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It is well known that any measure in S2 satisfying certain simple conditions is the surface
measure of a bounded convex body in R3. It is also known that a local perturbation of the
surface measure may lead to a nonlocal perturbation of the corresponding convex body. We
prove that, under mild conditions on the convex body, there are families of perturbations of its
surface measure forming line segments, with the original measure at the midpoint, corresponding
to local perturbations of the body. Moreover, there is, in a sense, a huge amount of such families.
We apply this result to Newton’s problem of minimal resistance for convex bodies.
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1. Motivation

The motivation for this study came from the famous Newton problem of mini-
mal resistance. In modern terms and in a generalized form the problem can be
formulated as follows.
Let C1 ⊂ C2 ⊂ R3 be convex bodies. Denote by C(C1, C2) the set of convex
bodies C satisfying C1 ⊂ C ⊂ C2. Let f : S2 → R be a continuous function. The
generalized Newton problem is as follows:

inf
C∈C(C1,C2)

F (C), where F (C) =

∫
∂C

f(nξ) dH2(ξ). (1)

Here and in what follows, H2 designates the 2-dimensional Hausdorff measure in
R3, and nξ is the outer normal to C at a regular point ξ ∈ ∂C.
In this form the problem first appears in the paper by Buttazzo and Guasoni
[5]. In fact, they consider an even more general case when f depends not only
on nξ, but also on ξ, and is continuous in both variables, and investigate some
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other classes of convex bodies, along with C(C1, C2). They prove that the problem
always has a solution.
Of special interest is the particular case when C2 is a right circular cylinder and
C1 is its rear base. In an appropriate orthogonal coordinate system with the
coordinates x, y, z, C1 and C2 take the form: C1 = Ω×{0} and C2 = Ω× [0, M ],
with Ω = {(x, y) : x2 + y2 ≤ 1} and M > 0. Additionally, the function f is taken
to be f(n) = 〈n, e3〉3+, where e3 = (0, 0, 1) and b+ is the positive part of b ∈ R.
Here and in what follows, 〈· , ·〉 means the scalar product.
In this particular case, a body C ∈ C(C1, C2) is the subgraph of a concave function
uC : Ω → R satisfying 0 ≤ uC(x, y) ≤M , namely,

C = {(x, y, z) : (x, y) ∈ Ω, 0 ≤ z ≤ uC(x, y)}.

Further, ∂C is the union of the disc Ω×{0} and the graph of uC ; for ξ = (x, y, 0) ∈
Ω× {0} one has nξ=(0, 0,−1) and f(nξ)=0, and for ξ=(x, y, uC(x, y)) one has

nξ =
1√

1 + |∇uC(x, y)|2
(
− ∂uC

∂x
(x, y), −∂uC

∂y
(x, y), 1

)
,

f(nξ) =
1(

1 + |∇uC(x, y)|2
)3/2 , and dH2(ξ) =

√
1 + |∇uC(x, y)|2 dx dy.

In view of this, Problem (1) can be written as follows: minimize the integral∫∫
Ω

1

1 + |∇u(x, y)|2
dx dy (2)

in the class of concave functions u : Ω → R satisfying 0 ≤ u(x, y) ≤ M . In what
follows, Problem (2) will be called the particular Newton problem.
The particular problem was first stated by Buttazzo and Kawohl in [6] and has
been intensively studied since then; see, e.g., [3, 4, 8, 9, 10, 11, 12]. However,
it has not been completely solved yet. It is proved that the solution u exists [4]
and has the following properties: first, if ∇u exists at a certain point (x, y) ∈ Ω
then either |∇u(x, y)| = 0 or |∇u(x, y)| ≥ 1 [4]; second, if u is in the class C2

in a neighborhood of (x, y) and 0 < u(x, y) < M then the matrix of the second
derivative D2u(x, y) has a zero eigenvalue [3]. Properties of the solution were
numerically examined in [10, 15]. Note that problem (2) in the subclass of concave
radially symmetric functions was first considered by I. Newton in his Principia
(1687).
Different functions f : S2 → R correspond to different physical models describing
interaction of convex bodies with a sparse flow of point particles. It is always
assumed in these models that the flow is extremely rarefied, so that mutual inter-
action of the flow particles can be neglected.
Consider the case when a homogeneous flow of particles with the same velocity is
incident on a convex body and the particles are reflected elastically after hitting
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the body’s surface. Choose a coordinate system so as the z-axis is parallel and
counter-directional to the flow velocity. Then the force of resistance of the body to
the flow equals 2ρv2 F (C), where F (C) is defined by formula (1), ρ is the density,
v is the scalar velocity of the flow, and f(n) = 〈n, e3〉3+. If C ∈ C(C1, C2), where
C2 is a right circular cylinder and C1 is its rear base, F (C) can be expressed in
terms of the function u = uC by formula (2).
If there is a thermal motion of particles in the flow, and consequently, the velocities
of incident particles do not coincide, one should take a different function f in (1).
The precise form of this function depends on the temperature, the mean velocity,
and the composition of the flow. The corresponding class of models and related
minimization problems for rotationally symmetric bodies was considered in [14]
(see also chapter 3 in the book [13]).
It may also happen that the law of reflection is not elastic. Assume, for example,
that the velocity of the reflected particle has the same modulus as the velocity
of incidence, is tangent to the body’s surface at the point of reflection, and the
normal vector at this point is a positive linear combination of the velocity of
incidence and the velocity of reflection. If, additionally, the incident particles of
the flow have the same velocity, we have f(n) = (1 −

√
1− n2

3)(n3)+, and the
integrand in (2) should be substituted with 1− |∇u(x, y)|/

√
1 + |∇u(x, y)|2.

2. The surface measure of convex bodies

Let C ⊂ R3 be a convex body , that is, a convex compact set with nonempty
interior. By |A| or H2(A) we denote the 2-dimensional Hausdorff measure of a
Borel set A ⊂ ∂C.
Define the map NC : ∂

′C → S2 by NC(ξ) = nξ, where ∂′C denotes the (full-
measure) subset of regular points of ∂C. The pushforward measure νC := NC#H2

defined in S2 is called the surface measure of C. Thus, for a Borel set A ⊂ S2 we
have νC(A) = |N−1

C (A)|.
The surface measure ν = νC of a convex body C satisfies the following conditions.
(A1)

∫
S2 n dν(n) = 0⃗.

(A2) The linear span of spt ν is R3.
By Alexandrov’s theorem [1], conversely, if a measure ν defined in S2 satisfies
(A1) and (A2) then there exists a unique (up to a translation) convex body C
with the surface measure equal to ν, that is, νC = ν.
The notion of surface measure generalizes to all dimensions, and Alexandrov’s
theorem is also valid in any dimension.
The notion of surface measure allows one to define the sum of two convex bodies
A and B (Blaschke sum), which is, up to a translation, the convex body A#B
such that νA#B = νA + νB.
In terms of surface measure, problem (1) can be rewritten as a minimization
problem for a linear functional on a space of measures,
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inf
ν∈Υ(C1,C2)

F(ν), where F(ν) =

∫
S2

f(n) dν(n), (3)

where Υ(C1, C2) designates the set of surface measures νC with C1 ⊂ C ⊂ C2;
that is, Υ(C1, C2) := {νC : C1 ⊂ C ⊂ C2}. It follows from [5] that this problem
always has a solution.
The fact that Newton’s problem can be formulated as a linear problem in terms
of surface measure was first noticed by Carlier and Lachand-Robert in [7]. They
used the linear representation to study the generalized Newton problem for any
dimension d ≥ 2 (i) in the class of convex bodies with fixed (d − 1)-dimensional
volume of the boundary and (ii) in the more restricted class of convex bodies C
contained in the lower half-space {x = (x1, . . . , xd) ∈ Rd : xd ≤ 0} with fixed
(d − 1)-dimensional volume of the boundary ∂C, with fixed (d − 1)-dimensional
volume of ∂C ∩ {xn = 0} and such that the orthogonal projection of C on the
hyperplane {xn = 0} is contained in ∂C ∩ {xn = 0}.
These classes admit an easy and natural representation in terms of the surface
measure. Indeed, the class of surface measures corresponding to (i) contains all
measures ν satisfying conditions (A1)

∫
Sd−1 n dν(n) = 0⃗ and (A2) the linear span

of sptν is Rd, and having fixed full measure ν(Sd−1), while the more restricted
class of surface measures corresponding to (ii) contains the measures satisfying
conditions (A1) and (A2), having fixed full measure ν(Sd−1), and satisfying the
additional condition that νcSd−1

+
is concentrated at (0, . . . , 0, 1).

On the contrary, the main difficulty of Problem (3) resides in the extreme com-
plexity of the set of measures Υ(C1, C2). Nevertheless, we believe that studying
this set could trigger further progress in Newton’s problem and additionally, ex-
tend our knowledge about the surface measure and Blaschke addition.
Generally, the set Υ(C1, C2) is not convex. We consider two examples.

C ′

(a)

C ′′

(b)

C

(c)
Figure 2.1: The convex bodies from Example 2.1. Here C2 is the cube, and C1 is
its lower face.

Example 2.1. This example is probably the simplest one. Let C2 be a unit cube
and C1 be one of its faces, C2 = [0, 1]3 and C1 = [0, 1] × [0, 1] × {0}. Take the
convex bodies C ′ = {(x, y, z) ∈ C2 : x+ z ≤ 1} and C ′′ = {(x, y, z) ∈ C2 : x ≥ z};
see Fig. 2.1(a,b). Obviously, both C ′ and C ′′ contain C1 and are contained in C2,
and therefore, both νC′ and νC′′ are elements of Υ(C1, C2). We have

νC′ =
1

2
δe2 +

1

2
δ−e2 + δ−e3 + δ−e1 +

√
2 δvR ,
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νC′′ =
1

2
δe2 +

1

2
δ−e2 + δ−e3 + δe1 +

√
2 δvL ,

where e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1), vR = (e1 + e3)/
√
2, and vL =

(−e1 + e3)/
√
2. Therefore,

1

2
(νC′ + νC′′) =

1

2
(δe2 + δ−e2) + δ−e3 +

1

2
(δe1 + δ−e1) +

1√
2
(δvR + δvL).

One easily sees that (νC′ + νC′′)/2 = νC , where

C = {(x, y, z) : 0 ≤ x ≤ a, 0 ≤ y ≤ b, 0 ≤ z ≤ min{h+ x, h+ a− x}}

is a ”house” (see Fig. 2.1 (c)) with the parameters a, b, h (the lengths and the
height of the ”walls”) satisfying the relations ab = 1, bh = 1/2, ah+ a2/4 = 1/2.
Thus, a =

√
2/3, b =

√
3/2, h = 1/

√
6. The width of C in the x-direction is

a =
√
2/3 < 1, and therefore, a translation of C cannot contain C1. The width

of C in the y-direction is b =
√

3/2 > 1, and therefore, a translation of C cannot
be contained in C2. It follows that (νC′ + νC′′)/2 is not an element of Υ(C1, C2).
Hence Υ(C1, C2) is not convex.

Example 2.2. This example is related to the particular Newton problem, where
C1 = Ω × {0} and C2 = Ω × [0, M ]. Take C ′ = {(x, y, z) ∈ C2 : Mx + 2z ≤ M}
and C ′′ = {(x, y, z) ∈ C2 : −Mx + 2z ≤ M}; see Fig. 2.2(a,b). Both C ′ and C ′′

contain C1 and are contained in C2, and therefore, both νC′ and νC′′ are elements
of Υ(C1, C2).

C ′

(a)

C ′′

(b)

C

(c)
Figure 2.2: The convex bodies from Example 2.2. Here C2 is the right circular
cylinder and C1 is its lower base.

The surface of C ′ is composed of 3 parts. The lower part of ∂C ′ is a flat unit disk
with the outer normal −e3. The upper part of ∂C ′ is the part of the plane Mx+
2z =M bounded by an ellipse, with the area π

√
M2/4 + 1 and the outer normal

vM = 1√
M2+4

(M, 0, 2). The lateral part of ∂C ′ is contained in the cylindrical
surface x2 + y2 = 1. Correspondingly, the surface measure of C ′ is

νC′ = πδ−e3 + π
√
M2/4 + 1 δvM + ν1,

where ν1 is supported on the horizontal circle x2 + y2 = 1, z = 0.
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Note that C ′′ is symmetric to the body C2\C ′ = {(x, y, z)∈C2 :Mx+2z > M} with
respect to the horizontal plane z = M/2; correspondingly, the surface measure
νC′′ is symmetric to νC2\C′ with respect to the plane z = 0. We have

νC2\C′ = πδe3 + π
√
M2/4 + 1 δ−vM + ν2,

where ν2 is also supported on the circle x2 + y2 = 1, z = 0. Since e3 is symmetric
to −e3 and −vM is symmetric to v−M with respect to the plane z = 0, we have

νC′′ = πδ−e3 + π
√
M2/4 + 1 δv−M

+ ν2.

Notice that the union of the lateral surfaces of C ′ and C2 \ C ′ is the cylindrical
surface x2 + y2 = 1, 0 ≤ z ≤ M , hence the sum of the measures ν1 + ν2 has the
linear density M on the horizontal circle x2 + y2 = 1, z = 0.
We have

1

2
(νC′ + νC′′) = πδ−e3 +

π

2

√
M2/4 + 1 (δv−M

+ δvM ) +
1

2
(ν1 + ν2).

Consider a convex body C such that νC = (νC′ + νC′′)/2; see Fig. 2.2 (c). We are
going to show that the double inclusion

C1 ⊂ C ⊂ C2 (4)

is impossible, and therefore, Υ(C1, C2) is not convex.
Indeed, the lower part of the surface ∂C is a flat horizontal convex body D with
the area π, the upper part of ∂C is the union of two flat convex bodies with the
outer normals vM and v−M , and the lateral part of ∂C is a part of a vertical
cylindrical surface; see Fig. 2.2 (c). If D lies below the horizontal plane z = 0 then
C is not contained in C2, and if it lies above this plane then C does not contain
C1. In both cases the relation (4) is violated. It remains to consider the case when
D is contained in the plane z = 0.
If (4) is satisfied then we have C1 ⊂ C ∩ {z = 0} = D. Since the area of D
coincides with the area of C1, we conclude that D = C1; that is, the lower part of
∂C is the circle x2+y2 ≤ 1, and consequently, the lateral surface of C is contained
in the cylindrical surface x2 + y2 = 1. The measure (ν1 + ν2)/2 corresponding to
the lateral surface is supported on the horizontal circle x2 + y2 = 1, z = 0 and
has the linear density M/2. It follows that the lateral part of ∂C is a part of a
cylindrical surface bounded above by the circumference x2 + y2 = 1, z = M/2,
and hence, the upper part of ∂C cannot be the union of two flat inclined surfaces.
We conjecture that Υ(C1, C2) is not convex for all C1 $ C2.

Here are some intriguing questions concerning Υ(C1, C2), with reasonable sets C1

and C2 (for example, a cylinder and one of its bases, or two concentric balls).
(Q1) Characterize the convex hull, ConvΥ(C1, C2), of the set Υ(C1, C2) and the

class of convex bodies with the surface measure contained in ConvΥ(C1, C2).
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(Q2) Characterize the set Υ(C1, C2) ∩ ∂ (ConvΥ(C1, C2)).1 Each measure con-
tained in it minimizes a linear functional on Υ(C1, C2).

(Q3) Characterize the extreme points of ConvΥ(C1, C2).
It would be interesting to develop a computer algorithm of solving Problem (3).
In this connection we mention the papers [2, 16], where numerical algorithms for
representation of Blaschke sum of convex polyhedra are proposed.

3. Main results

Here we state the main results of the paper concerning local properties of surface
measures, and deduce from them some properties of a solution to a generalized
Newton problem.
Let C be a convex body in R3. Take a point O outside C and consider the closed
cone K with the vertex at O circumscribed about C; in other words, K is the
union of all rays intersecting C with the origin at O. Clearly, K is convex. Denote
by ∂−C the part of the boundary of C contained in the interior of the convex hull
of C ∪ {O},

∂−C := ∂C ∩ int (Conv(C ∪ {O})),

and let ∂+C be the complementary part of the boundary,

∂+C := ∂C \ ∂−C = ∂C ∩ ∂(Conv(C ∪ {O})).

b

M

O B′B

∂−C ∂+C

l

K
C

Figure 3.1: The convex body C and the circumscribed cone K.

Draw a line l through O intersecting the interior of C. Let B and B′ be the points
of intersection of l with ∂C, where the semiopen segment [O, B) lies outside C,
and the closed segment [B, B′] is contained in C; see Figure 3.1. The intersection
of a half-plane bounded by l with ∂C is a planar convex curve with the endpoints
B and B′ (the curve BMB′ in Figure 3.1), and the intersection of this half-plane
with ∂K is the ray of support to this curve with the origin at O (the ray OM in
Figure 3.1).
1Here ∂ (ConvΥ(C1, C2)) means the algebraic boundary, that is, the set of measures ν such that
for any finite signed measure η on S2, there exists ε > 0 such that the line segment of measures
(ν, ν+εη) is contained in ∂ (ConvΥ(C1, C2)), while (ν, ν−εη) is disjoint with ∂ (ConvΥ(C1, C2)).



1380 A. Plakhov / Local Properties of the Surface Measure ...

Theorem 3.1. Assume that
(i) in each half-plane, the corresponding ray of support is tangent to the curve 2;
(ii) there exists k > 0 such that in any half-plane, the part of the curve between

B and the point of tangency is of class C1 with the curvature ≤ k.
Then there exists a family of convex bodies C(s), s ∈ [−1, 1] such that
(a) C(0) = C and C(1) 6= C;
(b) ∂+C ⊂ ∂C(s);
(c) the corresponding family of surface measures νC(s) is a line segment with the

midpoint at νC; that is, for all s ∈ [−1, 1]

νC(s) = νC + s (νC(1) − νC).

In particular, νC = 1
2

(
νC(−1) + νC(1)

)
, and the signed measure νC(1) − νC is

a director vector of the segment.
(d) Moreover, the aforementioned family of bodies is not unique; there exists a

set of families of bodies C(θ)(s) depending on the parameter θ ∈ Θ, with each
family satisfying (a), (b), (c), such that the union of 1-dimensional subspaces
spanned by the corresponding director vectors, ∪θ∈Θ{λ(νC(θ)(1)−νC) : λ ∈ R},
is an infinite-dimensional subspace of the space of signed measures.

Remark 3.2. By saying that the curvature of a C1 curve is ≤ k we mean that,
given a natural parametrization γ(ς) of the curve, the angle between any two unit
vectors γ′(ς1) and γ′(ς2) does not exceed k|ς2 − ς1|.

Remark 3.3. The 2D analogue of Theorem 3.1 is trivial. Namely, take a convex
body C ⊂ R2, take an arc Ω− ⊂ S1 and the complementary arc Ω+ = S1\Ω−, and
assume that the set spt νC ∩ Ω− contains at least 3 points. This means that the
set of normal vectors to C at points of the set ∂−C := N−1

C (Ω−) ⊂ ∂C contains at
least 3 vectors. Denote also ∂+C = N−1

C (Ω+). Then [α] there exists a 1-parameter
family of convex bodies C(s) for which claims (a), (b), and (c) of Theorem 3.1
hold true. Moreover, [β] if spt νC ∩Ω− contains infinitely many points then there
exists a huge set of such families C(θ)(s) for which claim (d) hold true.
Let us explain the idea of the proof of the part [α] of the statement (the the
part [β] will not be proved). Suppose that spt νC ∩Ω− contains at least 3 points.
Take 3 mutually disjoint set D1, D2, D3 ⊂ Ω− such that the vectors

∫
Di
n dνC(n),

i = 1, 2, 3 are not collinear. Then there is a nontrivial relation

a1

∫
D1

n dνC(n) + a2

∫
D2

n dνC(n) + a3

∫
D3

n dνC(n) = 0, (a1, a2a3) 6= (0, 0, 0).

Take ε > 0 and consider the line segment of measures

ν(s) = νC + εs
(
a1νCcD1 + a2νCcD2 + a3νCcD3

)
, s ∈ [−1, 1].

2Note that the intersection of the curve and the ray of support is either a singleton, or a line
segment. In the latter case, all points of the segment are points of tangency.
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It is not difficult to check that for ε sufficiently small, each measure ν(s) sat-
isfies conditions (a) and (b) in the beginning of Section 2, and therefore, is the
surface measure of a convex body C(s). The measures ν(s)cΩ+ and νCcΩ+ coin-
cide; this implies that the curve ∂+C(s) := N−1

C(s)(Ω+) ⊂ ∂C(s) coincides, up to a
translation, with ∂+C = N−1

C (Ω+).
An example of a family of planar convex bodies C(s) corresponding to a line
segment of measures on S1 is shown in Fig. 3.2. The convex body C is bounded
by the closed curve ABCD, where AB and CD are line segments intersecting at a
point O. The body C(s) is bounded by the closed line ABtCtD, where the curve
BtCt is obtained from the curve BC by the dilation with the center at O and with
the ratio 1 + εs, with ε > 0 sufficiently small.

b

O

A

D

B

C

B−1

C−1

B1

C1

Figure 3.2: A family of planar convex bodies C(s). The bodies C(1) = AB1C1D,
C(−1) = AB−1C−1D, and C = C(0) = ABCD are shown.

The proof of Theorem 3.1 is given in Section 4.
Note that a local perturbation of the surface ∂C of a convex body C leads to a
local perturbation of its surface measure νC . The converse, however, is not true:
it is well known that a local perturbation of the surface measure may lead to a
nonlocal perturbation of the body surface. In other words, if we have a domain
Ω ⊂ S2 and two surface measures νC1 and νC2 such that νC1cΩ = νC2cΩ, it does
not follow that N−1

C1
(Ω) and N−1

C2
(Ω) coincide up to a translation.

Indeed, let e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1), take α 6= 0 and denote
v+ = (e3 + αe1)/

√
1 + α2, v− = (e3 − αe1)/

√
1 + α2. One obviously has e3 =√

1 + α2 (v+ + v−)/2. The measures

νC1 = δe1 + δ−e1 + δe2 + δ−e2 + δe3 + δ−e3

and νC2 = δe1 + δ−e1 + δe2 + δ−e2 +

√
1 + α2

2
(δv+ + δv−) + δ−e3

are surface measures of a cube and a body called ”house”; see Fig. 3.3. Let Ω ⊂ S2

be a domain that contains e1, −e1, e2, −e2, and −e3, and does not contain e3, v+,
and v−. One has νC1cΩ = νC2cΩ; however, the sets N−1

C1
(Ω) and N−1

C2
(Ω) are not

translations of each other. Indeed, N−1
C1

(Ω) is the union of the lateral and the lower
faces of the cube, whereas N−1

C2
(Ω) is the union of the ”walls” and the ”floor” of

the ”house”.
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Figure 3.3: A cube and a ”house”.

It is important therefore to find out conditions which would guarantee that a local
perturbation of the measure implies a local perturbation of the body surface.
Theorem 3.1 is a step in this direction; it states that, under mild conditions,
there is a family of perturbations of the measure forming a line segment, with
the original measure at the midpoint, leading to a local perturbation of the body
surface. Moreover, there is, in a sense, a huge amount of such perturbations.
Theorem 3.1 can also be interpreted as follows. Consider all possible convex bodies
obtained from C by perturbations of its boundary in the subset ∂−C, and consider
the set of their surface measures. Then νC is not an extreme point of this set.

B′
B O

b

Figure 3.4: A convex body satisfying the hypothesis of Theorem 3.1.

Corollary 3.4. Assume that an open subset O ⊂ ∂C of the body’s boundary is
of class C2 and its gaussian curvature is positive. Take a point O 6∈ C so as
the closure of the set ∂−C = ∂C ∩ int (Conv(C ∪ {O})) is contained in O, and
therefore, ∂+C = ∂C \ ∂−C contains ∂C \O. Then the statement of Theorem 3.1
holds true.
Proof. Draw a line l through O intersecting the interior of C, denote by B and
B′ the points of intersection of l with ∂C, as explained in the beginning of this
section, and consider all half-planes bounded by l. Note that all rays of support to
C from O intersect ∂C inside O, and therefore, are tangent to C. Thus, condition
(i) of the theorem is satisfied.
Consider the concave curves resulting from the intersection of the half-planes
with ∂C. The parts of these curves between B and the point of tangency of
the corresponding ray of support lie in ∂−C, and therefore are of class C2. Their
curvature is a continuous function defined on the compact set with the coordinates
(the distance of the point from l, the angle of inclination of the corresponding half-
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plane), and therefore does not exceed a positive constant k. Thus, condition (ii)
of Theorem 3.1 is also valid, and therefore, the statement of the theorem holds
true.

Remark 3.5. The hypothesis of Theorem 3.1 is strictly weaker than the hypoth-
esis of Corollary 3.4. Indeed, let C be the convex hull of two planar domains,
C = Conv(D1 ∪ D2), where D1 = {(x, y, z) : |x| ≤ 1, |z| ≤ 1 − x2, y = 0} and
D2 = {(x, y, z) : |x| ≤ 1, |y| ≤ 1−x2, z = 0}; see Fig. 3.4. Then the hypothesis of
Theorem 3.1 holds true for O = (c, 0, 0) with c > 1, B = (1, 0, 0), B′ = (−1, 0, 0),
and k=2; however, the gaussian curvature is zero at any regular point of ∂C.

From Theorem 3.1 one derives an important statement concerning linear Problem
(3), and therefore also the corresponding generalized Newton problem (1).

Theorem 3.6. Let C1 ⊂ C ⊂ C2, and let the point O 6∈ C be such that the
set ∂−C = ∂C ∩ int (Conv(C ∪ {O})) does not intersect ∂C1 and ∂C2, that is,
∂−C∩(∂C1∪∂C2) = ∅. Draw a line l through O and the interior of C, and assume
that the hypothesis of Theorem 3.1 is satisfied. Then either νC is not a solution to
Problem (3), or νC is included in a huge set of solutions: there exists an infinite-
dimensional linear space M of signed measures such that for any ν ∈ M and
some ε(ν) > 0, all measures of the kind νC + sν, s ∈ [−ε(ν), ε(ν)], are solutions.
Proof. Indeed, making if necessary the point O sufficiently close to C on the line
l, one can assure that, on one hand, the set Conv (C ∪ {O}) is contained in C2

and, on the other hand, Conv (∂+C) contains C1. All convex sets, corresponding
to the elements of the segment of measures indicated in the statement of Theorem
3.1, contain ∂+C, and therefore, also contain C1. Further, all such convex sets lie
in the intersection of all half-spaces bounded by planes of support through points
of ∂+C, and this intersection of half-spaces coincides with Conv (C ∪ {O}). This
proves that these convex sets are contained in C2.
If νC is a solution to Problem (3) then for any θ ∈ Θ, all measures νC(θ)(s) =
νC + s (νC(θ)(1) − νC), s ∈ [−1, 1] forming the corresponding linear segment are
also solutions. Take M = ∪θ∈Θ{λ(νC(θ)(1) − νC) : λ ∈ R}; by statement (d) of
Theorem 3.1, M is an infinite-dimensional space. Further, for any ν ∈ M there
exist λ ∈ R and θ ∈ Θ such that ν = λ(νC(θ)(1) − νC), and taking ε(ν) = 1/|λ|,
one obtains the statement of Theorem 3.6.
Going back to the particular Newton problem (2), we first note that the set
∂C \ (∂C1 ∪ ∂C2) coincides with the part of the graph of u with (x, y) ∈ int(Ω)
and 0 < u(x, y) < M , where int(Ω) means the interior of Ω. Recall that to each
u one naturally assigns the surface measure of the corresponding convex body
{(x, y, z) : (x, y) ∈ Ω, 0 ≤ z ≤ u(x, y)}.
Take a point (x0, y0) ∈ int(Ω) and a value z0 > u(x0, y0). For any φ consider the
ray of support z = z0 + κφt, t ≥ 0, x = x0 + t cosφ, y = y0 + t sinφ, t ≥ 0 in
the half-plane x = x0 + t cosφ, y = y0 + t sinφ, t ≥ 0 to the graph of the induced
function of one variable z = u(x0+ t cosφ, y0+ t sinφ), t ≥ 0, and fix the smallest
value t = tφ > 0 corresponding to the intersection of the ray of support with the
graph.
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Applying Theorem 3.6 to Problem (2), we come to the following statement.
Corollary 3.7. Let (x0, y0) ∈ int(Ω) and 0 < u(x0, y0) < z0 < M . Suppose that
(i) for all φ, the corresponding ray of support touches the graph of the corresponding
induced function, and (ii) there exists k > 0 such that d2

dt2
u(x0 + t cosφ, y0 +

t sinφ) ≤ k for all φ and 0 ≤ t ≤ tφ. Then either u is not a solution to (2),
or u is included in a huge set of solutions: let ν be the measure corresponding
to u; there exists an infinite-dimensional linear space M of signed measures in
S2 such that for any ν ′ ∈ M and some ε(ν ′) > 0, all measures of the kind
ν + sν ′, s ∈ [−ε(ν ′), ε(ν ′)], correspond to solutions of (2).

Now using Corollaries 3.4 and 3.7, we arrive at

Corollary 3.8. Assume that in an open subset of Ω the function u is of class C2

and the matrix of second derivatives D2u is non-degenerate (and therefore positive
definite). Then the statement of Corollary 3.7 holds true.

Remark 3.9. The two Corollaries 3.7 and 3.8 remain true if we replace the inte-
grand 1/(1+|∇u(x, y)|2) in (3.7) by f(∇u(x, y)), where f : R2 → R is an arbitrary
bounded continuous function.

Compare Corollaries 3.7 and 3.8 with the result obtained in [3] (Remark 3.4): if
in an open subset of Ω the function u is of class C2 and the matrix of second
derivatives D2u is non-degenerate, then u is not a solution to the particular New-
ton problem. Apart from an obvious similarity of these statements, there is some
difference. Namely, according to Remark 3.9, our statements remain valid in a
more general case when the integrand in (2) is substituted with f(∇u(x, y)). On
the other hand, we do not claim that u is not a solution, but instead, if u is a
solution then the set of solutions is extremely large and u is not its extreme point.

4. Proof of the main theorem

We will prove a slightly stronger version of Theorem 3.1, with condition (ii) re-
placed by a weaker condition (ii)′; see below. Condition (i) of the theorem remains
unchanged.
The idea of the proof is as follows. We take a 1-parameter family of cones circum-
scribed about the body C. The vertices of these cones form a line segment outside
C. Then we translate each of these cones along the segment, with the translation
continuously depending on the parameter. Under certain conditions, the family
of translated cones is tangent to another convex body. Knowing the magnitude
of translation and the surface measure of the original body C, one is able to de-
termine the surface measure of the new body. Using the obtained description
of the correspondence of measures, one constructs a family of translations of the
family of cones that defines a family of convex bodies with their surface measures
forming a line segment, with νC at the midpoint. This construction depends on a
functional parameter.
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We introduce some additional notation. Determine an orthogonal coordinate sys-
tem with the coordinates x, y, z so as the point O is at the origin and the positive
z-semiaxis coincides with the ray OB. Consider a C1 function α(t), t ∈ [0, 1] such
that α(0) = 0, α′(t) > 0 for all 0 ≤ t ≤ 1, and (0, 0, α(1)) coincides with the point
B. Denote Bt = (0, 0, α(t)); thus, B0 = O and B1 = B.

Let Kt be the closed cone with the vertex at Bt circumscribed about C. Clearly,
all cones Kt are convex, and K0 = K. If B is a regular point of ∂C, then K1 is a
half-space bounded by the tangent plane to C through B.
Using the circumscribed cones, the body C can be represented as

C =
(
∩0≤t≤1 Kt

)
∩ Conv

(
C ∪ {O}

)
.

For any φ designate by Πφ the half-plane x = r cosφ, y = r sinφ, r ≥ 0; it is
bounded by the straight line OB and has the angle of inclination φ with respect
to the half-plane of reference y = 0, x ≥ 0; see Fig. 4.1.

φ
O

B′

B

Bt

Mφ

Mt,φ

Cφ

K

Kt

Πφ

C

r

y

x

z

b

b

b

b

b

b

Figure 4.1: The convex body C and some additional notation.

The intersection of C with Πφ is the 2-dimensional convex body Cφ bounded by
a segment of the positive z-semiaxis and by the concave curve ∂C ∩ Πφ. Draw
the ray of support from O to this curve and denote by Mφ the closest to O point
of intersection of the ray with the curve. Denote by ∂−Cφ the part of the curve
between B and Mφ (including B and excluding Mφ). ∂−Cφ is the intersection of
Πφ with ∂−C, and it is the graph of a convex function r 7→ z(r, φ). It can be
expressed as

∂−Cφ = ∂Cφ ∩ int
(
Conv(Cφ ∪ {O})

)
= ∂−C ∩ Πφ.
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Denote by ∂+Cφ the resting part of the curve between Mφ and B′. It can be
expressed as

∂+Cφ = ∂Cφ ∩ ∂
(
Conv(Cφ ∪ {O})

)
\ [B, B′) = ∂+C ∩ Πφ.

Draw the ray of support in Πφ from a point Bt to the curve ∂C ∩ Πφ. The
intersection of the ray with the curve is a line segment (which may degenerate to
a point). Denote by Mt,φ the endpoint of this segment closest to Bt. In particular,
we have M0,φ =Mφ and M1,φ = B.
Recall that condition (i) of Theorem 3.1 states that for any φ the ray of support
from O to the curve in the half-plane Πφ touches this curve.
We also consider the following

Condition (ii)′. For any 0 < τ < 1 there exists k = k(τ) such that for any φ,
the part of the curve ∂−Cφ between Mτ,φ and Mφ is of class C1 and has curvature
≤ k.

We will prove the following theorem, which is closely related to Theorem 3.1.

Theorem 4.1. Let conditions (i) and (ii)′ be satisfied; then statements (a)–(d) of
Theorem 3.1 are true.

Let us describe the scheme of the proof in some detail. We introduce some aux-
iliary functions. Namely, for any pair (t, φ) we consider the ray ∂Kt ∩ Πφ and
denote by σ(t, φ) its slope, by r(t, φ) the Hausdorff distance between the z-axis
and the intersection of this ray with C (which can be a point or a line segment),
and by HC(t, φ) the outward unit normal vector to Kt at a point of this ray (which
exists for almost all (t, φ)).
The unit sphere is decomposed into the disjoint union S2 = Ω+ ∪Ω−, where each
normal vector to C at ∂+C (∂−C) lies in Ω+ (Ω−). In Lemma 4.7 we derive
formula (16) that represents the measure νC(D) of a Borel set D ⊂ Ω− in terms
of the functions HC , σ, and r; it turns out that this value depends linearly on r2.
Further, we introduce a positive C1 function η(t), t ∈ [0, 1] (see page 1393) and
translate each cone Kt in the vertical direction, so as the z-coordinate of the vertex
of the resulting cone K̃t is α̃(t) =

∫ t

0
η(ξ) dα(ξ). The family of shifted cones K̃t

defines a new convex body C̃; namely, C̃ is the intersection of Conv(C ∪ {O})
with ∩tK̃t.
If η − 1 and η′ are sufficiently small, one can guarantee that all cones K̃t are
circumscribed about C̃, and consequently, the auxiliary functions H̃C and σ̃ for
C̃ coincide, respectively, with HC and σ. We prove that the function r̃(t, φ) =
η(t)r(t, φ) plays the role of r(t, φ) for the body C̃. Further, it is proved that
formula (16), where r is replaced with r̃, remains valid for C̃.
Finally, we consider the 1-parameter family of convex bodies C̃ = C(s) corre-
sponding to a family of functions η of the form η(t) = η(t, s) =

√
1 + sθ(t) de-

pending on the parameter s ∈ [−1, 1], where the functions θ and θ′ are sufficiently
small. The restrictions of the corresponding measures νC(s) on Ω+ coincide, and
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for a fixed Borel set D ⊂ Ω− the value νC(s)(D) depends linearly on the function
r̃2(t, φ) = (1 + sθ(t))r2(t, φ). Having the functional parameters θ, r, σ, HC fixed,
we conclude that the value νC(s)(D) is linear in s. It follows that the measures
νC(s) form a linear segment with the midpoint at νC . Varying the function θ, one
obtains a huge variety of such segments.
Proof of Theorem 4.1. According to condition (ii)′, the function r 7→ z(r, φ)
is of class C1.
Introduce some additional functions associated with the curve ∂−Cφ. At each
point (r, z(r, φ)) draw the tangent line to ∂−Cφ in the plane containing the half-
plane Πφ. This line intersects the z-axis at a point Bt; thus, the monotone non-
increasing function r 7→ t(r, φ) is defined.
This function can also be found from the implicit equation

α(t) = z(r, φ)− r
∂z

∂r
(r, φ).

Since the right hand side of this equation is continuous in r and the function α
is continuous and strictly increasing, we conclude that the function r 7→ t(r, φ) is
continuous.
It is also convenient to use the generalized inverse to the function t(·, φ). Namely,
for 0 ≤ t ≤ 1 designate by r(t, φ) the smallest value of r such that t(r, φ) = t.
The function t 7→ r(t, φ) defined this way is strictly decreasing and right semicon-
tinuous. Additionally, we have r(1, φ) = 0 and Mt,φ = (r(t, φ), z(r(t, φ), φ)).
Further, we denote by σ = σ(t, φ) the slope of the corresponding tangent line.
More precisely, σ(t, φ) is the tangent of the angle of inclination of the ray of
support from Bt to the curve ∂−Cφ in the half-plane Πφ. Obviously, one has
σ(t, φ) = ∂z

∂r
(r(t, φ), φ). For all φ, the function of one variable t 7→ σ(t, φ) is

monotone non-increasing.
Lemma 4.2. (a) The function σ(t, φ) is continuous.
(b) The partial derivative ∂σ

∂φ
(t, φ) exists almost everywhere.

Proof. For each t the cone Kt is the graph of a convex homogeneous function,
which in polar coordinates has the form (r, φ) 7→ α(t) + rσ(t, φ). This function is
continuous and almost everywhere differentiable; it follows that σ(t, φ) is contin-
uous in φ, and ∂σ

∂φ
(t, φ) exists for almost all values (t, φ). Thus, (b) is proved.

Draw the tangent lines in Πφ to the curve ∂−Cφ at its endpoints B and Mφ, and
fix the corresponding angles of inclination. When the point of tangency passes
through all points of the curve from B to Mφ, the angle of inclination of the
corresponding tangent line takes all intermediate values. Correspondingly, the
monotone function t 7→ σ(t, φ) takes all values intermediate between σ(0, φ) and
σ(1, φ). It follows that the function σ(t, φ) is continuous in t.
Now having that σ is continuous in each of the variables φ and t and monotone
decreasing in t, it is not difficult to conclude that σ is continuous. Thus, (a) is
also proved.
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Lemma 4.3. For any 0 < τ < 1 there exists γ = γ(τ) > 0 such that for all φ
and 0 ≤ t1 < t2 ≤ τ ,

r(t2, φ)− r(t1, φ) ≤ −γ (t2 − t1). (5)

Proof. The continuous function σ(t, φ) is defined on the compact set [0, 1] ×
[0, 2π], and therefore, |σ(t, φ)| ≤ c for a certain constant c. It follows that for any
φ the cosine of the angle of inclination, with respect to the r-axis, of the curve
∂−Cφ in Πφ is greater than or equal to 1/

√
1 + c2.

Take 0 ≤ t1 < t2 ≤ τ and introduce the shorthand notation r1 := r(t1, φ), r2 :=
r(t2, φ), ψ1 := arctan(σ(t1, φ)), ψ2 := arctan(σ(t2, φ)), z(r) := z(r, φ). (In
Fig. 4.2, ψ1 > 0 and ψ2 < 0.) We have t1 < t2, therefore r1 > r2. The length of
the part of curve between the points Mt1,φ = (r1, z(r1)) and Mt2,φ = (r2, z(r2))
does not exceed

√
1 + c2(r1 − r2), hence the angle between the tangent lines at

these points does not exceed k
√
1 + c2(r1 − r2), that is,

0 ≤ ψ1 − ψ2 ≤ k
√
1 + c2(r1 − r2).

r

z

ψ1

Mt1,φ
ψ2

Mt2,φ

B

α̂

α(t1)

α(t2)

ᾱ

r2 r1

b

b

Figure 4.2: Auxiliary construction to Lemmas 4.3 and 4.13.

Draw the line through the point (r1, z(r1)) parallel to the tangent line at (r2, z(r2)),
and let ᾱ be the z-coordinate of intersection of this line with the z-axis; see Fig. 4.2.
Since the curve is convex, we have ᾱ ≥ α(t2). Thus, we obtain

α(t2)− α(t1) ≤ ᾱ− α(t1) = r1
(
σ(t1, φ)− σ(t2, φ)

)
= r1(tanψ1 − tanψ2).

Further, taking into account that the points Mt1,φ = (r1, z(r1)) and B = (0, α(1))
are contained in C, we have

r1 ≤ dist
(
(r1, z(r1)), (0, α(1))

)
≤ diam(C),

where diam(C) denotes the diameter of C, and we get for some intermediate value
ψ0 ∈ (ψ2, ψ1),

tanψ1 − tanψ2 = tan′ ψ0 (ψ1 − ψ2) = (1 + tan2 ψ0) (ψ1 − ψ2) ≤ (1 + c2) (ψ1 − ψ2).
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Finally, we have

t2 − t1 ≤
α(t2)− α(t1)

mint∈[0,τ ] α′(t)
≤ r1(tanψ1 − tanψ2)

mint∈[0,τ ] α′(t)

≤ diam(C) (1 + c2) (ψ1 − ψ2)

mint∈[0,τ ] α′(t)
≤ diam(C) (1 + c2) k

√
1 + c2

mint∈[0,τ ] α′(t)

(
r1 − r2

)
.

It follows that the statement of the lemma holds true for

γ =
mint∈[0,τ ] α

′(t)

diam(C) k (1 + c2)3/2
.

Using Lemma 4.3, one easily obtains the following statement.

Corollary 4.4. Consider the map g : (t, φ) 7→ (r(t, φ), φ) from [0, 1]× [0, 2π) to
R2. If a planar set A has Lebesgue measure 0, then g−1(A) also has Lebesgue
measure 0.

Proof. Let 0 < τ < 1, and take a Borel set A ⊂ g([0, τ ] × [0, 2π)). Using that
|r(t2, φ)− r(t1, φ)| ≥ γ(τ)|t2 − t1| for all φ and t1, t2 ∈ [0, τ ], one concludes that
|g−1(A)| ≤ 1

γ(τ)
|A|. In particular, if |A| = 0 then |g−1(A)| = 0.

Let now A ⊂ R2 have measure 0. Then for all 0 < τ < 1 the set g−1
(
A∩g([0, τ ]×

[0, 2π))
)

also has measure 0. Taking 0 < τk < 1, k ∈ N and τk → 1 as k → ∞,
one has

g−1(A) = ∪k∈Ng
−1
(
A ∩ g([0, τk]× [0, 2π))

)
∪
(
{1} × [0, 2π)

)
;

thus, g−1(A) is the union of countably many sets of Lebesgue measure 0, and
therefore, |g−1(A)| = 0.

Denote by Kt(φ) the 2-dimensional cone in Πφ bounded by the z-axis and by the
ray of support through Bt; see Fig. 4.3. Clearly, Kt(φ) = Kt ∩ Πφ, and Kt(φ) is
circumscribed about Cφ. In the (r, z)-coordinate system one has

Kt(φ) = {(r, z) : r ≥ 0, z ≥ σ(t, φ)r + α(t)}.

The body Cφ can be represented in terms of the 2-dimensional circumscribed
cones as

Cφ =
(
∩0≤t≤1 Kt(φ)

)
∩ Conv

(
Cφ ∪ {O}

)
.

Using the definitions of the functions α, z, t, σ, one readily obtains the formulas

z(r, φ) = σ(t(r, φ), φ) r + α(t(r, φ)) and ∂z

∂r
(r, φ) = σ(t(r, φ), φ). (6)

In terms of the inverse function t 7→ r(t, φ) we have

z(r(t, φ), φ) = σ(t, φ) r(t, φ) + α(t),
∂z

∂r
(r(t, φ), φ) = σ(t, φ). (7)
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, φ
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Figure 4.3: The cone Kt(φ) is bounded by the z-axis and by the ray BtMt,φ.

If all functions in (7) are continuously differentiable, one differentiates by φ both
parts in the former formula in (7) to obtain ∂z

∂r
∂r
∂φ

+ ∂z
∂φ

= σ ∂r
∂φ

+ r ∂σ
∂φ
, and using

the latter formula in (7) one gets

1

r(t, φ)

∂z

∂φ
(r(t, φ), φ) =

∂σ

∂φ
(t, φ). (8)

Since differentiability is not assumed a priori, we need some additional effort
to justify this formula. We shall prove that (8) holds for almost all (t, φ) ∈
[0, 1]× [0, 2π).
For the sake of brevity, in the next paragraph we introduce the shorthand notation
r = r(t, φ), z = z(r, φ), ∆z = z(r, φ +∆φ)− z(r, φ), and ∆σ = σ(r, φ +∆φ)−
σ(r, φ) for ∆φ ∈ R. We have

σ(t, φ) =
z − α(t)

r
. (9)

On the other hand, the tangent line from the point (0, α(t)) to the graph of the
function r 7→ z(r, φ + ∆φ) (which is a concave curve) lies below the ray from
(0, α(t)) through (r, z +∆z); see Fig. 4.4.

It follows that σ(t, φ+∆φ) ≤ z +∆z − α(t)

r
. (10)

From (9) and (10) one derives that

∆σ

∆φ
≤ 1

r

∆z

∆φ
for ∆φ > 0 and ∆σ

∆φ
≥ 1

r

∆z

∆φ
for ∆φ < 0.
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Going to the limit ∆φ → 0, one obtains formula (8), provided that the partial
derivatives in both sides of (8) exist.

z

z +∆z

α(t)

r

b

b

z
=
z(
r,
φ)

z =
z(r
, φ

+
∆φ

)

Figure 4.4: Auxiliary construction to the proof of formula (8).

The statement (b) of Lemma 4.2 guarantees that the right hand side of (8) exists
for almost all (t, φ) ∈ [0, 1]× [0, 2π).
Note that ∂−C is the graph of a convex function z of variables x, y. In polar
coordinates x = r cosφ, y = r sinφ this function takes the form (r, φ) 7→ z(r, φ).
For almost all (r, φ) the corresponding point of ∂−C is regular, and therefore,
the partial derivative ∂z

∂φ
(r, φ) exists. In other words, the set A = {(r, φ) :

∂z
∂φ
(r, φ) does not exist} has Lebesgue measure 0, and using Corollary 4.4 one

concludes that the set g−1(A) = {(t, φ) : ∂z
∂φ
(r(t, φ), φ) does not exist} also has

Lebesgue measure 0. Thus, the left hand side of (8) also exists for almost all
(t, φ).
Lemma 4.5. For all φ and all t1, t2,

r(t2, φ)
[
σ(t1, φ)− σ(t2, φ)

]
≤ α(t2)− α(t1) ≤ r(t1, φ)

[
σ(t1, φ)− σ(t2, φ)

]
. (11)

Proof. The curve ∂−Cφ lies above all its lines of support. Denote r1 := r(t1, φ)
and r2 := r(t2, φ). The lines of support through the points Mt1,φ = (r1, z(r1, φ))
and Mt2,φ = (r2, z(r2, φ)) are, respectively, given by the equations z = σ(t1, φ) r+
α(t1) and z = σ(t2, φ) r + α(t2) . The point Mt1,φ lies above the support line
through Mt2,φ, hence

z(r1, φ) ≥ σ(t2, φ) r1 + α(t2),

and using the first formula in (7) we have

σ(t1, φ) r(t1, φ) + α(t1) ≥ σ(t2, φ) r(t1, φ) + α(t2). (12)

Similarly, the point Mt2,φ lies above the support line through Mt1,φ, hence

z(r2, φ) ≥ σ(t1, φ) r2 + α(t1),
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and therefore,

σ(t2, φ) r(t2, φ) + α(t2) ≥ σ(t1, φ) r(t2, φ) + α(t1). (13)

From (12) and (13) one obtains the statement of Lemma 4.5.

A plane of support to C through a point ξ ∈ ∂C divides the space into the closed
half-space containing C and the open half-space disjoint with C. If ξ ∈ ∂−C then
O is contained in the half-space disjoint with C, and therefore, for a regular point
ξ, 〈nξ,

−→
OP 〉 < 0 for any point P ∈ C. This inequality remains valid for all points

P ∈ K \ {O}.
On the other hand, if ξ∈∂+C then O is contained in the half-space containing C,
and therefore, for a regular point ξ, 〈nξ,

−→
Oξ〉 ≥ 0. Taking P = ξ, one concludes

that the inequality 〈nξ,
−→
OP 〉≥0 is valid for at least one point P ∈K\{O}. Define

Ω− = Ω−(K) =
{
n ∈ S2 : 〈n,

−→
OP 〉 < 0 for all P ∈ K \ {O}

}
and (14)

Ω+ = Ω+(K) =
{
n ∈ S2 : 〈n,

−→
OP 〉 ≥ 0 for some P ∈ K \ {O}

}
. (15)

We have S2 = Ω− ∪ Ω+. It follows from the aforementioned argument that

N−1
C (Ω−) = ∂′−C and N−1

C (Ω+) = ∂′+C.

Denote by [0, 1] × [0, 2π)′ the set of values (t, φ) ∈ [0, 1] × [0, 2π) that cor-
respond to regular points of ∂C; this means that for r = r(t, φ), the point
(r cosφ, r sinφ, z(r, φ)) ∈ ∂C is regular. The set of pairs (r, φ) corresponding
to irregular points of ∂C has measure zero; using Corollary 4.4 we conclude that
[0, 1]× [0, 2π)′ is a full measure subset of [0, 1]× [0, 2π).
Define the map HC : [0, 1] × [0, 2π)′ → Ω− by HC(t, φ) = nMt,φ . HC is mea-
surable, since it is the composition of two measurable maps (t, φ) 7→ Mt,φ and
M

NC7→ nM .
The intersection of the curve ∂−Cφ with the ray of support from Bt is a line
segment with an endpoint at Mt,φ. A plane of support to C at a point of this
segment contains the ray of support, and therefore, is also a plane of support to
any other point of the segment. It follows that the points of the segment are either
all regular, or singular. In the case of regularity, the normal vectors at the points
of the segment coincide with nMt,φ .
Remark 4.6. Note that
(a) (t, φ) ∈ [0, 1]× [0, 2π)′ iff the points on the ray ∂Kt ∩ Πφ are regular points

of the cone Kt, and
(b) the vector HC(t, φ) coincides with the outer normal to the cone Kt at any

point of the ray ∂Kt ∩ Πφ.
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Lemma 4.7. For any Borel set D ⊂ Ω−,

νC(D) =

∫∫
H−1

C (D)

√
1 + σ2(t, φ) +

(∂σ
∂φ

(t, φ)
)2 1

2
d
[
− r2(t, φ)

]
dφ. (16)

The expression in the right hand side of (16) should be understood as a repeated
integral, where the interior integral is a Stieltjes integral with the (monotone
increasing) generating function t 7→ −r2(t, φ).
Proof. Notice that in general, if a measurable subset O ⊂ ∂C of the surface of
a convex body is the graph of a function z = z(x, y) defined on prxyO, then
the gradient of this function ∇z(x, y) is a measurable function defined almost
everywhere in prxyO and the area of O equals

|O| =
∫∫

prxyO

√
1 + |∇z(x, y)|2 dx dy.

Denoting by A the corresponding domain of integration in the polar coordinates
x = r cosφ, y = r sinφ, one comes to the formula

|O| =
∫∫

A

√
1 +

(∂z
∂r

)2

+
1

r2

( ∂z
∂φ

)2

r dr dφ. (17)

By the second formula in (6) we have ∂z
∂r

= σ, and by formula (8), almost every-

where we have 1
r

∂z
∂φ

= ∂σ
∂φ

, therefore the integrand in (17) equals
√
1 + σ2 + ( ∂σ

∂φ
)2.

Thus, we obtain

νC(D) =

∫∫ √
1 + σ2(t(r, φ), φ) +

(∂σ
∂φ

(t(r, φ), φ)
)2

r dr dφ,

where the integration is taken over the set {(r, φ) : HC(t(r, φ), φ) ∈ D}.
Making the change of variables induced by the map g(t, φ) = (r(t, φ), φ), one
obtains formula (16). The sign ”−” appearing in the differential in the right hand
side of (16) is due to the fact that the map g reverses the orientation.

Take a positive C1 function η(t), t ∈ [0, 1] with η(0) = 1, and introduce the
auxiliary functions

r̃(t, φ) = η(t)r(t, φ) and α̃(t) =

∫ t

0

η(ξ) dα(ξ). (18)

One obviously has r̃(0, φ) = r(0, φ) and r̃(1, φ) = 0.

Definition 4.8. The function η is called admissible, if
(a) for any 0 < τ < 1 there exists γ̃ = γ̃(τ) > 0 such that

r̃(t2, φ)− r̃(t1, φ) ≤ −γ̃ (t2 − t1) (19)

for all 0 ≤ t1 < t2 ≤ τ and for all φ;

(b) α̃(1) < |OB′|.
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The following lemma guarantees that there is a huge variety of admissible func-
tions. Fix a value 0 < T < 1.

Lemma 4.9. There exists c = c(T ) > 0 such that any function of the form
η(t) = eχ(t) with χ of class C1, χ(0) = 0, |χ′(t)| ≤ c for 0 ≤ t ≤ T and
χ(t) = χ(T ) for T < t ≤ 1 is admissible.

Proof. Recall that by Lemma 4.3, for any 0 < τ < 1 there exists γ = γ(τ) > 0
such that for all φ and 0 ≤ t1 < t2 ≤ τ , (5) is satisfied.
Take a positive value c satisfying the two inequalities c ≤ γ(T )/(2 diam(C)) and
ecT < |OB′|/|OB|.
For each φ the function t 7→ r(t, φ) is monotone decreasing and therefore is dif-
ferentiable for almost all t. At each point of differentiability t ∈ [0, T ] we have
∂r
∂t
(t, φ) ≤ −γ(T ).

Let η and χ satisfy the hypotheses of the lemma. If r is differentiable in t at
a certain t, then the product ηr also is, and we use the estimates η′(t)/η(t) =
χ′(t) ≤ c and ∂r

∂t
(t, φ)/r(t, φ) ≤ −γ(T )/diam(C) ≤ −2c to obtain

∂
∂t
(η(t)r(t, φ))

η(t)r(t, φ)
=
η′(t)

η(t)
+

∂r
∂t
(t, φ)

r(t, φ)
≤ −c.

Of course the function t 7→ η(t)r(t, φ) has bounded variation. Additionally, we
have just obtained that at each point of differentiability of this function, for t ∈
[0, T ], ∂

∂t
(η(t)r(t, φ))/(η(t)r(t, φ)) ≤ −c.

Take 0 ≤ t1 < t2 ≤ T . We use Lebesgue’s decomposition to represent ηr as
the sum of an absolutely continuous function, a singular function, and a jump
function. The set of singular values t, that is, values at which the derivative
of the singular function is not defined and values corresponding to jumps, has
measure zero. We first take t1 and t2 not in this set.
Take ε > 0 and consider a covering of the set of singular values t by the union
of countably many disjoint open intervals, J = ∪i(ai, bi), with the total sum of
lengths being smaller than ε, that is, |J | =

∑
i(bi − ai) < ε. One can choose J in

such a way that it does not contain t1 and t2.
Substitute the function η(·)r(·, φ) with the auxiliary continuous function η̂(·)
which coincides with η(·)r(·, φ) on [0, 1] \ J and is affine on each interval (ai, bi).
One easily checks that this function is absolutely continuous and its derivative on
[0, 1] \ J coincides with the derivative of η(·)r(·, φ). Hence,

ln
(
η(t2)r(t2, φ)

)
− ln

(
η(t1)r(t1, φ)

)
= ln

(
η̂(t2)

)
− ln

(
η̂(t1)

)
=

∫ t2

t1

η̂′(t)

η̂(t)
dt

=

∫
[t1,t2]\J

∂
∂t
(η(t)r(t, φ))

η(t)r(t, φ)
dt+

∑
i

[
ln(η(bi)r(bi, φ))− ln(η(ai)r(ai, φ))

]
. (20)
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The integral in (20) is less than −c(t2 − t1 − ε), and we use the inequalities
r(bi, φ)) < r(ai, φ)) to estimate the sum in the right hand side of (20) as follows:∑

i

[
ln(η(bi)r(bi, φ))− ln(η(ai)r(ai, φ))

]
<

∑
i

[
ln(η(bi)− ln(η(ai)

]
≤ max

t

η′(t)

η(t)

∑
i

(bi − ai) ≤ ε c.

Thus, one has

ln r̃(t2, φ)− ln r̃(t1, φ)) = ln
(
η(t2)r(t2, φ)

)
− ln

(
η(t1)r(t1, φ)

)
≤ −c(t2− t1)+ 2εc,

and taking into account that ε > 0 is arbitrary, one obtains

ln r̃(t2, φ)− ln r̃(t1, φ)) ≤ −c(t2 − t1), and so,

r̃(t2, φ)− r̃(t1, φ) ≤ −
(
ec(t2−t1) − 1

)
r̃(t2, φ) ≤ −c(t2 − t1) e

−cT min
φ
r(T, φ).

Now assume that one or both values t1, t2 are singular. Since each singular value
is a limiting point of nonsingular ones, and using continuity in t of the function
η(t)r(t, φ), by the limiting process we come to the same inequality

r̃(t2, φ)− r̃(t1, φ) ≤ −[c e−cT min
φ
r(T, φ)] (t2 − t1).

Hence, in the case τ ≤ T , inequality (19) is satisfied with γ̃(τ) = c e−cT minφ r(T, φ).
Further, for two values T ≤ t1 < t2 ≤ τ we have

r̃(t2, φ)− r̃(t1, φ) = η(T )
(
r(t2, φ)− r(t1, φ)

)
≤ −e−cTγ(τ) (t2 − t1).

It follows that inequality (19) in the case τ > T is satisfied with the constant
γ̃(τ) = min

{
c e−cT minφ r(T, φ), e

−cTγ(τ)
}

. Further, using that α(1) = |OB|
and maxξ η(ξ) ≤ ecT , one has

α̃(1) =

∫ 1

0

η(ξ) dα(ξ) ≤ max
ξ
η(ξ)

∫ 1

0

dα(ξ) ≤ ecT · α(1) = ecT |OB| < |OB′|.

Thus, condition (b) in the definition of admissibility is also satisfied.

In what follows we assume that the function η is admissible.
Lemma 4.10. For any t1 and t2 the following formula analogous to (11) holds

r̃(t2, φ)
(
σ(t1, φ)− σ(t2, φ)

)
≤ α̃(t2)− α̃(t1) ≤ r̃(t1, φ)

(
σ(t1, φ)− σ(t2, φ)

)
.

Proof. We shall give the proof for the case t1 < t2; for t2 < t1 the argument is
completely similar.
After suitable substitutions the above formula is transformed into

η(t2)r(t2, φ)
(
σ(t1, φ)− σ(t2, φ)

)
≤

∫ t2

t1

η(ξ) dα(ξ) ≤ η(t1)r(t1, φ)
(
σ(t1, φ)− σ(t2, φ)

)
. (21)
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Consider partitions of [t1, t2] into subintervals, P = {t1 = t(0) < t(1) < . . . <
t(n−1) < t(n) = t2}, and take the limit as δ(P) := max1≤i≤n(t

(i) − t(i−1)) → 0.
In the formulas below we make use of the left inequality in (11) and take into
account that the function η(t)r(t, φ) is monotone decreasing in t.∫ t2

t1

η(ξ) dα(ξ) = lim
δ(P)→0

n∑
i=1

η(t(i))
(
α(t(i))− α(t(i−1))

)
≥ lim

δ(P)→0

n∑
i=1

η(t(i))r(t(i), φ)
(
σ(t(i−1), φ)− σ(t(i), φ)

)
≥ η(t2)r(t2, φ)

n∑
i=1

(
σ(t(i−1), φ)− σ(t(i), φ)

)
= η(t2)r(t2, φ)

(
σ(t1, φ)− σ(t2, φ)

)
.

The left inequality in (21) is proved.
Now we make use of the right inequality in (11).∫ t2

t1

η(ξ) dα(ξ) = lim
δ(P)→0

n∑
i=1

η(t(i−1))
(
α(t(i))− α(t(i−1))

)
≤ lim

δ(P)→0

n∑
i=1

η(t(i−1))r(t(i−1), φ)
(
σ(t(i−1), φ)− σ(t(i), φ)

)
≤ η(t1)r(t1, φ)

n∑
i=1

(
σ(t(i−1), φ)− σ(t(i), φ)

)
= η(t1)r(t1, φ)

(
σ(t1, φ)− σ(t2, φ)

)
.

The right inequality in (21) is proved.

Given an admissible function η, one then defines a convex body C̃ ⊂ R3. This is
done in the following remark.
Remark 4.11. (Construction of C̃) Fix η, for any φ take the function t 7→
r̃(t, φ) = η(t)r(t, φ), and define the generalized inverse function r 7→ t̃(r, φ),
r ∈ [0, r(1, φ)] by the relation t̃(r, φ) := inf{t : r̃(t, φ) ≤ r}. The generalized
inverse function t̃(·, φ) is continuous and monotone non-increasing. The intervals
where it is constant correspond to jumps of the function η(·)r(·, φ).
For each φ and t ∈ [0, 1] consider the planar cone K̃t(φ) in the half-plane Πφ

with the coordinates (r, z) given by the inequalities

r ≥ 0, z ≥ σ(t, φ) r + α̃(t). (22)

The cone K̃t(φ) is bounded by the z-axis and by the ray with the origin B̃t :=
(0, α̃(t)) through the point M̃t,φ := (r̃(t, φ), σ(t, φ) r̃(t, φ) + α̃(t)), and its vertex
is at B̃t. Note that for t = 0 one has M̃0,φ = (r(0, φ), σ(0, φ) r(0, φ)) =Mφ.

The union over all φ of these planar cones is the 3-dimensional convex cone K̃t :=
∪φK̃t(φ) with the vertex at B̃t, which is actually the translation of Kt along the
z-axis by the distance α̃(t) − α(t) =

∫ t

0
(η(τ) − 1) dα(τ). One has, in particular,
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B̃0 = O, K̃ := K̃0 = K, and K̃0(φ) = K0(φ). Denote B̃ := B̃1. Condition (b) in
Definition 4.8 means that B̃, and therefore all points B̃t, 0 ≤ t ≤ 1, lie below B′.
Define the new planar convex body C̃φ by

C̃φ = (∩0≤t≤1K̃t(φ)) ∩ Conv(Cφ, {O})

and the corresponding 3-dimensional convex body C̃ by

C̃ = ∪φC̃φ =
(
∩0≤t≤1 K̃t

)
∩ Conv(C ∪ {O}). (23)

This completes the construction.

Note that it does not follow automatically from these definitions that all cones
K̃t(φ) are circumscribed about C̃φ or that the 3-dimensional cones K̃t are circum-
scribed about C̃. This is justified in the following Lemma 4.12.
C̃φ is bounded on the left by a segment of the positive z-semiaxis and on the right
by a concave curve with the endpoints at B̃ and B′. This curve can also be defined
as ∂C̃ ∩ Πφ.
Similarly to what was done above for Cφ, we draw the ray of support from O in
the half-plane Πφ to that curve, denote by ∂−C̃φ the part of the curve between
B̃ and the closest to O point of intersection of the ray with the curve (excluding
this point), and denote by ∂+C̃φ the complementary part of the curve between
this point of intersection and B′. From each point B̃t, 0 ≤ t ≤ 1, draw the ray
of support to that curve and denote by σ̃t,φ the inverse slope of the ray and by
HC̃(t, φ) the outer normal to C̃ at the closest to B̃t point of intersection of this
ray with the curve.

Lemma 4.12. (a) The ray of support in Πφ from O to C̃φ is z = σ(0, φ) r, r ≥ 0.
The closest to O point of intersection of the ray with the curve is Mφ, and

∂+C̃φ = ∂+Cφ.

(b) For any t the ray of support in Πφ from B̃t to the curve is z = σ(t, φ) r +
α̃(t), r ≥ 0, and therefore,

σ̃t,φ = σt,φ. (24)

Additionally, M̃t,φ is the closest to B̃t point of intersection of the ray with the
curve.

(c) For all (t, φ) ∈ [0, 1]× [0, 2π)′, HC̃(t, φ) exists and HC̃(t, φ) = HC(t, φ).

(d) Conv(C̃φ ∪ {O}) = Conv(Cφ ∪ {O}).

Proof. Fix φ. One easily derives from Lemma 4.10 that each point M̃t,φ =
(r̃(t, φ), σ(t, φ) r̃(t, φ) + α̃(t)) lies above all rays of the kind z = σ(t′, φ) r +
α̃(t′), r ≥ 0 (0 ≤ t′ ≤ 1), and therefore belongs to the intersection of cones
∩0≤t≤1K̃t(φ).
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Further, for any 0 ≤ t ≤ 1, both the points B′ and Mφ lie above the ray z =
σ(t, φ) r + α̃(t), r ≥ 0 containing M̃t,φ, and M̃t,φ lies above the line OMφ, and
therefore, M̃t,φ belongs to the triangle OMφB

′. Since this triangle is contained in
Conv(Cφ ∪ {O}), we have

M̃t,φ ∈ Conv(Cφ ∪ {O}).

It follows that the point M̃t,φ lies in C̃φ =
(
∩0≤t′≤1 K̃t′(φ)

)
∩
(
Conv(Cφ ∪ {O})

)
.

Since it also lays on the ray z = σ(t, φ) r + α̃(t), r ≥ 0 bounding K̃t(φ) on the
right, we conclude that this ray is the ray of support from B̃t to C̃φ, and therefore,
σ̃t,φ = σt,φ. Thus, formula (24) in (b) is proved.
In particular, the ray z = σ(0, φ) r, r ≥ 0 is the ray of support from O to C̃φ, and
the point M̃0,φ = Mφ lies in the intersection of this ray with the curve. Further,
the r-coordinate of the closest to O point of the intersection is smaller than or
equal to the r-coordinate of Mφ and greater than or equal to the r-coordinate
of M̃t,φ for all t > 0 (these coordinates are equal, correspondingly, to r(0, φ)
and r̃(t, φ)). Since the function t 7→ r̃(t, φ) is right semicontinuous, we have
limt→0+ r̃(t, φ) = r̃(0, φ) = r(0, φ), and therefore, the closest to O point of the
intersection is Mφ = M̃0,φ.
Exactly the same argument can be used to prove that M̃t,φ is the closest to B̃t

point of intersection of the ray z = σ(t, φ) r + α̃(t), r ≥ 0 with the curve. Thus,
the proof of (b) is complete.
The curve ∂+Cφ lies in the intersection of cones ∩0≤t≤1K̃t(φ), and therefore, in
C̃φ = (∩0≤t≤1K̃t(φ)) ∩ Conv(Cφ ∪ {O}). Since ∂+Cφ lies in the boundary of
Conv(Cφ∪{O}), it also lies in the boundary of C̃φ. Thus, both curves ∂+C̃φ and
∂+Cφ lie in ∂C̃φ and are bounded by the points Mφ and B′ (and include them).
It follows that they coincide, and (a) is proved.
Remark 4.6 is applicable also to C̃, that is, (a) HC̃(t, φ) exists iff the points of the
ray ∂K̃t∩Πφ are regular points of the cone K̃t, and (b) HC̃(t, φ) coincides with the
outer normal to K̃t at any point of the ray ∂K̃t ∩Πφ. Since K̃t is a translation of
Kt along the z-ray and Πφ is invariant with respect to this translation, the points
of the ray ∂K̃t ∩ Πφ are regular points of K̃t iff the points of the ray ∂Kt ∩ Πφ

are regular points of Kt, and in the case of regularity, the outer normal to K̃t at a
point of ∂K̃t ∩Πφ coincides with the outer normal to Kt at a point of ∂Kt ∩Πφ.
It follows that HC̃(t, φ) is defined on [0, 1]× [0, 2π)′ and coincides with HC(t, φ),
and (c) is proved.
Note that the set Conv(Cφ∪{O}) is bounded by the line segments OB′ and OMφ

and by the curve ∂+Cφ, and therefore, coincides with Conv(∂+Cφ ∪ {O}). Using
that ∂+Cφ ⊂ C̃φ, we obtain

Conv(Cφ ∪ {O}) = Conv(∂+Cφ ∪ {O}) ⊂ Conv(C̃φ ∪ {O}).

On the other hand, since C̃φ ⊂ Conv(Cφ ∪ {O}), we have

Conv(C̃φ ∪ {O}) ⊂ Conv
(
Conv(Cφ ∪ {O}) ∪ {O}

)
= Conv(Cφ ∪ {O}).

Thus, (d) is proved.
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The statement (b) of the following lemma is, in a sense, inverse to Lemma 4.3.

Lemma 4.13. (a) The ray z = σ(0, φ) r, r ≥ 0 is tangent to C̃φ.
(b) For any 0< τ < 1 there exists k̃ = k̃(τ) such that for any φ, the part of the
curve ∂−C̃φ between the points M̃τ,φ and Mφ is of class C1 and has curvature ≤ k̃.

Proof. The proof of (b) is essentially an inversion of the argument of Lemma 4.3.
We use the same Fig. 4.2 with a slight correction of notation: Mti,φ and α(ti),
i = 1, 2 in the figure should be replaced, respectively, by M̃ti,φ and α̃(ti).
Fix 0 < τ < 1 and take 0 ≤ t1 < t2 ≤ τ . We use the shorthand notation
r1 := r̃(t1, φ), r2 := r̃(t2, φ), ψ1 := arctan(σ(t1, φ)), ψ2 := arctan(σ(t2, φ)). One
has t1 < t2, therefore r1 > r2 and ψ1 > ψ2.
The length of the part of the curve between the points M̃t1,φ and M̃t2,φ (to be
referred to as the curve later on in the proof) is greater than or equal to r1 − r2,
and since the function r̃ is admissible, for γ̃ = γ̃(τ) one has r1 − r2 ≥ γ̃(t2 − t1).
Draw the line through the point M̃t2,φ parallel to the ray of support through
M̃t1,φ, and let α̂ be the z-coordinate of intersection of this line with the z-axis.
Since the curve is convex, we have α̂ ≥ α̃(t1). Thus, we have

α̃(t2)− α̃(t1) ≥ α̃(t2)− α̂ = r2
(
σ(t1, φ)− σ(t2, φ)

)
.

Note that σ(t1, φ)− σ(t2, φ) = tanψ1 − tanψ2 > ψ1 − ψ2. Introducing the value
R̃τ := minφ r̃(τ, φ) ≥ γ̃τ > 0 and using that r2 ≥ R̃τ , we get(

length of the curve
)
≥ r1 − r2 ≥ γ̃(t2 − t1) ≥ γ̃

α̃(t2)− α̃(t1)

maxt∈[0,1] α′(t)
≥ 1

k̃
(ψ1 − ψ2),

where k̃ = k̃(τ) =
maxt∈[0,1] α

′(t)

γ̃ R̃τ

.

This implies that the part of the curve between M̃τ,φ and Mφ is of class C1 and
its curvature is ≤ k̃. Claim (b) of the lemma is proved.
Thus, we conclude that the slope of the curve at a point converges to σ(0, φ) when
the point approaches Mφ. It follows that the ray z = σ(0, φ) r, r ≥ 0 is tangent to
the curve ∂−C̃φ at the endpoint Mφ. On the other hand, according to condition
(i) of Theorem 3.1′, this ray is also tangent to ∂+Cφ at the endpoint Mφ. Taking
into account that ∂+Cφ = ∂+C̃φ, one concludes that the ray is tangent to C̃φ.
Thus, claim (a) of the lemma is also proved.

Denote ∂+C̃ = ∪φ∂+C̃φ = ∂C̃ ∩ ∂
(
Conv(C ∪ {O})

)
. It follows from claim (d) of

Lemma 4.12 that ∂+C̃ = ∂+C, and therefore,

∂+C ⊂ ∂C̃. (25)

Since K̃ coincides with K, the sets Ω−(K) and Ω+(K), defined by (14) and (15),
coincide with Ω−(K̃) and Ω+(K̃), respectively. It follows that N−1

C̃
(Ω+) = ∂′+C̃ =

∂′+C and NC̃

⌋
∂′
+C̃

= NC

⌋
∂′
+C

.
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Lemma 4.13 and claims (b), (c) of Lemma 4.12 mean that the body C̃ satisfies
conditions (i) and (ii)′ of Theorem 3.1′, the corresponding auxiliary functions
σ̃(t, φ) and HC̃(t, φ) coincide with σ(t, φ) and HC(t, φ), respectively, and the
function r̃(t, φ) = η(t)r(t, φ) plays the role of r(t, φ) as applied to C̃. Therefore
Lemma 4.7 is also applicable to the body C̃.
For any Borel set D ⊂ Ω+ we have

νC̃(D) = |N−1

C̃
(D)| = |N−1

C (D)| = νC(D). (26)

For a Borel set D ⊂ Ω− we get

νC̃(D) =

∫∫
H−1

C (D)

√
1 + σ2(t, φ) +

(∂σ
∂φ

(t, φ)
)2 1

2
d
[
− η2(t)r2(t, φ)

]
dφ. (27)

Now prove Theorem 3.1′. Fix 0 < T < 1 and take c = c(T ) as explained in Lemma
4.9. Choose a C1 function θ : [0, 1] → R such that
(i) θ(0) = 0 and θ(t) = 0 for t ∈ [T, 1];
(ii) |θ(t)| < 1 for all t;
(iii)

∣∣ d
dt

[
1
2
ln(1± θ(t))

]∣∣ ≤ c(T ) for all 0 ≤ t ≤ T .

It is straightforward to see that for s∈ [−1, 1] the function η(·, s) =
√

1 + sθ(·)
satisfies the conditions of Lemma 4.9, and therefore is admissible. For each
s ∈ [−1, 1] take η(t) := η(t, s) and construct the corresponding convex body
C̃ according to the procedure described on page 1396 ending with formula (23).
Thus, we have a vast family of convex bodies depending on the function θ and on
the parameter s; we will use the notation C̃ = C(s) = C(θ)(s).
One obviously has C(0) = C; thus, statement (a) of the theorem holds true for
these bodies.
Formula (25) remains valid when C̃ is replaced with C(s); thus, statement (b) of
the theorem is also true.
According to formulas (26) and (27), for a Borel set D ⊂ Ω+ we have νC(s)(D) =
νC(D), and for a Borel set D ⊂ Ω−,

νC(s)(D) =

∫∫
H−1

C (D)

√
1 + σ2(t, φ) +

(∂σ
∂φ

(t, φ)
)2 1

2
d
[
− (1 + s θ(t))r2(t, φ)

]
dφ.

Using these relations, one easily derives that for any Borel set D,

νC(s)(D) = νC(D) + s
(
νC(1)(D)− νC(D)

)
,

and so, statement (c) of the theorem is true. Further, the signed measure that
serves as a director vector, νC(θ)(1)−νC , satisfies the relations (νC(θ)(1)−νC)(D) = 0,
if D ⊂ Ω+, and, if D ⊂ Ω−,

(νC(θ)(1) − νC)(D) =

∫∫
H−1

C (D)

√
1+σ2(t, φ)+

(∂σ
∂φ

(t, φ)
)2 1

2
d
[
− θ(t) r2(t, φ)

]
dφ.
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Let Θ be the set of C1 functions θ satisfying (i), (ii), and (iii). The union of
the 1-dimensional subspaces spanned by all the director vectors corresponding to
θ ∈ Θ contains all signed measures ν = ν(θ) induced by C1 functions θ such that
θ(0) = 0 and θ(t) = 0 for t ∈ [T, 1]. These measures are defined by

ν(θ)(D) =


0, if D ⊂ Ω+;∫∫
H−1

C (D)
1
2

√
1 + σ2(t, φ) +

(
∂σ
∂φ
(t, φ)

)2

×

×d
[
− θ(t) r2(t, φ)

]
dφ, if D ⊂ Ω−.

All such measures form an infinite-dimensional linear space. Thus, statement (d)
of the theorem is proved.
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