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1. Introduction

A fundamental concept in modern variational analysis and non-smooth optimiza-
tion is regularity of a set-valued mapping F acting from a metric space (X, d)
into (subsets of) another metric space (Y, ϱ), denoted by F : X ⇒ Y , around
a prescribed reference point (x̄, ȳ) in its graph gphF , see, for example, books
[1, 7, 17, 18]. The term regularity means that the mapping under consideration
obeys one of the three equivalent properties – metric regularity, openness with
a linear rate around the reference point, and pseudo-Lipschitz property of the
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inverse. Let us focus on the second property. The mapping F is called open with
a linear rate around (x̄, ȳ) when ȳ ∈ F (x̄) and there are positive constants c and
ε along with a neighborhood U × V of (x̄, ȳ) in X × Y such that

F (IBX(x, t)) ⊃ IBY (y, ct) for each (x, y) ∈ U × V, y ∈ F (x), and t ∈ (0, ε), (1)

where IBZ(z, r) and IBZ [z, r] denote the open and the closed ball in the metric
space Z centered at z with a radius r > 0, respectively. The supremum of c > 0
for which there exist a constant ε > 0 and a neighborhood U×V of (x̄, ȳ) in X×Y
such that (1) holds is called the modulus of surjection of F around (x̄, ȳ) and is
denoted by surF (x̄, ȳ). There are two basic ways of weakening the regularity
property by fixing one of the points involved in the definition (see [4] for a survey
on various names of the properties as well as for the historical background).
The first resulting property, which has attracted a lot of attention during the
last decades, is called subregularity meaning that the mapping under considera-
tion obeys one of the three equivalent properties – metric subregularity, pseudo–
openness with a linear rate at the reference point, and calmness of the inverse.
Recall that F is said to be pseudo-open with a linear rate at (x̄, ȳ) when ȳ ∈ F (x̄)
and there are positive constants c and ε along with a neighborhood U of x̄ in X
such that

F (IBX(x, t)) 3 ȳ for each x ∈ U, with F (x)∩ IBY (ȳ, ct) 6= ∅, and t ∈ (0, ε). (2)

The supremum of c > 0 for which there exist a constant ε > 0 and a neighborhood
U of x̄ in X such that (2) holds is called the modulus of pseudo-openness of F at
(x̄, ȳ) and is denoted by popenF (x̄, ȳ);
The latter resulting property called semiregularity means the mapping under con-
sideration obeys one of the three equivalent properties – metric semiregularity,
openness with a linear rate at the reference point, and pseudo-calmness of the
inverse. Specifically, the mapping F is said to be open with a linear rate at (x̄, ȳ)
when ȳ ∈ F (x̄) and there are positive constants c and ε such that

F (IBX(x̄, t)) ⊃ IBY (ȳ, ct) for each t ∈ (0, ε). (3)

The supremum of c > 0 for which there exists a constant ε > 0 such that (3) holds
is called the modulus of openness of F at (x̄, ȳ) and is denoted by lopenF (x̄, ȳ).
In some applications, it is useful (and necessary) to consider Hölder versions of
regularity, subregularity, and semiregularity [11] (cf. Definition 6.1). Recently,
a directional version of regularity was introduced in [8] for set-valued mappings
acting between Banach spaces, which covers common directional versions of regu-
larity met in the literature such as directional metric regularity in a given direction
from [15] and regularity along a subspace from [14]. The directional character is
formulated by the use of a special type of the minimal time function (see Exam-
ple 2.3). A directional version of metric subregularity in the spirit of [15] can be
found in [13].
It is well-known [4, 17], that Ioffe-type criteria allow to obtain simpler proofs
for (Hölder) regularity, subregularity, and semiregularity conditions in different
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instances. A common way of proving these criteria is the Ekeland’s variational
principle. In [3], a directional version of Ioffe’s regularity criterion is proved by
using the directional Ekeland’s variational principle. Based on this adapted crite-
rion, sufficient conditions for the directional regularity are proved easily and then
applied to derive conditions for the directional regularities of a composition and
a sum of set-valued mappings.
In this paper we continue the study of directional regularity concepts including
subregularity and semiregularity in the spirit of [3]. It turns out that the extended
quasi-metric spaces provide an appropriate framework for unifying criteria for the
usual (sub/semi) regularity as well as their directional and Hölder counterparts.
The note is organized as follows. In Section 2, we state the Ekeland’s varia-
tional principle in extended quasi-metric spaces and provide a (brief) comparison
with various generalizations of this fundamental statement in the literature. In
Section 3, Section 4, and Section 5, we study sufficient as well as necessary condi-
tions for semiregularity, subregularity, and regularity, respectively. In Section 6,
we illustrate possible applications of the unified theory. We also consider local
convergence of the directional version of Newton-type methods for solving a gener-
alized equation which may be applied when the usual (non-directional) regularity
does not hold.
At the end of this introduction, we summarize common notions we use. Note that
the specific ones are introduced at appropriate places later.

1.1. Notation and terminology

When we write f : X −→ Y , we mean that f is a (single-valued) mapping acting
from X into Y while F : X ⇒ Y is a mapping from X into Y which may be set-
valued. The set domF := {x ∈ X : F (x) 6= ∅} is the domain of F , the graph of
F is the set gphF := {(x, y) ∈ X × Y : y ∈ F (x)} and the inverse of F is the
mapping Y 3 y 7−→ {x ∈ X : y ∈ F (x)} =: F−1(y) ⊂ X; thus F−1 : Y ⇒ X.
In any metric space, IBX [x, r] denotes the closed ball centered at x with a radius
r > 0 and IBX(x, r) is the corresponding open ball. The sets IBX and SX are re-
spectively the closed unit ball and the unit sphere in a normed space X, and for a
set A ⊂ X, the cone generated by A and the linear span of A is denoted by coneA
and spanA, respectively. The distance from a point x to a subset C of a metric
space (X, d) is dist(x,C) := inf{d(x, y) : y ∈ C}. We use the convention that
inf ∅ := ∞ and as we work with non-negative quantities we set sup ∅ := 0. If a set
is a singleton we identify it with its only element, that is, we write a instead of {a}.
The symbol L(X,Y ) denotes the space of all linear bounded operators from a
Banach space X into a Banach space Y . Then Rm×n := L(Rn,Rm) (we identify
the linear mappings with the corresponding representation matrix with respect
to the standard canonical bases) and X∗ := L(X,R). Given A ∈ L(X,Y ), the
operator A∗ : Y ∗ −→ X∗ denotes the adjoint (dual, transpose) operator to A.
The transpose of a matrix A ∈ Rm×n is AT ∈ Rn×m. We write diag {a1, . . . , an}
for a diagonal matrix whose diagonal entries starting in the upper left corner are
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a1, . . . , an. In Rn, by 〈·, ·〉 we denote the scalar product inducing the Euclidean
norm ‖ · ‖. Given an extended real-valued function φ : X −→ R ∪ {∞} and a
point x ∈ X, the limit inferior of φ at x is defined by

lim inf
u→x

φ(u) := sup
r>0

inf
u∈IBX(x,r)

φ(u);

φ is called lower semicontinuous at x if φ(x) = lim infu→x φ(u); finally the domain
of φ is the set domφ := {u ∈ X : φ(u) < ∞}. Finally, the calmness modulus of
a mapping g between metric spaces (X, d) and (Y, ϱ) at a point x ∈ X, denoted
by calm g(x), is the infimum of ℓ > 0 for which there is a neighborhood U of x
such that ϱ(g(u), g(x)) ≤ ℓ d(u, x) for each u ∈ U .

2. Theoretical Background

In this section, we state the Ekeland’s variational principle within the framework
of extended quasi-metric spaces. Since the terminology used by various authors is
not unified, we prefer to postulate the following set of properties without giving
them particular names (cf. Remark 2.2).
Definition 2.1. Let a non-empty set X and a function φ : X ×X −→ [0,∞] be
given. We say that φ has property
(P1) if φ(x, x) = 0 for each x ∈ X;
(P2) if φ(x, y) ≤ φ(x, z) + φ(z, y) whenever x, y, z ∈ X;
(P3) if φ(x, y) > 0 whenever x, y ∈ X are distinct;
(P4) provided that: if for each ε > 0 there is an index k = k(ε) such that for

each n,m ∈ N with k ≤ n < m we have φ(xm, xn) < ε, then there is a point
u ∈ X such that φ(u, xn) → 0 as n→ ∞.

The conjugate of φ is the function φ : X ×X −→ [0,∞] defined for x, u ∈ X by
φ(x, u) := φ(u, x).

Consider a non-empty set X and a function φ : X×X −→ [0,∞] having property
(P1). Given x ∈ X and r > 0, we define sets

IBφ
X(x, r) := {u ∈ X : φ(x, u) < r} and IBφ

X [x, r] := {u ∈ X : φ(x, u) ≤ r}.

We define the topology τφ on X starting from the family Vφ(x) of neighborhoods
of an arbitrary point x ∈ X:

V ∈ Vφ(x) ⇐⇒ IBφ
X(x, r) ⊂ V for some r > 0.

The convergence of a sequence (xn) to x in (X, τφ) is characterized by
limN∋n→∞ xn = x if and only if φ(x, xn) → 0 as N 3 n→ ∞.

Note that, given x ∈ X and r > 0, the set IBφ
X(x, r) is τφ-open but IBφ

X [x, r] has
not to be τφ-closed (it is τφ -closed). Moreover, for each x ∈ X the mapping X 3
u 7−→ φ(u, x) is τφ-lower semicontinuous while the mapping X 3 u 7−→ φ(x, u) is
τφ-upper semicontinuous (cf. [6]).
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Remark 2.2. (1) Let us comment on the terminology from [5]. Let X be a
non-empty set and a function φ : X × X −→ [0,∞) be given. Any function φ
having properties (P1) − (P2) is called a quasi-semimetric and the pair (X,φ) is
called a quasi-semimetric space. If φ has properties (P1)−(P3), then the topology
τφ is T1. Property (P4) means that the space (X,φ) is right φ-K-complete, that
is, every right φ-K-Cauchy sequence is convergent in (X, τφ). Note that there are
several other names used in the literature (even by the same author).
(2) Let now a constant α ∈ (0, 1), non-empty sets X and Y , and two functions
φ : (X × X −→ [0,∞] and ϱ : Y × Y −→ [0,∞] be given. If both φ and ϱ have
properties (P1)– (P4) then so has the function ω : (X × Y )2 −→ [0,∞] defined by

ω((u, v), (u′, v′)) := max{φ(u, u′), αϱ(v, v′)}, (u, v), (u′, v′) ∈ X × Y. (4)

Moreover, the topology τω is the product topology on X × Y .

Of course, any (positive multiple of) metric on a metric space X has properties
(P1)− (P3). Let us present another example (cf. [3, 8]).

Example 2.3. Let (X, ‖ · ‖) be a Banach space. Given a non-empty set L ⊂ SX ,
the directional minimal time function with respect to L is the function

X ×X 3 (x, u) 7−→ TL(x, u) := inf {t ≥ 0 : u− x ∈ tL} . (5)

Clearly, for each x, u ∈ X, if TL(x, u) <∞ (which is equivalent to u−x ∈ coneL),
then

T−L(u, x) = TL(x, u) = ‖u− x‖.

If coneL is convex, then TL has properties (P1)− (P3). If L is closed, then so is
coneL, and the function TL is lower semicontinuous and has property (P4).

Now, we state the statement announced above and we equip it with a short direct
proof for the reader’s convenience.

Theorem 2.4. (Ekeland’s variational principle) Let a non-empty set X, a func-
tion φ : X × X −→ [0,∞] having properties (P1) − (P4), and a point x̄ ∈ X be
given. Consider a τφ-lower semicontinuous function f : X −→ [0,∞] such that
f(x̄) <∞. Then there exists a point u ∈ X such that f(u) + φ(u, x̄) ≤ f(x̄) and

f(u) < f(v) + φ(v, u) whenever v ∈ X \ {u}. (6)

Proof. We follow a standard pattern and construct inductively an appropriate
sequence x1, x2, . . . in dom f . Let x1 := x̄. If xn ∈ dom f is already defined for
n ∈ N, find xn+1 ∈ X such that

f(xn+1) + φ(xn+1, xn) ≤ f(xn) and f(xn+1) < in + 1/n (7)

where in := inf{f(x′) : x′ ∈ X and f(x′) + φ(x′, xn) ≤ f(xn)}.

Note that 0 ≤ in ≤ f(xn) < ∞ hence a point xn+1 exists and lies necessarily in
dom f because we have f(xn+1) ≤ f(xn+1) + φ(xn+1, xn) ≤ f(xn) <∞.
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The first inequality in (7) implies that the sequence
(
f(xn)

)
is decreasing and

bounded from below, so ℓ := limN∋n→∞ f(xn) exists and is finite. Moreover, for
all 1 ≤ n < m, we have

0 ≤ φ(xm, xn) ≤ φ(xm, xm−1) + · · ·+ φ(xn+1, xn)

≤
(
f(xm−1)− f(xm)

)
+ · · ·+

(
f(xn)− f(xn+1)

)
≤ f(xn)− f(xm). (8)

Hence for each ε > 0 there is an index k = k(ε) such that for each n,m ∈ N with
k ≤ n < m we have φ(xm, xn) < ε. By (P4), there is u ∈ X such that φ(u, xn) → 0
as n → ∞. Given n ∈ N, as both f and φ(·, xn) are τφ-lower semicontinuous, so
is f + φ(·, xn), and thus (8) implies that

f(u) + φ(u, xn) ≤ lim inf
p→∞

(
φ(xn+p, xn) + f(xn+p)

)
≤ f(xn). (9)

Taking n = 1 and remembering that x1 = x̄, we obtain the first inequality in the
conclusion. Suppose that there is v ∈ X such that

v 6= u and f(v) + φ(v, u) ≤ f(u).

This and (9) imply that, for each n ∈ N, we have

f(v) + φ(v, xn) ≤ f(v) + φ(v, u) + φ(u, xn) ≤ f(u) + φ(u, xn) ≤ f(xn).

The definition of (in) implies that

f(v) < f(v) + φ(v, u) ≤ f(u) ≤ lim inf
n→∞

f(xn+1) ≤ lim inf
n→∞

(
f(xn+1)− 1/n

)
≤ lim inf

n→∞
in ≤ f(v),

a contradiction.

Clearly, we immediately get a basic form of the Ekeland’s variational principle;
cf. [7, Theorem 4B.5].
Corollary 2.5. Let (X, d) be a complete metric space and let x̄ ∈ X be fixed.
Consider a lower semicontinuous function f : X −→ [0,∞] such that f(x̄) < ∞.
Then for every c > 0 there exists a point u ∈ X, depending on the choice of c,
such that f(u) + c d(u, x̄) ≤ f(x̄) and

f(u) < f(v) + c d(v, u) whenever v ∈ X \ {u}.

Remark 2.6. Note that the above statement is equivalent to the most popular
version of Corollary 2.5 involving two constants and three conditions in the con-
clusion; cf. [17, Theorem 2.6]. Indeed, consider a complete metric space (X, d), a
point x̄ ∈ X, along with a proper lower semicontinuous and bounded from below
function f : X −→ R ∪ {∞} such that f(x̄) ≤ inf f(X) + ε for some ε > 0. Let
λ > 0 be arbitrary. Applying Corollary 2.5 with (f, c) := (f − inf f(X), ε/λ), we
conclude that there is a point u := u(ε, λ) ∈ X such that f(u) + ε

λ
d(u, x̄) ≤ f(x̄)

and f(u) < f(v) + ε
λ
d(v, u) for each v ∈ X \ {u}. Then, necessarily,

ε d(u, x̄) ≤ λ[f(x̄)− f(u)] ≤ λ[f(x̄)− inf f(X)] ≤ λε,
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that is, d(u, x̄) ≤ λ. However, we would like to point out that Corollary 2.5 is
enough in order to obtain regularity criteria.
Similarly, we get [5, Theorem 2.4. 1.] when (X, ϱ) is a T1 quasi-metric space
which is right ϱ-K-complete and f is τϱ-lower semicontinuous.

Second, we get the directional version of Corollary 2.5; cf. [8, Corollary 3.2].

Corollary 2.7. Let (X, ‖ · ‖) be a Banach space, A ⊂ X be a non-empty closed
set, L ⊂ SX be a non-empty closed set such that coneL is convex, and x̄ ∈ A
be given. Consider a lower semicontinuous function f : A −→ [0,∞] such that
f(x̄) < ∞. Then for every c > 0, there exists a point u ∈ A, depending on the
choice of c, such that f(u) + c TL(u, x̄) ≤ f(x̄) and

f(u) < f(v) + c TL(v, u) whenever v ∈ A \ {u}.

Proof. It suffices to apply Theorem 2.4 with X := A and φ := c TL (see
Example 2.3).

In [2], the authors derived an extension of the Ekeland’s variational principle in
Euclidean space X involving a function f : D ×D −→ R, with D being a closed
subset of X, and φ(x, u) := ‖x−u‖, x, u ∈ X. However, it seems that [2, Theorem
2.1] follows easily from the usual version of the principle (Corollary 2.5) similarly
as the following slight extension of it.

Corollary 2.8. Let a non-empty set X, a function φ : X ×X −→ [0,∞] having
properties (P1)− (P4), and a point x̄ ∈ X be given.
Consider a function h : X ×X −→ (−∞,∞] such that
(i) h(x̄, ·) is bounded from below and τφ-lower semicontinuous;
(ii) h(x̄, x̄) = 0;
(iii) h(x̄, y) ≤ h(x̄, z) + h(z, y) for every y, z ∈ X.
Then there exists a point u ∈ X such that h(x̄, u) + φ(u, x̄) ≤ 0 and

h(u, v) + φ(v, u) > 0 whenever v ∈ X \ {u}.

Proof. Let ℓ := infx∈X h(x̄, x), then −∞ < ℓ ≤ 0 < ∞. By Theorem 2.4, with
f := h(x̄, ·)− ℓ, there is u ∈ X such that

h(x̄, u)− ℓ+ φ(u, x̄) = f(u) + φ(u, x̄) ≤ f(x̄) = −ℓ

and for each v ∈ X \ {u} we have

h(x̄, u)− ℓ = f(u) < f(v) + φ(v, u) = h(x̄, v)− ℓ+ φ(v, u)

(iii)

≤ h(x̄, u) + h(u, v)− ℓ+ φ(v, u);

adding ℓ and ℓ − h(x̄, u), respectively, to the above displayed formulas, we finish
the proof.
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3. Semiregularity

We start with a sufficient condition for semiregularity of a single-valued mapping.
Proposition 3.1. Let non-empty sets X and Y , a function φ : X×X −→ [0,∞]
having properties (P1) − (P4), a function ψ : Y × Y −→ [0,∞] having properties
(P1) and (P3), and a point x̄ ∈ X be given. Consider a function g : X −→ Y ,
defined on whole X, such that for each y ∈ Y the mapping X 3 x 7−→ ψ(g(x), y)
is τφ-lower semicontinuous. Suppose that there is r > 0 such that for any x ∈
IBφ

X(x̄, r) and any y ∈ IBψ
Y (g(x̄), r) satisfying

0 < ψ(g(x), y) ≤ ψ(g(x̄), y)− φ(x, x̄), (10)

there is a point x′ ∈ X satisfying
φ(x′, x) < ψ(g(x), y)− ψ(g(x′), y). (11)

Then g
(
IBφ

X(x̄, t)
)
⊃ IBψ

Y (g(x̄), t) for each t ∈ (0, r). (12)

Proof. Fix any t ∈ (0, r). Pick an arbitrary y ∈ IBψ
Y (g(x̄), t). If y = g(x̄) then

(12) holds trivially. Suppose that y 6= g(x̄).
Since the mapping X 3 x 7−→ ψ(g(x), y) is τφ-lower semicontinuous, applying
Theorem 2.4, with f := ψ(g(·), y), we find u ∈ X such that

ψ(g(u), y) + φ(u, x̄) ≤ ψ(g(x̄), y) (13)

and ψ(g(u), y) < ψ(g(v), y) + φ(v, u) whenever v ∈ X \ {u}. (14)

By (13), we have

φ(x̄, u) = φ(u, x̄) ≤ ψ(g(x̄), y)− ψ(g(u), y) ≤ ψ(g(x̄), y) < t.

Therefore u ∈ IBφ
X(x̄, t) and ψ(g(u), y) < t. As y ∈ IBψ

Y (g(x̄), t) is arbitrary, (12)
will follow once we show that y = g(u).
Suppose on the contrary that y 6= g(u). Therefore (10) holds, with x := u.
Thus find x′ ∈ X such that (11), with x := u, holds. Clearly, ψ(g(x′), y) < ∞.
Combining (14), with v := x′, and (11), with x := u, we get

φ(x′, u) < ψ(g(u), y)− ψ(g(x′), y) ≤ φ(x′, u),

a contradiction. Hence y = g(u).
The above result contains [4, Proposition 4.1 (i)] as well as its directional version
which seems to be new.
Corollary 3.2. Let (X, d) be a complete metric space, (Y, ϱ) be a metric space,
and a point x̄ ∈ X be fixed. Consider a continuous mapping g : X −→ Y , defined
on whole of X, for which there are positive constants c and r such that for every
x ∈ IBX(x̄, r) and every y ∈ IBY (g(x̄), cr) satisfying

0 < ϱ(g(x), y) ≤ ϱ(g(x̄), y)− c d(x, x̄) (15)

there is a point x′ ∈ X such that c d(x, x′) < ϱ(g(x), y)− ϱ(g(x′), y).

Then g
(
IBX(x̄, t)

)
⊃ IBY (g(x̄), ct) for every t ∈ (0, r).
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Corollary 3.3. Let (X, ‖ · ‖) and (Y, ‖ · ‖) be Banach spaces, non-empty closed
sets L ⊂ SX and M ⊂ SY be such that coneL is convex, and a point x̄ ∈ X be
given. Consider a continuous mapping g : X −→ Y for which there are positive
constants c and r such that the set A := dom g ∩ IBX [x̄, r] is closed, and for every
x ∈

(
IBX(x̄, r) ∩ dom g

)
and every y ∈ IBY (g(x̄), cr) satisfying

0 < TM(g(x), y) ≤ TM(g(x̄), y)− c TL(x̄, x), (16)

there is a point x′ ∈ dom g satisfying

c TL(x, x
′) < TM(g(x), y)− TM(g(x′), y). (17)

Then g
(
IBX(x̄, t) ∩ (x̄ + coneL) ∩ dom g

)
⊃ IBY (g(x̄), ct) ∩ (g(x̄) + coneM) for

each t ∈ (0, r).

Proof. It suffices to apply Proposition 3.1, with X := A, φ(x, u) := TL(x, u), x,
u ∈ A, and ψ(y, v) := c−1 TM(y, v), y, v ∈ Y . Indeed, in view of Example 2.3 it is
enough to observe that the mapping A 3 x 7−→ TM(g(x), y) is lower semicontinu-
ous on A, since g is continuous on A and TM(·, y) is lower semicontinuous because
M is a closed subset of SY .

When investigating Hölder semiregularity the following consequence of Proposi-
tion 3.1 is useful.
Corollary 3.4. Let non-empty sets X and Y , a function φ : X × X −→ [0,∞]
having properties (P1) − (P4), a function ϱ : Y × Y −→ [0,∞] having properties
(P1) and (P3), and a point x̄ ∈ X be given. Consider a function g : X −→ Y ,
defined on whole X, such that for each y ∈ Y the mapping X 3 x 7−→ ϱ(g(x), y)
is τφ-lower semicontinuous, along with a continuous strictly increasing function
ϕ : [0,∞] −→ [0,∞] such that ϕ(0) = 0. Suppose that there is r > 0 such that for
any x ∈ IBφ

X(x̄, r) and any y ∈ IBϱ
Y (g(x̄), r) satisfying

0 < ϕ(ϱ(g(x), y)) ≤ ϕ(ϱ(g(x̄), y))− φ(x, x̄),

there is a point x′ ∈ X satisfying

φ(x′, x) < ϕ(ϱ(g(x), y))− ϕ(ϱ(g(x′), y)).

Then g
(
IBφ

X(x̄, t)
)
⊃ IBϱ

Y (g(x̄), ϕ
−1(t)) for each t ∈ (0,min{r, ϕ(r)}).

Proof. Let ψ := ϕ ◦ ϱ. Then ψ has properties (P1) and (P3). For each y ∈ Y the
mapping X 3 x 7−→ ψ(g(x), y) is τφ-lower semicontinuous. Corollary 3.1, with
r := min{r, ϕ(r)}, implies that

g
(
IBφ

X(x̄, t)
)
⊃ IBψ

Y

(
g(x̄), t

)
for each t ∈ (0,min{r, ϕ(r)}).

Fix any such t. Since ϕ is strictly increasing, we get

IBψ
Y (g(x̄), t) = {u ∈ X : ϕ

(
ϱ(g(x̄), u)

)
< t} = {u ∈ X : ϱ(g(x̄), u) < ϕ−1(t)}

= IBϱ
Y

(
g(x̄), ϕ−1(t)

)
.

This implies that g
(
IBφ

X(x̄, t)
)
⊃ IBϱ

Y

(
g(x̄), ϕ−1(t)

)
.
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Note that [4, Proposition 4.1 (ii)] contains a necessary condition in the spirit of
Corollary 3.2.

Proposition 3.5. Let (X, d) and (Y, ϱ) be metric spaces, and a point x̄ ∈ X be
given. Consider a continuous mapping g : X −→ Y for which there are positive
constants c and r such that, for every t ∈ (0, r),

g
(
IBX(x̄, t)

)
⊃ IBY (g(x̄), ct).

Then for every c′ ∈ (0, c), every x ∈ IBX(x̄, r), and every y ∈ IBY (g(x̄), c
′r)

satisfying 0 < ϱ(g(x̄), y) ≤ ϱ(g(x), y)− c′ d(x, x̄) there is a point x′ ∈ X such that
ϱ(g(x′), y) < ϱ(g(x), y)− c′ d(x, x′).

Similarly, we can derive a necessary condition corresponding to Corollary 3.3.

Proposition 3.6. Let (X, ‖ · ‖) and (Y, ‖ · ‖) be normed spaces, non-empty sets
L ⊂ SX and M ⊂ SY be such that coneL is convex, and a point x̄ ∈ X be given.
Consider a continuous mapping g : X −→ Y for which there are positive constants
c and r such that, for each t ∈ (0, r),

g
(
IBX(x̄, t) ∩ (x̄+ coneL) ∩ dom g

)
⊃ IBY (g(x̄), ct) ∩ (g(x̄) + coneM).

Then, for every c′ ∈ (0, c), x ∈ IBX(x̄, r), and y ∈ IBY (g(x̄), c
′r) satisfying

0 < TM(g(x̄), y) ≤ TM(y, g(x))− c′ TL(x, x̄) <∞, (18)

there is a point x′ ∈ X such that c′ TL(x, x
′) < TM(y, g(x))− TM(y, g(x′)).

Proof. Fix some c′ ∈ (0, c), x ∈ IBX(x̄, r), and y ∈ IBY (g(x̄), c
′r) satisfying (18).

Let t := ‖g(x̄)−y‖/c′ = TM(g(x̄), y)/c′. Then (18) implies that 0<t<(c′r)/c′ = r.

As y ∈ IBY [g(x̄), c
′t] ∩ (g(x̄) + coneM) ⊂ IBY (g(x̄), ct) ∩ (g(x̄) + coneM),

there is x′ ∈ IB(x̄, t) ∩ (x̄+ coneL) such that g(x′) = y. Then

c′ TL(x, x
′)

(P2)

≤ c′ TL(x, x̄) + c′ TL(x̄, x
′)

(18)
< TM(y, g(x))− TM(g(x̄), y) + c′ TL(x̄, x

′)

= TM(y, g(x))− c′t+ c′t = TM(y, g(x))

(P1)
= TM(y, g(x))− TM(y, g(x′)).

Although the above statements concern single-valued mappings, in view of Re-
mark 2.2, using the restriction of the canonical projection to the graph of a given
set-valued mapping we immediately get their set-valued versions (similarly to the
classical case). Let us start with Proposition 3.1.
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Theorem 3.7. Let a constant α ∈ (0, 1), non-empty sets X and Y , functions
φ : X ×X −→ [0,∞] and ϱ, ψ : Y × Y −→ [0,∞], and a point (x̄, ȳ) ∈ X × Y be
given. Assume that φ and ϱ have properties (P1)−(P4), that ψ has properties (P1)
and (P3), that ω : (X × Y )2 −→ [0,∞] is defined by (4), and that for each y ∈ Y
the mapping Y 3 v 7−→ ψ(v, y) is τϱ-lower semicontinuous. Consider a set-valued
mapping F : X ⇒ Y , with ȳ ∈ F (x̄), such that the set gphF is τω-closed. Suppose
that there is r > 0 such that for any x ∈ IBφ

X(x̄, r), any v ∈ IBϱ
Y (ȳ, r/α) ∩ F (x),

and any y ∈ IBψ
Y (ȳ, r) satisfying

0 < ψ(v, y) ≤ ψ(ȳ, y)−max{φ(x, x̄), αϱ(v, ȳ)}, (19)

there is a pair (x′, v′) ∈ gphF such that

max{φ(x′, x), αϱ(v′, v)} < ψ(v, y)− ψ(v′, y). (20)

Then F
(
IBφ

X(x̄, t)
)
⊃ IBψ

Y (ȳ, t) for each t ∈ (0, r).

Proof. Let X̃ := gphF . We already know that ω has properties (P1)− (P4). Let
g(x, y) := y, (x, y) ∈ X̃. Then g is τω-to-τϱ-continuous, hence for each y ∈ Y the
mapping X̃ 3 (x, v) 7−→ ψ(g(x, v), y) is τω-lower semicontinuous.
Fix any (x, v) ∈ IBω

X̃

(
(x̄, ȳ), r

)
, that is, x ∈ IBφ

X(x̄, r) and v ∈ IBϱ
Y (ȳ, r/α) ∩ F (x),

and any y ∈ IBψ
Y (ȳ, r) such that (19) holds. Find a pair (x′, v′) ∈ gphF = X̃

satisfying (20). Proposition 3.1, with (X, τφ) := (X̃, τω), implies that for each
t ∈ (0, r) we have

IBψ
Y (ȳ, t) ⊂ g

(
IBω

X̃
((x̄, ȳ), t)

)
= g

((
IBφ

X(x̄, t)× IBϱ
Y (ȳ, t)

)
∩ gphF

)
.

Fix an arbitrary t ∈ (0, r). Pick any y ∈ IBψ
Y (ȳ, t). Then there are x ∈ IBφ

X(x̄, t)∩
domF and y′ ∈ IBϱ

Y (ȳ, t) ∩ F (x) such that g(x, y′) = y. Hence y′ = y. So
y ∈ F (x) ⊂ F

(
IBφ

X(x̄, t)
)
.

Similarly, we get a set-valued version of Corollary 3.4.
Corollary 3.8. Let a constant α ∈ (0, 1), non-empty sets X and Y , functions
φ : X × X −→ [0,∞] and ϱ : Y × Y −→ [0,∞], and a point (x̄, ȳ) ∈ X × Y
be given. Assume that φ and ϱ have properties (P1)– (P4) and that the function
ω : (X×Y )2−→ [0,∞] is defined by (4). Consider a set-valued mapping F :X⇒Y
with ȳ ∈ F (x̄) and τω-closed graph, along with a continuous strictly increasing
function ϕ : [0,∞] −→ [0,∞] such that ϕ(0) = 0. Suppose that there is r > 0 such
that for any x ∈ IBφ

X(x̄, r), any v ∈ IBϱ
Y (ȳ, r/α) ∩ F (x), and any y ∈ IBϱ

Y (ȳ, r)
satisfying

0 < ϕ(ϱ(v, y)) ≤ ϕ(ϱ(ȳ, v))−max{φ(x, x̄), αϱ(v, ȳ)}, (21)

there is a pair (x′, v′) ∈ gphF such that

max{φ(x′, x), αϱ(v′, v)} < ϕ(ϱ(v, y))− ϕ(ϱ(v′, y)). (22)

Then F
(
IBφ

X(x̄, t)
)
⊃ IBϱ

Y

(
ȳ, ϕ−1(t)

)
for each t ∈ (0,min{r, ϕ(r)}).



216 R. Cibulka, T. Roubal / Ioffe-type criteria ...

Proof. Let ψ := ϕ ◦ ϱ. It suffices to observe that for each y ∈ Y the mapping
Y 3 v 7−→ ψ(v, y) is τϱ-lower semicontinuous, apply Theorem 3.7, and proceed as
in the proof of Corollary 3.4.

Of course, it is possible to deduce set-valued versions of Corollary 3.2 and Propo-
sition 3.5 (cf. [4, Proposition 4.2]), as well as of Corollary 3.3 and Proposition 3.6
(which would be new). This is left to the interested reader (if any).

4. Subregularity

We start with a sufficient condition for subregularity of a single-valued mapping
again.
Proposition 4.1. Let non-empty sets X and Y , a function φ : X×X −→ [0,∞]
having properties (P1) − (P4), a function ψ : Y × Y −→ [0,∞] having properties
(P1) and (P3), and a point x̄ ∈ X be given. Consider a single-valued mapping
g : X −→ Y , defined on whole X, such that the mapping X 3 x 7−→ ψ(g(x), g(x̄))
is τφ-lower semicontinuous. Suppose that there is r > 0 such that for any u ∈
IBφ

X(x̄, 2r), with 0 < ψ(g(u), g(x̄)) <∞, there is a point x′ ∈ X satisfying

φ(x′, u) < ψ(g(u), g(x̄))− ψ(g(x′), g(x̄)). (23)

Then g
(
IBφ

X(x, t)
)
3 g(x̄) for each x ∈ IBφ

X(x̄, r), with g(x) ∈ IBψ
Y (g(x̄), t), and

t ∈ (0, r).

Proof. Fix any t ∈ (0, r) and any x ∈ IBφ
X(x̄, r) with g(x) ∈ IBψ

Y (g(x̄), t). Then
ψ(g(x), g(x̄)) < t < r. In order to show that g(x̄) ∈ g(IBφ

X(x, t)), we find u ∈
IBφ

X(x, t) such that g(u) = g(x̄).
Since the mapping X 3 x 7−→ ψ(g(x), g(x̄)) is τφ-lower semicontinuous, applying
Theorem 2.4, with f := ψ(g(·), g(x̄)) and x̄ := x, we find u ∈ X such that

ψ(g(u), g(x̄)) + φ(u, x) ≤ ψ(g(x), g(x̄))

and ψ(g(u), g(x̄)) < ψ(g(v), g(x̄)) + φ(v, u) whenever v ∈ X \ {u}. (24)

Then φ(x, u) = φ(u, x) ≤ ψ(g(x), g(x̄))− ψ(g(u), g(x̄)) ≤ ψ(g(x), g(x̄)) < t

and φ(x̄, u) ≤ φ(x̄, x) + φ(x, u) < r + t < 2r.

Therefore u ∈ IBφ
X(x, t)∩ IB

φ
X(x̄, 2r). We claim that g(u) = g(x̄). Suppose on the

contrary that g(u) 6= g(x̄). By the assumptions, we find x′ ∈ X such that (23)
holds. Clearly, ψ(g(x′), g(x̄)) <∞ and x′ 6= u. Using (24), with v := x′, we get

φ(x′, u)
(23)
< ψ(g(u), g(x̄))− ψ(g(x′), g(x̄)) < φ(x′, u),

a contradiction. Hence g(u) = g(x̄).

It is elementary to write down sufficient conditions for subregularity and a direc-
tional version of it in the spirit of Corollary 3.2 and Corollary 3.3 (this is left to
the reader). We mention necessary conditions for these properties only.
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Proposition 4.2. Let (X, d) and (Y, ϱ) be metric spaces, and a point x̄ ∈ X
be given. Consider a mapping g : X −→ Y which is continuous at x̄ and for
which there are positive constants c and r such that g

(
IBX(x, t)

)
3 g(x̄) for each

x ∈ IBX(x̄, r), with g(x) ∈ IBY (g(x̄), ct), and t ∈ (0, r).

Then for every c′ ∈ (0, c) there is some r′ > 0 such that for every x ∈ IBX(x̄, r
′)

with g(x) 6= g(x̄) there is a point x′ ∈ X satisfying
c′ d(x, x′) < ϱ(g(x), g(x̄))− ϱ(g(x′), g(x̄)).

Proof. Fix any c′ ∈ (0, c). Since g is continuous at x̄, we find r′ ∈ (0, r) such that
ϱ(g(x), g(x̄)) < c′r for each x ∈ IBX(x̄, r

′). Pick an arbitrary x ∈ IBX(x̄, r
′) with

g(x) 6= g(x̄). Let t := ϱ(g(x), g(x̄))/c′. Then t∈ (0, r) and ϱ(g(x), g(x̄))= c′t < ct.
Consequently, there is a point x′ ∈ IBX(x, t) such that g(x′) = g(x̄). Then

c′ d(x, x′) < c′t = ϱ(g(x), g(x̄)) = ϱ(g(x), g(x̄))− ϱ(g(x′), g(x̄)).

Proposition 4.3. Let normed spaces (X, ‖ · ‖) and (Y, ‖ · ‖), non-empty sets L ⊂
SX and M ⊂ SY , and a point x̄ ∈ X be given. Consider a mapping g : X −→ Y
which is continuous at x̄ and for which there are positive constants c and r such that
for each x ∈ IBX(x̄, r)∩ (x̄+coneL), with g(x) ∈ IBY (g(x̄), ct)∩ (g(x̄)+ coneM),
and each t ∈ (0, r) we have

g
(
IBX(x, t) ∩ (x+ coneL) ∩ dom g

)
3 g(x̄).

Then, for every c′ ∈ (0, c) there is some r′ > 0 such that for every x ∈ IBX(x̄, r
′)∩

(x̄ + coneL) with 0 < TM(g(x̄), g(x)) < ∞ there is a point x′ ∈ X satisfying
c′ TL(x

′, x) < TM(g(x̄), g(x))− TM(g(x̄), g(x′)).

Proof. Fix any c′ ∈ (0, c). Since g is continuous at x̄, we find r′ ∈ (0, r) such that
‖g(x) − g(x̄)‖ < c′r for each x ∈ IBX(x̄, r

′). Pick an arbitrary x ∈ IBX(x̄, r
′) ∩

(x̄+ coneL) with 0 < TM(g(x̄), g(x)) <∞. Let

t := ‖g(x)− g(x̄)‖/c′ = TM(g(x̄), g(x))/c′.

Then t ∈ (0, r) and ‖g(x)− g(x̄)‖ = c′t < ct, and moreover g(x) ∈ g(x̄)+ coneM .
Consequently, there is a point x′ ∈ IBX(x, t)∩ (x+coneL) such that g(x′) = g(x̄).

Then c′ TL(x, x
′) = c′ ‖x− x′‖ < c′t = TM(g(x̄), g(x))

= TM(g(x̄), g(x))− TM(g(x̄), g(x′)).

As in Section 3, Proposition 4.1 has the following set-valued counterpart.
Theorem 4.4. Let a constant α ∈ (0, 1), non-empty sets X and Y , functions
φ : X×X −→ [0,∞] and ψ : Y ×Y −→ [0,∞], and a point (x̄, ȳ) ∈ X×Y be given.
Assume that φ and ψ have properties (P1)− (P4) and that ω : (X×Y )2 −→ [0,∞]
is defined by (4). Consider a set-valued mapping F : X ⇒ Y , with ȳ ∈ F (x̄), such
that the set gphF is τω-closed. Suppose that there is r > 0 such that for any
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u ∈ IBφ
X(x̄, 2r) and any v ∈ IBψ

Y (ȳ, 2r/α) ∩ F (u), with 0 < ψ(v, ȳ) (<∞), there
is a point (x′, v′) ∈ gphF satisfying

max{φ(x′, u), αψ(v′, v)} < ψ(v, ȳ)− ψ(v′, ȳ). (25)

Then F
(
IBφ

X(x, t)
)
3 ȳ for each x ∈ IBφ

X(x̄, r), with F (x) ∩ IBψ
Y (ȳ, t) 6= ∅, and

t ∈ (0, r).

Of course, the reader can easily write down also the set-valued versions of Propo-
sition 4.2 and Proposition 4.3.

5. Regularity

In this section, we show that sufficient conditions for semiregularity can be used
to obtain easily general versions of regularity criteria. Let a non-empty set Y
along with a function ϱ : Y ×Y −→ [0,∞) having properties (P1)− (P3) be given.
Consider a set-valued mapping G : Y ⇒ Y , with y ∈ G(y) for each y ∈ Y . Define
a function χ : Y × Y −→ [0,∞] by

χ(y, v) :=

{
ϱ(y, v) if v ∈ G(y),

∞ otherwise.
(26)

Clearly, χ has properties (P1) and (P3). Moreover, for each r > 0 and each y ∈ Y
we have

IBχ
Y (y, r) = IBϱ

Y (y, r) ∩G(y) and IBχ
Y [y, r] = IBϱ

Y [y, r] ∩G(y).

Example 5.1. Let a Banach space (Y, ‖ · ‖) and a set M ⊂ SY be given. Define
G : Y ⇒ Y by G(y) := y + coneM , y ∈ Y . For each y, v ∈ Y and each r > 0 we
have

IBχ
Y (y, r) = IBY (y, r)∩

(
y+coneM

)
and χ(y, v) = TM(y, v).

The above example reveals that the following statements generalize criteria for
directional openness around the reference point from [3], more precisely, their
sufficiency parts, but the corresponding necessity parts follow easily in the similar
way as in the case of semiregularity and subregularity.

Proposition 5.2. Let non-empty sets X and Y , a function φ : X×X −→ [0,∞]
having properties (P1)– (P4), a function ϱ : Y × Y −→ [0,∞) having properties
(P1)– (P3), and a point x̄ ∈ X be given. Let G : Y ⇒ Y be such that y ∈ G(y) for
each y ∈ Y and let a function χ : Y × Y −→ [0,∞] be defined by (26).
Consider a mapping g : X −→ Y , defined on whole X, such that for each y ∈ Y
the mapping X 3 x 7−→ χ(g(x), y) is τφ-lower semicontinuous and the mapping
X 3 x 7−→ ϱ(y, g(x)) is τφ-upper semicontinuous.
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Suppose that there is some r > 0 such that for any x ∈ IBφ
X(x̄, 2r) and any

y ∈ IBϱ
Y (g(x̄), 2r), with 0 < χ(g(x), y) <∞, there is a point x′ ∈ X satisfying

φ(x′, x) < χ(g(x), y)− χ(g(x′), y). (27)

Then there is r′ > 0 such that

g
(
IBφ

X(x, t)
)
⊃ IBχ

Y (g(x), t) for each x ∈ IBφ
X(x̄, r

′) and t ∈ (0, r′). (28)

Proof. Clearly, χ has properties (P1) and (P3). Find r′ ∈ (0, r) such that
ϱ(g(x̄), g(x)) < r for each x ∈ IBφ

X(x̄, r
′). Pick an arbitrary x̃ ∈ IBφ

X(x̄, r
′).

We are going to apply Proposition 3.1 with x̄ := x̃, r := r′, and ψ := χ. Fix any
x ∈ IBφ

X(x̃, r
′) and any y ∈ IBχ

Y (g(x̃), r
′) ⊂ IBϱ

Y (g(x̃), r
′) such that

0 < χ(g(x), y) ≤ χ(g(x̃), y)− φ(x, x̃).

Then χ(g(x), y) ≤ χ(g(x̃), y) < r′ <∞. Also x ∈ IBφ
X(x̄, 2r) and y ∈ IBϱ

Y (g(x̄), 2r)
because

φ(x̄, x) ≤ φ(x̄, x̃) + φ(x̃, x) < r′ + r′ = 2r′ < 2r

and ϱ(g(x̄), y) ≤ ϱ(g(x̄), g(x̃)) + ϱ(g(x̃), y) < r + r′ < 2r.

Find x′ ∈ X such that (27) holds. Proposition 3.1 implies that
g
(
IBφ

X(x̃, t)
)
⊃ IBχ

Y (g(x̃), t) for each t ∈ (0, r′).

Finally, let us deduce a statement for set-valued mappings.
Theorem 5.3. Let a constant α ∈ (0, 1), non-empty sets X and Y , functions
φ : X×X −→ [0,∞] and ϱ : Y ×Y −→ [0,∞), and a point (x̄, ȳ) ∈ X×Y be given.
Assume that φ and ϱ have properties (P1)– (P4) and that ω : (X × Y )2 −→ [0,∞]
is defined by (4).
Consider a set-valued mapping F : X ⇒ Y such that ȳ ∈ F (x̄) and that gphF is
both τω-closed and τω-closed, a set-valued mapping G : Y ⇒ Y such that y ∈ G(y)
for each y ∈ Y , and a continuous strictly increasing function ϕ : [0,∞] −→ [0,∞]
such that ϕ(0) = 0. Let χ : Y × Y −→ [0,∞] be defined by (26). Assume that for
each y ∈ Y the mapping Y 3 v 7−→ χ(v, y) is τϱ-lower semicontinuous and the
mapping Y 3 v 7−→ ϱ(y, v) is τϱ-upper semicontinuous.
Suppose that there is some r > 0 such that for any x ∈ IBφ

X(x̄, 2r), any v ∈
IBϱ

Y (ȳ, 2r/α)∩F (x), and any y ∈ IBϱ
Y (ȳ, 2r) with 0 < χ(v, y) <∞, there is a pair

(x′, v′) ∈ gphF satisfying

max{φ(x′, x), αϱ(v′, v)} < ϕ(χ(v, y))− ϕ(χ(v′, y)). (29)

Then there is r′ > 0 such that for each x ∈ IBφ
X(x̄, r

′), each v ∈ IBϱ
Y (ȳ, r

′)∩ F (x),
and each t ∈ (0, r′) we have

F
(
IBφ

X(x, t)
)
⊃ IBχ

Y

(
v, ϕ−1(t)

)
(30)
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Proof. Let X̃ := gphF . We already know that ω has properties (P1)–(P4).
Let g(x, y) := y, (x, y) ∈ X̃. Then g is both τω-to-τϱ-continuous and τω-to-τϱ-
continuous, hence for each y ∈ Y the mapping X̃ 3 (x, v) 7−→ χ(g(x, v), y) is
τω-lower semicontinuous and the mapping X̃ 3 (x, v) 7−→ ϱ(y, g(x, v)) is τω-upper
semicontinuous.
Find r′ ∈ (0, r) such that ϱ(g(x̄, ȳ), g(x, v)) < r for each (x, v) ∈ IBω

X̃
((x̄, ȳ), r′)

and ϕ−1(r′) < r. Fix any t ∈ (0, r′). Pick an arbitrary (x, v) ∈ IBω
X̃
((x̄, ȳ), r′) and

y ∈ IBχ
Y (g(x, v), ϕ

−1(t)). If y = g(x, v), then (30) holds trivially. Suppose that
y 6= g(x, v). Then

ϱ(g(x̄, ȳ), y) ≤ ϱ(g(x̄, ȳ), g(x, v)) + ϱ(g(x, v), y) < r + ϕ−1(t) < 2r.

Since the mapping X̃ 3 (u, z) 7−→ ϕ(χ(g(u, z), y)) is τω-lower semicontinuous,
applying Theorem 2.4, with (X,φ) := (X̃, ω), f := ϕ(χ(g(·, ·), y)), and x̄ := (x, v),
we find (u,w) ∈ X̃ such that

ϕ(χ(g(u,w), y)) + ω((u,w), (x, v)) ≤ ϕ(χ(g(x, v), y)) (31)

and, whenever (x′, v′) ∈ X̃ \ {(u,w)},

ϕ(χ(g(u,w), y)) < ϕ(χ(g(x′, v′), y)) + ω((x′, v′), (u,w)). (32)

By (31), we have

ω((x, v), (u,w)) = ω((u,w), (x, v)) ≤ ϕ(χ(g(x, v), y)) < t

and ω((x̄, ȳ), (u,w)) ≤ ω((x̄, ȳ), (x, v)) + ω((x, v), (u,w)) < r′ + t < 2r.

Therefore (u,w) ∈ IBω
X((x, v), t) ∩ IBω

X((x̄, ȳ), 2r).
We claim that y = g(u,w). Suppose on the contrary that y 6= g(u,w). Find
(x′, v′)∈X̃ such that (29), with (x, v) :=(u,w), holds. Clearly, χ(g(x′, v′), y)<∞.
Combining (29), with (x, v) := (u,w), and (32), we get

ω((x′, v′), (u,w)) < ϕ(χ(w, y))− ϕ(χ(v′, y))

= ϕ(χ(g(u,w), y))− ϕ(χ(g(x′, v′), y)) < ω((x′, v′), (u,w)),

a contradiction. Hence y = g(u,w).
We have shown that for each t ∈ (0, r′) and each (x, v) ∈ IBω

X̃
((x̄, ȳ), r′), meaning

that x ∈ IBφ
X(x̄, r

′) and v ∈ IBϱ
Y (ȳ, r

′/α) ∩ F (x), we have

IBχ
Y (v, ϕ

−1(t)) ⊂ g
(
IBω

X̃
((x, v), t)

)
= g

((
IBφ

X(x, t)× IBϱ
Y (v, t/α)

)
∩ gphF

)
.

Fix any t ∈ (0, r′), x ∈ IBφ
X(x̄, r

′), and v ∈ IBϱ
Y (ȳ, r

′/α) ∩ F (x). Pick an arbitrary
y ∈ IBχ

Y (v, ϕ
−1(t)). Find x′ ∈ IBφ

X(x, t)∩ domF and v′ ∈ IBϱ
Y (v, t/α)∩F (x′) such

that g(x′, v′) = y. Hence v′ = y and consequently y ∈ F (x′) ⊂ F
(
IBφ

X(x, t)
)
.
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6. Applications

In this section, we mention several easy applications. First, recall the concept of
Hölder regularity (i.e., openness around a reference point) from [11, 12].
Definition 6.1. Consider a set-valued mapping F : X ⇒ Y between metric spaces
(X, d) and (Y, ϱ) and a point (x̄, ȳ) ∈ gphF . The mapping F is said to be open
with a rate k ≥ 1 around (x̄, ȳ) when there are positive constants c and ε along
with a neighborhood U × V of (x̄, ȳ) in X × Y such that

F (IBX(x, t))⊃IBY

(
y, cktk

)
whenever (x, y)∈U × V, y∈F (x) and t∈(0, ε). (33)

The supremum of c > 0 for which there exist a constant ε > 0 and a neighborhood
U × V of (x̄, ȳ) in X × Y such that (33) holds is called the modulus of surjection
with the rate k of F around (x̄, ȳ) and is denoted by sur (k)F (x̄, ȳ).

Let us state a particular version of [11, Theorem 2.2] (see also [17, Corollary 2.99])
along with an elementary proof.
Theorem 6.2. Let (X, d) and (Y, ϱ) be complete metric spaces and let a point
(x̄, ȳ) ∈ X×Y be given. Consider a set-valued mapping F : X ⇒ Y , with a closed
graph and ȳ ∈ F (x̄), and a number k ≥ 1. Suppose that there are r > 0, β ∈ [0, 1),
and c > 0 such that for each x ∈ IBX(x̄, r), each v ∈ IBY (ȳ, r) ∩ F (x), and each
t ∈ (0, r) we have

sup
y∈IBY (v,cktk)

dist(y, F (IBX(x, t))) ≤ (βct)k. (34)

Then sur (k)F (x̄, ȳ) ≥ (1− β)c.

Proof. Fix any β′ ∈ (β, 1) and any c′ ∈ (β′c, c). Let α := 1/(1 + 2ck), then 0 <
α < 1. Let r′ := min{α r/2, (c′ min{r, 1})k/(1+1/α)}. Fix any x ∈ IBX(x̄, r

′), any
v ∈ IBY (ȳ, r

′/α) ∩ F (x), and any y ∈ IBY (ȳ, r
′) with y 6= v. Let t := ϱ(v, y)1/k/c′.

Then 0 < t < ((1 + 1/α)r′)1/k/c′ < min{r, 1}. By (34), there are x′ ∈ IBX(x, t)
and v′ ∈ F (x′) such that ϱ(v′, y) < (β′ct)k. Then

ϱ(v′, y)
1
k < β′ct = c′t− (c′ − β′c)t = ϱ(v, y)

1
k − (c′ − β′c)t.

As d(x, x′) < t and ϱ(v, v′) ≤ ϱ(v, y) + ϱ(y, v′) < cktk + (β′ct)k < 2cktk < t/α,
we get

ϱ(v′, y)
1
k /(c′ − β′c) < ϱ(v, y)

1
k /(c′ − β′c)−max{d(x, x′), αϱ(v, v′)}.

Theorem 5.3, with ϕ := (·)1/k/(c′ − β′c), r := r′/2, G ≡ Y , and χ = ϱ, says
that sur (k)F (x̄, ȳ) ≥ c′ − β′c. Letting β′ ↓ β and then c′ ↑ c we conclude that
surF (x̄, ȳ) ≥ (1− β)c.

In finite dimensions, Brouwer’s fixed point theorem implies [4, Theorem 3.4]:
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Theorem 6.3. Consider a point x̄ ∈ Rn along with a mapping g : Rn −→ Rm

which is both defined and continuous in a vicinity of x̄. Suppose that there is a
surjective linear mapping A : Rn −→ Rm such that calm(g−A)(x̄) < surA. Then
n ≥ m and

lopen g(x̄) ≥ surA− calm(g − A)(x̄) > 0.

We have the following converse of the above statement.
Theorem 6.4. Let a Banach space (X, ‖ · ‖), a normed space (Y, ‖ · ‖), and a
point x̄ ∈ X be given. Consider mappings g : X −→ Y and A ∈ L(X,Y ). Then

surA ≥ lopen g(x̄)− calm(g − A)(x̄).

Proof. If lopen g(x̄) ≤ calm(g − A)(x̄), we are done.
Suppose now that we have lopen g(x̄) > calm(g − A)(x̄). Find c and ℓ such that
lopen g(x̄) > c > ℓ > calm(g − A)(x̄). There is r > 0 such that

g
(
IBX(x̄, t)

)
⊃ IBY (g(x̄), ct) for each t ∈ (0, 2r) (35)

and

‖g(x)− g(x̄)− A(x− x̄)‖ ≤ ℓ‖x− x̄‖ for each x ∈ IBX(x̄, 2r). (36)

Further, fix any t ∈ (0, 2r). Then

IBY (g(x̄), ct) ⊂ g(x̄) + A(IBX(0, t)) + IBY (0, ℓt).

Indeed, given any fixed w ∈ IBY (g(x̄), ct)
)
, by (35), there is x ∈ IBX(x̄, t) such

that w = g(x), and, by (36),

w ∈ g(x̄) + A(x− x̄) + IBY (0, ℓt) ⊂ g(x̄) + A(IBX(0, t)) + IBY (0, ℓt).

Adding Ax− g(x̄) we conclude that

IBY (Ax, ct) ⊂ A(IBX(x, t)) + IBY (0, ℓt) for each x ∈ X. (37)

Choose any c′ ∈ (ℓ, c). Find r′ ∈ (0,min{r, c′r}) such that ‖Ax‖ < c′r for each
x ∈ IBX(0, r

′). Fix any x ∈ IBX(0, r
′) and any y ∈ IBY (0, r

′) such that Ax 6= y.
Let t := ‖Ax − y‖/c′, then 0 < t < r + r = 2r and y ∈ IBY (Ax, ct). Then, by
(37), there is x′ ∈ IBX(x, t) such that ‖y − Ax′‖ < ℓt. Thus

‖y − Ax′‖ < ℓt = c′t− (c′ − ℓ)t < ‖Ax− y‖ − (c′ − ℓ)‖x− x′‖.

Proposition 5.2, with g := A, G ≡ Y , r := r′/2 and x̄ := 0, implies that there is
r′′ > 0 such that

IBY (Ax, (c
′ − ℓ)t) ⊂ A(IBX(x, t)) for each x ∈ IBX(0, r

′′) and t ∈ (0, r′′).

Therefore surA ≥ c′ − ℓ. Letting c′ ↑ lopen g(x̄) and ℓ ↓ calm(g−A)(x̄), we finish
the proof.
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Remark 6.5. Theorem 6.4 says that Y is necessarily complete. In particular, if
g is both Fréchet differentiable and semiregular at x̄ then the target space has to
be complete. Of course, one can replace the last paragraph of the proof (following
(37)) by the reference to Theorem 6.2 under the additional assumption that the
target space is complete.

It is well-known that if A ∈ Rm×n is surjective, then surA equals to the least
singular value of A. Let us present a directional version of this fact.
Theorem 6.6. Let L be a non-trivial subspace of Rn and P ∈ Rn×n be the or-
thogonal projection onto L. Consider a linear mapping A : Rn −→ Rm such that
the set M := A(L) is a non-trivial subspace of Rm. Then

A(IBRn ∩ L) ⊃ IBRm [0, c] ∩M, (38)

where c is the least singular value of the matrix AP .

Proof. Let j := dimM . The singular value decomposition of the matrix AP
implies that there are numbers σ1, σ2, . . . , σj, with σ1 ≥ σ2 ≥ · · · ≥ σj > 0, and
orthonormal vectors v1, v2, . . . , vn such that

(AP )TAPvi = σ2
i vi for each i = 1, 2, . . . , j, (39)

and (AP )TAPvi = 0 for each i = j + 1, j + 2, . . . , n.

Let N := span{v1, v2, . . . , vj}. Then N is a subspace of L. Indeed, since P =
P T and P (ATAPvi) = σ2

i vi for each i = 1, 2, . . . , j by (39), we conclude that
v1, v2, . . . , vj are elements of L.
Fix any x ∈ SRn ∩ N . Find numbers a1, a2, . . . , aj such that x = a1v1 + a2v2 +
· · ·+ ajvj with a21 + a22 + · · ·+ a2j = 1. Then

‖Ax‖2 = ‖APx‖2 = 〈x, (AP )TAPx〉 =

〈
j∑
i=1

aivi,

j∑
i=1

ai(AP )
TAPvi

〉

=

〈
j∑
i=1

aivi,

j∑
i=1

aiσ
2
i vi

〉
=

j∑
i=1

a2iσ
2
i ‖vi‖2 ≥ min

1≤i≤j
σ2
i = σ2

j .

Letting c := σj, we conclude that (38) holds.

We also prove a directional version of Theorem 6.3.
Theorem 6.7. Let L be a non-trivial subspace of Rn, let P ∈ Rn×n be the or-
thogonal projection onto L, and let x̄ ∈ Rn be given. Consider a linear mapping
A : Rn −→ Rm and a continuous mapping g : Rn −→ Rm. Suppose that the set
M := A(L) is a non-trivial subspace of Rm, that there are positive constants r and
µ such that

TM(g(x̄)− Ax̄, g(x)− Ax) ≤ µTL(x̄, x) for each x ∈ IBRn [x̄, r], (40)

and that µ < c, where c is the least singular value of the matrix AP . Then
g
(
IBRn [x̄, t] ∩ (x̄+ L)

)
⊃ IBRm [g(x̄), (c− µ)t] ∩ (g(x̄) +M) for each t ∈ (0, r].
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Proof. Without any loss of generality, suppose that x̄ = 0 and g(x̄) = 0. Let
j := dimM . There are numbers σ1, σ2, . . . , σj, with σ1 ≥ σ2 ≥ · · · ≥ σj > 0, and
orthogonal matrices U ∈ Rm×m and V ∈ Rn×n, such that

UTAPV =

[
Σ 0
0 0

]
∈ Rm×n, where Σ = diag{σ1, σ2, . . . , σj}.

Let B := V Σ̃UT ∈ Rn×m, where Σ̃ =

[
Σ−1 0
0 0

]
∈ Rn×m.

Then ‖B‖ = 1/c, the orthogonal projection onto M is APB, and By ∈ L for each
y ∈M . Fix any t ∈ (0, r] and any y ∈ IBRm [0, (c− µ)t] ∩M . Define the mapping
hy : IBRn ∩ L −→ L by

hy(u) :=
1

t
B
(
A(tu)− g(tu) + y

)
, u ∈ IBRn ∩ L. (41)

In particular, hy is continuous on IBRn ∩ L. Further, for each u ∈ IBRn ∩ L, we
have tu ∈ IBRn [0, r] ∩ L, so this and (40) imply that A(tu) − g(tu) + y ∈ M and
hence B(A(tu)− g(tu) + y) ∈ L. Therefore hy is well-defined.
For any u ∈ IBRn ∩ L, we have

‖hy(u)‖ ≤ 1

t
‖B‖‖A(tu)− g(tu) + y‖ ≤ 1

ct

(
‖A(tu)− g(tu)‖+ ‖y‖

)
(40)
≤ 1

ct

(
µt‖u‖+ (c− µ)t

)
≤ 1.

Therefore hy maps IBRn ∩ L into itself. By Brouwer’s fixed point theorem, there
is u ∈ IBRn ∩ L such that hy(u) = u. Hence APhy(u) = APu, thus

APB
(
A(tu)− g(tu) + y

)
= A(tu)− g(tu) + y = tAP (u) = A(tu).

Then x := tu is such that g(x) = y and x ∈ IBRn [0, t] ∩ L.

Finally, we briefly consider local convergence of the directional version of Newton-
type method for solving a generalized equation:

Find x ∈ X such that f(x) + F (x) 3 0, (42)

where (X, ‖ · ‖) and (Y, ‖ · ‖) are Banach spaces, f : X −→ Y is a single-valued
mapping, and F : X ⇒ Y is a set-valued mapping. Suppose that we want to find
a solution to (42) by the iteration in the form

f(xk) + Ak(xk+1 − xk) + F (xk+1) 3 0 for k ∈ N0, (43)

where a sequence (Ak) in L(X,Y ) and an initial point x0 ∈ X are given.
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Theorem 6.8. Let (X, ‖ · ‖) and (Y, ‖ · ‖) be Banach spaces. Consider a single-
valued mapping f : X −→ Y , a set-valued mapping F : X ⇒ Y , non-empty sets
L ⊂ SX and M ⊂ SY , a point x̄ ∈ X such that f(x̄) + F (x̄) 3 0, and a sequence
(Ak)

∞
k=0 in L(X,Y ). For each k ∈ N0, define mappings

Gk := f(x̄) + Ak(· − x̄) + F and rk := f(x̄)− f + Ak(· − x̄).

Suppose that there are positive constants r, c, and ℓ, with ℓ < c, such that
(i) for every t ∈ (0, r) and every k ∈ N0 we have

IBY [0, ct] ∩ coneM ⊂ Gk

(
IBX [x̄, t] ∩ (x̄+ coneL)

)
;

(ii) for every x ∈ IBX [x̄, r] and k ∈ N0 we have

TM(0, rk(x)) ≤ ℓ TL(x̄, x).

Then for every x0 ∈ IBX [x̄, r] ∩ (x̄ + coneL) there is a sequence (xk) in the set
IBX [x̄, r] ∩ (x̄+ coneL) generated by (43) with the initial point x0 and

‖xk+1 − x̄‖ ≤ ℓ

c
‖xk − x̄‖ for each k ∈ N0.

Proof. Choose any x0 ∈ IBX [x̄, r] ∩ (x̄ + coneL). Fix an arbitrary k ∈ N0.
Suppose that xk ∈ IBX [x̄, r] ∩ (x̄+ coneL) is given. We shall find

xk+1 ∈ IBX [x̄, r] ∩ (x̄+ coneL)

such that (43) holds. This is equivalent to find xk+1 ∈ X such that

Gk(xk+1) 3 rk(xk). (44)

Let t := ℓ‖xk − x̄‖/c (< r). By (ii), we have rk(xk) ∈ coneM and

‖rk(xk)‖ ≤ ℓ ‖xk − x̄‖ = ct.

By (i), there is xk+1 ∈ IBX [x̄, t] ∩ (x̄+ coneL) satisfying (44) and

‖xk+1 − x̄‖ ≤ t =
ℓ

c
‖xk − x̄‖.

To establish the uniform versions of the directional regularity requested in the
above statement one can use perturbation stability of this property established
in [3] along with the assumption that the measure of non-compactness of the set
of all Ak’s is sufficiently small. This essentially follows the proof in the classical
setting (cf. Step 1 of the proof of [4, Theorem 5.1]). One can also consider
various inexact versions of the algorithm without any difficulty.



226 R. Cibulka, T. Roubal / Ioffe-type criteria ...

References
[1] J.-P. Aubin, H. Frankowska: Set-Valued Analysis, Birkhäuser, Boston (1990).
[2] M. Bianchi, G. Kassay, and R. Pini: Existence of equilibria via Ekeland’s principle,

J. Math. Anal. Appl. 305(2) (2005) 502–512.
[3] R. Cibulka, M. Durea, M. Panţiruc, R. Strugariu: On the stability of the directional

regularity, Set-Valued Var. Analysis (2019), doi 10.1007/s11228-019-00507-2.
[4] R. Cibulka, M. Fabian, A. Kruger: On semiregularity of mappings, J. Math. Anal.

Appl. 473(2) (2019) 811–836.
[5] S. Cobzaş: Completeness in quasi-metric spaces and Ekeland Variational Principle,

Topology Appl. 158(8) (2011) 1073–1084.
[6] S. Cobzaş: Functional analysis in asymmetric normed spaces, in: Asymmetric

Topology and its Applications, Department of Mathematics, Seconda Università di
Napoli, Caserta, Quad. Mat. 26 (2011) 1–102.

[7] A. L. Dontchev, R. T. Rockafellar: Implicit Functions and Solution Mappings. A
View from Variational Analysis, 2n ed., Springer, New York (2014).

[8] M. Durea, M. Panţiruc, R. Strugariu: A new type of directional regularity for map-
pings and applications to optimization, SIAM J. Optim. 27(2) (2017) 1204–1229.

[9] M. Durea, R. Strugariu: Chain rules for linear openness in general Banach spaces,
SIAM J. Optim. 22(3) (2012) 899–913.

[10] M. Durea, R. Strugariu: Openness stability and implicit multifunction theorems:
applications to variational systems, Nonlinear Analysis 75(3) (2012) 1246–1259.

[11] H. Frankowska: Some inverse mapping theorems, Ann. Inst. Henri Poincaré Anal.
Non Linéaire 7 (1990) 183–234.

[12] H. Frankowska, M. Quincampoix: Hölder metric regularity of set-valued maps,
Math. Program., Ser. A 132(1-2) (2012) 333–354.

[13] H. Gfrerer: On directional metric regularity, subregularity and optimality condi-
tions for nonsmooth mathematical programs, Set-Valued Var. Analysis 21(2) (2013)
151–176.

[14] V. N. Huynh, A. Y. Kruger, M. Théra: Slopes of multifunctions and extensions of
metric regularity, Vietnam J. Math. 40(2-3) (2012) 355–369.

[15] V. N. Huynh, M. Théra: Directional metric regularity of multifunctions, Math.
Oper. Res. 40(4) (2015) 969–991.

[16] V. N. Huynh, N. H. Tron, M. Théra: Metric regularity of the sum of multifunctions
and applications, J. Optim. Theory Appl. 160(2) (2014) 355–390.

[17] A. D. Ioffe: Variational Analysis of Regular Mappings. Theory and Applications,
Springer, Cham (2017).

[18] D. Klatte, B. Kummer: Nonsmooth Equations in Optimization. Regularity, Calcu-
lus, Methods and Applications, Kluwer Academic Publishers, Dordrecht (2002).


