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The Takagi function is a classical example of a continuous nowhere differentiable function. In
this paper we prove that it is nowhere approximately derivable.
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1. Introduction

The Takagi function is probably the easiest example of a continuous nowhere
derivable function, it was introduced in 1903 (see [12]), and ever since, it has
caught the interest of mathematicians, as a matter of fact it was often rediscovered,
for instance, in 1930, using base ten instead of base two by Van der Waerden (see
[13]). For an extensive information about this function, see the surveys [1] and
8].

We say that a function f satisfies the C!' Lusin property if for every € > 0 there
exists a C'' function g such that the set {z : f(z) # g(x)} has Lebesgue measure
less than . It is known that the Takagi’s function does not satisfy the C! Lusin
property, more precisely, that it agrees with no C! function on any set of positive
measure (see [3]). In particular, this implies that the Takagi function does not
satisfy the Lipschitz property (see [10]), however it is ”almost” Lipschitz in the
sense that it is a-Holder continuous for every 0 < a < 1 (see [11]).

It is known that every function with non empty Fréchet subdifferential a.e. satis-
fies the C' Lusin property (see [2]), hence the Takagi function cannot be Fréchet
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subdifferentiable a.e., as a matter of fact it is known that it has non empty sub-
differential at z if and only if = is a dyadic number (see [4] or [5]).

The Lusin properties are closely related with the approximate differentiability, for
instance a one dimensional function has the C*' Lusin property if and only if it
is approximately derivable a.e., for this result see [14] or [9] for similar results
involving funcions on R".

From all these results we may deduce that the Takagi function is not approxi-
mately derivable a.e., in other words: there exists a positive measure set such
that the Takagi function is not approximately derivable at any point of that set.
The aim of this paper is to give a direct, and relatively elementary, proof of a
stronger result, namely that the Takagi function is nowhere approximately deriv-
able. Although it is known that almost every, in the sense of category, continuous
function f: R — R is nowhere approximately derivable, see [6] , it is not easy
to provide examples of such functions, see for instance the examples that appear
in [6] or [7], clearly the functions that they define are not as elementary as the
Takagi function. On the other hand the relevance of the Takagi function worth
the study of its approximate derivability.

2. Results

We introduce some definitions and notation. £ will denote the Lebesgue mea-
sure on R. For a function f: R — R, [ is the approximate limit of f at «x,
aplim,_,, f(y) = [, if for every ¢ > 0,

. E((:U—r,x—i-r)ﬂ{ye]R: |f(y) — 1 25})

= 0.
r—0t 2r

We say that a function f: R — R is approximately derivable at x if there exists a
real number f; (), named approximate derivative of f at x, such that

. fly) = f(z) = fo,(x)(y — )
ap lim

y—T y—x

= 0.

The following result, see [7], page 139, is immediate:

Proposition 2.1. Let f: R — R be a function, let x be a point of R and suppose
that f is approzimately derivable at x with approzimate derivative fi (r). Then,
for any real number o > fi (), we have

E{y €E(x—rx+r)\{z}: f(y;:x(x) > a}
lim =0

r—0+ 2r

Similarly, for any real number B < f, (), we have

Y

E{y €(@x—rx+r)\{z}: f(y):x(x) < 5}
lim =0.
r—0t 2r
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We define the Takagi function: Forn € N, n >0, let D, ={k2™": k€ Z} C R
and let D = UD,, be the set of all dyadic numbers. The Takagi function 7: R — R
is defined as

T(x) =) gu(x) = lim Gy (x) (1)
k=1

where gi(x) = min(|z —y| : y € D), and G,, = g1 + -+ + ¢g». The aim of this
paper is to prove the following Theorem:

Theorem 2.2. The Tukagi function is nowhere approzimately derivable.

We split the proof in several Propositions. First, we assume that = € D, we have
that for all n there exist x,,,y, € D,, such that x € (z,,y,) and (z,,y,) N D, = .

It is clear that for k& < n we have that (z,,y,) C (g, yx) and

ge(2") = gr(x) = g (z)(" — x) (2)

for all 2’ € [z,,y,]. Note that g; is derivable at x because x ¢ D, moreover
gp(x) = £1. We start with the following estimation:

Lemma 2.3. Letx ¢ D. If g/ (z) =1 then

, o Ty) —T(x) _ 2 1
£{y.0<|x—y|<2 ,y_—ngn,l(x)—l—g 22n+5. (3)
Analogously, if g, (z) = —1 then
_ o Ty) —T(x) _ 2 1
clusocioyl<n = s -2 e

Proof. Let z,,y, be as above, if ¢/ (z) = 1 then z is closer to z, than to y,,
hence y, —2 > 2L For 0 <t <25 ifk=0,1,2,...,as y, € D, C D4
and sup |g,. x| < 27" *71, we have that

Gtk (yn — 1) < min {27775 271

and then, by (2),

5 1
T(yn - t) — T(l') < Gn—l(yn - t) - Gn_l(l‘) + on+5 + Z on+k+1
k>4

< G (@) g — = ) + 5

Therefore,
T(y, —t) —T(x) , 2
< —.
R — _anl(x)+5

since y, —t—x > 27" —27""5 =15.27""5 The case g, (x) = —1 is similar. [
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Proposition 2.4. Let x € D, if either I = liminf, G} (z) or S = limsup, G, (x),
is finite then T is not approximately derivable at x.

Proof. Let us suppose that [ is finite and 7T is approximately derivable at x. As
I is finite and G/ (z) € Z for all n, then there exists ny such that GJ,(x) > I for
all n > ngy and there exists a strictly increasing subsequence (ng)i>o such that
G, _1(x) = I for all k. It is clear that g, ,(z) = —1 and g, (z) = +1 for all

k > 0 and hence, by Lemma 2.3,

E{y:0<|y—x|<r,w<l—l—§}

lim sup L
r—0t 2r
O (L k= et o bt SR O
> 1mksup e > 56 >
and
E{y: O0<l|y—z| <, WZ[-Fl_%}
lim sup
r—0+ 2r
—n T(y)—T(z
ok {v: 0<ly—al<omet 103 > 6w -2} .
> 1mksup 9—nit2 e % >
since [+1 = G, _,(x). We deduce, by Proposition 2.1, the following contradiction.
: 2 2 _
Tap(a;)§[+g<l+1—g§Tap(x).
The case S finite is similar. ]

The alternative occurs when both limits are infinite. Then we also have that 71" is
not approximately derivable.

Proposition 2.5. Let © ¢ D, if I = liminf, G/ (x) and S = limsup,, G, () are
infinite, then T is not approximately derivable at x.

Proof. As the result is obvious if I = S, we will suppose that I = —oo and
S = +o00. Then, there exists a subsequence (ng); such that for all k

Gy () < Gy (), Ghya(@) = —1 and G () = +oo.

Nk+1

By Proposition 2.1, if T' is approximately derivable at z and a > T; (x) there
exists 0 > 0 such that

ﬁ{yE(l’—T,iL‘—l—’f’)\{l‘}:WZOA}<3%T (5)
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for 0 < r < 6. But if £ is such that G}, _,(z) > a + 1 and 27" < § we have, by
Lemma 2.3, that

LT T, 2
: - - A Sl _z
clusosty—al< g =D a0 - 2

1 1 1

> - _
= 2mets 32 om”

contradicting (5). O]

It only remains to prove that T is not approximately derivable at any dyadic
number.

Proposition 2.6. If x € D, then T is not approximately derivable at x.

Proof. If x € D, let ny be the smaller integer such that z € D, 1. Let n be
such that n > 2ng. If 2|h| < 27" then gy(x + h) = |h| for every k, ng < k < n.
Thus

ng n
T(x+h)—T(z) =Y (glz+h)—gelx) + > grlz+h)>
k=1 k=no-+1
> —ng|h| + (n — ng)|h| = (n — 2ng) |h|.
This implies that

, 1 T(y) —T(z)
E{y.0<|y—x|<2n+1, -

1 —-n
zn—QnO}ZZZ .

It follows from Proposition 2.1 that T' is not approximately derivable at x. O

Combining Propositions 2.4, 2.5, and 2.6, we have the proof of Theorem 2.2.
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