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1. Introduction

In order to establish in a unified way several old and new characterizations of
diverse Lipschitz-like properties, we defined in [11] the concepts of K directionally
Lipschitzian sets and functions. A closed set C of a Banach space is known to
be compactly epi-Lipschitzian at a point x̄ ∈ C if there exist two reals r > 0 and
γ > 0 and a compact set Q in the Banach space such that

C ∩B(x̄, r) + tB(0, γ) ⊂ C − tQ for all t ∈]0, r[,

where B(x̄, r) denotes the open ball centered at x̄ with radius r. When Q is a
singleton set {v̄}, the set C is said to epi-Lipschitzian at x̄ (in the direction v̄).
Given any nonempty bounded set K of the Banach space, noticing that C − tK
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fails to be closed in general, the above inclusion led us in [11] to declare that the
closed set C is K directionally Lipschitzian at x̄ ∈ C provided that there exist
two reals r > 0 and γ > 0 such that

C ∩B(x̄, r) + tB(0, γ) ⊂ cl (C − tK) for all t ∈]0, r[.

The use of the closure of C − tK is crucial and this has been highlighted in
[11]. This closure operation will also be clear through the development in the
diverse sections. Using epigraphs of lower semicontinuous functions, one defines
the K directionally Lipschitzian property for such functions in terms of suitable
behavior of differential quotient. This can also be achieved in a direct way as done
in Definition 2.6.
In our paper [11] we proved several characterizations of K directionally Lipschit-
zian functions and sets. Our characterizations in [11] for functions are in terms of
the Hadamard lower directional derivatives and for sets they are in terms of the
Bouligand tangent cones. Our approach in [11] is mainly based on a multidirec-
tional mean value inequality with Hadamard lower directional derivatives.
The present paper is a continuation of [11] in the sense that we provide here other
characterizations of K directionally Lipschitzian functions and sets, but in terms
of subdifferentials and normal cones. The main subdifferentials and normal cones
which work in general Banach spaces for our analysis are the approximate and
geometric subdifferentials and normal cones introduced and developed by Ioffe in
a series of seminal works [13, 14, 15].
The paper is organized as follows. Section 2 recalls the concepts of Clarke subdiffe-
rential and Ioffe approximate subdifferential as well as other basic subdifferentials.
In the same section the concepts of K directionally Lipschitzian functions and sets
are given and we define certain constants related to these concepts. Diverse ex-
amples are furnished as illustrations. In Section 3 we utilize an abstract notion
of normal cone to establish a general condition for the K directional Lipschitzian
property of sets. When K is compact in the Banach space, we show that the
condition, with either the Ioffe approximate normal cone or the Ioffe geometric
normal, is a complete characterization of K directionally Lipschitzian sets. In
Asplund spaces, the same characterization is obtained with Fréchet and Mor-
dukhovich limiting normal cones. Conditions/characterizations with Fréchet and
limiting subdifferentials in Asplund spaces are also derived for the K directional
Lipschizian property for lower semicontinuous functions. Similar characterizations
with the Ioffe approximate subdifferential in general Banach spaces are established
in Section 4 for lower semicontinuous functions.

2. Preliminaries

Throughout all the paper, unless otherwise stated, (X, ‖ · ‖) will be a real Banach
space, X∗ its topological dual, and 〈·, ·〉 the duality pairing. For x ∈ X and r > 0,
we denote by B(x, r) the open ball of X centered at x with radius r. In a similar
way, BX (resp. BX) will denote the open (resp. closed) unit ball centered at zero.
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In this work we will deal with various notions of subdifferentials. Let us start with
the Clarke subdifferential. One of the best ways to introduce this concept (see [6])
is to consider first the case of a locally Lipschitz continuous function f : X −→ R
and define its Clarke subdifferential at x̄ ∈ X as

∂Cf(x̄) := {x∗ ∈ X∗ : 〈x∗, v〉 ≤ d0f(x̄; v) for all v ∈ X}, (1)

where d0f(x̄; v) is the Clarke directional derivative given by

d0f(x̄; v) := lim sup
x→x̄
t→0+

t−1[f(x+ tv)− f(x)]. (2)

Through (1), the Clarke normal cone to a subset S of X at x̄ ∈ S is the weak star
closed cone generated by the Clarke subdifferential of the distance function to S
at x̄, that is,

NC(S; x̄) := cl w∗ (R+∂CdS(x̄)) ,

where cl w∗ stands for the weak star closure in X∗. For an extended real-valued
function f : X −→ R ∪ {+∞}, its Clarke subdifferential at x̄ ∈ dom f := {x ∈
X : f(x) < +∞}, can then be defined in a geometric manner as

x∗ ∈ ∂Cf(x̄) ⇔ (x∗,−1) ∈ NC(epi f ; x̄, f(x̄)). (3)

Here, epi f denotes the epigraph of f , i.e.,

epi f := {(x, r) ∈ X × R : f(x) ≤ r},

and we write NC(epi f ; x̄, f(x̄)) in place of NC(epi f ; (x̄, f(x̄))). Any x∗ ∈ ∂Cf(x̄)
is called a Clarke subgradient of f at x̄.
We mention (see [26]) that we also have the equality

NC(S, x̄) = ∂CΨS(x̄), (4)

where ΨS is the indicator function of the set S ⊂ X defined for all x in the space
X by

ΨS(x) =

{
0 if x ∈ S
+∞ if x /∈ S.

Fix now an extended real-valued function f : X −→ R ∪ {+∞}. Analogously to
(1), the Hadamard subdifferential of f at x̄ ∈ dom f is given (see, e.g., [14, 30])
by

∂Hf(x̄) := {x∗ ∈ X∗ : 〈x∗, v〉 ≤ d−Hf(x̄; v) for all v ∈ X}, (5)

where the Hadamard lower directional derivative d−Hf(x̄; v) at x̄ ∈ X in a direction
v ∈ X is defined by

d−Hf(x̄; v) := lim inf
v′→v
t→0+

t−1[f(x̄+ tv′)− f(x̄)]. (6)
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Similar to equality (4), with the indicator function ΨS, one defines the Hadamard
normal cone to S at x̄ ∈ S, as

NH(S, x̄) := ∂HΨS(x̄).

The Hadamard subdifferential allows one to define the Ioffe approximate subdiffe-
rential ([14]) of f at x̄ ∈ dom f , first considered in finite dimensions in [13] with
notation ∂af(x̄) and extended in [13] to Banach spaces with notation ∂Af(x̄). For
convenience, we keep notation ∂af(x̄) in the Banach space setting. The approxi-
mate subdifferential ∂af(x̄) is then defined by

∂af(x̄) :=
⋂
L∈F

Lim sup
x→f x̄

∂Hfx+L(x), (7)

where fx+L = f +Ψx+L. The notation x→f x̄ means x→ x̄, with respect to the
norm topology in X, together with f(x) → f(x̄), and the topological limit superior
(or outer limit) Lim supx→f x̄

is taken with respect to the weak-star topology in
X∗. The intersection in (7) is taken over F , the collection of all finite-dimensional
vector subspaces of X.
With the Ioffe approximate subdifferential, it is naturally associated, for any set
S and x ∈ S, the cone ∂aΨS(x) called the Ioffe approximate normal cone of S at
x denoted by Na(S;x), that is,

Na(S;x) := ∂aΨS(x).

Viceversa, this cone reproduces the Ioffe approximate subdifferential of a function
f at x̄ ∈ dom f , through the equality (see [14])

∂af(x̄) = {x∗ ∈ X∗ : (x∗,−1) ∈ Na(epi f ; x̄, f(x̄))}.

Remark 2.1. Using the distance function dS instead of the indicator function
ΨS, leads to consider the cone R+∂adS(x) for x ∈ S. This cone (as well its
closure) is generally different (in the context of infinite dimensional spaces) from
Na(S;x). It does not depend on the norm in the sense that for any other equivalent
norm and the associated distance function d̃S, one has (see [15, 30]) R+∂adS(x) =
R+∂ad̃S(x). �

Because of the geometric nature of the cone R+∂adS(x), through the distance
function dS, Ioffe in [15] (see also [19, 21]) called it the geometric normal cone of
S at x. We will denote it as NG(S;x), that is,

NG(S;x) := R+∂adS(x). (8)

Reverse to the way of the above approximate concepts and like (3), we associate
to the function f its Ioffe geometric subdifferential ∂Gf(x̄) at x̄ ∈ dom f by

x∗ ∈ ∂Gf(x̄) ⇔ (x∗,−1) ∈ NG(epi f ; x̄, f(x̄)). (9)

If the function f is locally Lipschitz continuous at x̄, it is known (see [15]) that
∂af(x̄) = ∂Gf(x̄). Applying this to (8), we see that one also has

NG(S;x) = R+∂GdS(x). (10)
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For all above subdifferentials we take the convention that they are empty at points
outside dom f . Comparisons between these subdifferentials are given by the in-
clusions

∂Gf(x̄) ⊂ ∂af(x̄) and ∂Gf(x̄) ⊂ ∂Cf(x̄).

No such inclusion holds, in infinite dimensions, between ∂af(x̄) and ∂Cf(x̄), for
general functions f .
Several results in the paper will require other important notions of subdifferential.
It is then convenient to work with an abstract general concept of subdifferential,
allowing us to state many results in a general unified framework.
Definition 2.2. Following [12, 15, 18, 28, 31, 30] we call subdifferential on X any
operator ∂ which associates with any function f : X → R ∪ {+∞} (resp. with
any function in a class of functions containing the convex ones and stable for the
operations involved in the properties below) and with any x ∈ X a subset ∂f(x)
of X∗ which satisfies the following properties:
(P1) ∂f(x) = ∅ if x /∈ dom f ;
(P2) ∂f(x) = ∂g(x) whenever f and g coincide on a neighborhood of x;
(P3) ∂f(x) is equal to the subdifferential in the sense of convex analysis whenever

f is convex and continuous;
(P4) If f is lower semicontinuous near x, g is convex continuous, and x is a local

minimum point of f + g, then for any ε > 0 there exists u, v ∈ B(x, ε)
with |f(x)− f(u)| < ε such that

0 ∈ ∂f(u) + ∂g(v) + εBX∗ ;

(P5) For any α ∈ R and for g : X×R −→ R∪{+∞} given by g(x, r) := f(x)+αr
one has the inclusion

∂g(x, r) ⊂ ∂f(x)× {α}.

Remark 2.3. Taking Property (P4) into account, a subdifferential as in the
above definition can be seen as a subdifferential in the strong sense. When the
following weaker property (P4’) holds in place of (P4), we will say that ∂ is a
subdifferential in the weak sense (see [12, 28, 31]):
(P4’) If f is lower semicontinuous near x, g is convex continuous, and x is a local

minimum point of f + g, then one has

0 ∈ (seqLim sup
y→fx

∂f(y)) + ∂g(x),

where seqLim sup denotes here the weak-star sequential limit superior, that
is, x∗ ∈ seqLim supy→fx

∂f(y) if and only if there are a sequence (xn)n∈N
in X with (xn, f(xn)) → (x, f(x)) and a sequence (x∗n)n∈N in X∗ with
x∗n ∈ ∂f(xn) and x∗n → x∗ with respect to the weak star topology.

We point out that for any lower semicontinuous function f with dom f 6= ∅, and
any such subdifferential ∂ in the weak sense, Zagrodny’s mean value theorem
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[28, 30, 34] assures us that the set Dom ∂f := {x ∈ X : ∂f(x) 6= ∅} is graphically
dense in dom f in the sense that for any x ∈ dom f there exists a sequence (xn)n∈N
in X with xn ∈ Dom ∂f such that (xn, f(xn)) → (x, f(x)) as n→ ∞. �

In a Banach space the Ioffe geometric subdifferential ∂G, the Ioffe approximate
subdifferential ∂a, and the Clarke subdifferential ∂C are subdifferentials in the
strong sense fulfilling all properties of Definition 2.2 (see the properties of such
subdifferentials in [8, 14, 15, 30]). In Banach spaces with Gâteaux differentiable
(outside of zero) equivalent renorm, the Hadamard subdifferential is a subdifferen-
tial in the weak sense (i.e., satisfying (P4’) instead of (P4) in Definition 2.2: see
Theorem 1 in [18]1). Other important examples of subdifferentials, in the context
of Asplund spaces (see [25, 30]), are the Fréchet subdifferential ∂Ff(x̄) defined by

∂Ff(x̄) :=

{
x∗ ∈ X∗ : lim inf

x→x̄

f(x)− f(x̄)− 〈x∗, x− x̄〉
‖x− x̄‖

≥ 0

}
, (11)

and the Mordukhovich limiting subdifferential ∂Lf(x̄) given by

∂Lf(x̄) :=
seqLim sup

x→f x̄
∂Ff(x).

Recall that a Banach space is an Asplund space when the topological dual of any
separable vector subspace is itself separable.
The proximal subdifferential ∂Pf(x̄) of f at x̄ ∈ dom f is defined (see [8, 27, 30])
as the set of all x∗ ∈ X∗ such that for some r > 0 the inequality

f(x) ≥ f(x̄) + 〈x∗, x− x̄〉 − r‖x− x̄‖2

holds for all x in a neighborhood of x̄. In Hilbert spaces, the proximal subdiffe-
rential is also a subdifferential in the sense of Definition 2.2. It is known that,
for a lower semicontinuous function f on a Hilbert space, the Mordukhovich lim-
iting subdifferential of f can also be described with the proximal subdifferential
through the equality (see [16, 30])

∂Lf(x̄) =
seqLim sup

x→f x̄
∂Pf(x).

The Fréchet, Mordukhovich limiting, and proximal normal cones of a set of X,
denoted by NF , NL, and NP respectively, are defined through the corresponding
subdifferentials of the indicator function of S, that is,

NF (S; x̄) := ∂FΨS(x̄), NL(S; x̄) := ∂LΨS(x̄), NP (S; x̄) := ∂PΨS(x̄).

Finally, the viscosity β-subdifferentials (see, e.g., [5, 18] for the definitions) are also
subdifferentials (in the strong sense of Definition 2.2) in certain Banach spaces,
for example, when there exists an equivalent β-differentiable norm.
In addition to the above concepts of subdifferentials, the notion of limit of infima
over enlargements of a set will be crucial in the development of the paper (as it
1We thank A. Ioffe for providing the reference to us.
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was the case in our previous paper [11]). For an extended real-valued function ϕ
on X and a nonempty set S ⊂ X, the limit of infima of ϕ over enlargements of S,
denoted by linf (as in [11]), is given by

linf
v∈S

ϕ(v) := sup
δ>0

inf
v∈S+δBX

ϕ(v) = lim
δ→0+

inf
v∈S+δBX

ϕ(v). (12)

The second equality being due to the nonincreasing property of δ 7→ inf
v∈S+δBX

ϕ(v).

In a similar way we define lsup
v∈S

ϕ(v).

Some simple and important properties of linf are provided in the following lemma.
Lemma 2.4. Let ϕ, φ :X → R ∪ {+∞} be two functions, S⊂X a nonempty set.
(a) The following inequalities hold:

linf
v∈S

ϕ(v) + linf
v∈S

φ(v) ≤ linf
v∈S

(ϕ(v) + φ(v)) ≤ linf
v∈S

ϕ(v) + lsup
v∈S

φ(v).

(b) For any constant r ∈ R and t > 0 : linf
v∈S

(tϕ(v) + r) = t linf
v∈S

ϕ(v) + r.

(c) If the set S is compact and ϕ is lower semicontinuous, then

linf
v∈S

ϕ(v) = inf
v∈S

ϕ(v).

Proof. Assertion (a) is a direct consequence of the second equality in (12) and
(b) follows directly from (a). Finally, (c) is proved in [11] (but it was previously
stated in [1]).

Our main variational tool in the next section is Theorem 2.5 below. Six years
after Zagrodny’s fundamental mean value theorem [34], Clarke and Ledyaev in [7]
provided a deep multidirectional mean value inequality.
For a lower semicontinuous function f : X −→ R∪{+∞}, two fixed points a, b ∈ X
with a ∈ dom f , and a real number ρ ≤ f(b), Zagrodny’s theorem concerns the
estimation of ρ − f(a) in terms of subgradients of f at points near the segment
[a, b]. Considering a closed convex set C in place of the point b, Clarke and
Ledyaev proved for ρ ≤ linfz∈C f(z), in the context of Hilbert spaces, a similar
estimation in terms of proximal subgradients at points close to the convex hull of
{a} ∪ C.
The extension of this result, to various classes of subdifferentials in general Banach
spaces, is due to Aussel, Corvellec and Lassonde [1]. Independently, in the context
of Banach spaces with β− differentiable renorm, the multidirectional mean value
inequality has been also extended by Zhu in [35].
Given a point a ∈ X and a convex set C of X, it will be convenient to denote the
convex hull of {a} ∪ C by

[a, C] := co({a} ∪ C).

This set is usually called the drop formed by the point a and the convex set C.
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Theorem 2.5. Let C ⊂ X be a nonempty closed convex set, f : X −→ R∪{+∞}
be a lower semicontinuous function, and a ∈ dom f . Assume that for the drop

D = [a, C] := {λa+ (1− λ)c : λ ∈ [0, 1], c ∈ C},

there exists some s > 0 such that the function f is bounded from below over
the enlargement D + sBX of D. Then, for every real number ρ ≤ linfz∈C f(z)
and for any subdifferential ∂ (see Definition 2.2), there exist sequences (xn)n∈N in
Dom ∂f := {x ∈ X : ∂f(x) 6= ∅} and x∗n ∈ ∂f(xn) such that dD(xn) → 0 and

〈x∗n, c− a〉 ≥ ρ− f(a)− (1/n)‖c− a‖ − 1/n ∀ c ∈ C, ∀ n ∈ N. (13)

Proof. The proof follows the arguments of [1].

We introduce now the main extended Lipschitzian concept, for extended real-
valued functions and sets, with which we will be concerned in this paper.
Definition 2.6. (see Definition 3.1 in [11]) Let K be a nonempty set of X. We
say that a lower semicontinuous function f : X −→ R ∪ {+∞} is K directionally
Lipschitzian at x̄ ∈ dom f if

βK(f ; x̄) := lim sup
x→f x̄

t→0+, b→0

linf
v∈K

t−1[f(x+ tv + tb)− f(x)] < +∞, (14)

or equivalently, if there exist β ∈ R, γ > 0, and r > 0 such that

linf
v∈K

t−1[f(x+ tv + tb)− f(x)] < β ∀ t∈ ]0, r], ∀ b∈γBX , ∀x∈Bf (x̄, r), (15)

where Bf (x̄, r) := {x ∈ B(x̄, r) : |f(x)− f(x̄)| < r}.
Observe that the value βK(f ; x̄) is equal to the infimum of β ∈ R for which there
exists γ > 0 and r > 0 such that (15) is fulfilled. This quantity will be called the
K directionally Lipschitzian index of f at x̄. When βK(f ; x̄) is less than +∞, for
every β > βK(f ; x̄), we define the set

ΓK(f ; x̄; β) :=

γ > 0

∣∣∣∣∣∣∣
∃ r > 0 such that

sup
x∈Bf (x̄,r)

t∈]0,r[, b∈γBX

linf
v∈K

t−1[f(x+ tv + tb)− f(x)] < β

 .

(16)
Notice that the set ΓK(f ; x̄; β) is nonempty whenever β > βK(f ; x̄). The supre-
mum of this set, will be denoted by γK(f ; x̄; β), that is,

γK(f ; x̄; β) := supΓK(f ; x̄; β) for β > βK(f ; x̄), (17)

and, for β = βK(f ; x̄) we put

γK(f ; x̄; β) = inf
β′>βK(f ;x̄)

γK(f ; x̄; β
′).
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Clearly, we note that the expression whose linf is taken in (15) is well-defined
because f(x) is finite for x ∈ Bf (x̄, r).
It is also worth pointing out that f is K directionally Lipschitzian at x̄ if and only
if it is ρK directionally Lipschitzian for any real ρ > 0.
Definition 2.6 could be considered for any extended real-valued function, not ne-
cessary lower semicontinous, if we replace (14) by

lim sup
(x,α)→epi f (x̄,f(x̄))

t→0+, b→0

linf
v∈K

t−1[f(x+ tv + tb)− α] < +∞.

This modification would allow us to recover Rockafellar’s definition in [26] of di-
rectionally Lipschitzian functions which are not necessarily lower semicontinuous.
For the sake of simplicity, we restrict our work to lower semicontinuous functions.
Example 2.7. As we pointed out in [11], one can verify that the notion of K di-
rectionally Lipschitzian behavior recovers some well-known concepts in variational
analysis.
• A lower semicontinuous function is locally Lipschitzian at a point x̄ of its

effective domain if and only if it is K directionally Lipschitzian at x̄, with
K = {0}.

• A lower semicontinuous function is directionally Lipschitzian at a point x̄ of
its effective domain (see [26]) if and only if it is K directionally Lipschitzian
at x̄, with K = {v̄}, for some v̄ ∈ X.

• A lower semicontinuous function is compactly epi-Lipschitzian at a point of
its effective domain (see [3, 24]) if and only if it is K directionally Lipschit-
zian at that point for some compact set K ⊂ X.

Recall (see [3, 24, 26]) that a lower semicontinuous function f : X → R∪{+∞} is
directionally Lipschitzian (resp. compactly epi-Lipschitzian) at x̄ ∈ dom f if and
only if there exists a vector v̄ (resp. a compact set K) of X, a real number β, and
positive numbers r and γ such that

t−1[f(x+ tv̄ + tb)− f(x)] < β (resp. inf
v∈K

t−1[f(x+ tv + tb)− f(x)] < β) (18)

for all x ∈ Bf (x̄, r), b ∈ γBX , and t ∈]0, r[.
Finally, observe that every lower semicontinuous function is BX (the closed unit
ball) directionally Lipschitzian at any point of its effective domain, and hence
every lower semicontinuous function on X is compactly epi-Lipschitzian at any
point of its effective domain whenever X is a finite-dimensional space. Therefore,
the compactly epi-Lipschitzian property of any lower semicontinuous function f
on X characterizes the fact that X is finite dimensional since, taking as f the
indicator function of the singleton {0}, the second inequality of (18) entails that
for the positive numbers r, γ and the compact set K in (18) one has γBX ⊂ K,
and hence the compact set K is a neighborhood of the origin. �

The idea for introducing the values βK(f ; x̄) and γK(f ; x̄, β) for β > βK(f ; x̄), is
that, if the function f is Lipschitzian around x̄ (i.e., K = {0}), then the mentioned



246 R. Correa, P. Gajardo, L. Thibault / On ...

quantities are related to the exact Lipschitzian constant of f at x̄ defined by

lip(f ; x̄) := lim sup
x, y→x̄
x ̸=y

|f(x)− f(y)|
‖x− y‖

.

The precise relationship is established in the following proposition.
Proposition 2.8. Let f : X −→ R ∪ {+∞} be a Lipschitzian function around
x̄ ∈ dom f . Then, with K = {0}, one has the equality

lip(f ; x̄) = lim sup
β↘βK(f ;x̄)

β

γK(f ; x̄; β)
.

Proof. Let us define K = {0}. First, observe that βK(f ; x̄) = 0. Indeed, if L ≥ 0
is a Lipschitz constant in a neighborhood of x̄, one has

βK(f ; x̄) = lim sup
x→f x̄

t→0+, b→0

t−1[f(x+ tb)− f(x)] ≤ lim sup
b→0

L‖b‖ = 0.

On the other hand, the converse inequality βK(f ; x̄) ≥ 0 follows by taking b = 0
in the first upper limit. Now, take L and L′ satisfying

L > L′ > lim sup
x, y→x̄

x̸=y

|f(x)− f(y)|
‖x− y‖

=: lip(f ; x̄).

Then, there exists ε > 0 such that

|f(x)− f(y)| ≤ L′‖x− y‖ ∀ x, y ∈ B(x̄, ε).

Thus, for each α > 0, there exists r > 0 (e.g., r = (ε/3)min{1, 1/α}) such that

sup
x∈Bf (x̄,r)

t∈ ]0,r[, b∈αBX

t−1[f(x+ tb)− f(x)] ≤ L′α < Lα.

From (16) and (17), we deduce that α ≤ γK(f ; x̄;Lα) for all α > 0, and hence,
for all β > 0 we obtain (taking α = β/L)

β

L
≤ γK(f ; x̄; β),

which implies lim sup
β↘βK(f ;x̄)

β

γK(f ; x̄, β)
≤ L ∀ L > lip(f ; x̄),

and thus lim sup
β↘βK(f ;x̄)

β

γK(f ; x̄, β)
≤ lip(f ; x̄).

To prove the converse inequality, choose sequences (xn)n∈N and (yn)n∈N in X
converging to x̄ with xn 6= yn for all n ∈ N and such that

lip(f ; x̄) = lim
n→∞

t−1
n [f(xn + tnbn)− f(xn)],
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where tn := ‖xn − yn‖ and bn := (yn − xn)/‖xn − yn‖. Take any β > βK(f ; x̄)
and any γ ∈ ΓK(f ; x̄; β). The definition of βK(f ; x̄) and ΓK(f ; x̄; β) along with
the equality K = {0} furnish (see (16)) some real r > 0 such that

t−1[f(x+ tb)− f(x)] < β

for all t ∈]0, r[, all b ∈ γBX and all x ∈ B(x̄, r). Putting sn := tn/γ for every
n ∈ N, it ensues that

lip(f ; x̄) = lim
n→∞

t−1
n [f(xn + tnbn)− f(xn)]

= γ−1 lim
n→∞

s−1
n [f(xn + sn(γbn))− f(xn)] ≤ β/γ.

This being true for every γ ∈ ΓK(f ; x̄; β), we see that lip(f ; x̄) ≤ β/γK(f ; x̄; β).
Taking the limit as β ↘ βK(f ; x̄) yields the desired inequality

lip(f ; x̄) ≤ lim sup
β↘βK(f ;x̄)

β

γK(f ; x̄, β)
.

The proof is then complete.

In a natural way, through indicator functions, we can introduce the K directio-
nally Lipschitzian property for sets.
Definition 2.9. (See Definition 4.1 in [11]) We say that a closed set S ⊂ X is K
directionally Lipschitzian at x̄ ∈ S if its indicator function ΨS is K directionally
Lipschitzian at x̄. This means that there exist r > 0 and γ > 0 such that for all
t ∈ ]0, r[ one has

S ∩B(x̄, r) + tγBX ⊂
⋂
δ>0

(S − t(K + δBX)) = cl (S − tK). (19)

For the function ΨS, we can observe that the value γK(ΨS; x̄; β) is constant
for all β ≥ βK(ΨS; x̄). Therefore, we will use the notation γK(S; x̄) instead of
γK(ΨS; x̄; β) with β = βK(ΨS; x̄) in the context of sets. Moreover, one can di-
rectly check that γK(S; x̄) corresponds in fact to

γK(S; x̄) = sup

{
γ > 0

∣∣∣∣ ∃ r > 0 such that
S ∩B(x̄, r)+tγBX ⊂ cl (S−tK) ∀ t∈ ]0, r[

}
. (20)

Remark 2.10. It is worth pointing out the fact that when K is compact, the
set cl (S − tK) in (19) is equal to S − tK. This allows us to see that the K
directionally Lipschitzian notion recovers two well-known concepts in variational
analysis. Recall that a closed set S is epi-Lipschitzian in the sense of [26] (resp.
compactly epi-Lipschitzian in the sense of [3]) at x̄ ∈ S when there exist a vector
v̄ ∈ X (resp. a compact set K of X) and real numbers r, γ > 0 such that

S ∩B(x̄, r)+]0, r[B(v̄, γ) ⊂ S

(resp. S ∩B(x̄, r) + tγBX ⊂ S − tK for all t ∈ ]0, r[).

Therefore, we have the following equivalences:
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• A closed set is epi-Lipschitzian at one of its points if and only if it is {v}
directionally Lipschitzian at that point for some v ∈ X;

• A closed set is compactly epi-Lipschitzian at one of its points if and only if it
is K directionally Lipschitzian at that point for some compact set K ⊂ X.

Finally, we observe that every closed set is a BX directionally Lipschitzian set,
where we recall that BX is the closed unit ball in X. Therefore, if X is a finite-
dimensional space, every closed set of X is compactly epi-Lipschitzian. In fact,
arguing like in Example 2.7 for lower semicontinuous functions, we see that the
latter property characterizes the finite-dimensional vector spaces in the sense that
a Banach space is finite-dimensional if and only if everyone of its closed sets is
compactly epi-Lipschitzian. Indeed, X is finite dimensional whenever {0}, and a
fortiori every singleton, is a compactly epi-Lipschitzian set. �

3. Various subdifferential characterizations

This section is devoted to characterizations of K directionally Lipschitzian func-
tions in terms of subdifferentials. For a bounded set K of X, in what follows we
will denote |K| := supu∈K ‖u‖.
Proposition 3.1. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function
which is continuous with respect to its domain with the induced topology. Let
x̄ ∈ dom f and ∂ be a subdifferential (see Definition 2.2). If for a closed bounded
set K ⊂ X there exist r > 0, γ > 0 and β ∈ R such that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂f(x), (21)

then f is K ′ directionally Lipschitzian at x̄, where K ′ := coK. In fact (see
Definition 2.6), one has β ≥ βK′(f ; x̄) and γ ≤ infβ′>β γK′(f ; x̄; β′) (more precisely
γ ∈ ΓK′(f ; x̄; β′) for all β′ > β).

Proof. Let K ′ = coK and ν̄ ∈ ]0,+∞] be such that f is bounded from below
on B(x̄, ν̄) (from the lower semicontinuity of f). For any positive η, the relative
continuity of f on its domain allows us to choose some ξ(r) ∈ ]0, r] such that

B(x̄, ξ(r)) ∩ dom f ⊂ Bf (x̄, r). (22)

Without loss of generality we assume r < ν̄/2. Take a positive r′ such that

0 < r′ ≤ ξ(r)

2(1 + γ + |K|)
(23)

(here |K| = sup
u∈K

‖u‖ = sup
u∈K′

‖u‖) and

B(x̄, r′) + γr′BX + [0, r′[ K ′ ⊂ B(x̄, ξ(r)/2). (24)

Fix x ∈ Bf (x̄, r
′) ⊂ dom f , t ∈ ]0, r′[, and b ∈ γBX . Define C := x + tb + tK ′

and D := [x,C] := {λx+ (1− λy : y ∈ C}. From (24) we see on one hand that

D ⊂ B(x̄, ξ(r)/2) ⊂ B(x̄, ν̄/2). (25)
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On the other hand, for δx := r′ − ‖x− x̄‖ > 0 we have from (23)

C + δxBX ⊂ B(x̄, ξ(r)) ⊂ B(x̄, ν̄),

and hence linf
z∈C

f(z) ≥ inf
z∈C+δxBX

f(z) ≥ inf
z∈B(x̄,ν̄)

f(z) > −∞.

The last inequality is due to the boundedness from below of f on B(x̄, ν̄). Since
linfz∈C f(z) > −∞, we can fix any real number ρ < linf

z∈C
f(z). Taking into account

the boundedness from below of f over D + (ν̄/2)BX (because of (25)) and that
x ∈ dom f , from Theorem 2.5 we know that there exist a sequence (xn)n∈N in
Dom ∂f , and x∗n ∈ ∂f(xn) (xn, x∗n depending on ρ) with dD(xn) → 0 such that

〈x∗n, tb+ tv〉 ≥ ρ− f(x)− t‖v + b‖/n− 1/n

for all v ∈ K ′ and n ∈ N. This yields, for all v ∈ K ′ and all integers n

〈x∗n, b+ v〉 ≥ t−1[ρ− f(x)]− ‖v + b‖/n− 1/tn,

and hence 〈x∗n, b+ v〉 ≥ t−1[ρ− f(x)]− µ/n− 1/tn, (26)

where µ := γ + |K ′| = γ + |K| is finite due to the boundedness of K ′.
Since dD(xn) < ξ(r)/2 for n large enough, we have by (22) and the first inclusion
in (25),

xn ∈ B(x̄, ξ(r)) ∩Dom ∂f ⊂ B(x̄, ξ(r)) ∩ dom f ⊂ Bf (x̄, r),

and hence taking the supremum over v ∈ γBX in the inequality (26) using the
assumption (21) we obtain

β ≥ t−1[ρ− f(x)]− µ/n− 1/tn.

Passing to the limit as n → +∞, we see that β ≥ t−1[ρ− f(x)]. This being true
for all real numbers ρ < linf

z∈C
f(z), we obtain

β ≥ t−1

[
linf
z∈C

f(z)− f(x)

]
.

Observe now that by Lemma 2.4 (part (b)), one has

t−1

[
linf
z∈C

f(z)− f(x)

]
= linf

z∈C
t−1 [f(z)− f(x)] = linf

v∈K′
t−1 [f(x+ tb+ tv)− f(x)] .

Then, for all x ∈ Bf (x̄, r
′), t ∈ ]0, r′[, and b ∈ γBX we get

β ≥ linf
v∈K′

t−1 [f(x+ tb+ tv)− f(x)] . (27)

On one hand, for every β′ > β one has γ ∈ ΓK′(f ; x̄; β′), and in consequence
γ ≤ infβ′>β γK′(f ; x̄; β′) (see (16) and (17)). On the other hand, taking the limit
superior as x →f x̄, t → 0+, and b → 0, in (27), we obtain βK′(f ; x̄) ≤ β (see
(14)), and then f is K ′ directionally Lipschitzian at the point x̄.
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Remark 3.2. If f is the indicator function of a closed set of X, we can take
ξ(r) = r in (22) and hence with r′ := r/2(1 + γ + |K|), the inequality (27) holds
for all x ∈ Bf (x̄, r

′), t ∈ ]0, r′[, and b ∈ γBX .

Remark 3.3. We can observe that the above proposition still holds if we consider
any operator ∂′ containing a subdifferential ∂. In fact, it is easy to check that the
mean value inequality (13) is also satisfied for ∂′. As example of an important
subdifferential operator which is not a subdifferential in the sense of Definition
2.2, we mention the Hadamard subdifferential ∂H . Nevertheless, it contains the
Fréchet subdifferential which, in Asplund spaces, fulfills properties (P1)–(P5) of
Definition 2.2. �

Our next step is to apply Proposition 3.1, to the indicator function of a closed
set S, in order to obtain sufficient conditions for the K directional Lipschitzian
property of the set S.
For this purpose, the formula N(S;x) = ∂ΨS(x), for x ∈ S, will be used for all
normal cones (and the respective subdifferentials) involved in Corollary 3.5 below.
These formulas, recalled in Section 2, appear in the literature for all normal cones
mentioned in that section. Concerning the Ioffe geometric normal cone NG, for
completeness in the following lemma we provide a proof.
Lemma 3.4. For a nonempty set S ⊂ X and x ∈ S, one has

∂GΨS(x) = NG(S;x).

Proof. Recall, by definition, that NG(S;x) = R+∂adS(x). Considering in the
product space X × R the norm ‖(y, s)‖1 := ‖y‖ + |s|, one has dS×R+(y, s) =
dS(y)+ζ(s), where R+ := [0,+∞[ and ζ(s) := max{0,−s}. From [14, Proposition
4.4], we then have that

∂adS×R+(u, s) = ∂adS(u)× ∂aζ(s). (28)

Since ζ(·) is convex, we have ∂aζ(0) = [−1, 0]. (29)

From (9), the Ioffe geometric subdifferential of the indicator function, at x ∈ S,
is given by

∂GΨS(x) = {x∗ ∈ X∗ : (x∗,−1) ∈ NG(epiΨS;x, 0)}. (30)

Further NG(epiΨS;x, 0) = NG(S × R+;x, 0) = R+∂adS×R+(x, 0).

Then, according to (28) and (30), we have

∂GΨS(x) = {x∗ ∈ X∗ : (x∗,−1) ∈ R+(∂adS(x)× [−1, 0])}. (31)

This expression implies directly ∂GΨS(x) ⊂ NG(S;x).
In order to prove the reverse inclusion, fix a non null x∗ ∈ NG(S;x). Then, by
definition of NG, there exist λx∗ > 0 and u∗ ∈ ∂adS(x) such that x∗ = λx∗u∗. Now,
consider the equivalent norm |‖ · ‖| := λx∗‖ · ‖ (depending on x∗) and denote by
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d̃S the distance function to the set S, associated to the norm |‖ · ‖|. In view of the
obvious equality d̃S(·) = λx∗dS(·), we have

∂ad̃S(x) = λx∗∂adS(x),

and hence x∗ ∈ ∂ad̃S(x). If in the product space X × R we consider the norm

|‖(y, s)‖|1 := |‖y‖|+ |s|,

and if for a set T ⊂ X × R we denote by d̃T the distance function corresponding
to |‖ · ‖|1, we have as above,

d̃S×R+(y, s) = d̃S(y) + ζ(s),

which gives

(x∗,−1) ∈ ∂ad̃S(x)× [−1, 0] = ∂ad̃S(x)× ∂aζ(0) = ∂ad̃S×R+(x, 0).

On the other hand, the cone generated by ∂adS×R+(x, 0) is the same if we consider
any equivalent norm (see Remark 2.1), we have

R+∂adS×R+(x, 0) = R+∂ad̃S×R+(x, 0).

Thus, we obtain

(x∗,−1) ∈ R+∂adS×R+(x, 0) = R+ (∂adS(x)× [−1, 0]) ,

the last equality being due to (28) and (29). Therefore, from (31) we deduce that
x∗ ∈ ∂GΨS(x), which ensures that NG(S;x) ⊂ ∂GΨS(x).

We can now establish sufficient conditions, for the K directional Lipschitzian
behavior of sets, in terms of any normal cone considered in Section 2.
Corollary 3.5. Let S be a nonempty closed set of X and x̄ ∈ S. Assume that
for some r > 0, γ > 0, and for a bounded set K ⊂ X the inequality

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ 0

holds for all x ∈ S ∩B(x̄, r) and x∗ ∈ N(S;x). In each of the following cases, the
set S is coK directionally Lipschitzian at x̄ ∈ S:
• the normal cone N is either NC, or Na, or NG;
• X is an Asplund space and N is either NH , or NF , or NL;
• X is a Hilbert space and N is NP .
Moreover, one has that γ ≤ γK′(S; x̄) where K ′ = coK.
Proof. The indicator function ΨS of the set S is obviously continuous with respect
to its domain with the induced topology and the mentioned normal cones are
the corresponding subdifferentials of ΨS (see Lemma 3.4 for NG). So, we may
apply Proposition 3.1, because in each case, the considered subdifferential satisfies
properties of Definition 2.2 or it contains a subdifferential in the sense of that
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definition. This result gives γ ≤ infβ′>0 γK′(ΨS; x̄; β
′), but as it was pointed out

in Definition 2.9, one has (see (20))

γK′(S; x̄) = inf
β′>0

γK′(ΨS; x̄; β
′),

which proves the desired result.

In order to study the converse implication in Corollary 3.5, let us consider now the
following result, in Proposition 3.6 below, established by Jourani and Thibault in
[23]. For completeness, we provide a simple proof.
First, we know by (7) that for a subset S of X and x ∈ S we have

∂adS(x) =
⋂
L∈F

Lim sup
u→x

∂H(dS)u+L(u). (32)

For the proof of Proposition 3.6 below, we need a formula along the line of (32),
with u →S x, that is, u → x with u ∈ S. Such a formula was provided in [15,
Proposition 2.4] as

∂adS(x) =
⋂
L∈F

Lim sup
S∋u→x
ε→0+

∂εH(dS)u+L(u), (33)

where for a function f : X → R ∪ {+∞} and x ∈ dom f

∂εHf(x) := {x∗ ∈ X∗ : 〈x∗, v〉 ≤ d−Hf(x; v) + ε‖v‖ ∀v ∈ X}

is the Hadamard ε-subdifferential of f at x.

Proposition 3.6. ([23]) Let S be a closed nonempty subset of X which is K
directionally Lipschitzian at x̄ ∈ S for some compact set K ⊂ X and let a positive
γ < γK(S; x̄). Then, there exists some real number r > 0 such that for all
x ∈ S ∩B(x̄, r) and x∗ ∈ NG(S;x) one has

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ 0.

Proof. Consider a real number r > 0 such that for all t ∈ ]0, r[ the inclusion

S ∩B(x̄, 2r) + tγBX ⊂ S − tK (34)

holds. Let x ∈ S ∩ B(x̄, r) and x∗ ∈ ∂adS(x). Fix any real δ > 0 and choose
some finite subset Kδ ⊂ K such that K ⊂ Kδ + δBX . Take any u ∈ S ∩ B(x, r)
and b ∈ γBX . Take also a sequence of positive numbers tn → 0+ with tn < r.
By (34) there exists for each integer n some vn ∈ K (depending on u and b) with
u + tn(b + vn) ∈ S. Choose some vδn ∈ Kδ such that ‖vn − vδn‖ < δ. Taking a
subsequence if necessary, we may suppose that (vδn)n∈N converges to some vδ ∈ Kδ.
Put Lb := span[{b} ∪ Kδ] (the vector space generated by {b} ∪ Kδ) and for any
ε > 0, consider any u∗ ∈ ∂εH(dS)u+Lb

(u). On one hand, we have

〈u∗, b+ vδ〉 ≤ d−H(dS)(u; b+ vδ) + ε‖b+ vδ‖

≤ d−H(dS)(u; b+ vδ) + εζ,
(35)
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where ζ := γ + max
y∈K

‖y‖. On the other hand, choosing bδn ∈ BX such that vn =

vδn + δbδn, we have
t−1
n [dS(u+ tn(b+ vδn))− dS(u)] ≤

≤ t−1
n [dS(u+ tn(b+ vδn + δbδn))− dS(u)] + t−1

n ‖tnδbδn‖ = δ‖bδn‖ ≤ δ,

and hence d−H(dS)(u; b+ vδ) ≤ δ.

Using (35) we obtain 〈u∗, b+ vδ〉 ≤ δ + εζ. (36)

By (33) we know that x∗ ∈ Lim sup
S∋u→x
ε→0+

∂εH(dS)u+Lb
(u). Therefore there exist nets

uj,ε → x with uj,ε ∈ S ∩ B(x, r) and u∗j,ε
w∗
→ x∗ with u∗j,ε ∈ ∂εH(dS)uj,ε+Lb

(uj,ε), the

nets being indexed by both j and ε, where w∗
→ denotes the weak-star convergence

in X∗. Since x ∈ B(x̄, r), we may suppose that uj,ε ∈ S ∩ B(x̄, r). By (36) there
exists some vδj,ε ∈ Kδ such that 〈u∗j,ε, b+ vδj,ε〉 ≤ δ+ εζ. Since Kδ is a finite set, we
easily obtain some w ∈ Kδ for which 〈x∗, b+ w〉 ≤ δ, and hence

〈x∗, b〉+ inf
v∈K

〈x∗, v〉 ≤ δ.

Taking the supremum over b∈γBX and making δ→0+ we get for any x∗∈∂adS(x)

γ‖x∗‖+ inf
v∈K

〈x∗, v〉 ≤ 0,

and this inequality still obviously holds for all x∗ ∈ R+∂dS(x) = NG(S;x). The
proof is then complete.

In [11] several conditions for the compactly epi-Lipschitzian property of sets have
been provided in terms of certain tangent cones. Obviously, those conditions can
be translated with any normal cone which enjoys the property to be the polar of
such a tangent cone. It is, for example, the case of the Clarke tangent cone. How-
ever, all the normal cones considered in Section 2, except the Clarke one, cannot
be seen as polars of tangent cones and more generally, some of them are not even
convex. One of the interests in such normal cones, is that very often we can provide
necessary and sufficient conditions (for the compactly epi-Lipschitzian property,
or more generally for the K directionally Lipschitzian behavior) in terms of these
cones. Indeed, from Corollary 3.5 and Propostion 3.6, we obtain characterizations
as it is established in Theorem 3.7 and Corollary 3.8 below.
As the definition of the K directionally Lipschitzian property highlights the set K,
the novelty of Theorem 3.7 is to involve the same set K in the characterizations
that the theorem provides.
Theorem 3.7. For a closed subset S of X, x̄ ∈ S, and a nonempty compact
convex set K ⊂ X, the following are equivalent:
(a) S is K directionally Lipschitzian at x̄ ∈ S;
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(b) For some r > 0 and γ > 0 the inequality

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ 0 (37)

holds for all x ∈ S ∩B(x̄, r) and x∗ ∈ NG(S;x);
(c) The same as in (b) but with Na(S;x) in place of NG(S;x).
If X is an Asplund space (resp. a Hilbert space), then anyone of the above properties
(a), (b), (c) is equivalent to:
(d) The same as in (b) but using in place of NG(S;x), one of the normal cones

NH(S;x), NF (S;x), or NL(S;x) (resp. the normal cone NP (S;x)).
In fact, the equivalences between (b), (c), and (d) hold with the same constants r
and γ > 0.
Moreover, considering any of the above normal cones one has γ ≤ γK(S; x̄) for
all γ > 0 such that (37) holds. Conversely, if S is K directionally Lipschitzian at
x̄ then, for every γ < γK(S; x̄) we can find r > 0 such that (37) is fulfilled.

Proof. The first implication (a) ⇒ (b) follows from Proposition 3.6. If one has
property (b), by Corollary 3.5 the set S is K directionally Lipshitzian at x̄ ∈ S,
that is, (b) ⇒ (a). So, the equivalence (a) ⇔ (b) holds.
Corollary 3.5 also ensures that (c) entails (a), and the converse implication (a)
⇒ (c) follows from the equality Na(S; ·) = NG(S; ·), established by Jourani in
[22], whenever S is compactly epi-Lipschitzian (which is the case because K is
compact), and from the above equivalence (a) ⇔ (b).
The implication (a) ⇒ (d) is a consequence of the above implication (a) ⇒ (c),
since anyone of the normal cones involved in (d) is contained in Na(S; ·). Further,
the converse implication (d)⇒ (a) follows from Corollary 3.5, implying (a)⇔ (d).
According to Corollary 3.5, considering any of the normal cones (in (b), (c) and
(d)) one has γ ≤ γK(S; x̄) for all γ > 0 such that (37) holds. Conversely, if S is K
directionally Lipschitzian at x̄, by Proposition 3.6 we have that for every positive
γ < γK(S; x̄) we can find r > 0 such that (37) is fulfilled with NG and then, with
all other normal cones (by the equivalence between (b) with (c) and (d)).

The following corollary, concerning the characterization of compactly epi-Lipschit-
zian property, is a direct consequence of Theorem 3.7. The implication (a) ⇒ (b)
(as we already pointed out) has been first proved by Jourani and Thibault in [23]
(see also Proposition 3.6). The reverse implication (b) ⇒ (a) has been established
by Ioffe in [17].
Corollary 3.8.For a closed subset S of X and x̄∈S, the following are equivalent.
(a) The set S is compactly epi-Lipschitzian at x̄ ∈ S;
(b) For some r > 0, γ > 0, and for some compact subset K ⊂ X the inequality

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ 0 (38)

holds for all x ∈ S ∩B(x̄, r) and x∗ ∈ NG(S;x);
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(c) The same as in (b) but with Na(S;x) in place of NG(S;x).
If X is an Asplund space (resp. a Hilbert space), then anyone of the above properties
(a), (b), (c) is equivalent to:
(d) The same as in (b) but using in place of NG(S;x), one of the normal cones

NH(S;x), NF (S;x), or NL(S;x) (resp. the normal cone NP (S;x)).

Characterizations in the line of Corollary 3.8 or, more generally, in the line of
Theorem 3.7, cannot be obtained with the Clarke normal cone. Indeed, Example
4.1 in [2] shows an example of a compactly epi-Lipschitzian set S that does not
satisfy the inequality (38) with NC(S; ·).
In order to derive characterizations for the K Lipschitzian property of lower semi-
continuous functions, we need to link this behavior of a lower semicontinuous
function with the same property for the indicator function of its epigraph. This
link, provided in the lemma below, is in the line of Lemma 3.5 in [11], but here
we emphasize the estimation of constants β and γ involved in the definition of
K directionally Lipschitzian property. The interest of both constants has been
pointed out in Proposition 2.8.
Lemma 3.9. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function and
K be a subset of X.
(a) If for some β ∈ R and γ > 0 there exist r > 0 and η > 0 such that

linf
(v,β)∈K×{β}

Ψepi f ((x, s) + t(b, b′) + t(v, β)) = 0 (39)

holds for all (x, s)∈B((x̄, f(x̄)), r)∩ epi f , t∈]0, r[, (b, b′)∈γ (BX×]− η, η[),
then f is K directionally Lipschitzian at x̄, with

linf
v∈K

t−1[f(x+ tb+ tv)− f(x)] < β

for all x ∈ Bf (x̄, r), t ∈]0, r[ and b ∈ BX . Moreover, β ≥ βK(f ; x̄) and
γ ≤ γK(f ; x̄; β).

(b) If f is K directionally Lipschitzian at x̄ ∈ dom f , then for any real numbers
β > βK(f ; x̄) and γ ∈]0, γK(f ; x̄; β)[ there exist r > 0 and η > 0 such that
(39) holds.

Proof. The proofs of (a) and (b) are very similar, so we will only present that
of (a). If for some β ∈ R and γ > 0 there exist r > 0 and η > 0 such that (39)
holds, then for all δ ∈ ]0, γη/2[, (x, s) ∈ B((x̄, f(x̄)), r) ∩ epi f , t ∈ ]0, r[, and
(b, b′) ∈ γ (BX×]− η, η[), there exists vδ ∈ K + δBX and βδ < β + δ < β + γη/2
such that

Ψepi f ((x, s) + t(b, b′) + t(vδ, βδ)) = 0. (40)
The above equality implies (taking x ∈ Bf (x̄, r), s = f(x), and b′ = −γη/2) that

t−1 [f(x+ tb+ tvδ)− f(x)] ≤ βδ −
γη

2
< β,

and hence linf
v∈K

t−1 [f(x+ tb+ tv)− f(x)] < β
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for all x ∈ Bf (x̄, r), t ∈ ]0, r[, b ∈ γBX , which means that f is K directionally
Lipschitzian at x̄, together with β ≥ βK(f ; x̄) and γ ≤ γK(f ; x̄; β).

In the same line than Lemma 3.9, the following two lemmas link the K directiona-
lly Lipschitzian property of a function f to the same property (with an appropriate
set) of its epigraph epi f .

Lemma 3.10. Let f :X → R ∪ {+∞} be a lower semicontinuous function and
K be a subset of X. If f is K directionally Lipschitzian at x̄, then for any
β > βK(f ; x̄) and for any 0 < γ̄ < γK(f ; x̄; β) the set epi f is K × [β − γ̄, β + γ̄]
directionally Lipschitzian at (x̄, f(x̄)) and γ̄ ≤ γK×[β−γ̄,β+γ̄](epi f ; x̄, f(x̄)) (see
definition in (20)).
Proof. Take β > βK(f ; x̄) and 0 < γ̄ < γK(f ; x̄; β). Then, by lower semicontinu-
ity of f and by Definition of βK(f ; x̄) (see Definition 2.9) there exists r > 0 such
that f(x̄)− r < f(x) for all x ∈ B(x̄, r) and such that

linf
v∈K

t−1[f(x+ tv + tb)− f(x)] < β (41)

for all t ∈ ]0, r[, b ∈ γ̄BX , and x ∈ Bf (x̄, r). Take t ∈ ]0, r[ and consider any
(x̃, s̃) ∈ (epi f)∩BX×R((x̄, f(x̄)), r)+ tγ̄(BX × [−1, 1]). We observe that (x̃, s̃) can
be written as x̃ = x+ tb and s̃ = s+ tγ̄α where b ∈ γ̄BX , α ∈ [−1, 1] and f(x) ≤ s
along with (x, s) ∈ BX×R((x̄, f(x̄)), r), implying x ∈ Bf (x̄, r). Therefore, from
(41) one obtains that for every δ > 0 there exists vδ ∈ K + δBX such that

f(x̃+ tvδ) < f(x) + tβ ≤ s+ tβ.

The latter inequality means that (x̃, s̃) can be written as x̃ = x′ − tvδ and s̃ =
s′ − t(β − γ̄α), with (x′, s′) ∈ epi f . Therefore, keeping in mind that α ∈ [−1, 1],
we see that

(x̃, s̃) ∈ epi f − t ((K + δBX)× [β − γ̄ − δ, β + γ̄ + δ]) ∀ δ > 0,

which implies the inclusion

(epi f) ∩BX×R((x̄, f(x̄)), r) + tγ̄(BX × [−1, 1])

⊂
⋂
δ>0

(epi f − t ((K + δBX)× [β − γ̄ − δ, β + γ̄ + δ])) .

This allows us to conclude, according to Definition 2.9, that epi f is K×[β− γ̄, β+
γ̄] directionally Lipschitzian at (x̄, f(x̄)) and γ̄ ≤ γK×[β−γ̄,β+γ̄](epi f ; x̄, f(x̄)).

The next lemma shows a certain reverse conclusion of Lemma 3.10.

Lemma 3.11. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function and
K be a subset of X. If for some β ∈ R and γ̄ > 0 the set epi f is K× [β− γ̄, β+ γ̄]
directionally Lipschitzian at (x̄, f(x̄)) with γ̄ < γK×[β−γ̄,β+γ̄](epi f ; x̄, f(x̄)), then f
is K directionally Lipschitzian at x̄. Moreover, β ≥ βK(f ; x̄) and γ̄ ≤ γK(f ; x̄; β).
Proof. As a consequence of the assumptions, there exists r > 0 such that for
every t ∈ ]0, r[ we have the inclusion
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(epi f) ∩BX×R((x̄, f(x̄)), r) + tγ̄(BX × [−1, 1])

⊂
⋂
δ>0

(epi f − t ((K + δBX)× [β − γ̄ − δ, β + γ̄ + δ])) . (42)

Take x∈Bf (x̄, r), b∈ γ̄BX , t∈ ]0, r[. Since (x, f(x))∈(epi f)∩BX×R((x̄, f(x̄)), r),
one has that (x+tb, f(x)−tγ̄) belongs to the left-hand side of (42). Therefore, for
any δ > 0, there exists (x̃, s̃) ∈ epi f and vδ ∈ K + δBX such that x+ tb = x̃− tvδ
and f(x)− tγ̄ = s̃− tα for some α ∈ [β − γ̄ − δ, β + γ̄ + δ].

Hence, f(x+ tb+ tvδ) ≤ s̃ = f(x)− tγ̄ + tα ≤ f(x) + t(β + δ),

which implies linf
v∈K

t−1[f(x+ tv + tb)− f(x)] ≤ β

for all t ∈ ]0, r[, b ∈ γ̄BX , and x ∈ Bf (x̄, r), proving thus that f is K directionally
Lipschitzian at x̄, and directly we deduce β ≥ βK(f ; x̄) and γ̄ ≤ γK(f ; x̄; β) from
the definitions of these values.

Given a subdifferential ∂ and a function f we define the horizon ∂-subdifferential
∂∞f(x) of f at x ∈ dom f by

∂∞f(x) := {x∗ ∈ X∗ : (x∗, 0) ∈ ∂Ψepi f (x, f(x))}. (43)

For the general case of lower semicontinuous functions, we will need additional
properties for the subdifferential ∂. Indeed, for any lower semicontinuous function
f and x ∈ dom f we will assume that the subdifferential ∂ satisfies the following
properties (used in Theorem 3.13 below):
(P6) the subset ∂Ψepi f (x, f(x)) ⊂ X∗ × R is a cone;
(P7) for any (x∗,−r∗) ∈ ∂Ψepi f (x, r) one has r∗ ≥ 0;
(P8) ∂Ψepi f (x, r) ⊂ ∂Ψepi f (x, f(x)) for any r ∈ R;
(P9) the equality ∂f(x) = {x∗ ∈ X∗ : (x∗,−1) ∈ ∂Ψepi f (x, f(x)} holds;
(P10) for any continuous linear functional x∗ ∈ ∂∞f(x) (the horizon ∂-subdif-

ferential of f at x) there exist sequences (αn)n∈N in ]0,+∞[ tending to
0, (xn)n∈N in X with (xn, f(xn)) → (x, f(x)), and (x∗n)n∈N in X∗ with
x∗n ∈ ∂f(xn) and such that αnx

∗
n

w∗
→ x∗.

The fact that Dom ∂f is graphically dense in dom f , ensures that the null linear
functional on X is always the weak-star limit of such a sequence (αnx

∗
n)n∈N.

Some of these fundamental additional properties have already been used in [10]
for other purposes.
All the properties (P1)–(P10) hold in appropriate spaces, as stated in Section 2,
for the proximal, Fréchet, and viscosity subdifferentials.
Proposition 3.12. Let f : X −→ R∪{+∞} be a lower semicontinuous function,
x̄ ∈ dom f , and ∂ be a subdifferential satisfying in addition (P6)–(P9). If for a
compact set K ⊂ X there exist r > 0, γ > 0, ω ≥ 0 and β ∈ R such that for every
x ∈ Bf (x̄, r)

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤
{
β ∀ x∗ ∈ ∂f(x)

ω ∀ x∗ ∈ ∂∞f(x),
(44)
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then f is K ′ directionally Lipschitzian at x̄, where K ′ := coK. Moreover we have
β ≥ βK′(f ; x̄) and γ ≤ infβ′>β γK′(f ; x̄; β′). More precisely, γ ∈ ΓK′(f ; x̄; β′) for
all β′ > βK′(f ; x̄).
Proof. Put K ′ = coK and fix ε > 0. For β′ := β + ε let us show that (44)
implies, for some r′ > 0 and η > 0, the inequality

inf
(v,β′)∈K′×{β′}

{〈y∗, v〉+ s∗β′}+ γ(‖y∗‖+ η|s∗|) ≤ 0 (45)

for all (x, s) ∈ epi f ∩ B((x̄, f(x̄)), r′) and for all (y∗, s∗) ∈ ∂Ψepi f (x, s). Observe
that (45) is an expression in the line of the first inequality in (44) written with
Ψepi f in place of the function f .
Now take any x ∈ Bf (x̄, r) and any x∗ ∈ ∂∞f(x). For any integer n ∈ N we see
from (P6) and the definition of ∂∞f that nx∗ ∈ ∂∞f(x), so by (44)

n inf
v∈K′

〈x∗, v〉+ γn‖x∗‖ ≤ ω.

This being true for any n ∈ N, it ensues that

inf
v∈K′

〈x∗, v〉+ γ‖x∗‖ ≤ 0 ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂∞f(x). (46)

On one hand, from (44), we have that for each x ∈ Bf (x̄, r) ∩ Dom ∂f and each
x∗∈∂f(x) there exists v∈K ′ such that 〈x∗, v〉+γ‖x∗‖≤β, and hence, for η = ε/γ

〈x∗, v〉 − β′ + γ(‖x∗‖+ η) ≤ 0. (47)

On the other hand, from properties (P6)–(P7)–(P9) we have

(y∗, s∗) ∈ ∂Ψepi f (x, f(x)) ⇒

 −y∗

s∗
∈ ∂f(x) if s∗ < 0

y∗ ∈ ∂∞f(x) if s∗ = 0.
(48)

By the lower semicontinuity of f , choose for each θ>0 some σ(θ)∈]0, θ] such that

f(x) > f(x̄)− θ ∀ x ∈ B(x̄, σ(θ)).

Then, for any (x, s) ∈ epi f ∩B((x̄, f(x̄)), σ(r)) and

(y∗, s∗) ∈ ∂Ψepi f (x, s) ⊂ ∂Ψepi f (x, f(x))

(the latter inclusion being due to property (P8) of ∂) we claim that we can find
(v, β′) ∈ K ′ × {β′} such that

〈y∗, v〉+ s∗β′ + γ(‖y∗‖+ η|s∗|) ≤ 0. (49)

Indeed, if s∗ < 0 then −y∗/s∗ ∈ ∂f(x) and therefore (because x ∈ Bf (x̄, r)) we
can use (47) in order to obtain (49). Finally, if s∗ = 0 we conclude (49) from (46).
This means that (45) is satisfied with r′ = σ(r).
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In the product space X × R consider the norm |‖(x, s)‖| := max
{
‖x‖, 1

η
|s|

}
, and

so the dual norm in X∗×R is |‖(x∗, s∗)‖|∗ = ‖x∗‖+η|s∗|. Since Ψepi f is continuous
with respect to its domain, from (45), Proposition 3.1, and Remark 3.2, we deduce
for r′′ := σ(r)/2(1 + γ +max{|K|, β′}) that

inf
(v,β′)∈K′×{β′}

t−1[Ψepi f ((x, s) + t(v, β′) + t(b, b′))−Ψepi f (x, s)] ≤ 0

is valid for all (x, s) ∈ B(x̄, r′′)×]f(x̄) − ηr′′, f(x̄) + ηr′′[∩epi f , t ∈]0, r′′[, and
(b, b′) ∈ γBX×]− γη, γη[. Lemma 3.9 and part (c) of Lemma 2.4 tell us that f is
K ′ directionally Lipschitzian at x̄ with

inf
v∈K′

t−1[f(x+ tv + tb)− f(x)] < β′

for all x ∈ Bf (x̄, r
′′), t ∈]0, r′′[, and b ∈ γBX , as well as with βK′(f ; x̄) ≤ β′ and

γ ≤ γK(f ; x̄; β
′). These inequalities being fulfilled for all β′ > β, we conclude

βK′(f ; x̄) ≤ β and γ ≤ inf
β′>β

γK(f ; x̄; β
′).

The next theorem considers the situation when the subdifferential satisfies the
additional basic property (P10).
Theorem 3.13. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function,
x̄ ∈ dom f , and ∂ be a subdifferential satisfying in addition (P6)–(P10). If for a
compact set K ⊂ X there exist r > 0, γ > 0, and β ∈ R such that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂f(x), (50)

then f is K ′ directionally Lipschitzian at x̄, where K ′ := coK. Moreover, we
have β ≥ βK′(f ; x̄) and γ ≤ infβ′>β γK′(f ; x̄; β′). More precisely, γ ∈ ΓK′(f ; x̄; β′)
for all β′ > βK′(f ; x̄).
Proof. Since the subset K is compact, the function x∗ 7→ infv∈K〈x∗, v〉+γ‖x∗‖ is
sequentially lower semicontinuous with respect to the weak-star topology on X∗.
Then, considering the set

Λf (x) := {x∗ ∈ X∗ : ∃xn →f x, ∃αn → 0+,∃x∗n ∈ ∂f(xn) with αnx
∗
n

w∗
→ x∗},

we see that (50) implies that for every x ∈ Bf (x̄, r) we have

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ 0

for every x∗ ∈ Λf (x). Given any x ∈ Bf (x̄, r), the latter inequality holds true in
particular for every x∗ ∈ ∂∞f(x) according to the inclusion ∂∞f(x) ⊂ Λf (x) due
to (P10). Consequently, the theorem follows from Proposition 3.12.

Remark 3.14. The proof of Proposition 3.12 shows that for the constants β, γ, r
of assumption (44) in this proposition, or of assumption (50) in Theorem 3.13,
and for β′ > β, there exists r′′ := σ(r)/2(1 + γ +max{|K|, β′}) such that

inf
v∈coK

t−1[f(x+ tv + tb)− f(x)] < β′
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for all x ∈ Bf (x̄, r
′′), t ∈ ]0, r′′[, and b ∈ BX . Above σ(·) is required to be

any function associated with the lower semicontinuity of f in such a way that
σ(θ) ∈ ]0, θ] and f(x) > f(x̄)− θ for all x ∈ B(x̄, σ(θ)). �

Theorem 3.13 holds in Asplund Banach spaces for the Fréchet subdifferential,
and in Hilbert spaces the theorem holds for the proximal subdifferential, because
the mentioned subdifferentials are, in these spaces, subdifferentials which satisfy
(P6)-(P7)-(P8)-(P9)-(P10). Since the Mordukhovich limiting and Hadamard sub-
differentials contain the Fréchet one, Theorem 3.13 is also satisfied for the Mor-
dukhovich limiting and Hadamard subdifferentials in Asplund spaces. Theorem
3.13 also holds for viscosity subdifferentials in appropriate spaces.
Unfortunately, we cannot apply directly Theorem 3.13 to the Ioffe approximate
subdifferential because we do not know if this subdifferential satisfies property
(P10). The study with this subdifferential will be treated separately afterwards.
In the following, we establish the converse version of Theorem 3.13 for some sub-
differentials, starting with the Fréchet, proximal, Hadamard, and Mordukhovich
limiting subdifferentials.
Proposition 3.15. Let K be a closed bounded subset of X and f : X −→ R ∪
{+∞} be a lower semicontinuous function which is K directionally Lipschitzian
at x̄ ∈ dom f . Then, for any β > βK(f ; x̄) and γ ∈ ]0, γK(f ; x̄; β)[ there exists
r > 0 such that the relation

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂f(x) : (51)

(a) holds with ∂ = ∂F (the Fréchet subdifferential) and ∂ = ∂P (the proximal
subdifferential);

(b) holds with ∂ = ∂H (the Hadamard subdifferential) and ∂ = ∂L (the Mor-
dukhovich limiting subdifferential) whenever K is compact.

Proof. For β > βK(f ; x̄) and γ ∈ ]0, γK(f ; x̄; β)[, from Definition 2.6 (and that
of βK(f ; x̄) and γK(f ; x̄; β)) take r > 0 such that

sup
x∈Bf (x̄,r)

b∈γBX
t∈]0,r[

linf
v∈K

t−1[f(x+ tv + tb)− f(x)] < β. (52)

(a) Fix β′ ∈ R such that linfv∈K t
−1[f(x + tv + tb) − f(x)] < β′ < β, for all

t ∈ ]0, r], b ∈ γBX , and x ∈ Bf (x̄, r). Consider ε > 0 satisfying

(|K|+ 1 + γ)ε+ β′ < β. (53)

Fix x ∈ Bf (x̄, r)∩Dom ∂Ff , x∗ ∈ ∂Ff(x), and b ∈ γBX . By (12) choose a positive
real δ0 < 1 (depending on x, b and β′) such that

inf
v∈K+δBX

t−1[f(x+ tv + tb)− f(x)] < β′ ∀δ ∈]0, δ0]. (54)
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From the definition of Fréchet subdifferential choose also a real η ∈]0, r[ (depend-
ing on x, x∗ and ε) such that for all x′ ∈ x+ ηBX

〈x∗, x′ − x〉 ≤ f(x′)− f(x) + ε‖x′ − x‖.

Take η′ ∈]0, 1[ satisfying η′(|K|+ 1 + γ) < η. Then, fixing any δ ∈ ]0, δ0[, v ∈ K,
u ∈ δBX , and t ∈ ]0, η′] we have

〈x∗, x+ tv + tu+ tb− x〉 ≤ f(x+ tv + tu+ tb)− f(x) + ε‖tv + tu+ tb‖,

and hence

〈x∗, v + b〉 ≤ t−1[f(x+ tv + tu+ tb)− f(x)] + ε(‖v‖+ ‖u‖+ ‖b‖)− 〈x∗, u〉,

implying (since δ0 < 1 and b ∈ γBX)

〈x∗, v〉+ 〈x∗, b〉 ≤ t−1[f(x+ tv + tu+ tb)− f(x)] + ε(|K|+ 1 + γ) + δ‖x∗‖.

If we take the infimum over all v ∈ K and u ∈ δBX we obtain by (54)

〈x∗, b〉+ inf
v∈K

〈x∗, v〉 ≤

≤ inf
v′∈K+δBX

t−1[f(x+ tv′ + tb)− f(x)] + ε(|K|+ 1 + γ) + δ‖x∗‖

≤ β′ + ε(|K|+ 1 + γ) + δ‖x∗‖,

and hence it ensures, from (53), that

〈x∗, b〉+ inf
v∈K

〈x∗, v〉 ≤ β + δ‖x∗‖.

This being true for all δ ∈]0, δ0[, we obtain for all b ∈ γBX

〈x∗, b〉+ inf
v∈K

〈x∗, v〉 ≤ β,

which gives γ‖x∗‖+ inf
v∈K

〈x∗, v〉 ≤ β.

This translates the desired property with ∂F .
The property for the proximal subdifferential ∂P follows directly from the inclusion
∂P ⊂ ∂F .
(b) Fix x ∈ Bf (x̄, r), b ∈ γBX , and (tn)n∈N in ]0,+∞[ with tn → 0+. Since K
is compact, from (c) in Lemma 2.4 and inequality (52), for n large enough there
exists vn ∈ K such that

t−1
n [f(x+ tnvn + tnb)− f(x)] < β.

Taking a subsequence of (vn)n∈N converging to some v ∈ K (depending on x, b and
(tn)n∈N) one obtains d−Hf(x; v + b) ≤ β, which entails that, for any x∗ ∈ ∂Hf(x)
and any b ∈ γBX , there exists v ∈ K such that

〈x∗, v + b〉 ≤ β.
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This proves the desired result for the Hadamard subdifferential ∂H . The result for
the Mordukhovich limiting subdifferential ∂L follows from the previous part (a)
with ∂F , and the fact that the function x∗ 7→ inf

v∈K
〈x∗, v〉 + γ‖x∗‖ is sequentially

lower semicontinuous for the weak-star topology when K is compact.

Remark 3.16. The proof of (b), for the Hadamard subdifferential, in the above
theorem can also be obtained by applying Proposition 3.3 in [11], because this
proposition provides a necessary condition for the K directionally Lipschitzian
behavior in terms of the Hadamard directional derivative. �

The inequalities (50) (in Theorem 3.13) and (51) (in Proposition 3.15) lead us
to introduce, in addition to βK(f, x̄), another index β∂

K(f ; x̄) associated with a
subdifferential ∂ as follows.
Definition 3.17. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function,
x̄ ∈ dom f , and K ⊂ X. For a subdifferential ∂ we define the value β∂

K(f ; x̄) as
the infimum of β ∈ R for which there exist r > 0 and γ > 0 such that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β

for all x ∈ Bf (x̄, r) and x∗ ∈ ∂f(x).

The next theorem combines Theorem 3.13 and Proposition 3.15 to establish cha-
racterizations of K directionally Lipschitzian functions in Asplund and Hilbert
spaces, in terms of Hadamard, Fréchet, Mordukhovich limiting, and proximal
subdifferentials. Adaptations to viscosity subdifferentials in appropriate spaces
is left to the reader. The case of general Banach spaces will require the Ioffe
approximate subdifferential and it will be considered afterwards.
Theorem 3.18. For any lower semicontinuous function f : X −→ R ∪ {+∞},
x̄ ∈ dom f , and a convex compact subset K ⊂ X, the following assertions hold.
(a) If X is an Asplund space, then f is K directionally Lipschitzian at x̄ if and

only if there exist r > 0, γ > 0, and β ∈ R such that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂f(x), (55)

where ∂ is either ∂H , or ∂F , or ∂L (Hadamard, or Fréchet, or Mordukhovich
limiting subdifferential respectively).

(b) If X is a Hilbert space, then f is K directionally Lipschitzian at x̄ if and
only if there exist r > 0, γ > 0, and β ∈ R such that (55) holds for ∂ = ∂P
(the proximal subdifferential).

Moreover, for all the involved subdifferentials ∂, in the above appropriate spaces,
one has the equality

β∂
K(f ; x̄) = βK(f ; x̄). (56)

Proof. Let us start by proving the equality (56), for the involved subdifferentials.
Characterizations (a) and (b) will follow directly from this equality.
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For the inequality β∂
K(f ; x̄) ≤ βK(f ; x̄), assume βK(f ; x̄) < +∞. In such a case,

f is K directionally Lipschitzian at x̄ and, from Proposition 3.15, one has that
for each β > βK(f ; x̄), there exists r > 0 and γ > 0 such that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂f(x) (57)

for ∂H , ∂F , ∂L, and ∂P . From Definition 3.17 of β∂
K(f ; x̄) (for these subdifferen-

tials), we then get
β ≥ β∂

K(f ; x̄) ∀ β > βK(f ; x̄),

which justifies the desired inequality.
To prove the reverse inequality β(f ; x̄) ≤ β∂

K(f ; x̄), assume that β∂
K(f ; x̄) < +∞

for ∂H , ∂F , and ∂L on an Asplund space or for ∂P if X is a Hilbert space. Take
any real β > β∂

K(f ; x̄). This latter inequality yields that there exist reals r > 0
and γ > 0 such that (57) holds.
Since the Fréchet subdifferential ∂F in Asplund spaces and the proximal subdiffe-
rential ∂P in Hilbert spaces, are subdifferentials satisfying properties (P6)–(P7)–
(P8)–(P9)–(P10), by Theorem 3.13 we get that f is directionally Lipschitzian at
x̄ and β ≥ βK(f ; x̄). Hence,

β ≥ βK(f ; x̄) ∀ β > β∂
K(f ; x̄),

proving the inequality β∂
K(f ; x̄) ≥ βK(f ; x̄) for ∂ = ∂F and ∂ = ∂P . The inequality

with ∂ = ∂H and ∂ = ∂L follows from the fact that these subdifferentials contain
the Fréchet subdifferential and from the observation that the inclusion ∂′ ⊂ ∂
implies that β∂′

K (f ; x̄) ≤ β∂
K(f ; x̄).

As a first corollary, we deduce some characterizations of compactly epi-Lipschitzian
behavior for functions. The corollary directly follows from the fact that we already
noticed in Example 2.7 that a function is compactly epi-Lipschitzian if and only
if it is K directionally Lipschitzian for some compact set K ⊂ X.
Corollary 3.19. For any lower semicontinuous function f : X −→ R ∪ {+∞}
and x̄ ∈ dom f , the following assertions hold.
(a) If X is an Asplund space, then f is compactly epi-Lipschitzian at x̄ if and

only if there exist a compact set K ⊂ X, r > 0, γ > 0, and β ∈ R such that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂Hf(x). (58)

(b) If X is an Asplund space, then f is compactly epi-Lipschitzian at x̄ if and
only if there exist a compact set K ⊂ X, r > 0, γ > 0, and β ∈ R such that
condition (58) is satisfied with ∂ = ∂F .

(c) If X is an Asplund space, then f is compactly epi-Lipschitzian at x̄ if and
only if there exist a compact set K ⊂ X, r > 0, γ > 0, and β ∈ R such that
condition (58) is satisfied with ∂ = ∂L.

(d) If X is a Hilbert space, then f is compactly epi-Lipschitzian at x̄ if and only
if there exist a compact set K ⊂ X, r > 0, γ > 0, and β ∈ R such that
condition (58) is satisfied with ∂ = ∂P .
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The next corollary shows that Theorem 3.18 also recovers some known characte-
rizations of Lipschitzian and directionally Lipschitzian behavior (see [33, 32, 9]).
Corollary 3.20. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function
and x̄ ∈ dom f .
(a) If X is an Asplund space, then f is locally Lipschitzian at x̄ if and only if

the Hadamard subdifferential is locally bounded around x̄.
(b) If X is an Asplund space, then f is locally Lipschitzian at x̄ if and only if

the Fréchet (resp. the Mordukhovich limiting) subdifferential of f is locally
bounded around x̄.

(c) If X is a Hilbert space, then f is locally Lipschitzian at x̄ if and only if the
proximal subdifferential of f is locally bounded around x̄.

(d) If X is an Asplund space, then f is directionally Lipschitzian at x̄ if and only
if there exist v̄ ∈ X, r > 0, γ > 0 and β ∈ R such that

〈x∗, v̄〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂Hf(x). (59)

(e) If X is an Asplund space, then f is directionally Lipschitzian at x̄ if and only
if there exists v̄ ∈X, r > 0, γ > 0, and β ∈ R such that (59) holds for the
Fréchet subdifferential ∂F (resp. the Mordukhovich limiting subdifferential ∂L).

(f) If X is a Hilbert space, then f is directionally Lipschitzian at x̄ if and only
if there exists v̄ ∈ X, r > 0, γ > 0, and β ∈ R such that (59) is satisfied for
the proximal subdifferential ∂P .

4. Characterization with the Ioffe approximate subdifferential

The characterizations in Theorem 3.18 (and its corollaries) with the Hadamard,
Fréchet, Mordukhovich limiting or proximal subdifferentials require that the Ba-
nach space X be Asplund or Hilbert. In the present section, our objective is to
obtain similar characterizations on any Banach space with the Ioffe approximate
subdifferential ∂a.
Firstly, let us show that property (50) for an operator ∂ and a compact set K ⊂ X
implies the same property for a finite subset K ′ ⊂ K.
Lemma 4.1. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function, x̄ ∈
dom f , and ∂ be a subdifferential. If for a subset K ⊂ X there exist r > 0, γ > 0,
and β ∈ R such that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂f(x), (60)

then for any γ′ ∈ ]0, γ[ and any set K ′ for which K ⊂ K ′ + (γ − γ′)BX , one has

inf
v∈K′

〈x∗, v〉+ γ′‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂f(x). (61)

Proof. Let γ′ be in ]0, γ[ and any set K ′ such that K ⊂ K ′ + (γ − γ′)BX . For
x ∈ Bf (x̄, r) and x∗ ∈ ∂f(x) we have
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inf
v∈K′

〈x∗, v〉+ γ′‖x∗‖ = inf
v∈K′

〈x∗, v〉+ (γ′ − γ)‖x∗‖+ γ‖x∗‖ =

= inf
v∈K′

〈x∗, v〉+ inf
w∈(γ−γ′)BX

〈x∗, w〉+ γ‖x∗‖ ≤ inf
v∈K′+(γ−γ′)BX

〈x∗, v〉+ γ‖x∗‖ ≤

≤ inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ,

the last inequality being due to (60).

Our objective now is to show that if we have the property (61) for the Ioffe
approximate subdifferential ∂a with a finite set K ′, then we can obtain the same
property with the Hadamard subdifferential restricted to finite-dimensional vector
subspaces containing K ′. Before that, we present two necessary lemmas. The
first one was established by Borwein and Zhu in [4] and the second one is a slight
adaptation of a result given by Thibault in [29] for convex functions, the proof
of which is in Appendix. Both results can be established for a subdifferential ∂
which satisfies the properties (P4) in an exact way, and (P5) in a general form,
that is,
(P4”) If f is lower semicontinuous near x, g is convex continuous, and x is a local

minimum point of f + g, one has 0 ∈ ∂f(x) + ∂g(x).
(P5”) For a function f : X1 × X2 −→ R ∪ {+∞}, f(x1, x2) := f1(x1) + f2(x2),

one has the inclusion ∂f(x1, x2) ⊂ ∂f1(x1)× ∂f2(x2).

Lemma 4.2. ([4]) Let X be a Banach space and fi : X → R ∪ {+∞} with i =
1, 2, 3 be lower semicontinuous functions which are finite at some point in a closed
subset S ⊂ X. Assume that f3(x) = +∞ outside some finite-dimensional vector
subspace of X and put for (x1, x2, x3) ∈ X3

∆(x1, x2, x3) :=
1
2
(‖x1 − x2‖2 + ‖x2 − x3‖2 + ‖x3 − x1‖2)

and wt(x1, x2, x3) := f1(x1) + f2(x2) + f3(x3) + t∆(x1, x2, x3).

Then inf
(x1,x2,x3)∈S3

wt(x1, x2, x3) −→
t→∞

inf
x∈S

(f1(x) + f2(x) + f3(x)).

Furthermore, for any (x1,t, x2,t, x3,t) ∈ S3 satisfying

wt(x1,t, x2,t, x3,t)− inf
(x1,x2,x3)∈S3

wt(x1, x2, x3) −→
t→+∞

0

one has t∆(x1,t, x2,t, x3,t) −→
t→+∞

0.

The next lemma follows the proof (given in Appendix) of Theorem 2.9 in Borwein
and Zhu [4] and Lemma 2 in Thibault [29]. The above lemma is required for the
proof of this next lemma.

Lemma 4.3. Let X be a Banach space and fi : X → R∪{+∞}, with i = 1, 2, 3, be
lower semicontinuous functions which are finite at x̄ ∈ X and ∂ be a subdifferential
that satisfies (P1)–(P2)–(P3)–(P4”)–(P5”). Assume that f3(x) = +∞ outside a
finite-dimensional vector subspace of X and assume that x̄ is a local minimum
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point for f1 + f2 + f3 over X. Then, for any real number ε > 0, there exist
x∗i ∈ ∂fi(xi) such that

‖xi − x̄‖ < ε, |fi(xi)− fi(x̄)| < ε, ‖x∗1 + x∗2 + x∗3‖ < ε.

Proof. See the proof in the Appendix.

Since the Ioffe approximate subdifferential ∂a satisfies (P1)–(P2)–(P3)–(P4”)–
(P5”), we will use Lemma 4.3 in order to prove the following proposition.
Proposition 4.4. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function
and x̄ ∈ dom f . Let K be a finite subset of X, β ∈ R, r > 0, and γ > 0, such that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂af(x). (62)

Then, for any finite-dimensional vector subspace L ⊂ X containing K one has

inf
v∈K

〈x∗, v〉+ γ sup
b∈BX∩L

〈x∗, b〉 ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂Hfx+L(x), (63)

where fx+L = f +Ψx+L and ∂H is the Hadamard subdifferential.

Proof. Let L ⊂ X be a finite-dimensional vector space containing the finite
subset K. Take x ∈ Bf (x̄, r) and x∗ ∈ ∂Hfx+L(x). Fix any γ′ ∈ ]0, γ[. For
ε ∈]0, γ− γ′[ it is straightforward to show (see [18]) that the function y 7→ f(y)−
〈x∗, y − x〉 + ε‖y − x‖ + ΨL(y − x) attains a local minimum at x. If we apply
Lemma 4.3 to f1 = f , f2 = −〈x∗, · − x〉 + ε‖ · −x‖, and f3 = ΨL(· − x) with
0 < ε′ < min{ε, r − ‖x − x̄‖, r − |f(x) − f(x̄)|} one obtains that there exist
x1 ∈ Bf (x, ε

′) ⊂ Bf (x̄, r), x2 ∈ B(x, ε′), x3 ∈ B(x, ε′) and

x∗1 ∈ ∂af(x1), x∗2 ∈ ∂af2(x2) ⊂ −x∗ + εBX∗ , x∗3 ∈ ∂af3(x3) = L⊥,

such that x∗1 + x∗2 + x∗3 ∈ ε′BX∗ , which implies

x∗ ∈ x∗1 + 2εBX∗ + L⊥. (64)

Using property (62) we also have infv∈K〈x∗1, v〉+ γ‖x∗1‖ ≤ β.

Combining this inequality with (64), we deduce for µ := max
v∈K

‖v‖, that

inf
v∈K

〈x∗, v〉+ γ′ sup
b∈BX∩L

〈x∗, b〉 ≤ β + 2ε(µ+ γ′) < β + 2(γ − γ′)(µ+ γ′).

Taking the limit as γ′ ↑ γ, we conclude

inf
v∈K

〈x∗, v〉+ γ sup
b∈BX∩L

〈x∗, b〉 ≤ β.

For a closed vector subspace E ⊂ X the following lemma expresses the link
between ∂Hfx+L(x) and ∂H(f |E)x+L(x) where f |E is the restriction to the vector
subspace E of the function f and where L is a finite-dimensional vector subspace
of E. This result will allow us to obtain property (63) for the restriction of the
function f to a suitable vector subspace.
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Lemma 4.5. Consider a lower semicontinuous function f : X → R ∪ {+∞}, a
closed vector subspace E of X, the injection j : E → X, i.e., j(u) = u for all
u ∈ E, and g := f ◦ j : E → R ∪ {+∞} the restriction of f to E (i.e., g = f |E).
Let L be any finite-dimensional vector subspace of E. Then for any u ∈ E∩dom f ,
u∗ ∈ ∂Hgx+L(u), and ε > 0, there exist some y ∈ u+ εBX with |f(y)− f(u)| < ε
and some y∗ ∈ ∂−fy+L(y) such that

u∗ ∈ y∗ ◦ j + εBE∗ + L⊥E∗ ,

where L⊥E∗ denotes the orthogonal space of L in E∗, i.e., the space of all elements
of E∗ which are null on L.

Proof. See the Appendix.

If property (63) holds for a lower semicontinuous function f , we show, in the
following proposition, that it is also true for the restriction of f to any closed
vector subspace E ⊂ X containing the finite dimensional vector space L involved
in (63).
Proposition 4.6. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function,
K be a finite subset of X, E be a closed vector subspace of X containing K, and
x̄ ∈ dom f ∩ E. If for r > 0, γ > 0, β ∈ R, and a finite-dimensional vector space
L ⊂ E containing K one has

inf
v∈K

〈x∗, v〉+ γ sup
b∈BX∩L

〈x∗, b〉 ≤ β ∀x ∈ Bf (x̄, r), ∀x∗ ∈ ∂Hfx+L(x), (65)

then one has

inf
v∈K

〈u∗, v〉+ γ sup
b∈BE∩L

〈u∗, b〉 ≤ β ∀u∈Bf |E(x̄, r), ∀u∗∈∂H(f |E)u+L(u). (66)

Proof. Let u ∈ Bf |E(x̄, r), and u∗ ∈ ∂H(f |E)u+L(u). Take any ε > 0 such that

ε < min{r − ‖x− x̄‖, r − |f(x)− f(x̄)|}.

From Lemma 4.5 one obtains that there exist y ∈ Bf (u, ε) ⊂ Bf (x̄, r) and

y∗ ∈ ∂Hfy+L(y), w∗ ∈ εBE∗ , z∗ ∈ L⊥E∗ ,

such that u∗ = y∗ |E +w∗ + z∗.

For v ∈ K ⊂ L ⊂ E and b ∈ γBE ∩ L we have

〈u∗, v〉 = 〈y∗, v〉+ 〈w∗, v〉 ≤ 〈y∗, v〉+ εmax
v′∈K

‖v′‖

〈u∗, b〉 = 〈y∗, b〉+ 〈w∗, b〉 ≤ 〈y∗, b〉+ εγ,

which implies

inf
v∈K

〈u∗, v〉 ≤ inf
v∈K

〈y∗, v〉+ εmax
v∈K

‖v‖

γ sup
b∈BE∩L

〈u∗, b〉 ≤ γ sup
b∈BE∩L

〈y∗, b〉+ εγ ≤ γ sup
b∈BX∩L

〈y∗, b〉+ εγ.
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By (65) it follows that

inf
v∈K

〈u∗, v〉+ γ sup
b∈BE∩L

〈u∗, b〉 ≤ β + εmax
v∈K

‖v‖+ εγ,

and taking the limit as ε ↓ 0 we obtain the desired inequality.

The above propositions and lemmas have been proved in order to obtain the K
directionally Lipschitzian behavior for a lower semicontinuous function f whenever
it satisfies the property

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂af(x). (67)

The following lemma provides us another result which will be one of the keys of the
proof of the next theorem establishing the K directionally Lipschitzian property
of f under condition (67).

Lemma 4.7. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function, x̄ ∈
dom f , and K ⊂ X be a compact subset. If there exist r > 0, γ > 0, and β ∈ R
such that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂af(x), (68)

then, for any closed vector subspace E containing K ∪ {x̄} we have

inf
v∈K

〈u∗, v〉+ γ‖u∗‖E∗ ≤ β ∀ u ∈ Bf |E(x̄, r), ∀ u∗ ∈ ∂H(f |E)(u). (69)

Proof. Fix any positive number γ′ < γ, take any finite subset K ′ of K such that
K ⊂ K ′ + (γ − γ′)BX . By Lemma 4.1 we have

inf
v∈K′

〈x∗, v〉+ γ′‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂af(x),

and by Proposition 4.4, for any finite-dimensional vector space L of X containing
K ′, we have

inf
v∈K′

〈x∗, v〉+ γ′ sup
b∈BX∩L

〈x∗, b〉 ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂Hfx+Lf(x).

Fix any closed vector subspace E of X containing K∪{x̄}. Proposition 4.6 ensures

inf
v∈K′

〈u∗, v〉+ γ′ sup
b∈BE∩L

〈u∗, b〉 ≤ β ∀ u ∈ Bf |E(x̄, r), ∀ u∗ ∈ ∂H(f |E)u+L(u).

Since ∂H(f |E)(u) ⊂ ∂H(f |E)u+V (u) for any closed vector subspace V of E we
deduce that

inf
v∈K′

〈u∗, v〉+ γ′ sup
b∈BE∩L

〈u∗, b〉 ≤ β ∀ u ∈ Bf |E(x̄, r), ∀ u∗ ∈ ∂H(f |E)(u),
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for all finite-dimensional vector subspaces L ⊂ E containing K ′. Therefore, for
all u ∈ Bf |E(x̄, r) and u∗ ∈ ∂H(f |E)(u) we have

inf
v∈K

〈u∗, v〉+ γ′ sup
b∈BE∩L

〈u∗, b〉 ≤ inf
v∈K′

〈u∗, v〉+ γ′ sup
b∈BE∩L

〈u∗, b〉 ≤ β,

and hence, this being true for any finite-dimensional subspace L of E containing
K ′, we obtain

inf
v∈K

〈u∗, v〉+ γ′‖u∗‖E∗ ≤ β.

Taking the limit as γ′ ↑ γ finally yields, for all u ∈ Bf |E(x̄, r) and u∗ ∈ ∂H(f |E)(u),

inf
v∈K

〈u∗, v〉+γ‖u∗‖E∗ ≤ β.

The idea now is to obtain property (69) for appropriate vector subspaces E where
the Hadamard subdifferential is a subdifferential and satisfies (P6)–(P7)–(P8)–
(P9)–(P10). Thus, using Theorem 3.13, we will be able to conclude that f |E is K
directionally Lipschitzian, and then to show that f is K directionally Lipschitzian.
This is realized in the following theorem.

Theorem 4.8. Let f : X −→ R∪{+∞} be a lower semicontinuous function and
x̄ ∈ dom f . If for a compact set K ⊂ X there exist r > 0, γ > 0, and β ∈ R such
that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂af(x), (70)

then f is K ′ directionally Lipschitzian at x̄, where K ′ := coK. Moreover β ≥
βK′(f ; x̄) and γ ≤ inf

β′>β
γK′(f ; x̄; β′).

Proof. By lower semicontinuity of f at x̄, fix a function σ on ]0,+∞[ such that
σ(θ) ∈]0, θ] and f(x) > f(x̄) − θ for all x ∈ B(x̄, σ(θ)). Fix any positive γ′ < γ
and choose a finite subset K ′ of K such that K ⊂ K ′ + (γ − γ′)BX . Lemma 4.1
gives

inf
v∈K′

〈x∗, v〉+ γ′‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂af(x).

Let E ⊂ X be any finite-dimensional vector space containing K ′ ∪ {x̄}. Then,
Lemma 4.7 says that

inf
v∈K′

〈u∗, v〉+ γ′‖u∗‖E∗ ≤ β ∀ u ∈ Bf |E(x̄, r), ∀ u∗ ∈ ∂H (f |E) (u).

Take β′ > β. By Theorem 3.13 and Remark 3.14 for r′ = σ(r)/2(1+γ+max{|K|+
β′}) and K ′′ = coK ′ we have

inf
v∈K′′

t−1[f(u+ tv + tb)− f(u)] ≤ β′

for all u ∈ E ∩ Bf (x̄, r
′), t ∈ ]0, r′[ and v ∈ γ′BX ∩ E. This being true for every

finite-dimensional subspace E ⊂ X containing K ′ ∪ {x̄}, it results that

inf
v∈coK

t−1[f(x+ tv + tb)− f(x)] ≤ inf
v∈K′′

t−1[f(x+ tv + tb)− f(x)] ≤ β′

for all x ∈ Bf (x̄, r
′), t ∈ ]0, r′[ and v ∈ γ′BX . This tells us that f is coK direc-

tionally Lipschitzian at x̄ with β ≥ βK′(f ; x̄) and γ ≤ infβ′>β γK′(f ; x̄; β′), which
concludes the proof.
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We can now give a characterization of K directionally Lipzchitzian behavior of f
in terms of the Ioffe approximate subdifferential ∂af .
Theorem 4.9. Let f : X −→ R ∪ {+∞} be a lower semicontinuous function,
x̄ ∈ dom f , and K be a convex compact subset of X. Then the following properties
are equivalent:
(a) f is K directionally Lipschitzian at x̄;
(b) There exist r > 0, γ > 0, and β ∈ R such that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂af(x); (71)

(c) There exist r > 0, γ > 0, and β ∈ R such that for every x ∈ Bf (x̄, r)

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤
{
β ∀ x∗ ∈ ∂Gf(x)

0 ∀ x∗ ∈ ∂∞G f(x).
(72)

Moreover, one has the equality

βK(f ; x̄) = β∂a
K (f ; x̄), (73)

and these quantities are also equal to β∂G
K (f ; x̄) under either (a), or (b), or (c).

Proof. (I) Assume first that βK(f ; x̄) < +∞. In such a case, f is K directio-
nally Lipschitzian at x̄ and, by Lemma 3.9 part (b), for any β > βK(f ; x̄) and
γ′ ∈ ]0, γK(f ; x̄; β)[ there exist r′ > 0 and η > 0 such that the equality

linf
(v,β)∈K×{β}

Ψepi f ((x, s) + t(b, b′) + t(v, β)) = 0

holds for all (x, s) ∈ B((x̄, f(x̄)), r′)∩epi f, t ∈ ]0, r′[, (b, b′) ∈ γ′ (BX×]− η, η[).
This implies that epi f is a K×{β} directionally Lipschitzian set at (x̄, f(x̄)) and,
from Theorem 3.7, there exists r > 0 and γ > 0 such that

inf
v∈K

〈x∗, v〉 − s∗β + γ(‖x∗‖+ |s∗|) ≤ 0 (74)

for all (x, s) ∈ B((x̄, f(x̄)), r)∩ epi f and for all (x∗,−s∗) ∈ Na(epi f ; (x, s)) (resp.
for all (x∗,−s∗) ∈ NG(epi f ; (x, s)).
(II) Let us prove that (a) ⇔ (b). Since the value β∂a

K (f ; x̄) is the infimum of β ∈ R
for which there exist r > 0 and γ > 0 such that (71) holds, and βK(f ; x̄) < +∞ if
and only if f is K directionally Lipschitzian at x̄, in order to prove this equivalence
(a) ⇔ (b) it is enough to prove the equality β∂a

K (f ; x̄) = βK(f ; x̄) of (73). For
the inequality β∂a

K (f ; x̄) ≤ βK(f ; x̄) we may suppose that βK(f ; x̄) < +∞. By
(I) take r > 0 and γ > 0 such that (74) holds. Taking any x ∈ Bf (x̄, r) and
x∗ ∈ ∂af(x) and noting that (x, f(x)) ∈ B((x̄, f(x̄)), r) along with (x∗,−1) ∈
Na(epi f ; (x, f(x))), that inequality (74) assures us that

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β.
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Consequently, β ≥ β∂a
K (f ; x̄) for all β > βK(f ; x̄), which entails the desired in-

equality β∂a
K (f ; x̄) ≤ βK(f ; x̄).

To prove the converse inequality β∂a
K (f ; x̄) ≥ βK(f ; x̄), assume β∂a

K (f ; x̄) < +∞
and take any β > β∂a

K (f ; x̄). Then there exist reals r > 0 and γ > 0 such that
(71) holds. From Theorem 4.8 we deduce that f is K directionally Lipschitzian at
x̄ and β ≥ βK(f ; x̄). This being true for all β > β∂a

K (f ; x̄), we get the inequality
β∂a
K (f ; x̄) ≥ βK(f ; x̄) as desired. Consequently, the equality β∂a

K (f ; x̄) = βK(f ; x̄)
is justified.
(III) We proceed now to show the equivalence (a) ⇔ (c). Asssuming (a), by (I) let
r > 0 and γ > 0 such that (74) holds with NG(epi f ; ·, ·). Fix any x ∈ Bf (x̄, r). For
any x∗ ∈ ∂Gf(x) (if any), we have (x∗,−1) ∈ NG(epi f ;x, f(x)), so the inequality
in (74) implies with s∗ = 1 that infv∈K〈x∗, v〉−β+γ(‖x∗‖+1) ≤ 0, then in partic-
ular infv∈K〈x∗, v〉+ γ‖x∗‖ ≤ β. On the other hand, taking any x∗ ∈ ∂∞G f(x) (and
keeping mind that this means (x∗, 0)∈NG(epi f ;x, f(x))) we see with s∗ = 0 in
(74) that infv∈K〈x∗, v〉 + γ‖x∗‖ ≤ 0. Taking the facts together they justify the
implication (a) ⇒ (c).
On the other hand, the implication (c) ⇒ (a) is a consequence of Proposition 3.12.
Therefore, properties (a), (b) and (c) are pairwise equivalent.
(IV) Note that one always has β∂a

K (f ; x̄) ≥ β∂G
K (f ; x̄) according to the inclusion

∂Gf(x) ⊂ ∂af(x) (see Definition 3.17). Now, assume (c) and take any β′ ∈ R such
that there exist reals r′ > 0 and γ′ > 0 such that

inf
v∈K

〈x∗, v〉+ γ′‖x∗‖ ≤ β′ ∀x ∈ Bf (x̄, r
′), ∀x∗ ∈ ∂Gf(x).

By the property (c) for some reals r′′ > 0 and γ′′ > 0 we also have

inf
v∈K

〈x∗, v〉+ γ′′‖x∗‖ ≤ 0 ∀x ∈ Bf (x̄, r
′′), ∀x∗ ∈ ∂∞G f(x).

Putting r := min{r′, r′′} > 0, γ := min{γ′, γ′′} > 0, we see for every x ∈ Bf (x̄, r):

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤
{
β′ ∀x∗ ∈ ∂Gf(x)

0 ∀x∗ ∈ ∂∞G f(x).

Proposition 3.12 again ensures that β′ ≥ βK(f ; x̄), which in turn entails that
β∂G
K (f ; x̄) ≥ βK(f ; x̄). From this, the above equality βK(f ; x̄) = β∂a

K (f ; x̄), and the
above inequality β∂a

K (f ; x̄) ≥ β∂G
K (f ; x̄) we deduce that

β∂G
K (f ; x̄) ≥ βK(f ; x̄) = β∂a

K (f ; x̄) ≥ β∂G
K (f ; x̄),

so the desired final equality βK(f ; x̄) = β∂G
K (f ; x̄) holds true under (c). This

finishes the proof of the theorem.

Remark 4.10. The implication (a) ⇒ (c) in the previous theorem is obtained in
[24] without the links between the constants β∂G

K (f ; x̄) and βK(f ; x̄). �

As corollary we obtain the following characterization of compactly epi-Lipschitzian
functions.
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Corollary 4.11. A lower semicontinuous function f : X −→ R ∪ {+∞} is com-
pactly epi-Lipschitzian at x̄ ∈ dom f if and only if there exist a compact set
K ⊂ X, r > 0, γ > 0, and β ∈ R such that the inequality

inf
v∈K

〈x∗, v〉+ γ‖x∗‖ ≤ β ∀ x ∈ Bf (x̄, r), ∀ x∗ ∈ ∂af(x),

is satisfied.

5. Conclusion

This is the second of a series of our works devoted to K directionally Lipschitzian
property. The first work [11] introduced the concept for functions and sets and
established diverse characterizations via the Hadamard lower directional deriva-
tives and Bouligand tangent cones. The present work provides characterizations
using subdifferentials and normal cones, mainly with the Ioffe approximate sub-
differential and normal cone in the general Banach setting. The corresponding
concept for set-valued mappings and its study will be the object of future works.
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6. Appendix

Proof of Lemma 4.3

Fix ε > 0 and take 0 < ε′ < ε/3 such that x̄ is a minimum point for f1 + f2 + f3
over B(x̄, ε′). Applying Lemma 4.2 with the closed subset S := x̄ + ε′BX we
obtain

inf
(x1,x2,x3)∈S3

wt(x1, x2, x3) → f1(x̄) + f2(x̄) + f3(x̄)

when t→ +∞ where

wt(x1, x2, x3) := f1(x1) + f2(x2) + f3(x3) + t∆(x1, x2, x3),

and ∆(x1, x2, x3) :=
1

2
(‖x1 − x2‖2 + ‖x2 − x3‖2 + ‖x3 − x1‖2).

Hence, for each integer n ≥ 1 there exists some real number tn > n such that

f1(x̄) + f2(x̄) + f3(x̄) < inf
(x1,x2,x3)∈S3

wtn(x1, x2, x3) +
ε′2

n
. (75)
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As ∆(x̄, x̄, x̄) = 0, this inequality can be rewritten in the form

wtn(x̄, x̄, x̄) < inf{wtn(x1, x2, x3) : xi ∈ x̄+ ε′BX}+
ε′2

n
. (76)

By the Ekeland variational principle applied to the complete metric space S3,
there exist

xi,n ∈ x̄+
ε′

n
BX (77)

such that wtn(x1,n, x2,n, x3,n) ≤ wtn(x̄, x̄, x̄) (78)

and (x1,n, x2,n, x3,n) is a minimum point on S3 for the function

(x1, x2, x3) 7→ f1(x1) + f2(x2) + f3(x3) + tn∆(x1, x2, x3)+

+ ε′(‖x1 − x̄‖+ ‖x2 − x̄‖+ ‖x3 − x̄‖).

From (P5’), for f : X3 −→ R ∪ {+∞} with

f(x1, x2, x3) = f1(x1) + f2(x2) + f3(x3)

one has ∂f(x1, x2, x3) = ∂f1(x1)× ∂f2(x2)× ∂f3(x3).

Since ∆ is a convex continuous function, from (P4’), we obtain that there exist
x∗i ∈ ∂fi(xi,n) such that

−(x∗1,n, x
∗
2,n, x

∗
3,n) ∈ tn∂∆(x1,n, x2,n, x3,n) + 3ε′B.

Observing that for any (u∗1, u
∗
2, u

∗
3) ∈ ∂∆(u1, u2, u3) (from (P3) it is the subdiffe-

rential in the sense of convex analysis) one has

u∗1 + u∗2 + u∗3 = 0,

and one gets ‖x∗1,n + x∗2,n + x∗3,n‖ ≤ 3′ε < ε. (79)

By (75) and (78) one has

wtn(x1,n, x2,n, x3,n) −→
n→∞

f1(x̄) + f2(x̄) + f3(x̄) (80)

and by definition of wt one has

f1(x1,n) + f2(x2,n) + f3(x3,n) ≤ wtn(x1,n, x2,n, x3,n).

As xi,n → x̄ and each function fi is lower semicontinuous, it follows from the last
inequality and from (80) that

f1(x1,n) + f2(x2,n) + f3(x3,n) −→
n→∞

f1(x̄) + f2(x̄) + f3(x̄).

The latter and the lower semicontinuity of fi once again imply that

fi(xi,n) −→
n→∞

fi(x̄). (81)

Thus, for n large enough, we obtain, from (77), (79), and (81) that

‖xi,n − x̄‖ < ε, |fi(xi,n)− fi(x̄)| < ε, ‖x∗1,n + x∗2,n + x∗3,n‖ < ε.
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Proof of Lemma 4.5
Fix ū ∈ E∩dom f and u∗ ∈ ∂Hgū+L(ū) (if any). Define h1, h2 : E×X → R∪{+∞}
by h1(u, x) = f(x) and h2 = ψgph j. For φ := h1 + h2 we have

φ(ū,ū)+L×L = h1(ū,ū)+L×L + h2(ū,ū)+L×L.

Observe first that for all (v, w) ∈ E ×X and all t > 0 we have

t−1[gū+L(ū+ tv)− gū+L ≤ t−1[φ(ū,ū)+L×L(ū+ tv, ū+ tw)− φ(ū,ū)+L×L(ū, ū)]

and hence

d−Hgū+L(ū; v) ≤ d−Hφ(ū,ū)+L×L(ū, ū; v, w) = d−H(h
1 + h2)(ū,ū)+L×L(ū, ū; v, w).

According to the inclusion u∗ ∈ ∂Hgū+L(ū), the next inequality yields for all
(v, w) ∈ E ×X

〈u∗, v〉E∗,E + 〈0, w〉X∗,X ≤ d−H(h
1 + h2)(ū,ū)+L×L(ū, ū; v, w),

that is, (u∗, 0) ∈ ∂H(h
1 + h2)(ū,ū)+L×L(ū, ū). Since L × L is a finite dimensional

subspace of E×X, the set εBE∗×X∗ +(L×L)⊥E∗×X∗ is a w∗-neighborhood of zero
in E∗ × X∗ and from Lemma 3 in [13] there are (ζi, ξi) ∈ (ū, ū) + εBE×X with
|hi(ζi, ξi)− hi(ū, ū)| ≤ ε and (ζ∗i , ξ

∗
i ) ∈ ∂hi(ζi,ξi)+L×L(ζi, ξi), i=1,2, such that

(u∗, 0) ∈ (ζ∗1 , ξ
∗
1) + (ζ∗2 , ξ

∗
2) +

ε

2
BE∗×X∗ + (L× L)⊥E∗×X∗ . (82)

By definition of h1 we have ζ∗1 = 0, |f(ζ1)−f(ū)| ≤ ε, and ξ∗1 ∈ ∂Hfξ1+L(ξ1). Now
observe that h2(ζ2,ξ2)+L×L(u, x)=0 if x−ξ2 = u−ζ2∈L and h2(ζ2,ξ2)+L×L(u, x)=+∞
otherwise. Then, for every (u, x) ∈ E ×X with x− ξ2 = u− ζ2 ∈ L

〈ζ∗2 , u− ζ2〉E∗,E + 〈ξ∗2 , x− ξ2〉X∗,X ≤ 0,

that is, 〈ζ∗2 , u′〉E∗,E + 〈ξ∗2 ◦ j, u′〉E∗,E ≤ 0 ∀u′ ∈ L,

and hence ζ∗2 + ξ∗2 ◦ j ∈ L⊥E∗ .

Putting this into (82) we obtain

u∗ ∈ −ξ∗2 ◦ j + ε
2
BE∗ + L⊥E∗ . (83)

Further, (82) also ensures that

−ξ∗2 = ξ∗1 +
ε
2
b∗ + l∗ with b∗ ∈ BX∗ and l∗ ∈ L⊥X∗ ,

and hence − ξ∗2 ◦ j = ξ∗1 ◦ j +
ε

2
b∗ ◦ j + l∗ ◦ j.

Using this into (83) and noting that ‖b∗ ◦ j‖E∗ ≤ 1 and l∗ ◦ j ∈ L⊥E∗ , we see that

u∗ ∈ ξ∗1 ◦ j + εBE∗ + L⊥E∗ ,

and hence the choice of y := ζ1 and y∗ := ζ∗1 concludes the proof of the lemma.
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