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In the framework of the metric critical point theory, we prove a stability property of the critical
groups, for a family of continuous functions which, in a common neighborhood of their respective
unique critical point, satisfies a uniform Palais-Smale type condition and is continuous in the
uniform topology.

Keywords: Metric Morse theory, continuous functions, critical groups.

2010 Mathematics Subject Classification: 58EO05.

1. Introduction

Let (X, d) be a metric space and U be an open subset of X. For A € [0, 1], let
fr: X — R be continuous and uy € U be such that w, is the only (lower) critical
point of fy in U (see Definition 2.1). In [9, Theorem 5.2], we showed that if
the family {f\ : A € [0, 1]} satisfies a uniform Palais-Smale type condition (see
Definition 3.1 below), and if for each A:

max{ || fuo — faulloe: Lip(fuy — faw)} =0 as pu— A, (1)

(where fy denotes the restriction of f\ to U), then the critical groups of fy
at uy are independent of A\. This extends the classical result where the f)’s
are C! functions on a Banach space, satisfy the usual Palais-Smale condition,
and the family {f\} is continuous in the C'-norm: see [2, Theorem 1.5.6], [13,
Theorem 8.8], see also [1, Corollary 1.4], dealing with restrictions on a closed
convex set.

In [3, Theorem 3.1], Cingolani and Degiovanni showed that the result of [9] holds
assuming only, instead of (1), that for each A:

| fur — fawllee = 0 as pp— AL

However, their proof is technically rather involved, so it is the purpose of this note
to give a simpler proof of the result of [3], thanks to the use, as in [9], of the kind
of “linearizing effect” provided by the so-called change-of-metric principle.
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In Section 2, we give some preliminary facts on singular homology and critical
groups (we refer to [14] for the various properties of singular homology that are
used). The main result is in Section 3. We recall in an Appendix (Section 4) our
main tools from metric critical point theory, which are a deformation theorem and
a change-of-metric principle.

For uw € X and p > 0, we set:
B,(u) :={ve X : dv,u) <p}, Byul:={veX: duvu) <p}.
For f: X — R and a € R we set:

[f<al={uve X : f(u) <a} [f<a]:={ueX : f(u) <a}
and for a,b € R with a < b we set [a<f<b] := [f<b] \ [f<a]. We also use the
notations [f>a] and [a<f<b|, with similar meaning.
2. Preliminaries

In this section, (X, d) is a metric space and f: X — R is continuous. We start by
recalling the notion of weak slope from [10, §].

Definition 2.1. Foru € X, let |df|(u) denote the supremum of the o’s in [0, +-00]
such that there exists § > 0 and H : Bs(u) x [0,d] — X continuous with

d(H(v,1),v) < fH(v, 1) < fv) — ot
for every (v,t) € Bs(u) x [0,6]. The extended real number |df|(u) is called the
weak slope of f at w. If |df|(u) = 0, we say that u is a (lower) critical point of f.

This notion was introduced independently (without the terminology) in [12], after
a variant was introduced in [11]. We recall that if X is a Finsler manifold of class
C' and f is of class C! too, then |df|(u) = || f'(u)]|, see [10, Corollary 2.12].

Definition 2.2. The critical groups of f at u are denoted and defined by:
Co(f;u) = Hy([f<fw)] U{u}, [f<f(W)]), q€Zy,

where H, denotes the ¢-th relative singular homology group with real coefficients.

Using the graded group notation:

Cu(fiu) = (Colfsw))gez

as well as the excision property of singular homology, if W is a neighborhood of
u we have:

Ci(fiu) = H(W N [f<f(u)] U{u}, WN[f<[f(u)]). (2)
According to [4, Proposition 3.4], we have:

Colfsu) 0 = |df[(u) =
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According to [4, Proposition 3.7], if u is an isolated (lower) critical point of f, we
also have:

Ci(fiu) = HLW N [f<f()], W N [f<f(u)] \ {u})

(W a neighborhood of ), the latter graded group being more commonly referred
to in the literature as the definition of the critical groups of f at u, see, e.g.,
(2, 13].

In what follows, we shall repeatedly use the following basic property of (singular)
homology: If C' C B C A C X, considering the long exact sequence of the triple
(A, B,C), then:

H.(A,B) = {0}, & H.(B,C)=H.(A,0),
H.(B,C) = {0}. & H.(A,C)=H.(A B).

Proposition 2.3. Let Vo C Vi Cc Wy C W, C X.

(a) If H.(Wy,Wy) = H,(V1,Va) = {0}, then H, (W, V1) = H,(W;, Vs).

(b) If H (W1, V1) = H.(Ws, Va) = {0}, then H, (W1, Ws) = {0}..

Proof. (a) From the long exact sequence of the triple (W, Wy, Vi) we see that
H,(W5, Vi) = H,(W;,Vq) since H,(W7,W5) = {0}.. From the long exact se-

quence of the triple (Wy, Vi, V3), since H,(Vi, Va) = {0}, we see that H, (W, V3) =
H, (W, ).

(b) In the following commutative diagram the arrows are induced by inclusions:

H.(Why, Vo)  —  H (Wi, W)

N\ /‘
H*(Wh‘/l)

From the long exact sequence of the triple (Wy, Wy, V3), since H,(Wa, V,) = {0}.
we see that the horizontal arrow is an isomorphism. Since also H,(W7,V;) = {0},
the conclusion follows. O]

Proposition 2.4. Let ug € X with f(ug) = |df|(ug) = 0, let p > 0, and let
a € [—p,0]. Forb€]0,p], set:

Wy:={ueX : f(u)+du,uy) <b}.

Assume that Bs,lug] is complete, and that inf |df|(u) > 1. Then:
u€Bapluo]\{uo}

(a) dfiw,|(uo) = 0 and |dfjw,|(u) = |df|(u) for every uw € W, N [f>a];
(b) Ci(fsuo) = Ho (W, Wy N [f<al) .
(¢) H.(Wy,,Wy,) =10} for all0 < by < by <p.
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Proof. (a) Clearly, W, is a closed neighborhood of ug, and W, N[f>a] C Ba,[uo].
Thus, |dfiw,|(uo) = |df|(uo) = 0, while for u € Wy, N [f>a], u # uy, we have
|df|(u) > 1. Let such u be fixed, and let 1 < o < |df|(u), 6 > 0, and n: Bs(u) x
[0,6] — X continuous be such that

d(n(v,t),v) <t, and  f(n(v,1)) < f(v) —ot.

If v € Bs(u) N W, and ¢t € [0, d], then

f(nv, 1) +d(n(v, 1), u0) < f(n(v,))+d(n(v,t),v) +d(v,ue) < f(v)+d(v,v0) <D,

so that n(v,t) € W;, which shows that |dfjw,|(u) > o, and the conclusion follows.

(b) Thanks to (a), applying Theorem 4.1 to fj,, we obtain that W, N[f<0]U{ue}
is a weak deformation retract of W, and that Wj, N [f<a| is a weak deformation
retract of Wj, N [f<0]. Thus, from the homotopy property of singular homology:

H*(Wb, Wy N [f<0] U {UO}) = H*(Wb N [f<0], Wiy N [f<CLD = {0}* )

and the conclusion follows from Proposition 2.3(a) and (2).

(¢) Set f(u) := f(u)+ d(u,up), so that |df|(u) > |df|(u) — 1 for every u € X

(arguing similarly as in the proof of (a)), while W}, = [f<b;], i = 1,2. Thus:

inf |df|(u) >0,

we[0< f<p]

so that W, is a strong deformation retract of W, , according to Theorem 4.1(a),
and the conclusion follows from the homotopy property of singular homology. [

3. Main result

In this section, (X, d) is a metric space, {fy: X — R : X € [0,1]} is a family of
continuous functions, and U is an open subset of X.

Definition 3.1. We say that {f\ : X € [0,1]} satisfies the (uniform) Palais-
Smale condition in U (condition (PS) in U, for short), if for every sequence A, —
in [0, 1] and every sequence (uy,) in U, with (fy, (un)) bounded and |dfy, |(up) — 0,
there exists a subsequence (uy, ) converging to u with |dfy|(u) = 0.

Proposition 3.2. Assume that {fy(u) : X € [0,1], u € U} is bounded, that
{fn : A€ [0,1]} satisfies condition (PS) in U, and that for every X € [0,1], f

has a unique (lower) critical point uy in U. Then:

(a) A= uy is continuous;

(b) There is a nondecreasing, continuous [3: [0, +oo[ — [0, +oo[, with B(s) = 0 if
and only if s =0, and such that:

dfs|(u) > 2B(d(u,uy))  for every u € U\ {uy} and every X € [0,1].

Proof. See the proof of [9, Proposition 2.2]. ]
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Theorem 3.3. Let (X, d) be a metric space, {fr: X = R : X €(0,1]} be a family
of continuous functions, U be an open subset of X, and {uy : X € [0,1]} C U.
Assume that U is complete, that {fx : X\ € [0,1]} satisfies condition (PS) in U,
and that for every A € [0,1]:

(a) (ueU and|dfy|(u) =0) = u=uy;

(b) fu— fa uniformly in U, as p— X in [0, 1].

Then, C*(fo;uo) = C*(flsul)'

Proof. Since we are going to use the change-of-metric procedure, we may assume

that X is isometrically embedded in a Banach space. Thus, up to considering
iy X +ug —uy — R defined by

fa(w) = fialu +uy —ug) — falun),

and taking Proposition 3.2(a) into account, we may assume that u), = wuy and
fa(ug) = 0 for every A € [0,1]. Moreover, we may assume that U and {fi(u) :
A€ [0,1], u € U} are bounded.

Let A € [0,1] be fixed. We need only show that for u € [0, 1] sufficiently close
to A, we have C.(f,;u0) = Ci(friup). According to Proposition 3.2(b), let
B: [0, +00[— [0,+00[ be continuous and nondecreasing, with 3(s) = 0 if and
only if s = 0, and such that:

df|(u) > 2B(d(u,ug)) for every u € U \ {uo} and every A € [0,1].

Let d = d({u},3) be the metric given by Theorem 4.2, and let p > 0 be such
that N )
Boylug) :={u e X @ d(u,up) <2p} CU.

Let € €]0, p/4[, and set:

Wy i={ue X : fa(u)+d(u,ug) < 4e},

Vii={u€ X : fa(u) +d(u,up) < 2e}.
Let 6 > 0 be such that for p € [0, 1]:

=A< = N(fu = MNplle <e.
Let such u be fixed, and set:

Wy i={ue€ X : fulu)+d(u,up) <3},

Viim {ue X fulw) + d(uuo) < 2},

so that V,, C VA, C W, C W,. For f := fy, f., and for u € U \ {ug}, we have:

N 111
= Bt ) =
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From Proposition 2.4(c), we have:
H. (Wx, Vi) = H (W,,V,) = {0},
and from Proposition 2.3(b), we obtain:
H, (Wx,W,)={0}.. (3)
Now, set: Wi ={ueW,: fi(u) <0},
Vi={ueV,: filu) < —2¢e},
W, ={ueW, : fu(u) <—¢},
Vi={ueV,: fu(u) <3¢},
so that V; C V{ C W C Wy. We have:
Cu(faiuo) = Ho(Wy, WY) = H.(Vi, Vy) = H (W), V) . (4)

Indeed, the first two equalities follow from Proposition 2.4(b), the third one from
the fact that H,(W,,Vy) = {0}, and considering the long exact sequence of
(W, Vi, VY). Considering the long exact sequence of (W), W{, V}), we then obtain
that H,.(WJ,V{) = {0}.. Similarly, we have:

C*(fu;uo) = H*(W,ua W;i) = H*(Vuv V;i) = H*(W/u V,i) ) (5)
so that H,(W),V;) = {0}.. From Proposition 2.3(b), we thus have

From (3) and (6), considering the long exact sequences of (W, W, W) and of
(W, Wy, W),), we obtain:
H. (W, W) = H(Wx, W) = H.(Wy, Wy),

so that C.(f.;u0) = Ci(fr; uo) according to (4) and (5). O

4. Appendix

In this section, (X, d) is a metric space and f: X — R is continuous. For a € R,
we let:

Ko :={ue X : f(u)=a, |df|(u) =0}

denote the set of lower critical points of f at level a.

Theorem 4.1. Let (X, d) be a metric space, let f: X — R be continuous, and let
—00 < a < b< +4o00. Assume that for every c €la,b], [a<f<c| is complete and

inf |df|(u) >0. (7)
u€la< f<c
Then:
(a) [f<a] is a strong deformation retract of [f<b| ;

(b) [f<a]U K, is a weak deformation retract of [f<b] .



J.-N. Corvellec / On the Homotopical Stability ... 283

This result follows from the deformation results in [6], which build on the original
ones from [8]. See also [7], which revisits the whole deformation technique in
metric critical point theory!-—in particular, see [7, Theorem 3.2] (which yields
Theorem 4.1(a) for b € R) and the proofs of [7, Theorem 3.6, Theorem 5.2]
(which show how to get the case b = +o00 in (a), and (b)). Note that Theorem 4.1
is truly a nonsmooth result. Indeed, if f is (say) a C* function on a Banach space,
then assumption (7) is not satisfied, in general, if a is a critical level of f.

Theorem 4.2. Let (X,d) be a complete metric space, let A be a nonempty subset
of X, and let : [0, 4+00[ — [0, +oo[ with 5(s) > 0 for s > 0. Assume that either
B(0) > 0, or A is compact and its connected components are single points. Assume

further that:
+0o0

B(s)ds = —4o0.

0

Then, there exists a metric d= J(A, B) on X, which is topologically equivalent to
d, and such that:

(a) (X,d) is complete;

(b) If f: X — R is continuous and w € X is such that 5(d(u, A)) # 0, then:

iy 1)
110 = 530 7]

where |cif] denotes the weak slope of f with respect to the metric d.

The first version of this result was given in [5, Theorem 4.1], in the case 3(0) > 0.
The more general assumption was considered in [6, 9], in order to provide a metric
extension of Chang’s Second Deformation Lemma in a smooth setting, see [2,
Theorem 1.3.2]. Recall that, after embedding X isometrically into a Banach space
Y (according to the Arens-Eells theorem), the metric d is defined as follows: For
u,v €Y, let T, denote the set of piecewise C'! paths v: [0,1] — Y with v(0) =
and (1) = v, and set

d(u,v) = inf /B AN (@] dt

’YEFu v

A complete proof of the theorem can be found in [7, Theorem 4.1].

1 T take this opportunity to correct a bad typo at the end of the proof of [7, Theorem 2.6], where
the final deformation should read:

(u,t) if f(u) >a
n(u,t) :=
u if f(u) <a
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