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1. Introduction

In this paper we continue studying ‘good arrangements’ of collections of sets in
normed spaces near a point in their intersection, known as transversality (regu-
larity) properties (cf. loffe [14, Section 7.1]) and playing an important role in
optimization and variational analysis, e.g., as constraint qualifications in optimal-
ity conditions, and qualification conditions in subdifferential, normal cone and
coderivative calculus, and convergence analysis of computational algorithms [1]-
[5], [7], [13], [14], [16]-[18], [20]-[30], [32]-[34], [36], [37], [41], [42].

Up until recently, mostly ‘linear’ transversality properties have been studied, al-
though it has been observed that such properties often fail in very simple sit-
uations, for instance, when it comes to convergence analysis of computational
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algorithms. Moreover, even in the linear setting, dual characterizations of semi-
transversality have not been studied.

Our aim in this paper is to develop dual space (subdifferential and normal cone)
necessary conditions for the general nonlinear transversality properties of collec-
tions of sets in normed spaces, utilizing the corresponding slope characterizations
of these properties established in our recent paper [10]. Dual space sufficient char-
acterizations of nonlinear transversality properties are going to appear in [11].

Our working model in this paper is a collection of n > 2 arbitrary subsets
Qy,...,Q, of a normed space X, having a common point z € N );. When
formulating dual necessary conditions in Section 4, the sets are assumed convex.

The next definition from [10] introduces nonlinear transversality properties ex-
tending the definitions of the corresponding Hoélder transversality properties in
[26, Definition 1]. The nonlinearity in the definitions of the properties is de-
termined by a continuous strictly increasing function ¢: R, — R, satisfying
©(0) = 0 and limy_,; » ¢(t) = +00. The family of all such functions is denoted by
C. We denote by C! the subfamily of functions from C which are differentiable on
10, +-00[ with /() > 0 for all ¢ > 0. Obviously, if ¢ € C (¢ € C'), then p~! € C
(o=t € C'). Observe that, for any o > 0 and ¢ > 0, the function ¢ — at? on
R, belongs to C!. In Section 4 and some statements in Section 3, ¢ is assumed
convex, and ¢/, (0) stands for the right derivative of ¢ at 0.

Definition 1.1. Let €y,...,Q, be subsets of a normed space X, z € N ,€;,
and ¢ € C.
(i) {Q,...,Q.} is p-semitransversal at T if there exists a § > 0 such that

n

() — 1) N B,(z) # 0

i=1

for all p €]0,d] and z; € X with o(||a;]|) <p (i =1,...,n).

(i) {,...,Q} is p-subtransversal at T if there exist ; > 0 and do > 0 such
that n
i=1

for all p €]0,91[ and = € Bs,(Z) with ¢(d(z,€;)) <p (i=1,...,n).
(i) {,...,Q,} is @-transversal at T if there exist §; > 0 and d; > 0 such that

n

m(Qz —wi — ;) N (pB) # 0

=1

for all p €]0,01[, w; € Q;NBs, (%) and z; € X with o(||z;]]) < p (i =1,...,n).

The most important realization of the three properties in Definition 1.1 corre-
sponds to the Holder setting, i.e. ¢ being a power function, given for all ¢ > 0
by p(t) := a 't? with @ > 0 and ¢ > 0. In this case, condition o(||z;||) < p
involved in parts (i) and (iii) of the definition becomes ||z;||? < ap, while in part

(i), 1 (p) = (ozp)%, and Definition 1.1 sharpens [26, Definition 1]. In the Holder
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setting, we refer to the three properties above as a-(semi-, sub-)transversality of
order g. With ¢ = 1 (linear case), the properties were discussed, e.g., in [17, 18, 27].

The rest of the paper is organized as follows. Section 2 introduces notation and
presents some basic facts from variational analysis and generalized differentiation
used in the formulations and proofs of the results. In Section 3, we briefly dis-
cuss the nonlinear transversality properties of finite collections of sets in normed
spaces, and recall their metric and slope characterizations as well as their dual suf-
ficient characterizations from [6, 10, 11]. Section 4 is dedicated to dual necessary
conditions for nonlinear transversality in the convex setting. As an application,
we provide in Section 5 dual necessary conditions for nonlinear extensions of the
new transversality properties of a set-valued mapping to a set in the range space
due to Toffe [14].

2. Notation and preliminaries

Our basic notation is standard, see, e.g., [12, 31, 38]. Throughout the paper, X
and Y are normed spaces. The topological dual of the space X is denoted by X*,
while (-, -) denotes the bilinear form defining the pairing between the two spaces.
The open unit balls in X and X* are denoted by B and B*, respectively, and
Bs(x) stands for the open ball with center z and radius 6 > 0. If not explicitly
stated otherwise, products of normed spaces are assumed to be equipped with the
maximum norm ||(z,y)|| := max{||z||, ||y||}, (z,y) € X x Y. R, R, and N denote
the real line (with the usual norm), the set of all nonnegative real numbers and
the set of all positive integers, respectively.

For a set Q) C X, its boundary is denoted by bd 2. The distance from a point
r € X toaset Q C X is defined by d(x,Q) := inf,eq ||u — z||, and we use the
convention d(z, ) = +oo.

For an extended-real-valued function f: X — RU{4o00} on a normed space X, its
domain and epigraph are defined, respectively, by dom f := {x € X | f(x) < 400}
and epi f := {(z,a) € X xR | f(z) < a}. The inverse of f (if it exists) is denoted
by f~!. Note that f is allowed to take the value —oo. This convention is needed
only to accommodate for the general chain rule in Proposition 2.3. Throughout
the paper, we employ the conventional definitions of the lower and upper limits:

liminf f(z) :=sup inf f(z) and limsup f(z):=inf sup f(z).

T >0 0<|z—z||<e TF >0 0<||z—z| <e

Note that both definitions exclude the reference point £ when computing the
respective inf and sup.

A set-valued mapping F: X =Y between two sets X and Y is a mapping, which
assigns to every x € X a subset (possibly empty) F'(x) of Y. We use the notations
gph F:={(z,y) e X xY |y € F(2)} and dom F :={x € X | F(z) # (0} for the
graph and the domain of F, respectively, and F~1': Y = X for the inverse of F.
This inverse (which always exists with possibly empty values at some ¥) is defined
by F Y (y):={r € X |y e F(zx)}, y €Y. Obviously dom F~! = F(X).
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Dual characterizations of transversality properties require dual tools — normal
cones and subdifferentials, usually in the Fréchet or Clarke sense. Given a subset
Q2 of a normed space X and a point z € Q, the sets (cf. [9, 15])

NE (7 X* 1] M < 1
§@)={a" e [timsup = <o}, M
NG () = {a* € X*| (z*,2) <0 forall ze€T§(2)} (2)

are the Fréchet and Clarke normal cones to Q at z. The notation z -5 7 in (1)
means ¥ — 7 and x € Q\ {Z}, and T§ (Z) in (2) stands for the Clarke tangent
cone to ) at z:

Vg LY z, Vt, 1 0, 4z, — 2z such
that xp +trz, € Q forall ke N |

TS (%) == {z €X

The sets (1) and (2) are nonempty closed convex cones satisfying N&'(z) ¢ N§ (z).
If €2 is a convex set, they reduce to the normal cone in the sense of convex analysis:

No(@)={z" e X" | (z",2—2) <0 forall zeQ}.

Given a function f: X — R U {+oo} and a point z € X with |f(Z)| < 400, the
Fréchet and Clarke subdifferentials of f at & can be defined via the corresponding
normal cones to its epigraph at (z, f(z)) as follows (cf. [9, 15]):

0" f(7) = {a" € X" | (2", —1) € Ny 4(7, f(2)) } , (3)
0°f(z) = {2 € X~ | (a7, —1) € Ng 4(3, f(7)) } - (4)

The sets are closed and convex, and satisfy 0 f(z) C 9% f(Z). If f is convex, then
(3) and (4) reduce to the subdifferential in the sense of convex analysis:

of(z) ={2" e X* | f(x)— f(Z) — (2", —Z) >0 forall ze€ X}.

By convention, we set N& (Z) = N§(z) :=0if z ¢ Q and 0 f(z) = 0 f(z) := 0
if |f(Z)| = +oo. It is easy to check that N&(Z) = 0Fig(z) and N§(z) = 0%iq(2),
where igq is the indicator function of 0, i.e. ig(z) =0 if z € Q and ig(z) = +00
if x ¢ Q.

The proofs of the main results in this paper make use of the conventional subdif-
ferential sum rule of convex analysis; see e.g. [40, Theorem 2.8.7].

Lemma 2.1. Suppose X is a normed space, fi, fo: X — RU{+o0} are convez,
and T € dom f; Ndom fo. If fi is continuous at a point in dom fs5, then

O(f1 + f2)(x) = 0f1(x) + Ofa(T).

The following fact is an immediate consequence of the definitions of the Fréchet
and Clarke normal cones (cf. e.g. [9, 15, 31]).
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Lemma 2.2. Let 2,y be subsets of a normed space X, and w; € Q; (i = 1,2).

Then No, xa,(wi,w2) = N, (wi) X Na,(ws),

where in both parts of the equality N stands for either the Fréchet or the Clarke
normal cone.

Next we formulate a chain rule for Fréchet subdifferentials proved in [11], which
is going to be used in the sequel. Such a rules are extensively used when prov-
ing dual characterizations of nonlinear transversality, regularity and error bound
properties. The next statement seems to present the chain rule under the weakest
assumptions, compared to the existing assertions of this type, cf. [15, Corol-
lary 1.14.1], [35, Lemma 1], [37, Proposition 4.39], [39, Proposition 2.1]. In
the statement below, X is a general normed space, ¥: X — R U {400}, and
¢: R = RU{+oo}. The composition function ¢ o v is defined as follows:

[l e e domy,
(pov)lz) = {+oo if x ¢ dom. (5)

The outer function ¢ is assumed differentiable at the reference point, while the
inner function ¢ is arbitrary and does not have to be even (semi-)continuous.
Note that o1) can take the value —oo.

Proposition 2.3. Let X be a normed space, ¥: X — R U {+0}, ¢: R —
R U {0} and & € dom). Suppose that ¢ is nondecreasing on R, finite and
differentiable at ¢ (z) with ¢'(¢¥(z)) > 0. Then

0" (pov)(z) = ¢ (¥(2))0" ¥(T).

Remark 2.4. (1) The chain rule in Proposition 2.3 is a local result. Instead of
assuming that ¢ is defined on the whole real line with possibly infinite values, one
can assume that ¢ is defined and finite on a closed interval [«, 5] around the point
Y(Z): o <Y(z) < B. The statement above remains valid if the definition (5) of
the composition function is slightly modified. The ‘if’ condition in the first line

should be changed to x € domt and ¥(x) € domy, and it should be added:
(pot)(x) := () if ¢(x) <o, and (poi)(z) := @(B) if f < () < oc.

(2) If, additionally, v is assumed lower semicontinuous at z, then it is sufficient
to assume that ¢ is nondecreasing only on [¢)(Z), +oco[, and there is no need to
allow ¢ to take the value —oo.

We are going to use a representation of the subdifferential of a special convex
function on X™*! given in the next lemma; cf. [23, Lemma 3].

Lemma 2.5. Let X be a normed space, and a function ¢: X"t — R be defined

by Y(ug, ..., Uy, u) = max ||u; —a; —ull, wu,...,up,u € X, (6)
1<i<n
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where a;€X (i=1,...,n). Let x1,...,x,,x€X and max |z —a; — x| > 0. Then
<i<n
n
OU(x1,. . T, 1) = {(x;,...,x;;,x*) e (X ot + 3 4 =0,
i=1

n n -
Z |z =1, Z (xf,x; —a; — ) = max ||z; — a; — x| } (7)
i=1 i=1

1<i<n

Remark 2.6. (1) It is easy to notice that in the representation (7), for any
i=1,...,n,either (z},2; —a; — x) = maxy<j<, ||z; —a; — x| or z} = 0.

(2) The maximum norm on X" used in (6) is a composition of the given norm
on X and the maximum norm on R". The corresponding dual norm produces the
sum of the norms in (7). Any other norm on R" can replace the maximum in (6)
as long as the corresponding dual norm is used to replace the sum in (7). [

3. Transversality properties of collections of sets

In this section, we briefly discuss the properties in Definition 1.1. More details
and discussions can be found in [10, 11].

Each of the properties in Definition 1.1 is determined by a function ¢ € C, and
either a number 0 > 0 in item (i) or two numbers d; > 0 and 2 > 0 in items
(ii) and (iii). The function plays the role of a kind of rate or modulus of the
respective property, while the role of the ¢’s is more technical: they control the
size of the interval for the values of p and, in the case of p-subtransversality and
@-transversality in parts (ii) and (iii), the size of the neighborhoods of Z involved
in the respective definitions. Of course, if a property is satisfied with some ¢; > 0
and 0o > 0, it is also satisfied with the single § := min{dy, 2} in place of both d;
and ds. We consider in the current paper two different parameters to emphasise
their different roles in the definitions and the corresponding characterizations.
Moreover, we are going to provide quantitative estimates for the values of these
parameters.

Note that the definitions of the nonlinear transversality properties and their primal
space characterizations discussed in this section do not require ¢ to be differen-
tiable.

The next proposition provides several simple facts about the properties in Defini-
tion 1.1. For the proofs, more primal space characterizations and discussions, we
refer the readers to [10].

Proposition 3.1. Let §2,...,€, be subsets of a normed space X, T € N_,€;,
and ¢ € C.

(i) If{Q,...,Q.} is p-transversal at T with some 6, > 0 and §y > 0, then it is
p-semitransversal at T with 61 and @-subtransversal at T with any §; €]0, 1]
and &y > 0 such that =1 (8}) + 64 < ds.

(ii)  Suppose Qu,...,Q, are closed and T € bd NP If {4, ..., Q,} is @-sub-

transversal (particularly, if it is p-transversal) at T with some 6; > 0 and
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8y > 0, then there exists a t €]0, min{ds, o' (01)}[ such that p(t) >t for all
t €]0,t]. As a consequence, liminfy o p(t)/t > 1.

Remark 3.2. In the Holder setting, i.e. when ¢(t) = o 't¢ with & > 0 and
g > 0, the conditions on ¢ in Proposition 3.1(ii) can only be satisfied if either
g <1l,orq=1and a < 1. This reflects the well known fact that the Holder
subtransversality and transversality properties are only meaningful when ¢ < 1
and, moreover, the linear case (¢ = 1) is only meaningful when o < 1; cf. [23,
p. 705], [20, p. 118]. Note that the Holder semitransversality can hold also with
q > 1; see an example in [10]. O

The nonlinear transversality properties of collections of sets in Definition 1.1 can
be characterized in metric terms; cf. [10].

Theorem 3.3. Let $2y,...,Q, be subsets of a normed space X, x € N}_,;, and
peC.

(i) {N,...,Q} is p-semitransversal at T with some 6 > 0 if and only if

(7. (Y@= 2) < o as ]

=1

for all x; € X with o(||z;]|) < (i =1,...,n).

(i)  {Q,...,Q.} is p-subtransversal at T with some 6; > 0 and 2 > 0 if and

only if n
(1) = (gt )
for x € By,(z) with go(d(a:,lali)) <6 (i=1,...,n).
(iii) If{,...,Q,} is p-transversal at T with some d; > 0 and 6o > 0, then

d(x, 6(92 - xl)> < gp( max d(z,Q; — :vz)) (8)

for all v,x; € X such that x + x; € Bs(Z) and o(d(z,Q — ;) < 6
(i=1,...,n), and all 6} €]0,6,] and &, > 0 satisfying o, + @ 1(0}) < ds.

Conversely, if there exist 5 > 0 and dy > 0 such that inequality (8) holds
for all z,z; € X satisfying © + x; € Bs,(Z) and p(d(z,Q; — x;)) < 01
(1=1,...,n), then {Qy,...,Q,} is p-transversal at T with any 6] €]0, ]
and &y > 0 satisfying 0y + ¢~ (6]) < ds.

As shown in [10], a variable point z in the metric characterization (8) of p-transver-
sality can be replaced by the fixed given point Z.

Proposition 3.4. Let §y,...,Q, be subsets of a normed space X, & € N}_£);,
p €C, 6 >0 and 62 > 0. Inequality (8) is satisfied for all x,x; € X such that
x+x; € Bs, (%) and p(d(z,Q; — ;) < & (i =1,...,n) if and only if

d(j;’ ﬁ(Ql — Iz)) < go( max d(z, ; — xl)>

1<i<n
i=1

for all z; € 6B such that p(d(z,; —x;)) <61 (1 =1,...,n).
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Remark 3.5. In the Holder setting, i.e. when ¢(t) = o~ 't? with « > 0 and
q > 0, Theorem 3.3 provides metric characterizations of the corresponding Holder
transversality properties; cf. [26]. We refer the readers to [20, 23, 24] for more
discussions and historical comments. Il

The next three propositions established in [10] provide ‘slope’ necessary conditions
for the three nonlinear transversality properties in Definition 1.1. They employ
the following norm on X™*! depending on a parameter vy > 0:

||($17...,I‘n,x)||,y = ma‘X{HxHJ’ylHSl?S};HxZH}a xla"wxn)xeX‘ (9>

Proposition 3.6. Let Qq,...,€Q, be subsets of a normed space X, TN ),
and ¢ €C. Suppose {4, ..., } is p-semitransversal at T with some §>0.

(i) If there exists an o > 0 such that ©(t) > at for all t €]0, 071 (5)|, then, with
yi=( "+ 1)
<,0< max ||z;| > - gp( max |lu; — x; — ull )

1<i<n 1<i<n
sup = — — >1 (10)
w; €Q; (1=1,...,n), ueX ||(U1, <oy Unp, U’) - (I’, sy T "L‘)”V
(ul7---7un7u)¢(i‘7“'757j)
forallz; € X (1 =1,...,n) satisfying
A —1
0 < max [lz]l <7 (0). (11)

(ii) If Q,...,Q, and ¢ are convez, ¢, (0)>0, then, with v = ((¢'.(0))~' +1)71,

o max flail] ) — o max Ju; — i — )

1<i<n 1<i<n

lim sup >1 (12)

uZQJi (i=1,...,n), u—zx ||(u1’ oo Uny U) o (‘Tﬂ SRR 75(:)“7

(Wt seeestin,w)#(Z,...,T,T)
forallz; € X (1 =1,...,n) satisfying (11).

Proposition 3.7. Let §y,...,Q, be subsets of a normed space X, x € N}_£);,
and ¢ € C. Suppose {Qq,...,Q,} is p-subtransversal at T with some §; > 0 and
(52 > 0.

(i) If there exists an a > 0 such that p(t) > at for all t €)0,¢07(61)[, then, with
vi=( 7+ 1)

o (( mmax flws — o) — o max flu; — u])

>1 (13)

sup
w; €Q; (1=1,...,n), ueX ||<U17 <oy Unp, U) - (wh <oy Wny, x)”’y
(U yeeesUm ) Z(WT vy ,T)

forallz € X andw; € Q; (i =1,...,n) satisfying

|z —Z|| < d2y, 0< max |ws — || < @™ 1(8)). (14)
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(ii) If,...,Q, and ¢ are convex, ¢’ (0) > 0, then, with v := ((¢/.(0)) "' +1)7",

go( max |lw; — xH) - gp( max |lu; — uH)

1<i<n 1<i<n

>1  (15)

lim sup

ulQ—ng (i=1,...,n), u—x ||(u1,...,un,u) B (Wh'”’wn’x)n,y

(U ey Uy ) Z(WT ey ,T)

forallz € X and w; € Q; (1 =1,...,n) satisfying (14).

Proposition 3.8. Let §2y,...,Q, be subsets of a normed space X, & € N}_£);,
and ¢ € C. Suppose {Q,...,Q,} is p-transversal at T with some §; > 0 and
(52 > 0.

(i) If there exists an o > 0 such that p(t) > at for all t €])0,¢07(61)[, then, with
vi=( 7+ 1) i
o i oo = = 2]) — o uae s — . — ul])

sup — >1 (16)
u; €Q; (i=1,...,n), ueX H(ulw"aunau) - (w17"'7wn7$)H’Y
(U1 yeeey U, ) Z (W1 ey, T)
for allw; € Q; and z; € X (i =1,...,n) satisfying
¢ — T . —  — T _1
glaglﬂwz T|| <y 0< 112@;2};”% x; — Tl < ¢ (01). (17)

(i) If ,...,Q, and ¢ are convex, ¢ (0) > 0, then, with v := ((¢/.(0))'+1)71,

go( max |jw; — z; — f||> — gp( max ||u; — x; — u||>

1<i<n 1<i<n

>1 (18)

lim sup

s (L), . (g, ..o up, u) — (Wi, ..oy Wi, T)||5

(G Un W) Z (W10 W0, T)

for allw; € Q; and x; € X (i =1,...,n) satisfying (17).

Remark 3.9. (1) In view of Proposition 3.1(ii), if the sets are closed and
z € bdN}4€);, then one can suppose in Propositions 3.7 and 3.8 that a > 1
and ¢/, (0) > 1.

(2) The equalities v := (™" +1)~' and v := ((¢/,(0))~' + 1)~! in the above
three propositions can be replaced by the inequalities 0 < v < (a! +1)7! and
0 <~ <((¢(0))"1 4+ 1)1, respectively.

(3) The expressions in the left-hand sides of the inequalities (10), (13) and (16)
are the nonlocal y-slopes and in the left-hand sides of the inequalities (12), (15)
and (18) are the y-slopes (cf. [19, p. 60 and 61]) computed at the respective points
of the extended real-valued function

-~

f = f +7;Ql><...><ﬂn7 (19)
where f: X" — R, is a continuous function defined for all uy, ..., u,,u € X by
one of the expressions:

Flns ) = o ma [lu; —ul]). (20)

flug, ... u,,u) :zgp(lrgiaglﬂui—xi—uH), (21)
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and 1, ...,x, in (21) are given vectors in X, and ig,x. xq,: X" — Ry U {40}
is the indicator function of the set €1 x ... X Q,, ie. ig,x.xq,(x) = 0 if
r € X ... xQy, and ig, «._ xq,(r) = +0o otherwise. Note that (20) is a partic-
ular case of (21) corresponding to setting z; :=0 (i = 1,...,n). N

The next three theorems provide dual sufficient conditions for the three nonlinear
transversality properties in Definition 1.1 in terms of Clarke normals in Banach
spaces. We refer the readers to [11] for more dual sufficient conditions, also in
terms of Fréchet normals in Asplund spaces.

The statements below employ the following dual norm on (X*)"*! corresponding
to (9):
* * * * 1 - * * * * *
||(ZL’1,...,ZE”,ZE)||«/:||ZE ||+;Z||xz“’ Tiyee ey Ty T GX' (22)
i=1

We denote by d, the distance in (X*)"*! determined by (22).

Theorem 3.10. Let €)y,...,Q, be closed subsets of a Banach space X,
T eN,Q, and p € Cr. {Qy,...,Q,} is p-semitransversal at T with some § > 0
if, for some p >0 and any x; € X (i = 1,...,n) satisfying (11), there exists a
A €lp (maxi<i<p ||z:]]) , O] such that

/ ¢ — ¢ —
¢ (sl =)

forallz € X andw; € Q; (i =1,...,n) satisfying

n

*
D@

=1

+MZd(m§,N§i(u}i))> > 1 (23)

o = < A ot o — 2] < ged, 0. max oo — = ol < mae o], (28)

and all zf € X* (i=1,...,n) satisfying

> llzfl =1, (25)
i=1

n

Z(If,x+xi —w;) = max ||z 4+ z; — wi- (26)

1<i<n
=1

Theorem 3.11. Let )y, ...,Q, be closed subsets of a Banach space X, €N} ),
and ¢ € Ct. {Qy,...,Q,} is -subtransversal at T with some 6; > 0 and &5 > 0 if,
for some >0 and any ' € X satisfying

HQ?, — .TH <y, 0< 1r£18u<x d(ﬂ?/,Ql) < ()071((51),

there ezists a A €]¢ (maxy<;<, d(x',€;)) , 01] such that

/
¢ (= a1

n

*
.7

i=1

—l—uZd(:cf,N&(wi))) >1 (27)
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forallx € X and w;,w, € Q; (i =1,...,n) satisfying

lo =2l < A, max [lo; —will < pA,

o o —1
0 < max flw; — ]| < max flw; — 2l <™ (),

and all z7 € X* (i =1,...,n) satisfying (25) and

Z(x:‘,x —w;) = max ||z — w. (28)

1<i<n
=1

Theorem 3.12. Let €y,...,Q, be closed subsets of a Banach space X,
TeN,Q, and p € Ct. {Qy,...,Q,} is p-transversal at T with some 6; > 0
and 9y > 0 if, for some p > 0 and any w, € ;N Bs,(z) (i = 1,...,n) and
£ €]0,¢071(61)[, there exists a A €]p(€), 1] such that inequality (23) holds for all
r,x; € X andw; € Q; (1 =1,...,n) satisfying

lo =2l <A, max flo; —will < pA,

o < F . — 7l =
0 < max [lw; —; — ]| < max [lw; —z; — 7| = ¢,

and all xj € X* (i =1,...,n) satisfying (25) and (26).

Remark 3.13. The dual sufficient conditions in Theorems 3.10, 3.11 and 3.12
can be reformulated in terms of the G-normal cones by loffe [14], corresponding
to the approrimate G-subdifferentials, which, similar to the Clarke ones, possess
an exact sum rule on general Banach spaces; cf. [14, Theorem 4.69]. O

4. Dual necessary conditions

In this section, the sets 24, ...,€2, and function ¢ € C are assumed to be convex.

4.1. Semitransversality

In this subsection, we use the function f given by (19) with f: X"! — R,
defined by (21). The next statement provides a dual necessary condition for ¢-

semitransversality in terms of subdifferentials of f

Proposition 4.1. Let Qq,...,Q, be conver subsets of a normed space X,
T e N, and ¢ € C be convexr with ¢’ (0) > 0. If {Q,...,Q,} is p-semi-
transversal at & with some § > 0, then, with v := ((¢/.(0))~' + 1)1,

d,(0,0f(z,...,7,7)) > 1 (29)

forallz; € X (i=1,...,n) satisfying (11).
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Proof. Under the assumptions made, the function f is convex. The assertion
follows from Proposition 3.6(ii) since condition (29) is a direct consequence of
(12). Indeed, for all x; € X (i = 1,...,n) satisfying (11) and all («F,..., 2z}, 2*) €

~

of(z,...,z,x), we have:

@l = s Tt Lt )
(U1 yeney U ,u) 70 H(u17 <oy Un, U)H’Y
_ limn sup — (a3, ..., x5, 2), (U, .y up,u) — (T, ..., T, T))
u;—Z (i=1,...,n), u—T H(ula <oy Unp, u) - (i.a <o 7577 f)”’y

(ul7"'7un’u)7é(i""7i7f)

> lim sup f@,...,z2,2) — flug, ..., u,,u)

w; —Z (1=1,...,n), u—T ||(u17 <oy Unp, U’) - (ja cey T f)”’y
(U1 yeeesttn,w) #(Z,...,T,T)

@ (lrga;; ||wz~||> - (lrga;; lui — @i — UII)
>1. O

|(ur, .. up,u) — (Z,...,%,7)|, -

= lim sup

QA
u;—Z (i=1,...,n), u—7=

(ul7"'7un7u)7é(i‘7"'7i7j)

Remark 4.2. Condition (29) in Proposition 4.1 is required to hold for all z; € X
(1 =1,...,n) satisfying (11). Observe that vectors x; (i = 1, ..., n) are not explicitly
present in (29); they are involved in the definition (21) of the function f. N

The key condition (29) in Proposition 4.1 involves a subdifferential of the function
fgiven by (19) with f: X" — R, defined by (21). Subgradients of ]?belong

to (X*)"*1 and have n + 1 component vectors z7,..., 2%, z*. As it can be seen
from the representation (22) of the dual norm, the contribution of the vectors
x3,...,x on one hand, and z* on the other hand to condition (29) is different.

The next corollary exposes this difference.

Corollary 4.3. Let 4,...,Q, be convexr subsets of a normed space X,
T €N, and ¢ € C be convexr with ¢’ (0) > 0. If {Q,...,Q,} is p-semi-
transversal at T with some § > 0, then, for all v; € X (i = 1,...,n) satisfying

-~

(11), and all (x3,... x5, 2*) € Of(z,...,Z,T), it holds

27l 2 1 = (DL (0) 7+ 1) ) a5l (30)
i=1
As a consequence, lim inf l=*|| > 1.

xzF—0 (i=1,...,n)

(.”ET,...7]3:;,.Z’*)eaf(f,...,i‘,j)

Proof. The assertion is a direct consequence of Proposition 4.1 and the repre-
sentation (22) of the dual norm. O

The next ‘d-free’ statement is a direct consequence of Corollary 4.3.
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Corollary 4.4. Let €y, ..., be convex subsets of a normed space X, x €N} §2;,
and ¢ € C be convex with ¢ (0) > 0. If {Q4,...,Q} is p-semitransversal at T,
then lim inf |=*|| > 1.

z;—0, 7 =0 (i=1,...,n)
wax i[>0, (@},..z o) €OF (@ B:T)
1<i<n

In the convex setting, a partial converse to Theorem 3.10 is possible.

Theorem 4.5. Let()y, ..., 82, be convexr subsets of a normed space X, x € NI},
and p € C' be convex with ¢ (0) > 0. If {Q,...,Q} is p-semitransversal at &
with some 6 > 0, then, with p = (¢, (0))™' +1,

/ .
© (gg%§||xz|l) (

for all xz; € X (i = 1,...,n) satisfying (11) and all 7 € X* (i = 1,...,n)
satisfying (25) and

n

*
PIE

=1

IO EACINES (31)

n

> (af i) = max |la. (32)

— 1<i<n
Proof. Let {,...,Q,} be g-semitransversal at  with some 6 > 0. Let p :=
(¢ (0))"' + 1 and v := p~*. By Proposition 4.1, condition (29) is satisfied for

all z; € X (i = 1,...,n) satisfying (11). Observe that f is a sum of the func-
tion f given by (21) and the indicator function of the set €; x ... x €Q,. Since
maxj<;<yn ||| > 0, f is locally Lipschitz continuous near (z,...,z,z). It is a
composition of ¢ and the function

Uy, ..Uy, u) = max |lu; — z; —ull,  up, ... up,u € X, (33)
1<i<n

By Lemmas 2.1 and 2.2, Proposition 2.3 and Remark 2.4,
of(z,...,2,z) = 0f(z,...,7,%) + Na,x..xa, (Z,...,T) x {0}

— gor(llfg% ||:E,~||> (0v(Z,...,2,2) + Noy(T) X ... x No, () x {0}).

By Lemma 2.5, (—z7,...,—x}, %) € 0Y(Z,..., 7, z) if and only if conditions (25)
and (32) are satisfied and
v =) i, (34)
i=1
Hence, condition (31) is a consequence of (29). O

Remark 4.6. (1) The equality y := (¢/,(0))"'+1 in Theorem 4.5 can be replaced
by the inequality 1 > (¢/,(0))~" + 1.

(2) Conditions (31) and (32) in Theorem 4.5 are particular cases of conditions (23)
and (26) in Theorem 3.10, respectively, corresponding to setting w; = ... = w, =
T = T. O
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From Theorems 3.10 and 4.5, we deduce the following corollary.

Corollary 4.7. Let(2y,...,Q, be conver subsets of a normed space X, z € Ni,€);,
and ¢ € C' be convex with ¢’ (0) > 0.

(i)  Suppose X is Banach and Qy,...,Q, are closed. {Qq,...,Q,} is p-semi-
transversal at T if inequality (23) holds with some p > 0 for all x € X and
w; € §; near T, and x; € X near 0 (i = 1,...,n) satisfying (24), and all
xf € X* (1 =1,...,n) satisfying (25) and (26).

(il)  If {Q,...,Q,} is p-semitransversal at T, then inequality (31) holds with
po= (@ 0)+1 for all x; € X near 0 (i = 1,...,n) satisfying
maxi<i<p ||| > 0, and all xf € X* (i =1,...,n) satisfying (25) and (32).

A decomposition of the dual necessary transversality condition (31) in Theo-
rem 4.5 can be easily obtained.

Corollary 4.8. Let €y,...,Q, be convexr subsets of a normed space X,
T €Ny, and ¢ € C' be convex with ¢’ (0) > 0. If {Q,...,Q} is p-semi-
transversal at T with some § > 0, then, for all z; € X (i = 1,...,n) satisfying

(11), the following conditions hold true:
(i)  for all x7 € Nq,(z) (i =1,...,n) satisfying (25) and (32), it holds

/ .
1)

(i) forallz; € X* (1 =1,...,n) satisfying (25), (32) and Y ., xf =0, it holds

n

*
PIE

=1

> 1;

I

1<i<n

¢ (m uxiu) > d(at No,@) = (£ 0) 7 + )7

4.2. Subtransversality

In this subsection, we use the function f given by (19) with f: X" — R,
defined by (20). The next statement provides a dual necessary condition for ¢-
subtransversality in terms of subdifferentials of f

Proposition 4.9. Let Qq,...,8, be conver subsets of a normed space X,
T €Ny, and ¢ € C be conver with ¢/, (0) > 0. If {Q,...,Q,} is @-sub-
transversal at T with some &, > 0 and &y > 0, then, with v := ((¢/,(0))"1 +1)71,

d, <0, 8f(w1, e, Wh, x)) >1 (35)

forallz e X andw; € Q; (i =1,...,n) satisfying (14).
Proof. Under the assumptions made, the function ]? is convex. The assertion

follows from Proposition 3.7(ii) since condition (35) is a direct consequence of
(15); cf. the proof of Proposition 4.1. O
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Similar to the case of nonlinear semitransversality, the difference in the contribu-
tion of components of subgradients of f to the key dual condition (35) in Propo-
sition 4.9 can be exposed.

Corollary 4.10. Let Qq,...,€, be convexr subsets of a normed space X,
T e, and ¢ € C be convex with ¢’ (0) > 0. If {Q,...,Q,} is @-sub-
transversal at T with some 6; > 0 and d9 > 0, then, for C/L\” r € X and w; € €
(t=1,...,n) satisfying (14), and all (z7,..., x5, 2*) € Of (w1,...,wy,x), condi-
tion (30) holds. As a consequence,

lim inf |lz*|| > 1.

zf—=0 (i=1,...,n)

(xf,...,x),x*) €D f(wi,...,.wn,T)

Proof. The assertion is a direct consequence of Proposition 4.9 and the repre-
sentation (22) of the dual norm. O

The next ‘0-free’ statement is a direct consequence of Corollary 4.10.

Corollary 4.11. Let €Qq,...,€, be convexr subsets of a normed space X,
T €N, and ¢ € C be convex with ¢’ (0) > 0. If {Q,...,Qn} is @-sub-
transversal at x, then
lim inf |z*|| > 1.
T—T, wiﬁa@ 7 —0 (i:17.;,n)

max [|w;—x||>0, (xF,...,x5,2*) €D f(w1...,wn,T)
1<i<n

In the convex setting, a partial converse to Theorem 3.11 is possible.

Theorem 4.12. Let Qq,...,€, be conver subsets of a mnormed space X,
T €N, and p € C' be conver with ¢/, (0) > 0. If {Q,...,Q,} is @-sub-
transversal at T with some §; > 0 and 6y > 0, then, with p = (¢, (0))"" + 1,
inequality (27) holds for all x € X and w; € Q; (i =1,...,n) satisfying (14), and
all xf € X* (1 =1,...,n) satisfying (25) and (28).

Proof. Let {Q4,...,9Q,} be g-subtransversal at  with some 6; > 0 and d, > 0.
Let o := (¢/.(0))™' + 1 and v := p~'. By Proposition 4.9, condition (35) is
satisfied for all x € X and w; € ; (i = 1,...,n) satisfying (14). Observe that
f is a sum of the function f given by (20) and the indicator function of the set
Qp x...xQ,. Since maxj<;<p ||w; — z|| > 0, f is locally Lipschitz continuous near

(Wi, ..., wp,x). It is a composition of ¢ and the function
(U, ..Uy, u) = max ||u; —ull, ug,...,up,u€ X,
1<i<n

By Lemmas 2.1 and 2.2, Proposition 2.3 and Remark 2.4,
Of(wi,. .. wnx) = Of (Wi, - -, wn, &) + Noyx..xa, (Wi, .- . wn) x {0}

- 90/<1I£l?<); le - iL'H) (aw<w17 T 7wnax) + NQl(wl) X ... X Ngn(wn) X {0}) .

By Lemma 2.5, (—z7, ..., —x}, 2*) € 0(wy, ..., wn, x) if and only if conditions (25),
(28) and (34) are satisfied. Hence, condition (27) is a consequence of (35). O]
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Remark 4.13. (1) The equality p := (¢/,(0))"' + 1 in Theorem 4.12 can be
replaced by the inequality 1 > (¢ (0)) " + 1.

(2) The necessary conditions in Theorem 4.12 correspond to setting w; = w
(t=1,...,n) and x = 2’ in the sufficient conditions in Theorem 3.11. O

From Theorems 3.11 and 4.12, we deduce the following corollary.

Corollary 4.14. Let €y,...,Q, be closed convexr subsets of a Banach space X,
T €N, and ¢ € C' be conver with ¢/ (0) > 0. {,...,Q,} is @-sub-
transversal at T if and only if inequality (27) holds with p = (¢/.(0))"' + 1
forallz € X and w; € Q; (i =1,...,n) near T with max;<;<, ||w; — x| >0, and
all xf € X* (1 =1,...,n) satisfying (25) and (28).

Proof. The necessity part is exactly the ‘0-free’ version of Theorem 4.12. To
show the sufficiency, observe that the conditions in Theorem 3.11 are satisfied
(for some 8§; > 0 and &, > 0) with p := (¢, (0)) "'+ 1, any sufficiently large A > 0,
and 2’ =z and W, =w; (i =1,...,n). O

A decomposition of the dual necessary transversality condition in Theorem 4.12
can be easily obtained.

Corollary 4.15. Let €q,...,€), be convexr subsets of a normed space X,
TenQ;, and p € C' be conver with ¢/, (0) > 0. If {Q,...,Q,} is @-sub-
transversal at T with some o1 > 0 and d > 0, then, for all x € X and w; € §;
(1 =1,...,n) satisfying (14), the following conditions hold true:

(i) for all x7 € Ng,(w;) (i =1,...,n) satisfying (25) and (28), it holds

/
¥ (gggﬁ\lwz —wH)

(ii) forallz; € X* (1 =1,...,n) satisfying (25), (28) and Y ., xf =0, it holds

7

n

*
P

i=1

> 1

I

¢ (e flos — ) D7 d (w, Noy () > (£ (0) +1)7"

4.3. Transversality

In this subsection, we use the function f given by (19) with f: X"t — R,
defined by (21). The next statement provides a dual necessary condition for ¢-

transversality in terms of subdifferentials of fA

Proposition 4.16. Let €,...,Q, be convexr subsets of a normed space X,
T €N, and p € C be convex with ¢’ (0) > 0. If {,...,Q,} is p-trans-
versal at T with some 01 > 0 and 8, > 0, then, with v := ((¢/.(0))~' + 1)~

d, (0, 8f(w1, e, Wh, f)) >1 (36)

for allw; € Q; and z; € X (i =1,...,n) satisfying (17).
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Proof. Under the assumptions made, the function f is convex. The assertion
follows from Proposition 3.8 since condition (36) is a direct consequence of (18);
cf. the proof of Proposition 4.1. [

Similar to the case of the other two nonlinear transversality properties, the dif-
ference in the contribution of components of subgradients of f to the key dual
condition (36) in Proposition 4.16 can be exposed.

Corollary 4.17. Let Qq,...,Q, be convexr subsets of a mnormed space X,
T € N8, and p € C be convex with ¢ (0) > 0. If {4, ..., Qy} is g-transversal
at T with some 6; > 0 and 6y > 0, then, for allw; € Q; and x; € X (i=1,...,n)

-~

satisfying (17), and all (7, ..., x5, 2%) € Of (wy,...,wn, &), condition (30) holds.
As a consequence,

lim inf |=*|| > 1.

zf—=0 (i=1,...,n)

(mI7"'»12’1*)€8f(w1""7“1’1’7"?)

Proof. The assertion is a direct consequence of Proposition 4.16 and the repre-
sentation (22) of the dual norm. O

The next ‘0-free’ statement is a direct consequence of Corollary 4.17.

Corollary 4.18. Let €Qq,...,€), be convexr subsets of a normed space X,
T € N8, and p € C be convex with ¢ (0) > 0. If {4, ..., Qy} is g-transversal
at &, then
lim inf |lz*|| > 1.
wiﬁa’:, x;—0, zF—0 (i:l,...,f)

max ”wi_xi_f‘|>07 (xivn'7x::,7x*)68f(w17~-'7wnvi)
1<i<n

In the convex setting, a partial converse to Theorem 3.12 is possible.

Theorem 4.19. Let Qq,...,€, be conver subsets of a mnormed space X,
T € Ny, and ¢ € C be convex with ¢, (0) > 0. If {4, ..., Q,} is p-transversal
at T with some §; > 0 and &5 > 0, then, with = (¢ (0))"* +1,

/ — *
o (s oot (| i)+ d Moo ) 21 o

2 i
i=1

for all w; € Q; and z; € X (i = 1,...,n) satisfying (17), and all zf € X*
(1=1,...,n) satisfying (25) and

;@i,m% —wi) = max |7+ i — wi] (38)
Proof. Let {€,...,Q,} be p-transversal at £ with some §; > 0 and J, > 0.
Let p == (¢/.(0))"* + 1 and v := p~'. By Proposition 4.16, condition (36) is
satisfied for all w; € Q; and x; € X (i = 1,...,n) satisfying (17). Observe that

~

f is a sum of the function f given by (21) and the indicator function of the set
Qp X ... xQ,. Since maxi<;<, |lw; —x; — &|| > 0, f is locally Lipschitz continuous
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near (wy,...,wp, ). It is a composition of ¢ and the function ¢ defined by (33).
By Lemmas 2.1 and 2.2, Proposition 2.3 and Remark 2.4,

o~

Of (wi, ., wn, @) = 0f (W1, ..., wWn, T) + Noyx..xq, (Wi, ..., w,) x {0}
- 90'( max ||wi — —:7:||) (YW1, +ve s 7) + Noy(w1) X ... X No. (wn) x {0}).

1<i<n
By Lemma 2.5, (—z7,...,—z},2*) € 0Y(wi,...,w,,T) if and only if conditions
(25), (34) and (38) are satisfied. Hence, condition (36) implies (37). O

Remark 4.20. (1) The equality p := (¢, (0))"! + 1 in Theorem 4.19 can be
replaced by the inequality p > (¢, (0)) " + 1.

(2) Conditions (37) and (38) in Theorem 4.19 are particular cases of conditions,
respectively, (23) and (26) in Theorem 3.12, corresponding to setting = := Z.

(3) The necessary conditions in Theorems 4.5 and 4.12 correspond to setting,
respectively, w; :=Z (i =1,...,n) and 1 = ... = z,, in the necessary conditions
in Theorem 4.19. [

From Theorems 3.12 and 4.19, we deduce the following corollary.

Corollary 4.21. Let €Qq,...,€, be convex subsets of a mnormed space X,
T €Ny, and ¢ € C' be convex with ¢’ (0) > 0.

(i)  Suppose X is Banach and Qy,...,8, are closed. {2y, ...,Q,} is p-transver-
sal at T if inequality (23) holds with some p > 0 for all x € X and w; € Q;
near T and x; € X near 0 (i = 1,...,n) with maxy<;<, ||w; —x; — z|| > 0,
and all z7 € X* (i =1,...,n) satisfying (25) and (26).

(i) If {Q4,...,Q} is p-transversal at T, then inequality (37) holds with
p= (¢ (0))"1 +1 for all w; € Q; near T and x; € X near 0 (i =1,...,n)
with maxi<ij<y ||w; —x; — || > 0, and all x} € X* (i = 1,...,n) satisfying
(25) and (38).

A decomposition of the dual transversality condition (31) in Theorem 4.19 can be
easily obtained.

Corollary 4.22. Let Qq,...,€, be convexr subsets of a normed space X,
T €Ny, and ¢ € C* be conver with ¢, (0) > 0. If {4, ..., Q,} is p-transversal
at T with some 61 > 0 and 63 > 0, then, for allw; € Q; and z; € X (i=1,...,n)
satisfying (17), and all xf € X* (i = 1,...,n) satisfying (25) and (38), the
following conditions hold true:

(i) if xf € No,(z) (i=1,...,n), then ¢ (ln<11a<>% |lws — z; — f||>

n

*
D@

i=1

> 1;

I

(il) if > iy x7 =0, then

¢ (g e = = 21 ) 3 d s M) = (640 + 1

1<i<n



N. D. Cuong, A.Y. Kruger / Nonlinear Transversality ... 303

5. Transversality of a set-valued mapping to a set

In this section, we provide applications of the dual necessary conditions for non-
linear transversality properties of collections of sets established in Section 4 to
nonlinear extensions of the new transversality properties of a set-valued mapping
to a set in the range space due to loffe [14].

In the linear case, i.e. when p(t) = at for some a > 0 and all ¢ > 0, the properties
in parts (ii) and (iii) of the next definition reduce, respectively, to the ones in
[14, Definitions 7.11 and 7.8]; cf. the metric characterizations of the properties in
[6, 10]. The property in part (i) is new.

Definition 5.1. Let F': X = Y be a set-valued mapping between normed spaces,
SCY,(z,y) €egphF,yeS, and p €C.

(i) Fis p-semitransversal to S at (z,y) if {gph F, X x S} is ¢-semitransversal

at (Z,y), i.e. there exists a 6 > 0 such that

(gph F' — (ug,v1)) N (X x (S —w2)) N B,(z,7) # 0

for all p €]0,4d], uy € X, v1,v9 € Y with ¢ (max{||ui|], ||v1]], [|v2]|}) < p.

(ii) F is p-subtransversal to S at (z,y) if {gph F, X x S} is p-subtransversal
at (z,y), ie. there exist 6, > 0 and 6, > 0 such that
gph F N (X x S) N B,(z,y) # 0 for all p€]0,0,[ and (x,y) € By, (Z,y) with
p(max{d((z,y), gph F), d(y, 5)}) <p.

(iii) F is p-transversal to S at (z,7) if {gph F, X x S} is p-transversal at (Z,7),
i.e. there exist 0; > 0 and 5 > 0 such that

(gph F — (21, 91) — (ur, 1)) O (X X (S =2 = 02)) N (pB) # 0
for all p 6]0751[7 (xlayl) € gphFﬂB&(fag)7 Y2 € SmBlSz(g)a up € Xa
vi,v2 € Y with o (max{|[ua [, [loal], [[oa[]}) < p-

When S is a singleton, i.e. S = {y}, the properties in Definition 5.1 have strong
connections with the corresponding nonlinear regularity properties of set-valued
mappings; cf. [10].

The next three statements are direct consequences of Theorems 4.5, 4.12 and 4.19,
respectively.

Proposition 5.2. Let F': X =Y be a set-valued mapping between normed spaces
with convex graph, S be a convexr subset of Y, (Z,7) € gph F', y € S, and p € C!
be conver with ¢ (0) > 0. If F is p-semitransversal to S at (Z,y) with some
§ >0, then, with p:= (¢ (0))"" +1,

o (max{[Jua [ flor ]l oall}) (23l + i + w3l
+ e (d((2, 47), Nepn (7. 7)) + d(y3, Ns(7))) ) = 1

for alluy € X, vi,vy € Y satisfying 0 < max{||u||, [|vi||, [|v2||} < ©7(5), and all
7 € X*, yi,y5 € Y™ satisfying

[Tl yr 1+ vzl = 1, Gty ua) 41, v+ (2, v2) = max{{Jual], losl; [lvall}- (39)



304 N. D. Cuong, A.Y. Kruger / Nonlinear Transversality ...

Proposition 5.3. Let F': X =Y be a set-valued mapping between normed spaces
with convex graph, S be a convex subset of Y, (Z,y) € gph F, y € S, and ¢ € C!
be convex with ¢ (0) > 0. If F' is p-subtransversal to S at (T, y) with some 6; > 0
and 8 > 0, then, with p = (¢, (0))~' + 1,
¢’ (max{|lz1 — |, lyr — yll, lly2 — yl1}) Cllwill + [lv7 + vl
+ p(d((23,57), N r(21,91)) + d(ys, Ns(ye))) ) > 1

for all (z,y) € Bs,(Z,y) and (x1,y1) € gph F', yo € S satisfying

0 < max{||zy — 2|}, [|y1 — yll, [lva — yll} < ¢ (N),

and all x3 € X*, yf,ys € Y* satisfying (39) and

(@1, 2 —x0) + (Ui, y —v1) + (s, y — y2) = max{|[z — [l ly — wll, ly — ell}-

Proposition 5.4. Let F': X =Y be a set-valued mapping between normed spaces
with convex graph, S be a convex subset of Y, (z,y) € gph F, y € S, and ¢ € C!
be convex with ¢’ (0) > 0. If I is p-transversal to S at (Z,y) with some 6; > 0
and 8 > 0, then, with = (¢, (0))~' + 1,

¢ (max{lz1 —ur — @[l llyr — v1 = Fll; lly2 — v2 = FlI}) Cloill + vy + w3l

+p (d((@7, 47), Nen (w1, 91)) + (3, Ns (1)) ) = 1

for all (x1,y1) € gph F' N By, (Z,9), y2 € SN By, (y) and uy € X, vy,v9 € Y with

0 < max{||z1 —u1 — Z||, [Jy1 — v = G|, ly2 — v2 — G|} < ¢ (61),

and all x7 € X*, yf,ys € Y* satisfying (39) and

(@7, +ur —a1) + (Y, 7+ v —y1) + W5, 7 + vz — y2)
= max{[|zy — v — 2|, lyr — o1 = Yl[, [ly2 — v2 — [}
Remark 5.5. Decompositions of the combined dual necessary transversality con-

ditions in Propositions 5.2, 5.3 and 5.4 can be easily obtained; cf. Corollaries 4.8,
4.15 and 4.22. L]

Acknowledgements. We wish to thank the anonymous referee for their com-
ments and suggestions.

References

[1]  H. Attouch, J. Bolte, P. Redont, A. Soubeyran: Prozimal alternating minimiza-
tion and projection methods for nonconvex problems: an approach based on the
Kurdyka—Lojasiewicz inequality, Math. Oper. Res. 35(2) (2010) 438-457.

[2] A. Bakan, F. Deutsch, W. Li: Strong CHIP, normality, and linear reqularity of
convex sets, Trans. Amer. Math. Soc. 357(10) (2005) 3831-3863.



N. D. Cuong, A.Y. Kruger / Nonlinear Transversality ... 305

H. H. Bauschke, J. M. Borwein: On projection algorithms for solving convex fea-
sibility problems, SIAM Rev. 38(3) (1996) 367-426.

H. H. Bauschke, J. M. Borwein, W. Li: Strong conical hull intersection property,
bounded linear regularity, Jameson’s property (G), and error bounds in conver
optimization, Math. Program., Ser. A 86(1) (1999) 135-160.

H. H. Bauschke, J. M. Borwein, P. Tseng: Bounded linear regularity, strong CHIP,
and CHIP are distinct properties, J. Convex Analysis 7(2) (2000) 395-412.

H. T. Bui, N. D. Cuong, A. Y. Kruger: Geometric and metric characterizations
of transversality properties, Vietnam J. Math., to appear.

H. T. Bui, A. Y. Kruger: Eztremality, stationarity and generalized separation of
collections of sets, J. Optimization Theory Appl. 182(1) (2019) 211-264.

F. H. Clarke: Functional Analysis, Calculus of Variations and Optimal Control,
Graduate Texts in Mathematics 264, Springer, London (2013).

F. H. Clarke: Optimization and Nonsmooth Analysis, John Wiley & Sons, New
York (1983).

N. D. Cuong, A. Y. Kruger: Nonlinear transversality of collections of sets: Primal
space characterizations, preprint, arXiv:1902.06186 (2019).

N. D. Cuong, A. Y. Kruger: Nonlinear transversality of collections of sets: Dual
space sufficient characterizations, Positivity, to appear.

A. L. Dontchev, R. T. Rockafellar: Implicit Functions and Solution Mappings. A
View from Variational Analysis, 2nd ed., Springer Series in Operations Research
and Financial Engineering, Springer, New York (2014).

D. Drusvyatskiy, A. D. Ioffe, A. S. Lewis: Transversality and alternating projec-
tions for nonconvex sets, Found. Comput. Math. 15(6) (2015) 1637-1651.

A. D. Ioffe: Variational Analysis of Regular Mappings. Theory and Applications,
Springer Monographs in Mathematics, Springer, Berlin (2017).

A. Y. Kruger: On Fréchet subdifferentials, J. Math. Sci. 116(3) (2003) 3325-3358.

A. Y. Kruger: Stationarity and regularity of set systems, Pacific J. Optimization
1(1) (2005) 101-126.

A. Y. Kruger: About regularity of collections of sets, Set-Valued Analysis 14(2)
(2006) 187-206.

A. Y. Kruger: About stationarity and regularity in variational analysis, Taiwan.
J. Math. 13(6A) (2009) 1737-1785.

A. Y. Kruger: Error bounds and metric subregularity, Optimization 64(1) (2015)
49-79.

A. Y. Kruger: About intrinsic transversality of pairs of sets, Set-Valued Variational
Analysis 26(1) (2018) 111-142.

A. Y. Kruger, M. A. Lépez: Stationarity and reqularity of infinite collections of
sets, J. Optim. Theory Appl. 154(2) (2012) 339-369.

A. Y. Kruger, M. A. Lépez: Stationarity and regularity of infinite collections of
sets. Applications to infinitely constrained optimization, J. Optim. Theory Appl.
155(2) (2012) 390-416.



N. D. Cuong, A.Y. Kruger / Nonlinear Transversality ...

A. Y. Kruger, D. R. Luke, N. H. Thao: About subtransversality of collections of
sets, Set-Valued Variational Analysis 25(4) (2017) 701-729.

A. Y. Kruger, D. R. Luke, N. H. Thao: Set reqularities and feasibility problems,
Math. Program., Ser. B 168(1-2) (2018) 279-311.

A. Y. Kruger, N. H. Thao: About uniform regularity of collections of sets, Serdica
Math. J. 39 (2013) 287-312.

A. Y. Kruger, N. H. Thao: About [q]-reqularity properties of collections of sets, J.
Math. Analysis Appl. 416(2) (2014) 471-496.

A. Y. Kruger, N. H. Thao: Quantitative characterizations of reqularity properties
of collections of sets, J. Optim. Theory Appl. 164(1) (2015) 41-67.

A. Y. Kruger, N. H. Thao: Regularity of collections of sets and convergence of
inexact alternating projections, J. Convex Analysis 23(3) (2016) 823-847.

A. S. Lewis, D. R. Luke, J. Malick: Local linear convergence for alternating and
averaged nonconvez projections, Found. Comput. Math. 9(4) (2009) 485-513.

C. Li, K. F. Ng, T. K. Pong: The SECQ, linear reqularity, and the strong CHIP for
an infinite system of closed convex sets in normed linear spaces, STAM J. Optim.
18(2) (2007) 643-665.

B. S. Mordukhovich: Variational Analysis and Generalized Differentiation. I:
Basic Theory, Grundlehren der Mathematischen Wissenschaften 330, Springer,
Berlin (2006).

K. F. Ng, W. H. Yang: Regularities and their relations to error bounds, Math.
Program., Ser. A 99(3) (2004) 521-538.

K. F. Ng, R. Zang: Linear regularity and ¢-regularity of nonconvex sets, J. Math.
Analysis Appl. 328(1) (2007) 257-280.

H. V. Ngai, M. Théra: Metric inequality, subdifferential calculus and applications,
Set-Valued Anal. 9(1-2), 187-216 (2001).

H. V. Ngai, M. Théra: Error bounds for systems of lower semicontinuous functions
in Asplund spaces, Math. Program., Ser. B 116(1-2) (2009) 397-427.

D. Noll, A. Rondepierre: On local convergence of the method of alternating pro-
jections, Found. Comput. Math. 16(2) (2016) 425-455.

J. P. Penot: Calculus Without Derivatives, Graduate Texts in Mathematics 266,
Springer, New York (2013).

R. T. Rockafellar, R. J. B. Wets: Variational Analysis, Springer, Berlin (1998).

J. C. Yao, X. Y. Zheng: Error bound and well-posedness with respect to an admis-
sible function, Appl. Analysis 95(5) (2016) 1070-1087.

C. Zalinescu: Convex Analysis in General Vector Spaces, World Scientific Pub-
lishing, River Edge (2002).

X. Y. Zheng, K. F. Ng: Linear reqularity for a collection of subsmooth sets in
Banach spaces, STAM J. Optim. 19(1) (2008) 62-76.

X.Y. Zheng, Z. Wei, J. C. Yao: Uniform subsmoothness and linear reqularity for a
collection of infinitely many closed sets, Nonlinear Analysis 73(2) (2010) 413-430.



