of G-starshaped sets.

In Section 6 we will give additional examples of G-starshaped sets in the Heisen-
berg group; in particular we will give examples of G-starshaped sets which are
not starshaped in the standard Euclidean sense.

In the classic Euclidean setting, one of the characterisations for starshaped sets is
known to be related to the normal at the boundary (see Theorem 2.3). An anal-
ogous characterisation can be proved in Carnot groups by using the infinitesimal
generator induced by the anisotropic dilations (8), i.e.

[(z) := %(ét(x)) : (14)

t=1
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For example in the Euclidean case I'(x) = = while in the n-dimensional Heisenberg
group: D(z) =T(xy, ..., %90, Tons1) = (T1, .-+, Ton, 2 Topt1)-

In general, by using the structures of dilations in Carnot groups, we have:

0(z) = (txy, ... T, 1" P g, .t N TN,
with i1, ..., any > 1 natural numbers, that implies
D(x) = (21, .., Ty O 1Tms 1, - - - ANTN).

More in general, for any given zo € RY, we define

T(; 20) = %(ajooét(—xoox)) (15)

t=1

Theorem 4.5. Let us consider a Carnot group G = (RN,O75t) and Q C RV
open, reqular and bounded with C'-boundary and a point xq € Q.

(i)  If Q is G-starshaped w.r.t. xq, then
(T'(x,m9),n(z)) >0, VazedQ, (16)

where I'(x) is the infinitesimal generator of the dilations defined in (15) and
n(x) is the outer unit normal of Q at the point x.

(ii)  Assume that the strict inequality in (16) holds true, then Q is G-starshaped
w.r.t. the xg.

Proof. A proof of this result can be found in [9] (see also [12]). Here we prove
the result simply by checking the rescaling property (7) for the smooth curves

Vaox(t) = T 0 8(—xg 0 &) = Ty 0 0(—x0) © Ot(2);

then the proof of the Euclidean result applies (see Theorem 2.3 plus Remark 2.4).
To this purpose, by using d§;(x o y) = &;(x) o §;(y), we first compute:

o alt) = 0 0 84(—20) 0 6 ( 0 5i(—a0) o @(x)) — 00 8y4(~20) 0 61y (x).

Thus setting s = tt, we get:

. d _
ingzl1) = 3 (00 8(-0) o 6:(0))
t=1
d ds -, _
— % (QZO O 55<_x0) O 55(1‘)) . % — tf)/xo,x(t> D

As in the standard Euclidean case, one can approximate sets by G-starshaped
sets.
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Definition 4.6. (G-starshaped hull) Given an open subset 2 C G, we define the
G-starshaped hull of the set €2 w.r.t. a given point xy, and we simply indicate by

Q;“cf’, the set given by the intersection of all the sets which are G-starshaped w.r.t.
xo and contain €2. This can be written as

Q8 = | J (w00 6(—20) 0 6:()), (17)

te(0,1]
that simply writes Q*¢ = Usegog 6:(€2) in the case zy = 0.

Remark 4.7. Trivially, given an open subset Q C RY, Q is G-starshaped w.r.t.
xo if and only if Q = Q3 C.

In the Euclidean setting, it is known that startshapedness w.r.t. each internal
point is equivalent to convexity. This is not anymore true in the case of G-
starshapedness and horizontal convexity. Horizontally convex sets (namely also
H-convex sets) have been introduced and studied in [10]. In Section 6 we will show
that G-starshapedness w.r.t. each internal point implies horizontal convexity (see
Proposition 6.2) while the opposite implication is in general false. It is actually
quite easy to construct counterexamples already in the Heisenberg group H!, as we
see in the next two examples. First we need to recall that all the Euclidean convex
sets are in particular also horizontally convex in H': this can be easily shown by
using the equivalence of horizontal convexity with v-convexity (see [21, 20]) or by
using the equivalence of horizontal convexity with X-convexity (see [3, 4]).

o et & & B e B O

“.-csq,%%ﬁ&!‘@btc

Figure 4.2: A Euclidean convex set (hence also horizontally convex in the Heisen-
berg group) which is not G-starshaped in H' w.r.t the origin. As one can see the

dilation curve joining the origin with the internal point (%, 1, 2) goes outside the
set (see Example 4.8).

Example 4.8. Consider the cone Q := {(z1,22,13) € Rs‘l'g > \/ai+ a3 — 5
(see Figure 4.2), then € is convex in the standard Euclidean sense so it is also
horizontally convex in H! but it is not G-starshaped w.r.t. (0,0,0) € Q. In

fact given the point p = (%, 1, 2) € ), the corresponding dilation curve &;(p) =

(%t,t, 2t2) does not all belong to Q for t € (0,1), e.g. for t = i.
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Example 4.9. This example is very similar to the previous one but in this case

the set does not have corners at the boundary and it is also strictly Euclidean
3
convex. In fact, consider Q := {(z1,22,73) € R® |23 > (2} + 23)* — 107"} (see

Figure 4.3), then 2 has a smooth boundary and it is strictly Euclidean convex and
therefore (strictly) horizontally convex in H' but it is not G-starshaped w.r.t. the
origin. This can be proved using the same point given in the previous example.

Figure 4.3: A smooth and strictly Euclidean convex set (hence also horizontally
convex) which is not G-starshaped in H! w.r.t the origin (see Example 4.9).

Very interesting examples of horizontally convex sets, which are not G-starshaped
w.r.t. to an open set of internal points, have been given by Danielli and Garofalo in
[8]). In that work the authors proved that the homogeneous ball in the Heisenberg
group is not G-starshaped w.r.t. a open subset of internal points, located near
the characteristic points.

From what we have remarked above, we can also deduce another difference be-
tween this notion and the standard Euclidean notion. In fact, while exactly as
in the standard Euclidean case, the union of G-starshaped sets w.r.t. the same
point xg is still trivially G-starshaped, the union instead of two horizontal convex
sets could be not anymore G-starshaped w.r.t. all the points of the intersection,
since horizontally convex sets are not anymore necessarily G-starshaped w.r.t. all
internal points.

In the next section we introduce a different definition of starshapedness in Carnot
groups, that can be generalised also to more general sub-Riemannian geometries
and characterises horizontal convexity.

5. Weakly starshaped sets

In the previous section we have studied a notion of starshapedness related to the
natural scaling defined on Carnot groups. In this section we introduce a new
notion of starshapedess related to more geometrical curves. We show that this
newly introduced notion is weaker than the previous one but can be applied to
the very general setting of geometries of vector fields and so in particular the
Hormander case. Moreover this notion trivially characterises X'-convexity (see
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[3]), thus it characterises also horizontal convexity in the case of Carnot groups.
We start recalling the notion of X'-lines, which are horizontal curves with constant
horizontal velocity (recall the curves defined in (12)). More precisely.

Definition 5.1. Given X = {X;,..., X,,} family of vector fields on RY, we call
X-line any absolutely continuous curve z: [0, 1] — R satisfying

B(t) = 0 Xi(x(t), ae.te0,1], (18)
i=1
for some o = (avy, ..., ay,) € R™. The vector « is the constant horizontal velocity.

We usually indicate an X-line corresponding to the horizontal constant velocity
a by % We will always assume that the vector fields are at least C'. Therefore,
by standard results for ODEs, we know that, on bounded domains in R¥, for all
a € R™ there exists a unique z* starting from a given point x( at time ¢ = 0; we
indicate such a curve by zj .

Note that X-lines have at least the same regularity of the vector fields; thus in
the case of Carnot groups they are smooth.

Remark 5.2. (Matrix associated to the vector fields) Later we will also often
use the matrix o(z) associated to X, that is defined as the N x m-matrix whose
columns are the vectors X (z), ..., X, (), at every point z € RY. In this notation,
the X-line associated to the constant horizontal velocity « can be written as

(1) = o (z%(1)) .

Example 5.3. In H' (see Example 3.5), an easy computation shows that the
X-line corresponding to constant horizontal velocity a = (ay,as) € R? is the
(Euclidean) straight line 22 (¢) = (29 + a1 ¢, 2 + o t, 2§ + [(27 a0 — 29 1) /2] t).

Example 5.4. Given the Grushin plane defined in Example 3.8, the X’-line corre-
sponding to constant horizontal velocity o = (g, ap) € R? is the parabolic curve
28 () = (a9 + o t, 2f + a2l b + [(a1 a2)/2)] 7).

Next we introduce the X-plane w.r.t. a given point xq, which is the set of all the
points which can be connected to x( trough a X-line, i.e.

Vo i= {y€RY|Ta € R™ and 2* X-line such that z*(0)=zo, z*(1)=y}. (19)
For more examples and properties for X-lines and X-planes, we refer to [3, 4].

Definition 5.5. (Weakly starshaped set) Given a family of C'! vector fields X' =
{Xi,...,X,;n} defined on RY (with in general m < N), we say that O C RY
is weakly starshaped w.r.t. some point xy € {2 whenever for all y € V,, N the
X-segment joining o to y belongs to Q, i.e. 2*(t) € , for all ¢ € [0, 1] and for all
a € R™, where z® is the X-line defined in (18) with 2*(0) = zy and z*(1) = y.

Next we show that the above definition characterises X-convexity. A definition of
X-convex sets can be easily introduced following the ideas in [3].
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Definition 5.6. (X-convex sets) Given a family X = {X;,..., X,,} of C'* vector
fields defined on RV (with in general m < N) we say that 2 C RY is X-convex if

ro. (1) €Q, Vte(0,1), Vag € Qand Vy € QN Vy,
where g is the X-segment joining zy to y at time ¢ = 1.

In Section 7 we will study some properties of X'-convex sets. In this section we
only consider their relations with weakly starshaped sets.

Lemma 5.7. Given any family of vector fields X = { X1, ..., X,,} defined on RY
(with in general m < N ), a set Q@ C RY is X-convex if and only if Q is weakly
starshaped w.r.t. every point xy € §2.

Proof. The proof is trivial. In fact a function is X-convex if and only if it is
convex in ¢ along all the X-lines starting from every zq € Q (see [3]), then the
result follows immediately. O

Remark 5.8. (Weakly starshaped sets in Carnot groups) Whenever we have a
Carnot group G, we can consider the family of left-invariant vector fields X =
{X1,..., X,,} associated to the first layer of the Lie algebra g; thus the definition
of weakly starshaped applies in particular also to Carnot groups.

By using the equivalence between X-convex functions and horizontally convex
functions in Carnot groups (see e.g. Lemma 4.1 in [3]) we have the following
lemma.

Lemma 5.9. Given a Carnot group G, a set 2 C G = RY is horizontally convex
(namely also H-convex) if and only if Q0 is weakly starshaped w.r.t. every point
rg € Q, where X = {Xy,...,X,,} is the family of left-invariant vector fields
associated to the first layer of the Lie algebra g.

We want to highlight that, unlike the associated A'-convexity where the possibility
to vary the starting point x( gives a good control of the set in all directions, the
definition of weakly starshaped gives a sort of control of the behaviour of the set
only at the points of the set which belong to V,,. For example in H!, taking
xo = 0, we have no control of the set in the vertical direction (i.e. in the direction
of .Tg).

Also for weakly starshaped sets we can deduce a characterisation at the boundary.

Theorem 5.10. Given a family of C* vector fields X = {X1,..., X} defined on
RY (with m < N ), consider a reqular open bounded set @ C RY with C*-boundary
and a point xqy € €.

(i) If Q is weakly starshaped w.r.t. xo, then
(o(z)az,n(z)) >0, YzeV,Nnow, (20)

where o(x) is the matriz associated to the vector fields (see Remark 5.2),
n(x) is the standard (Euclidean) outer unit normal of ) at the point x, and
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a, € R™ is the unique constant horizontal velocity such that the corresponding
X -line starting from xo reaches x at time t = 1.

(ii) Assume that the strict inequality in (20) holds true, then Q0 is weakly star-
shaped w.r.t. xq.

Proof. We first remark that X-lines are C! since the vector fields are assumed
to be C'. Thus if we prove that the rescaling property (7) is satisfied, then the
proof of the Euclidean result applies (see Theorem 2.3 plus Remark 2.4).

To check (7) we need only show that, for all € (0,1) and Z = 3= (t), we have

Yooz (t) == 227 (t) = a8 (), witha =1a,. (21)

o

Claim (21) trivially implies

Yroz(1) = 0 (Yap 2(1)) (@) = L0(T)z = Ty (D).

To check (21) set for simplicity y(s) := 257 (t s), then y(0) = z( and
y(s) =tal (ts) =to (22 (ts)) = o(y(s))a.

By uniqueness for ODEs with C! coefficients we deduce (21). O

In the particular case of Carnot groups, using canonical coordinates, one can show
that the first m-components of X-lines are actually (Euclidean) straight lines (see
e.g. Lemma 2.2, [4]), that means

ay = Tp(x —x0), VaeV,,

where by 7, : RV — R™ is the projection on the first m-components. Then we
can rewrite the previous result in the following easier way.

Corollary 5.11. Given a Carnot group G and the associated family X of left-
invariant vector fields associated to the first layer of the stratified Lie algebra g in
canonical coordinates, consider a set 2 C G and xy € G.

(i) If Q is weakly starshaped w.r.t. xq, then
(0(2)mm(z — z0),n(z)) >0, Va eV, NnoQ, (22)

where n(x) is the standard (Euclidean) outer unit normal at the point x and
Tm 1S the projection on the first m-components.

(ii) Assume that the strict inequality in (20) holds true, then § is weakly star-
shaped w.r.t. xq.

Again we want to point out as Theorem 5.10 and Corollary 5.11 give a charac-
terisation for the weakly starshaped sets only on a subset of the boundary since
they consider only points in 9Q2 NV, .
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Remark 5.12. (Characteristic points) Note that strict inequalities in (20) (and
respectively (22)) are more difficult to get than in the standard Euclidean case. In
fact the inequality vanishes at every characteristic point. Characteristic points of a
set {2 are points of the boundary where the Euclidean normal n(z) is perpendicular
to the horizontal space H,. We recall that the horizontal space H, is defined as
the vector space spanned by the vectors X (z), ..., X,,(x). Therefore the velocity
of X-lines at a point x always belongs by definition to H,, which trivially implies
that (20) (and so (22)) vanishes at all characteristic points.

Remark 5.13. (Non-characteristic points and horizontal normal) When the
point z € 92 NV, is non-characteristic, then (20) and (22) can be respectively
rewritten as

(az,no(z)) >0 and (my(z — x),no(z)) >0,

where the scalar product is now the standard scalar product on R™ and by ng(z)
we indicate the outer unit horizontal normal at the point x, in our notation

@)
o(z) = ‘O’t n(x)|X

where for all points v(x) € H, the sub-Riemannian norm induced by X is defined
as [v(@)] = VI Bie) for v(z) = KL, 6ix) Xi(w).

Note that at characteristic points instead of(z)n(xz) = 0, which means that ngy(z)
is not defined.

6. G-starshaped vs weakly starshaped and Euclidean starshaped.

In this section we always refer to Carnot groups looking at the associated RY
with a polynomial non-commutative group law (see Lemma 3.2); thus, fixed a
point zy € G, we can introduce three different notions of starshapedness: the
standard (Euclidean) notion in RY | G-starshapedness and weak starshapedness.
In this section we want to fully understand the mutual relations between these
three notions. Next we show that weak starshapedness is indeed a weaker notion
than G-starshapedness in the sense that the second one always implies the first
one while the reverse is in general false.

Proposition 6.1. Given a Carnot group G (identified with RN by Lemma 3.2)
and consider the family X = {X1,..., X;u} of left-invariant vector fields associated
to the first layer of the stratified Lie algebra. Let @ C RN and zq € Q, if Q is
G-starshaped w.r.t. xo (according to Definition 4.1), then 2 is weakly starshaped
w.r.t. xo (according to Definition 5.5).

Proof. For sake of simplicity we consider first the case zo = 0. So assume that €2
is G-starshaped w.r.t. 0, that means d,(y) € €2, for all ¢ € [0,1] and for all y € Q.

To show that €2 is weakly starshaped w.r.t. 0, we need to consider a generic point
y € VonQ, ie y=ax*1) for some a € R™ with z® corresponding X-line starting
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at the time ¢t = 0 at the origin; then we claim that:
z(t) = 0u(y). (23)

Assuming claim (23), it is immediate to conclude: in fact, weakly starshaped can
be written again as &;(y) € Q for all ¢ € [0, 1] but only for all y € VoNQ C Q. Then
the implication follows. We remain to show claim (23). At this purpose, we need
to recall a non trivial result for the left-invariant vector fields of Carnot groups in
exponential coordinates ([6] Proposition 1.3.5 and Corollary 1.3.19). Let o(x) be
the smooth N xm-matrix associated to left-invariant vector fields X7, ..., X,,, (see
Remark 5.2), then in exponential coordinates the matrix o(z) can be written as

Idpsm
O’(l‘) = )
A(z)
where Id,, ., is the m xm-identity matrix while A(z) = (aji(a:))ij fori=1,...,N
and j = 1,...,m and the coefficients a; ;(x) are polynomial functions in the vari-
ables x1,...,x, of degree exactly equal to £ — 1, whenever the corresponding

component m + i scales as t* w.r.t. the associated family of dilations &, defined
in (8). Using this result, we can show that, for all constant horizontal velocity
a € R™, the X-line z“ starting at ¢ = 0 at the origin can be written as

oY) =art, ..., 2% (t) =yt and  2%(t) = Py i(an, ..., o) t"

whenever z; scales as t* in the associated dilation §; and where by P p1(z1, ey i)
we indicate a generic polynomial of order £ — 1. Taking ¢t = 1, we find that for all
y € Vo then

y= (01, . sy, Pig_1(ar,...,am),...), and

575(?/) = (Oélt, Ce ,Ozmt, Ce ,Piyk_l(al, PN ,O{m>tk, Ce ),
which proves (23).

We now consider the general case xy # 0, then we recall that G-starshaped means
that zg0d;(—z) 06 () C €, for all ¢ € [0, 1]. Recall that property (4) in Lemma
3.3 tells §;(—xg) 0 0;(y) = 0,(—xp 0 y). Hence for all y € V,, we need to show that

1o 0 0y(—mwo 0 y) = w5 (1), (24)

where by z we indicate the X-line with constant horizontal velocity a and such
that 3 (0) = ¢ and x5 (1) = y. Since y € V,, if and only if —z 0y € Vj, then
there exists some constant & such that the corresponding X-line xf connects 0
to —zp oy at time 1. From (23) we know that &;(—zo o y) = z§(t). Define the
curve T = xg o x. By left-invariant property for the vector fields, we have that &
is still a horizontal curve with constant horizontal velocity . Moreover it is easy
to check that Z(0) = x¢ and Z(1) = y, so by uniqueness of X-lines joining two
given points in Carnot group, we find Z = xJ , that implies (24) and concludes
the proof. O
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The previous result implies trivially the following result.

Proposition 6.2. Given a Carnot group G, and Q2 C G, if Q is G-starshaped
w.r.t. each point xy € €2, then § is horizontally convex.

Proof. Since G-starshapedness implies weakly starshapedness (see Proposition
6.1) then Lemma 5.7 gives the implication we were looking for. [

The reverse implication of the previous result is in general false, unless we are in
the commutative case (i.e. step= 1), where V, = RY for all 2. To prove this
statement we give a counterexample in the case of the 1-dimensional Heisenberg
group H'.

Figure 6.1: A weakly starshaped set w.r.t. the origin in H', which is not G-
starshaped (Example 6.3). The set is indicated by the spheres; one can see that
the dilation curve goes outside the set.

Example 6.3. (A weakly starshaped but not G-starshaped set in H') Let us
consider the set Q := {(z1, 72, 23) € R¥|x; + 25 — 2§ < 1}. Using that the X-
plane at the origin in H' is Vo = {(z1,22,0) |21, 72 € R} (see e.g. [4]), then it
is trivial to show that ) is weakly starshaped w.r.t. 0 since its projection on the
first two components is the whole (x1, z3)-plane. Instead 2 is not G-starshaped
w.r.t. 0in H'. In fact, if we look at the point p = (0,1.8,1) € €, then the dilation
curve &;(p) for t€ (0, 1) is not all contained in €, e.g. d3/4(p) €2 (see Figure 6.1).

As we have already noticed, roughly speaking, in the case xq = 0 for a set )
to be G-starshaped, the set needs to be “starshaped” along the dilation curves
~v(t) = §(x) for all fixed x € Q. The standard Euclidean starshapedness means
instead to look at the behaviour along straight lines. With this difference in mind,
it is not difficult to construct counterexamples to show that the two notions are
completely non equivalent, in the sense that none of them implies the other.
We again look for counterexamples in the 1-dimensional Heisenberg group H*
defined in Example 4.4. To show that Euclidean starshapedness does not imply
G-starshapedness, the easiest way is to consider the Euclidean convex sets given
in Examples 4.8 and 4.9, see Figures 4.2 and 4.3. To prove that G-starshapedness
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in H' does not imply Euclidean starshapedness, we can consider any non-convex
set (in the standard Euclidean sense) such that the boundary is foliated by the
dilation curves in H!, e.g. see the next example.

0 et P e 8 VPHHFEY Y

Figure 6.2: A G-starshaped set in H' which is not Euclidean starshaped the set
is indicated by the spheres.

Example 6.4. (G-starshaped set in H' but not Euclidean starshaped) Consider
the set Q = {(z1,22,23) € R*| 23 < 2% + 23 + 5} , then the origin is an internal
point and so is (1,1,1). The set Q is G-starshaped w.r.t. the origin: in fact, set
p = 0:(p) = (x1, T2, x3) then, for all t < 1, we find

~ 1 IO P P 1
-’E3=t2x3<t2($3+$3+%)=I12+$22+%§I12+$22+%,fortﬁl-

This shows that §;(p) € Q, for all t € [0,1] and for all p € Q; thus Q is G-
starshaped w.r.t. the origin. Look now at the (Euclidean) straight segment-line
joining the origin to p = (1,1,1) at time ¢ = 1, that is I(t) = pt; then e.g. for
t=3€(0,1),1(t) ¢ Q, thus Q is not Euclidean starshaped w.r.t. the origin (see
Figure 6.2).

We now look at the relations between weakly starshaped sets and Euclidean star-
shaped sets. In the n-dimensional Heisenberg group it is easy to show that Fu-
clidean starshaped sets are always weakly starshaped since the X-lines are Eu-
clidean straight lines (see Example 5.3). Instead this same implication is trivially
false whenever the X'-lines are not Euclidean straight lines, e.g. in the Grushin
plane (see Example 5.4). Explicit counterexamples are easy to build in the Grushin
plane but also in Carnot groups with step > 2 (e.g. in the Engel group); we omit
them. We now deal with the opposite implication: to construct weakly starshaped
sets which are not Euclidean starshaped is possible in every non commutative
Carnot group. We give as usual an explicit counterexample in H!.
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Example 6.5. (A weakly starshaped set in H! not Euclidean starshaped) Con-
sider the set Q = {(z1,22,23) € R® : 11 + 29 + 25(23 4+ 2)3(z3 — 1) < 5}, then Q
is weakly starshaped w.r.t. 0 in H!. In fact, take any point ¢ € VN € then
q = (a1,a3,0), for some aj,ay € R. Then the X-line joining the origin to ¢ in
time ¢ = 1 is 2§ (t) = (ait, ast, 0); thus for 0 < ¢ < 1 and using that ¢ € Q that
implies oy + ay < %, we easily find aqt + ast = (ag + ao)t < (ag + ap) < %, that
means z§(t) € €, i.e. Q is a weakly starshaped w.r.t. the origin. Instead {2 is not
Euclidean starshaped w.r.t 0: in fact if we consider the point (2,2, —1.4) € Q\Vy,
then the Euclidean line joining the origin to (2,2, —1.4) does not all belong to 2,

e.g. t=1€(0,1) (see Figure 6.3).

A ¥ A %,
o8 b ehate Friniean ey §

Figure 6.3: A weakly starshaped set in H' which is not Euclidean starshaped; the
set is indicated by the spheres. The straight line joins to internal points but exits
the set (see Example 6.5).

Summing up we have showed that G-starshapedness is a stronger notion than
weakly starshapedness in the sense that the first one implies the second one and
that in general both of them are non-equivalent in both directions to Euclidean
starshapedness (but the particular case of the Heisenberg group where the weaker
notion is always implied by the Euclidean notion).

7. X-convex functions vs X-convex sets.

In this last section we generalise some relations between the X'-convex sets (see
Definition 5.6) and the X'-convex functions introduced in [3, 4]. Similar properties
have been already proved in the case of Carnot groups by Danielli, Garofalo and
Nhieu in [10] by using the equivalent concept of H-convexity.

First we look at the property of sub-level sets.

Proposition 7.1. Let X = {Xy,...,X,,} be a family of C* vector fields on RY
and Q0 C RY be an open and bounded set, and consider a functionu: Q — R. Ifu is
a X -convex function, then for any a €R the sub-level set Q, = {xeQ|u(z) < a}
s X -convez.
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Proof. Let us fix a € Rand = € (2, and let us consider the X-line ¢, starting at
x with constant horizontal velocity «, for all @ € R™, and such that z$(1) € Q.
Then (2, is X-convex if and only if z$(¢) for all ¢ € [0, 1]. Recall that z%(t) € Q,
if and only if u(z%(t)) < a. By using that u is X'-convex, we find that

u(z®(t)) = u(z*(1— )0+ t) < (1 —t)u(z*(0)) + tu(z*(1))
=(1—-tu(z)+tuly) <(1—tla+ta=a,

thus all the level sets €2, are X-convex in (). ]

Next we look at the characterisation by the epigraph. Recall that, given a function
u: Q — R with Q C RY, the epigraph of u is the subset of  x R defined as

epi(u) == {(z,a) € A x R|u(x) < a}.

Theorem 7.2. Let X = {Xy,..., X} be a family of C* vector fields on RN and
Q C RY be an open and bounded set, and consider a function u : 0 — R. Then u
is X-convex if and only if epi(u) is X-convex, where by X we denote the family

of vector fields on RN x R, defined by X = {)?1, e sz, Xm_i'_l} where

0
)?i(ac,a) = ( Xzéfﬂ) ) for 1=1,....m and )}mﬂ(x,a) = 0
1

Proof. We consider a point (x,a)€epi(u) C Q x R and fix (y,b) EVf;a) (epi(u).

Note that (y,b) eVE . = 2€V,=V¥ and beR. (25)

(z,a)

Then let us consider any X-line segment ¢: [0,1] — RY*! joining (z,a) € epi(u)
to (y,b) € V¥ y N epi(u). To prove that epi(u) is X-convex, we show that

(z,a
¢(t) € epi(u), Vtel0,1], where&(t) = (22(t), (b—a)t+a), (26)

with % any X-line joining x to y € V, N Q. Recall that (26) is equivalent to
requiring
u(z2(t)) < (b—a)t+a, Vtel0,1]. (27)

T

To prove (27) we use the fact that the function u is a X'-convex function, which
means

u(22(t) = u(22 (1 =)0 +1t)) < (1 —t)u(22(0)) + (1 — tyu(z5(1))
=1 —thu(x)+tuly) < (1 —t)a+tb,

where we have used that (z,a), (y,b) € epi(u). Thus (27) is proved, i.e. epi(u) is

a X-convex set.
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To prove the opposite implication let us assume that epi(u) is X-convex, i.c. (27)

holds with z(0) = z and z$(1) = y and a,b € R such that (z,a) € epi(u) and
(y,b) € epi(u). We want to prove that u is a X'-convex function, i.e. that

u(z2 (1= t)ts +tta)) < (1 —t)u(al(tr)) + tu(zg(t2)), (28)

holds for all ¢, 1,y € [0,1] and for any X-line z2.
We define f2(t) := u(z*(t)), for all fixed z2. Now (28) can be rewritten as

Fo(L =)ty +tta) < (L—t)f2(t) + f2(ta). (29)

Hence (28) is equivalent to proving: f& : [0,1] — R is a Euclidean convex 1-
dimensional function for all & € R™. If we can prove that epi(f) is a convex set
in R x R then we can use the known Euclidean 1-dimensional case to conclude:
in fact epi(f,) convex implies the function f% is convex.

Recall that for epi(f¢) to be convex in the standard Euclidean sense means that
for all t1,t5, € [0,1] and for all a,b € R such that (¢1,a), (t2,b) € epi(f2) then

(Q=t)ty +tty, (1 —t)a+tb) € epi(fs), tel0,1],
that is equivalent to requiring
(1=t +tts) < (I—t)a+tbh (30)

Note that (t1,a), (t2,b) €epi(f2) is equivalent to the conditions (2% (t1), a) € epi(u)
and (z(t2),b) € epi(u). Then since epi(u) is X-convex then

(1= t)al(tr) + txl(t2), (1 —t)a+tb) € epi(u), Vi€ [0,1],

which gives (30). Thus epi(f¢) is (Euclidean) convex = f& is a convex function,
which gives (29) and then (28). This concludes the proof. O

Similarly one can find the characterisation by the indicator function. We recall
that the indicator function of a set €2 is the function 1g: R® — R U {oo} defined

as
0, if x € Q,
lo(z) = .
+oo, ifx ¢ Q.

Proposition 7.3. Let X = {Xy,..., X,,} be a family of vector fields on RY and
Q C RY be an open and bounded set, then S is X -convex if and only if the indicator
function 1q is a X-convex function.

Proof. The proof is very similar to the previous one so that we omit it. For
details see [13]. O
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