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1. Introduction and main notations

The Hausdorff metric is one of the most important metrics in the space of closed
bounded subsets. It has a very natural geometrical meaning and also can be
specified (with the help of the supporting function) for the case of closed convex
bounded subsets. It has very useful topological properties as well.

Nevertheless, the Hausdorff metric has certain disadvantages. Suppose that F is
the space of closed convex bounded subsets of a real Hilbert space H.

For example, the unique solution of the minimization problem

min ||z ||?

€A
a = a(A) € A C Bg(0)NF, is Holder continuous (with the power 1) with respect
to the set A in the Hausdorff metric [11]. The function A — a(A), A € F, is not
uniformly continuous in the Hausdorff metric with respect to the set. Moreover,

there is no uniformly continuous (in the Hausdorff metric) function f: F — H
with the property f(A) € A for any A € F [19, Theorem 5.86 (1)].

*This work was partially stimulated by a talk with A.D.Ioffe in Yerevan during May 2017.
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In the paper [4] we considered some special metric p, introduced by A. Pli§ [17].
We proved that for any A, B € F and for any point z € ‘H we have || Pyz— Ppx| <
p(A, B). Here P4z is the metric projection of the point = on the set A.

We also proved that the solution a(A) of the minimization problem

min f(z)
for a strongly convex (with constant of strong convexity ) function with the
Lipschitz continuous gradient (with Lipschitz constant L) satisfies the estimate

1
la(A) —a(B)| £ ——F=—== p(A,B) VA, BeF (1)
1—/1-%
1
(note that s < Ly). We also obtained some estimates for quasiconvex functions
with strongly convex level sets and for some maximization problems.

In the present paper we prove some results about the Lipschitz stability for
strongly convex sets and (noncovex in general) functions with the Lipschits con-
tinuous gradient and weakly convex level sets. We also characterize metrics on
the space F with globally uniformly continuous metric projection as function of
the set.

Let ‘H be a real Hilbert space with the inner product (-,-) and B,(a) = {z € H|
||z — a]| < r} the ball around a of radius r. We denote by F the set of all closed
convex bounded subsets from 4. The distance from the point x € H to the set
A C H is defined by the formula o(x, A) = inf,ca ||z — a||. Denote the metric
projection of the point x € E on the set A C F as

Pi(x)={a€ A: ||x—a|] = o(z,A)}.

Recall that the set A) + Ay = {a; +as | a; € A;,i = 1,2} is called the Minkowski
sum of the sets Ay, Ay C H and the set

Al Ay ={weH|z+AC A=) (A—a)
acAs

is called the geometric (or Minkowski-Pontryagin) difference of the sets. If the
nonempty sets A; € F, i = 1,2, 3, satisfy the equality A, = Ay + A3, one easily
sees by using supporting functions that A3 = A; = A,. For a function f: H — R
define the lower level set as

L(p) ={zeH | f(r) < p}.
A function f: H — R is called quasiconver, if its lower level sets L(u) are convex.
We shall denote by f'(x) the Fréchet derivative of the function f at the point z.
The Hausdorff distance (metric) for the sets Ay, Ay C H is defined by the formula

h<A17A2) = max{ sup Q(% A2)7 sup Q(bu Al) } =

a€A beAs

= inf{?" >0 ’ Al C Ay + BT(O), Ay C A+ BT(O)}
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By the separation theorem for closed convex bounded subsets Ay, Ay C H we get

(A, Ag) = sup [s(p, A1) = s(p, As)], (2)

lpl=1

where s(p, A) = sup(p, x) is the supporting function of the set A.

€A
For any vector p € H and set A € F the subdifferential of the supporting function
s(+, A) at the point p is denoted by A(p) ={z € A | (p,z) = s(p, A)}.
For a set A € F and a point a € OA (the boundary of A) define the normal cone
N(A,a) ={peH | (pa) =s(p,A)}

Definition 1.1. For the sets A;, Ay € F define the Plis distance (metric) between
Ay and As as

p(Ar, Az) = sup h(Ai(p), A2(p))- O

Ipl=1
Some topological properties of the Pli§ metric were described in [8], in particular,
for any sets A;, Ay € F we have h(A;, A2) < p(Ay, Ag).

The set A € F is called strongly convex of radius R > 0, if it can be represented
as intersection of closed balls of radius R: A = (N, .y Br(z) = Bgr(0) = (—=X),
where X C H is an arbitrary set of centers.

reX

For r > 0 the open r-neighborhood of the set A C H is defined as
U (A)={z e H | o(x,A) <r}.

We say that a subset A C H satisfies the supporting condition with constantr > 0,
if for any point x € U,(A)\ A such that a € Paz, we have the equality

. Tr—a B
AﬂlﬂtBR (G+Rm)—® (3)

A closed subset A of a Banach space E is called prozimally smooth (or proz-
regular) with constant r > 0 [10] if the distance function o(z, A) is continuously
differentiable on the set U,(A)\A. Proximally smooth sets in a Hilbert space are
also called weakly convez, their properties can be found in [6, 10, 13, 15, 18, 20].

Proposition 1.2. ([10, Theorem 4.1]) Let A C H be a closed subset, r > 0. The
following conditions are equivalent:

(1) The set A satisfies the supporting condition with constant r.

(2) The set A is proximally smooth = weakly conver with constant r.

(3) The metric projection Pyx is singleton and continuous for all x € U,(A)\A.

2. Metric projection, sums and integrals

Lemma 2.1. Assume Ay, Ay € F and d > 0. Suppose that As is strongly convex
of radius R>0. Then for any xy,xs € H\U4(As) and a;=Pa,x;, i=1,2, we have

a1 — as|| = [|[Pa, 71 — Pa,a|| < |21 — 22| + p(Ar, Az).

R
R+d
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Proof. First we prove that for a point x € H and a; = Py,z, 1 = 1,2,
lar — az|| < p(Ar, As). (4)

We can assume that x = 0. Suppose that a; # 0, 7 = 1,2. Let p; = —”Z—” be the

normal vector to the set A; at the point a;. Define 1 = (0, Ay), ro = 0(0, As).
Note that a; = —r;p; and a; € A;(p;), i = 1,2. Fix t > 1.

Let y € Ay(p1) be a point such that ||a; — y|| < tp(Aq, Ag). It is easy to see, that
(p2,y) < (p2,a2) and (p1,y) > (p1,a2). We have

(a1 — ag,y — az) = (—rip1 + Top2, Yy — a2) =
=711 (—=(p1,y) + (p1,a2)) + 12 ((p2,y) — (p2,a2)) < 0.

Thus, the inner product (a; — as, y — az) is nonpositive, and hence the angle
between vectors a; — ap and y — ap is at least 7. Therefore, the length of the
side ayy of the triangle ajasy is not less than the length ajaq, ie. |ja; — as]| <
lar — y|| < tp(Aq, Ag) for all t > 1. Passing to the limit ¢ — 1 4 0, we prove (4).
If ay = 0, a; # 0, then (taking t > 1) put p; = —m, and choose y € Ay(py) such
that [Ja; — y|| < tp(A1, As). As above it’s easy to see that ||0 — ay]| < ||y — aq| <
tp(Ay, As). It remains to pass to the limit as ¢ — 1+ 0.

Now let b = Py,a;. We get

las — asll < flay — bl + b — asll,  and [lay — b]] < p(Ay, Ay),

and by [5, Corollary 2.1]:  ||b— ag|| < |z — 22| O

R
R+d
Note that taking the limit as R — +o00 we get the inequality

lar — az|| < [lay — @2l + p(As, A2)

for any subsets A;, Ay € F. The last estimate was proved in [4].

Lemma 2.2. Let B € F. Then p({0}, B) = h({0}, B).

Proof. The inequality p({0}, B) > h({0}, B) is obvious. We prove the converse
inequality. Put h = h({0}, B). Hence for any unit vector p we have

h({0}, B(p)) < h({0}, B),

and hence p({0}, B) < sup h({0}, B(p)) < h. O

lIpll=1

Lemma 2.3. Let A, B € F. Then p(A,A+ B) = h(A, A+ B).

Proof. The proof follows from Lemma 2.2 and the equalities p(A, A + B)
p({0}, B), h(A, A+ B) = h({0}, B). 0
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Suppose that E' is a separable Banach space and (T, 7, 1) is a compact topological
space T with o-algebra of measurable sets 7 and Lebesgue’s measure p. Definition
of measurable set-valued mapping and criteria for measurability can be found in
[9]. In particular, in a separable Banach space for any measurable set-valued
mapping F': T'— CI(E) (CI(E) is the set of all closed nonempty subsets from F)
there exists countable family of measurable selectors f,, with

F(t) = D fm(t), a.e. teT.

Put Sr(F)={fe€ L(T,E)| f(t) € F(t) a.e. t€T}.
The Aumann integral of F' [2] is defined as follows

/F(t)dt:{er ‘ x:/f(t)dt, fEST(F).}

T
The value [, F(t)dt is closed and convex.
In the case T'= Ty U Ty (T; is measurable) it is easy to see by definition that

/F(t) dt = /F(t) dt+/F(t) dt.

T T >
In the case £ = R" the results can be found in [14, §8.1, 8.2].

Lemma 2.4. Let H be a separable real Hilbert space. Let G: [to,T| — F be a
measurable mapping such that esssupe,, 71 h({0}, G(t)) < +o00. For Fy € F put

F(t)=Fy+ /G(r) dr, t € [to, T).

Then for any t,ty € [to, T] : h(F(t1), F(t2)) = p(F(t1), F(t2)).

Proof. Let t; <t5. The proof follows from the equality

Fits) = F(t) + [ G(r)ar

the fact that the integral is a set from F and Lemma 2.3. O

Lemma 2.5. Let H be a separable real Hilbert space. Let G: [to,T] — F be a
measurable mapping such that esssup,cy, 71 h({0}, G(t)) < +oo. For Iy € F put
¢
F(t):FD—i-/G(T)dT, tE[tQ,T].
to

If the set F(T) is strongly convex of radius R > 0, then for any t € [to,T) the set
F(t) is also strongly convex of radius R.
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Proof. From the equality

F(T) :Fo—i-/tG(T)dT—i-/TG(T)dT

to

and the fact that any above integral belongs to F we get F'(t) = F(T) = H, where
H= ftT G(7)dr. Thus the set F(t) is intersection of balls of radius R. O

Another sufficient condition for the set-valued integral to be a strongly convex set
can be found in [12].

Theorem 2.6. Suppose that H is a separable Hilbert space, f: H — R is a
strongly convex function with a constant of strong convexity » > 0 and with a
Lipschitz continuous gradient with Lipschitz constant Ly > 0. If the sets Ay and
Ay are values of some set-valued integral, i.e. A; = Fy + fti’ G(7)dr, where Fy
and G(t) are from Lemma 2.4, then the solution a; of the problem min,ca, f(x),
1 = 1,2, satisfies the estimate

1

lar — az|| £ ———== h(A1, 43).
- /1-=
Proof. The proof follows from Lemma 2.4 and formula (1). O

3. Stability of minimization problems for strongly convex sets with
small radius of strong convexity

Theorem 3.1. Let Ay, Ay € F be strongly convex sets of radius R > 0. Let
f:H — R be a function such that the problem

ng@% i=1,2,
has a unique solution a; € A;, and let f(a1) < f(ag). Assume that there exist

numbers m > 0, Ly > 0 such that for any x,y € L(f(az2))\int L(f(a1)) we have
()= W) < Li|lx —y|| and ||f'(z)|| > m. Assume also that R<m/Ly. Then

lar — aof| < ﬁ p(Ar1, As).
Proof. Take b € 0A, such that b € As(—f'(a1)). By the definition of the Plis
metric ||a; — b|| < p(Ay, Ay). For any ||p;]] = 1, \; > 1, i = 1,2, we have the
inequality [[p1 — pa|| < ||Aip1 — Aape||, it can be verified by squared. Using the
Lipschitz property of the supporting elements of strongly convex sets [7, Theorem
4.1], we have for unit vectors p; = — f"(a;)/||f'(a;)], ¢ = 1,2, the estimate

flar) — f'(as)

m m

RL
< —lay — as|

las = b]| < Rllp1 — psl| < R‘

RL
and a1 — as|| < [lag — 0| + [laz — b]| SP(AhAz)JFWlHal—%H- L
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In the same way the next theorem can be proved.

Theorem 3.2. Let A, Ay € F be strongly convex sets of radius R > 0. Let
f:H — R be a function such that the problem

=12
%%f@% i=1,2,

has a unique solution a; € A;, f(a1) < f(ag). Assume that there exist numbers
m >0, Ly > 0 that for any x,y € L(f(az2))\int L(f(a1)) we have || f'(xz)— f'(y)] <
Li||z — y|| and || f'(x)|| > m. Assume also that R < m/Ly. Then

Ay, Ag).

a1 — as < L p(

m

Note that by [20, Proposition 4.13], [3, Theorem 2.1] under some mild additional
assumptions the level sets £; = L£(f(a;)), i = 1,2, are proximally smooth with
constant = m/L, and the solutions a; are unique due to R < m/L; [3].

4. Stability of minimization problems for functions with weakly convex
level sets and for quasiconvex functions

Theorem 4.1. Let A, Ay € F be strongly conver sets of radius R > 0. Let
f:H — R be a function such that the problem

ng@% i=1,2,

has unique solution a; € A;, f(a1) < f(as). Put L;=L(f(a;)), i=1,2, and suppose
that the set Ly and its complement cl(H\L1) are weakly convex with constantr > 0
and R < r. Suppose that there exist positive constants m, L1, L such that

(1) ||f(z)]] = m for all x € H\int Ly,

2) [1f' (@) = W < Lallz = yll, for all z,y € H\int Ly,

@) IS () = fFWl < Lilz =yl for all x,y € H\int L,

(4) Lh(Ay, Ap) <,

(5) for all x € 0Ly and y = Pr,x (exists and unique) f(z) — f(y) > m|z —y|,
where m s from (1).

Then

1 LR
Jor — ol < — (p<A1,A2)+ Ealty .0

m m

Lh(A, A Lh(A, A
+ ( 15 2))+ ( 15 2>‘

T

Proof. We have by (4) and (5) o(ag, £1) < f(”);f(al) < Lh(‘jrll”%) < r, hence
Pr,ay is a singleton. Putting b = P, a2, we have [jas — b|| < W.

Let —f'(b) € N(Ay, w) for some w € 0A,. From the strong convexity of the set
Ay we obtain that [7, Theorem 4.1]

') f'az)

m

LILWR

m2

R
< “lag = b]| <
m

o= as]) < R] BALA). (5)

’ L
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Denote Al := Ay—w+b. From the weak convexity of the set £; with constant r > R
we get A, Nint £1 = () and the point b is a minimizer for f on the set A}. Hence

lw = bl < flw = as]| + [lag = b]| = [[w = as|| + e(asz, £1)

LILR Lh(Aq, A
< ERy oy, ag) 4 HALAD) (6
m m
p(AL, 45) < (A, o) + (A, As) = plAr, o) +w =B (7)

Deﬁne b1 = ay, b2 = b, Pi = f/(bl)/||f/(bz)||7 xT; = bz — tpu t Z 0, 7= 1,2 By the
definition we get

w1 = wal* = [|br — bal* = 2t(bs — Do, pr = p2) + £*[|p1 — pol|*. (8)
Since p; € N(L;,b;), from [20, Proposition 3.7], [13, Theorem 3.1 (d)] we obtain
r(by — by, p1 — p2) > —||b1 — bs||*>. By [20, Proposition 3.6], [13, Theorem 3.6]

1
lp1 = pall < —[lbr = bafl,
and finally from Formula (8) we obtain
) ) 2t t?
21— @of" < {[br = b2 (1 4+ — + — |,
roor
t
and hence |z1 — 22| < ||by — ba| (1 + ;) . 9)
For any o € (0,1) we can find ¢, > 0 such that h(A;, A}) < t(1—a) for all t > t,,
and thus o(zq, A1) = o(z2, A)) =t and
Q($1,Al2) Z Q(‘rlaAl) - h(A17A/2) 2 la.

From this and Lemma 2.1 we have

1+ 7
|1 — @] + p(Ar, A)) < H—éﬂbl — bo|| + p(Ar, Ay),
R

by — byl <
b =ball < 774

where the second inequality is due to (9). Passing to the limit as ¢ — +o0 in the
previous formula we find

R
b1 — bof| < a”bl — bo|| + p(Aq, AY).

Taking the limit as @« — 1 — 0 we obtain

llar — bl = ||by — by < p(A1, A)) (10)

1— B

and, taking in mind (7), a1 — ao| < |jay = b|| + [[b — az|| <

1 h(Ay, Ag)) n Lh(Ay, Ay)

1- £

LI R

L
<P(A1,A2) + 2 h(Ar, Az) + [

<
m m

Note that weak convexity of level sets for functions is considered in [20], [1].
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Remark 4.2. In case f(a1) = f(az) we get by Theorem 3.2 from (10) (b = as)

1
lar — as|| < 1 Ep(AlaAQ)' (11)

Example 4.3. Suppose that >R >0 and £, =L, =R*\B,(0). The sets £; and
R2\int £; are weakly convex with constant 7. Consider the balls A;, Ay C B,(0)
of radius R which touch each other and both balls A; and A, touch 0L, = 9B,.(0).
Let a; = A; N OLy, i = 1,2. Then, from trivial similarity, we have

a; —a T
| 12R 2ll _ — p(A1, Ay) = 2R, and
2Rr 1
oy~ aall = 2 = e A
Thus the estimate (11) is exact. O

We want to admit that in Theorem 4.1 we separate “radial” direction (formula
(7)), where we need some sort of Lipschitz condition for the derivative in “radial”
direction (2), and “axial” direction (formula (10)), where we use weak convexity
of the level sets £; and cl(H\L;). We cannot completely refuse the Lipschitz
condition of f’ in the “radial” direction (at least in the present proof), or replace
it with some geometrical property.

Theorem 4.4. Let A, Ay € F be strongly convexr sets of radius R > 0. Let
f:H — R be a quasiconvex function and a; € A;, © = 1,2, be solution of the
problem

;relg:f(:v% i=1,2,

and let f(ar) < f(az). Put L; = L(f(a;)), i = 1,2. Suppose that there exist
positive constants m, L1, L such that

(1) |If'(x)]| > m for all z € H\int Lq,

2) |If'(x) = ()| < Li||lx = y|, for all z,y € H\int L,
(3) [[f(z) = fy)|l < Ll —yl|, for all x,y € H\int L.
Suppose that, for to = m/(2RL3),

LILWR L m
h(Al,Ag) (1 + 2 + E) < Eto, (12)
Then llar — as|| <
1 LL.R Lh(Ay, A Lh(Ay, A
< <p(A1,A2) + T R (A, A) + (As 2)) | LhtAs 2>,
—q m m m

_1
where q:<1+%> °)
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Proof. The proof is similar to the proof of Theorem 4.1, except for the step
below. Assume b, w and A} as defined in the proof of Theorem 4.1.

Define by = a1, by = b, x; = b; —tmf'(b;), t > 0, i = 1,2. By definition we get
1 = a||* = [|br = ba||* = 2t(by — ba, f'(b1) = f'(b2)) + [ f'(b1) — f'(B2)[|%. (13)

From the convexity of the set £; we have (by — by, f'(b1) — f'(b2)) > 0. By the
Lipschitz condition for f" we have || f'(b1)— f'(b2)|| < L1||by—b2]|, and from formula
(13) we obtain that

|21 — 22| < ||by — bol|y/1 + 2L3.

On the other hand, h(A;, A,) < h(A;, A2) + h(AL, As) < h(Ay, A2) + |Jw — b,
and o(z1,Ay) = Q(ZEQ, A}) = tm. Then from (12) with ¢ = ¢, and (6) we have
1
Q(xlaAIQ) 2 Q(xlaAl) - h(A17A/) Z 5
From this and Lemma 2.1 we get

, V 1+ 213 ,
wal| + p(Ar, Ay) < 11 = bl + p(Ar, Ay).

by —b
b . -

||$1

[Ep—
~ R+
Taking t = ty, we obtaln that

2R

1
\/ L+ RQL2
Thus, by (6) and (7): a1 — az]| < [lay = b]| +[|b — az| <

LLlR Lh(Al,Ag)) | Lh(Ar, A)

1
||a1 — b” = ||b1 — bg“ S 1—_qQ<A1,Al2), Where q=

h(Ay, As) +

m m

1
< qu (P<A17A2) +

Remark 4.5. In the case f(a1) = f(a2) we have by Theorem 4.4 (b = ay)
1

==
1+ ARZLZ

Remark 4.6. Note that it’s sufficient to demand Lipschitz and other conditions
for functions f in Theorems 4.1, 4.4 on the set L(u)\int £(f(a1)), where p =

sup  f ().

x€A1UA2

1
lar — az|| < 1—_(1/7(141,142),

Remark 4.7. If in Theorems 3.1, 3.2, 4.1, 4.4 the space H is separable and the
sets A; and A, are values of some set-valued integral with strongly convex images,

ie. A; = Fo+ ft T) d7, then in statements of all these theorems one can replace
(Al, Az) with h(Al, AQ)

Indeed, in this case by Lemma 2.4 p(A;, As) = h(A;, As2). Strong convexity of the
integral takes place under conditions of Lemma 2.5, see also [12].
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5. Appendix: metrics with uniform continuity of the metric projection
Let d be some metric on the space F.

We shall discuss the question: when for any A, B € F, and for any x € H, the
following inequality holds

|Pax — Ppz|| < w(d(A, B)), (14)

where w: [0, +00) — [0,400) is an increasing function such that 0 = w(0) =
lim;, 1o w(t). Thus we want to describe some metrics on F with uniformly con-
tinuous metric projection with respect to the set (uniformly on z).

Lemma 5.1. Let Ay, Ay € F. Then for any € > 0 there exists x € H with
(1 - £)p(Ay, 43) < | Pz — Payel.

Proof. Suppose that p(Ay, A2) > 0. Fixe € (0,1). Take a vector p € H, ||p|| = 1,
satisfies the inequality

M), As(p)) > (1= <€) plAr, A2).

From the definition of the Hausdorff metric without loss of generality we can find
a point a; € A;(p) such that its metric projection ay = Pa,ar gives

Jar = asll > (1 5 ) A1), Asp) > (1 <€) plr, A2)
> (1 - %z—:)p(Al,Ag).

For any natural number k define the point z; = a; + kp and the point y, = Pa, 2.
By definition a; = P4, z) for any k. Since the sequence (yx) is bounded, we
can suppose that it weakly converges to a point w. The sequence of vectors
pr = (xx — y)/(||zr — yk||) converge to the vector p in the strong topology and
yr € As(pg). Using the normxweak closedness of graphs of subdifferentials of
lower semicontinuous convex functions, we have w € Ay(p) (recall that for a set
AC FandpeH Alp) = 0s(p, A)). From the lower weak semicontinuity of the
norm in H and the equality a; = Pa,,)a1 we obtain

o 1
liminf ||a; — y|| > [|la1 — w|| > ||ar — az|| > (1 — 55) p(A, Ay).
Thus we can find a number k, for which

Jor =l 2 (1= e llar — aall = (1= 3¢) (1= 3¢ plr, 42)

Z (1—€>p(A17A2) ]
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We shall consider two more axioms in addition to the three standard axioms of
the metric d:

(Al) VA>0VA,Be F: d(AA,AB) = Md(A, B),
(A2) VA,B,C e F: d(A+C,B+C) <d(A, B).
Note that (A2) is equivalent to property (A3):
(A3) VA,B,C,D € F: d(A+C,B+ D) <d(A,B)+d(C,D).
Suppose that the metric d satisfies axiom (A1) and condition (14). Then by
Lemma 5.1 for any € > 0, A, B € F there exists x € H with
(1 —¢€)p(A, B) < ||Paw — Ppz|| < w(d(4, B)).

Taking the limit as € — 40, we obtain that p(A, B) < w(d(A, B)).
Put A = a/d(A, B) for some a > 0. Then by (A1) Ap(A, B) < w(a), i.e.

p(A,B) < @dm, B)  Va>0.
Define K = inf ““. Then p(A,B) < Kd(A,B) VA ,BeF. (15)

a>0
Moreover, taking A = a/d(A, B) (a > 0) and using (A1), we have

M| Pax — Ppz|| = ||Pxadr — PapAz|| < w(Ad(A, B)) = w(a),

ie. ||[Pyx — Ppz| < @ d(A, B) for any o > 0. Hence

||Paz — Ppz|| < Kd(A, B).
We shall say that the metrics p and d are uniformly equivalent, if for any sequence
{(Ag, Bg)}32,, where Ay, By, € F for all k, the following two implications hold
(T1) p(Ag, Br) — 0 implies d(Ag, Bx) — 0, and
(T2) d(Ag, Br) — 0 implies p(Ag, Br) — 0.

From inequality (15) we see that (T2) holds. Hence, the uniform equivalence of p
and d means (T1) and vice versa.

Theorem 5.2. Suppose that metric d satisfies (A1), (A2) and (15). If condition
(T1) holds, then there exists Q@ > 0 such that

VA,Be F: p(A,B)>Qd(A,B).

Proof. Enclose F into the linear space L(F) of pairs (4,B), A,B € F [16].
Endow the space L(F) with norms ||(A, B)||, = p(A, B) and ||(A, B)||4 = d(A, B)
(due to axioms (A1) and (A3)). We have ||(A4, B)||, < K||(A, B)||4 for all (A, B) €
L(F), and the completions of the normed spaces (L(F), || - ||a) and (L(F), | -1,)
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coincide because of property (T1). The norms || - ||, and || - |4 are equivalent by
the bounded inverse theorem. Thus there exists () > 0 such that for all A, B € F

p(A; B) = [[(A, B)ll, = QlI(A; B)[la = Qd(A, B). -

Acknowledgements. The author is greatful to the referee for extremely detailed
and helpful comments. The work was supported by RFBR grant 18-01-00209.

References

[1]  S.Adly, F.Nacry, L. Thibault: Preservation of proz-regularity of sets with appli-
cations to constrained optimization, SIAM J. Optimization 26(1) (2016) 448-473.

[2] R.J.Aumann: Integrals of set-valued functions, J. Math. Anal. Appl. 12 (1965)
1-12.

[3] M. V.Balashov: Mazimization of a function with Lipschitz continuous gradient, J.
Math. Sciences 209(1) (2015) 12-18.

[4] M. V.Balashov: The Plis metric and the Lipschitz stability of minimization prob-
lems, Mat. Sbornik 210(7) (2019) 3-20.

[5] M. V.Balashov, M. O. Golubev: About the Lipschitz property of the metric projec-
tion in the Hilbert space, J. Math. Anal. Appl. 394(2) (2012) 545-551.

[6] M.V.Balashov, G. E. Ivanov: Weakly convex and prozimally smooth sets in Banach
spaces, Izvestiya: Mathematics 73(3) (2009) 455-499.

[7] M. V.Balashov, E.S. Polovinkin: M -strongly convexr subsets and their generating
sets, Sbornik: Mathematics 191(1) (2000) 27-64.

[8] M. V.Balashov, D.Repovs: On Plis metric on the space of strictly conver com-
pacta, J. Convex Analysis 19(1) (2012) 171-183.

[9] C.Castaing: Sur les multi-applications mesurables, Rev. Frangaise Inform. Rech.
Oper. 1 (1967) 91-126.

[10] F.H.Clarke, R.J.Stern, P.R. Wolenski: Prozimal smoothness and lower-C* pro-
perty, J. Convex Analysis 2(1-2) (1995) 117-144.

[11] J.W.Daniel: The continuity of metric projection as function of data, J. Approxi-
mation Theory 12(3) (1974) 234-240.

[12] H.Frankowska, Cz. Olech: R-convezity of the integral of the set-valued functions,
in: Contributions to Analysis and Geometry, Johns Hopkins University Press,
Baltimore (1981) 117-129.

[13] V.V.Goncharov, G.E.Ivanov: Strong and weak convexity of closed sets in a
Hilbert space, in: Operations Research, Engineering, and Cyber Security, N. Daras,
T. Rassias (eds.), Springer Optimization and Its Applications 113, Springer, Cham
(2017) 259-297.

[14] A.D.Ioffe, V.M. Tikhomirov Theory of Extremal Problems, North-Holland Pub-
lishing Company, Amsterdam (1979).

[15] G.E.Ivanov: Weak convezity of sets and functions in a Banach space, J. Convex
Analysis 22(2) (2015) 365-398.



M. V. Balashov / Lipschitz Stability of Extremal Problems ...

D. Pallaschke, R. Urbanski: Pairs of Compact Convex Sets. Fractional Arithmetic
with Convex Sets, Mathematics and Its Applications 548, Springer Netherlands,
Dordrecht (2002).

A.Plis: Uniqueness of optimal trajectories for non-linear control system, Ann.
Polom. Math. 29 (1975) 397-401.

R. A. Poliquin, R.T.Rockafellar, L. Thibault: Local differentiability of distance
functions, Trans. Amer. Math. Soc. 352(11) (2000) 5231-5249.

D. Repovs, P. V. Semenov: Continuous Selections of Multivalued Mappings, Kluwer
Academic Publishers, Dordrecht (1998).

J.-Ph. Vial: Strong and weak convexity of sets and functions, Math. Op. Res. 8(2)
(1983) 231-259.



