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1. Introduction

Convexity is a very important and quite often critical property in solving op-
timization and optimal control problems. The fact that some modifications of
convex optimization methods can be applied to problems possessing weak con-
vexity stimulated investigations of weakly convex sets, which were considered in
literature under different names. In Federer [11] this class of sets was considered
in Rn under the name ”sets with positive reach”. Further properties of weakly
convex sets in Rn were investigated by Vial [30]. Clarke, Stern and Wolenski [8]
introduced and studied the class of proximally smooth sets in a Hilbert space,
which coincides with the class of weakly convex sets. Poliquin, Rockafellar and
Thibault [24] showed that this class in a Hilbert space is the same as the class of
prox-regular sets introduced by Poliquin and Rockafellar [23]. In Banach spaces
the prox-regular sets were investigated by Bernard, Thibault and Zlateva [5, 6].
Classes of weakly convex objects (functions and sets) are rather wide and include
both convex and smooth (in the proper sense) objects. On the other hand, strong
convexity sometimes gives fundamentally new results in comparison with classical
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convexity, in particular, in dealing with convergence rates of optimization algo-
rithms [22, 25]. In some cases unconvexity of some weakly convex terms of the
problem can be compensated by strong convexity of other terms of the problem,
in such cases the relation between parameters of convexity is critical [3, 21]. In
practice a term of an optimization (or some other) problem may be an image of
a set through some smooth mapping. In this connection the following question
arises: ”Which properties of the mapping f and the set S are sufficient for the
convexity (in some sense) of the image f(S)?”
Polyak in [26] showed that the image of a ball with sufficiently small radius through
C1,1 mapping between Hilbert spaces is convex provided that the center of the
ball is a regular point of the mapping. This Polyak convexity principle and its
applications in optimization have been developed in [7, 27, 29]. Polyak in [26]
noted that the ball in the convexity principle can be replaced by a strongly convex
set.
We develop this idea and obtain sufficient conditions of strong and weak convexity
of the image f(S) in terms of convexity parameters of the set S, wherein instead
of the assumption about the regular point of the mapping f we assume that the
mapping is covering (open at a linear rate) in case of strong convexity or co-
Lipschitz in case of weak convexity. We obtain exact estimates of the convexity
parameters of the image and show that in general the covering condition can not be
substituted by the co-Lipschitz condition and vice versa, though these conditions
are equivalent for a bijective mapping. Note that our results are nonlocal unlike
the Polyak convexity principle. The covering property is widely used in nonlinear
analysis, optimization, differential equations etc. (see e.g. [1, 2, 10, 13, 14, 15, 16]).
As known, see e.g. Ioffe [13, 14], the covering property is equivalent to the metric
regularity. Our result about weak convexity of the image f(S) correlates with the
results of Thibault [28, Theorems 9.3, 9.5] about preservation of subsmoothness
for inverse images provided that the mapping is metrically subregular.
Further we obtain sufficient conditions for strong and weak convexity of the image
f(S, U) of the Cartesian product S × U of two sets S and U and provide exact
estimates of the convexity parameters of the image in terms of convexity parame-
ters of S, U and parameters of the mapping f . These results can be considered as
nonlinear versions of known results about convexity parameters of the Minkowski
sum S+U . On the other hand, our previously mentioned results about convexity
parameters of the image f(S) can be treated as degenerate cases of results about
convexity parameters of f(S, U). In the companion paper [19] we apply these re-
sults for nonlinear differential games and obtain sufficient conditions for the game
reachable sets to be smooth.
The rest of the paper is organized as follows. In Section 2 we recall auxiliary
notions and results concerning Lipschitz, co-Lipschitz, covering, C1,1 mappings
and also the signed distance. Section 3 is devoted to some known results on
strongly and weakly convex sets in a Hilbert space, which are used in next sections.
In Sections 4 and 5 we obtain correspondingly strong and weak convexity of the
images of C1,1 mappings.
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2. Auxiliary notions and results

We use Br(c) to denote the closed ball in a metric space (X, ϱX) with center c ∈ X
and radius r ≥ 0:

Br(c) = {x ∈ X : ϱX(x, c) ≤ r}.
Let (X, ϱX) and (Y, ϱY ) be metric spaces. For a mapping f : X → Y and a set
S ⊂ X we use lip(f, S) to denote the Lipschitz constant of f on S, i.e. the infimum
of L > 0 such that

ϱY (f(x1), f(x2)) ≤ LϱX(x1, x2) ∀x1, x2 ∈ S.

As usual, the infimum of the empty set is defined as +∞.
A mapping f : X → Y is called co-Lipschitz on S ⊂ X if there exists β > 0 such
that

ϱY (f(x1), f(x2)) ≥ βϱX(x1, x2) ∀x1, x2 ∈ S. (1)
Denote by colip(f, S) the supremum of such β > 0. If no such β > 0 exists, set
colip(f, S) = 0.
If a mapping f : X → Y is Lipschitz continuous and co-Lipschitz on S ⊂ X, it is
called bi-Lipschitz on S.
A mapping f : X → Y is called covering (open at a linear rate) on S ⊂ X if there
exists σ > 0 such that for every x ∈ S and every t > 0, with Bt(x) ⊂ S, it holds

Bσt(f(x)) ⊂ f(Bt(x)). (2)

Denote by sur(f, S) the supremum of such σ > 0. If no such σ > 0 exists, set
sur(f, S) = 0.
Recall that f : X → Y is called injection if f(x1) = f(x2) implies that x1 = x2 for
all x1, x2 ∈ X and f : X → Y is called surjection if f(X) = Y . If f is an injection
and a surjection, it is called bijection.

Remark 2.1. If f : X → Y is co-Lipschitz on X, it is an injection. If f : X → Y
is covering on X, it is a surjection.

For the sake of completeness of the paper, we provide the following rather obvious
proposition with its proof.

Proposition 2.2. Consider two metric spaces (X, ϱX) and (Y, ϱY ) and a function
f : X → Y .
(i) If f is an injection, then sur(f,X) ≤ colip(f,X).
(ii) If f is a surjection, then colip(f,X) ≤ sur(f,X).
(iii) If f is a bijection, then colip(f,X) = sur(f,X).

Proof. (i): If sur(f,X) = 0, then sur(f,X) ≤ colip(f,X) holds trivially. Assume
that sur(f,X) > 0 and f is an injection. Fix some σ ∈ (0, sur(f,X)). Then for
every x ∈ X and every t > 0 one has (2). Fix any x1, x2 ∈ X and use (2) for
x = x1 and t = ϱY (f(x1), f(x2))/σ. We have f(x2) ∈ Bσt(f(x1)) ⊂ f(Bt(x1)).
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Hence there exists x ∈ Bt(x1) such that f(x2) = f(x). Since f is an injection
it follows that x2 = x. So, ϱX(x1, x2) ≤ t = ϱY (f(x1), f(x2))/σ and (1) holds
for β = σ. So, colip(f,X) ≥ σ for any σ ∈ (0, sur(f,X)) and, consequently,
sur(f,X) ≤ colip(f,X).
(ii): If colip(f,X) = 0, then colip(f,X) ≤ sur(f,X) holds trivially. Assume
that colip(f,X) > 0 and f is a surjection. Fix any β ∈ (0, colip(f,X)). Then
(1) holds. Fix any x ∈ X, t > 0 and y1 ∈ Bβt(f(x)). By surjectivety of f
there exists x1 ∈ X such that y1 = f(x1). Using (1) for x2 = x, we obtain
βϱX(x1, x) ≤ ϱY (f(x1), f(x)) ≤ βt. Thus, x1 ∈ Bt(x) and hence y1 ∈ f(Bt(x)).
This yields (2) for σ = β. So, sur(f,X) ≥ β for any β ∈ (0, colip(f,X)) and,
consequently, colip(f,X) ≤ sur(f,X).
Assertion (iii) immediately follows from (i) and (ii).
Remark 2.3. In general colip(f, S) ̸= sur(f, S). For example, if X = R2, Y = R,
f(x1, x2) = x1 for all (x1, x2) ∈ R2, then colip(f,X) = 0 < 1 = sur(f,X).
On the other hand, if X = R, Y = R2, f(x) = (x, 0) for all x ∈ R, then
sur(f,X) = 0 < 1 = colip(f,X).

Let X and Y be Banach spaces. Denote L(X,Y ) the Banach space of all linear
continuous operators from X to Y equipped with the operator norm. Given an
open set V ⊂ X, a function f : V → Y and a point x0 ∈ V , we denote by
Df(x0) ∈ L(X,Y ) the Fréchet derivative of f at x0. Let S ⊂ X. A mapping
f : S → Y is called Fréchet differentiable if it can be extended on an open subset
V ⊂ X with S ⊂ V such that the extension f̃ : V → Y is Fréchet differentiable on
S. We use Df(x0) to define the Fréchet derivative Df̃(x0) of the extension f̃ : V →
Y at the point x0 ∈ S. Denote C1,1(S, Y ) the class of Fréchet differentiable
functions f : S → Y such that the Fréchet derivative Df : S → L(X,Y ) satisfies
the Lipschitz condition

∥Df(x1)−Df(x2)∥ ≤ γ∥x1 − x2∥ ∀x1, x2 ∈ S.

Denote by lip(Df, S) the infimum of such γ.
Proposition 2.4. [29, Lemma 2.7]. Let S ⊂ X be a convex set and consider
f ∈ C1,1(S, Y ). Then

∥∥∥∥f(x1) + f(x2)

2
− f

(
x1 + x2

2

)∥∥∥∥ ≤ γ

8
∥x1 − x2∥2 ∀x1, x2 ∈ S.

The distance from x ∈ X to S ⊂ X is d(x, S) = infy∈S ∥x− y∥.
The excess of A ⊂ X over C ⊂ X and the Hausdorff distance between A and C
are defined as

ex(A,C) = sup
a∈A

d(a, C), and h(A,C) = max{ex(A,C), ex(C,A)}.
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Following [9] we define the signed (oriented) distance from x ∈ X to S ⊂ X as

sd(x, S) =

inf
y∈S

∥x− y∥, x ∈ X \ S,

− inf
y∈X\S

∥x− y∥, x ∈ S.

Remark 2.5. If x ∈ S, then sd(x, S) = − sup{r ≥ 0 : Br(x) ⊂ S}.

It follows from the definitions that the signed distance function is Lipschitz con-
tinuous with constant 1 relative to the point:

|sd(x1, S)− sd(x2, S)| ≤ ∥x1 − x2∥ ∀x1, x2 ∈ X ∀S ⊂ X. (3)

The next proposition states that the signed distance function is Lipschitz contin-
uous with constant 1 relative to the set with respect to the Hausdorff distance
provided that the set is convex.

Proposition 2.6. ([20, Theorem 5].) Let S1 ⊂ X be convex and S2 ⊂ X. Then

sd(x, S1)− sd(x, S2) ≤ ex(S2, S1).

3. Strongly and weakly convex sets

Let H be a Hilbert space. We identify H with its dual and use ⟨x, y⟩ to denote
the inner product of x, y ∈ H. As usual, we consider H as a Banach space, a
metric space and a topological space with the norm, the metric and the topology
induced by the inner product. For a set S ⊂ H by intS, S and ∂S we denote the
interior, the closure and the boundary of S respectively.
Let r > 0. A set S ⊂ H is called strongly convex with radius r if it can be
represented as an intersection of closed balls with radius r, i.e. there exists C ⊂ H
such that

S =
⋂
c∈C

Br(c).

Denote by R+(S) the infimum of such r > 0.
Remark 3.1. If S ⊂ H is strongly convex with radius r, it is closed, convex and
strongly convex with any radius r′ > r.

We define η(t) = 1−
√
1− t2, t ∈ [0, 1]. (4)

Note that η( t
2
) = 1 −

√
1− t2

4
is the modulus of convexity of a Hilbert space. It

follows directly from (4) that the function η : [0, 1] → R is convex, increasing and

η(Lt) ≥ L2η(t) ∀L ≥ 1, ∀t ∈
[
0;

1

L

]
, (5)

and t2

2
≤ η(t) ∀t ∈ [0; 1]. (6)
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Recall that the Fréchet normal cone to a set S⊂H at a point x0∈S is defined as

N(x0, S) = {x∗ ∈ H : ∀ε > 0 ∃δ > 0 : ∀x ∈ S∩Bδ(x0) ⟨x∗, x−x0⟩ ≤ ε∥x−x0∥}.

Proposition 3.2. Given a closed set S ⊂ H and r > 0, the following assertions
are equivalent:
(i) S is strongly convex with radius r.
(ii) r ≥ R+(S).
(iii) For any x1, x2 ∈ S one has ∥x1 − x2∥ ≤ 2r and

sd

(
x1 + x2

2
, S

)
≤ −rη

(
∥x1 − x2∥

2r

)
.

(iv) For any x0 ∈ S and p ∈ N(x0, S) with ∥p∥ = 1 one has S ⊂ Br(x0 − rp).

A closed set S ⊂ H is called weakly convex with radius r > 0 if for any x0 ∈ S and
p ∈ N(x0, S) with ∥p∥ = 1 one has S ∩ intBr(x0 + rp) = ∅. Denote by R−(S) the
supremum of such r > 0. If no such r > 0 exists, set R−(S) = 0.

Remark 3.3. If S ⊂ H is convex and closed, then it is weakly convex with any
radius r > 0. If S ⊂ H is closed and weakly convex with radius r > 0, it is weakly
convex with any radius r′ ∈ (0, r).

Proposition 3.4. Given a closed set S ⊂ H and r > 0, the following assertions
are equivalent:
(i) S is weakly convex with radius r.
(ii) r ≤ R−(S).
(iii) For any x1, x2 ∈ S such that ∥x1 − x2∥ < 2r one has

sd

(
x1 + x2

2
, S

)
≤ rη

(
∥x1 − x2∥

2r

)
.

Propositions 3.2 and 3.4 are proved in [12]. Note that in Banach spaces Proposi-
tions 3.2 and 3.4 may be false. Properties of strongly and weakly convex sets in
Banach spaces were studied in [4, 5, 6, 18].
The Minkowski operations (sum and difference) for A,C ⊂ H are

A+ C = {a+ c : a ∈ A, c ∈ C}, and A ∗− C = {x ∈ H : x+ C ⊂ A}.

Proposition 3.5. ([17, Section 1.12]).
(i) Let A ⊂ H and C ⊂ H be strongly convex sets. Then A + C is strongly

convex and
R+(A+ C) ≤ R+(A) +R+(C).

(ii) Let A ⊂ H be weakly convex and C ⊂ H be strongly convex, R+(C) < R−(A).
Then A+ C is closed and weakly convex,

R−(A+ C) ≥ R−(A)−R+(C).
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4. Strong convexity of the image

Lemma 4.1. Let X and Y be Hilbert spaces and let S ⊂ X be a strongly convex
set. Assume that a mapping f ∈ C1,1(S, Y ) is covering on S. Let

r = R+(S) > 0, γ = lip(Df, S), σ = sur(f, S), rγ < σ.

Then, for all x1, x2 ∈ S,

sd

(
f(x1) + f(x2)

2
, f(S)

)
≤ −r(σ − rγ)η

(
∥x1 − x2∥

2r

)
.

Proof. Fix any x1, x2 ∈ S. Denote f = (f(x1) + f(x2))/2, x = (x1 + x2)/2.
Proposition 3.2 implies that ∥x1 − x2∥ ≤ 2r and sd(x, S) ≤ −rη (∥x1 − x2∥/2r).
Using closedness of S we get Bt(x) ⊂ S with t = rη (∥x1 − x2∥/2r). Since σ =
sur(f, S) we get Bσ′t(f(x)) ⊂ f (Bt(x)) ⊂ f(S) for all σ′ ∈ (0, σ) and hence

sd(f(x), f(S)) ≤ −σt.

According to Proposition 2.4 and by (6) we have

∥f(x)− f∥ ≤ γ

8
∥x1 − x2∥2 ≤ r2γη

(
∥x1 − x2∥

2r

)
and hence by (3)

sd(f, f(S)) ≤ sd(f(x), f(S))+∥f(x)− f∥ ≤ −(σr− r2γ)η

(
∥x1 − x2∥

2r

)
.

Theorem 4.2. Let X and Y be Hilbert spaces and let S ⊂ X be a strongly convex
set. Assume that a mapping f ∈ C1,1(S, Y ) is covering on S. Let R+(S) > 0 and
R+(S) · lip(Df, S) < sur(f, S). Then f(S) is strongly convex and

R+(f(S)) ≤ R+(S) · lip2(f, S)

sur(f, S)−R+(S) · lip(Df, S)
.

Proof. Denote r = R+(S), γ = lip(Df, S), L = lip(f, S), and σ = sur(f, S).
To prove that f(S) is closed assume the contrary: there exists a sequence {fk} in
f(S) such that limk→∞ fk = f0 ̸∈ f(S). Since fk ∈ f(S) for any k ∈ N one can
find xk ∈ S such that fk = f(xk). According to Lemma 4.1

sd

(
fk + fn

2
, f(S)

)
≤ −r(σ − rγ)η

(
∥xk − xn∥

2r

)
∀k, n ∈ N.

Using (3) we get sd
(
fk+fn

2
, f(S)

) k,n→∞−→ sd(f0, f(S)) ≥ 0. So,

η

(
∥xk − xn∥

2r

)
k,n→∞−→ 0
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and hence {xk} is a Cauchy sequence. Consequently, {xk} converges to some
x0 ∈ S and f0 = lim

k→∞
f(xk) = f(x0) ∈ f(S). The contradiction shows that f(S)

is closed.
Fix any f1, f2 ∈ f(S). One can find x1, x2 ∈ S such that fk = f(xk), k = 1, 2.
Lemma 4.1 implies that

sd

(
f1 + f2

2
, f(S)

)
≤ −r(σ − rγ)η

(
∥x1 − x2∥

2r

)
.

Denote ϱ = rL2

σ−rγ
. Since L = lip(f, S) we have ∥f1−f2∥ ≤ L∥x1−x2∥ ≤ 2rL ≤ 2ϱ

and by (5) we get

sd

(
f1 + f2

2
, f(S)

)
≤ −r(σ − rγ)η

(
∥f1 − f2∥

2rL

)
≤ −ϱη

(
∥f1 − f2∥

2ϱ

)
.

Thus, Proposition 3.2 implies that R+(f(S)) ≤ ϱ.

Example 4.3. Fix any positive reals r, γ, any σ > rγ, and L > σ.
Let X = Y = R2 and the mapping f : R2 → R2 be defined as

f(x1, x2) =
(
Lx1, σx2 +

γ

2
x2
1

)
, (x1, x2) ∈ R2.

For any ε ∈ (0, r) consider

Sε = {(x1, x2) ∈ R2 : x2
1 + x2

2 ≤ r2, x2
1 + (x2 − r)2 ≤ ε2}.

One can see that

R+(Sε) = r, lip(Df, Sε) = γ, lim
ε→+0

lip(f, Sε) = L, lim
ε→+0

sur(f, Sε) = σ.

Around the point (0, σr) the condition (y1, y2) ∈ f(Sε) is equivalent to the in-
equality

y2 − σr ≤ −σ − rγ

2rL2
y21 + o(y21), y1 → 0.

Hence, lim
ε→+0

R+(f(Sε)) ≥
rL2

σ − rγ
= lim

ε→+0

R+(Sε) · lip2(f, Sε)

sur(f, Sε)−R+(Sε) · lip(Df, Sε)
.

So, the estimate obtained in Theorem 4.2 is exact.

Example 4.4. Let the mapping f : R → R2 be defined as

f(x) =

(
x,

x2

2

)
, x ∈ R.

For any r > 0 consider S = [−r, r] ⊂ R. We see that R+(S) = r, lip(Df, S) = 1,
lip(f, S) =

√
1 + r2, sur(f, S) = 0, colip(f, S) = 1, and f(S) is not convex for

any r > 0. So, the covering condition in Theorem 4.2 can not be substituted by
the co-Lipschitz condition.
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Define the scalar product in the Cartesian product X × Y in a standard way:

⟨(x1, y1), (x2, y2)⟩ = ⟨x1, x2⟩+ ⟨y1, y2⟩ ∀(x1, y1) ∈ X × Y, ∀(x2, y2) ∈ X × Y.

Therefore, the norm in the Hilbert space X × Y will be expressed through norms
in X and Y as

∥(x, y)∥ =
√

∥x∥2 + ∥y∥2 ∀(x, y) ∈ X × Y. (7)

Lemma 4.5. Let X, Y and Z be Hilbert spaces; let S ⊂ X and U ⊂ Y be strongly
convex sets. Assume that f ∈ C1,1(S × U,Z) and for all x ∈ S and u ∈ U the
mappings f(x, ·) and f(·, u) are covering on U and S correspondingly. Let

rS = R+(S) > 0, rU = R+(U) > 0, γ = lip(Df, S × U),

Lx = sup
u∈U

lip(f(·, u), S), Lu = sup
x∈S

lip(f(x, ·), U), σx = inf
u∈U

sur(f(·, u), S),

σu = inf
x∈S

sur(f(x, ·), U), rSγ < σx, rUγ < σu,

ϱx =
rSL

2
x

σx − rSγ
, ϱu =

rUL
2
u

σu − rUγ
, ϱ = ϱx + ϱu.

Then, for all x1, x2∈S, u1, u2∈U , one has Lx∥x1 − x2∥+ Lu∥u1 − u2∥ ≤ 2ϱ and

sd

(
f(x1, u1) + f(x2, u2)

2
, f(S, U)

)
≤ −ϱη

(
Lx∥x1 − x2∥+ Lu∥u1 − u2∥

2ϱ

)
.

Proof. Fix any x1, x2 ∈ S and u1, u2 ∈ U . Denote

f =
f(x1, u1) + f(x2, u2)

2
, u =

u1 + u2

2
, x =

x1 + x2

2
.

Proposition 3.2 implies that ∥x1−x2∥ ≤ 2rS, ∥u1−u2∥ ≤ 2rU and sd(x, S) ≤ −tx,
sd(u, S) ≤ −tu with

tx = rSη

(
∥x1 − x2∥

2rS

)
, tu = rUη

(
∥u1 − u2∥

2rU

)
.

Hence, Lx∥x1 − x2∥+ Lu∥u1 − u2∥ ≤ 2LxrS + 2LurU ≤ 2(ϱx + ϱu) = 2ϱ.
Using the closedness of S and U we get Btx(x) ⊂ S and Btu(u) ⊂ U .
Since σx = inf

u∈U
sur(f(·, u), S) it follows that

Bσ′
xtx(f(x, u)) ⊂ f (Btx(x), u) ⊂ f(S, u) ∀u ∈ U, ∀σ′

x ∈ (0, σx). (8)

Similarly,

Bσ′
utu(f(x, u)) ⊂ f (x,Btu(u)) ⊂ f(x, U) ∀x ∈ S, ∀σ′

u ∈ (0, σu).
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Hence, for each σ′
u ∈ (0, σu),⋃

x∈S

Bσ′
utu(f(x, u)) ⊂

⋃
x∈S

f(x, U) = f(S, U). (9)

Since Bσ′
utu(f(x, u)) =

⋃
z∈Bσ′

utu
(0)

(f(x, u) + z) it follows that

⋃
x∈S

Bσ′
utu(f(x, u)) =

⋃
z∈Bσ′

utu
(0)

⋃
x∈S

(f(x, u) + z)

=
⋃

z∈Bσ′
utu

(0)

(f(S, u) + z) = f(S, u) +Bσ′
utu(0).

Thus, (9) means that

f(S, u) +Bσ′
utu(0) ⊂ f(S, U) ∀σ′

u ∈ (0, σu).

Using (8), we get for all σ′
x ∈ (0, σx) and σ′

u ∈ (0, σu)

Bσ′
xtx+σ′

utu(f(x, u)) = Bσ′
xtx(f(x, u)) +Bσ′

utu(0) ⊂ f(S, u) +Bσ′
utu(0) ⊂ f(S, U).

This means that sd(f(x, u), f(S, U)) ≤ −(σxtx + σutu).

According to Proposition 2.4 and by (7), (6) we have

∥f(x, u)− f∥ ≤ γ

8
(∥x1 − x2∥2 + ∥u1 − u2∥2)

≤ r2Sγη

(
∥x1 − x2∥

2rS

)
+ r2Uγη

(
∥u1 − u2∥

2rU

)
and hence by (3)

sd(f, f(S, U)) ≤ sd(f(x, u), f(S, U)) + ∥f(x, u)− f∥

≤ −rS(σx − rSγ)η

(
∥x1−x2∥

2rS

)
− rU(σu − rUγ)η

(
∥u1−u2∥

2rU

)
.

Using (5) and convexity of η(·) we get

sd(f, f(S, U)) ≤ −r2SL
2
x

ϱx
η

(
∥x1 − x2∥

2rS

)
− r2UL

2
u

ϱu
η

(
∥u1 − u2∥

2rU

)
≤ −ϱxη

(
Lx∥x1 − x2∥

2ϱx

)
− ϱuη

(
Lu∥u1 − u2∥

2ϱu

)
≤ −ϱη

(
Lx∥x1 − x2∥+ Lu∥u1 − u2∥

2ϱ

)
.

Theorem 4.6. Let X, Y and Z be Hilbert spaces; let S ⊂ X and U ⊂ Y be
strongly convex sets. Assume that f ∈ C1,1(S×U,Z) and for all x ∈ S and u ∈ U
the mappings f(x, ·) and f(·, u) are covering on U and S correspondingly. Assume

R+(S) > 0, R+(S) · lip(Df, S × U) < inf
u∈U

sur(f(·, u), S),

R+(U) > 0, R+(U) · lip(Df, S × U) < inf
x∈S

sur(f(x, ·), U).
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Then f(S, U) is strongly convex and

R+(f(S, U)) ≤
R+(S) · sup

u∈U
lip2(f(·, u), S)

inf
u∈U

sur(f(·, u), S)−R+(S) · lip(Df, S × U)

+

R+(U) · sup
x∈S

lip2(f(x, ·), U)

inf
x∈S

sur(f(x, ·), U)−R+(U) · lip(Df, S × U)
.

Proof. Denote rS = R+(S), rU = R+(U), γ = lip(Df, S × U),

Lx = sup
u∈U

lip(f(·, u), S), Lu = sup
x∈S

lip(f(x, ·), U),

σx = inf
u∈U

sur(f(·, u), S), σu = inf
x∈S

sur(f(x, ·), U),

ϱx =
rSL

2
x

σx − rSγ
, ϱu =

rUL
2
u

σu − rUγ
, ϱ = ϱx + ϱu.

We prove the closedness of f(S, U) by contradiction. Assume that there exists a
sequence {fk} in f(S, U) such that lim

k→∞
fk = f0 ̸∈ f(S, U). Since fk ∈ f(S, U) for

any k ∈ N one can find xk ∈ S and uk ∈ U such that fk = f(xk, uk). According
to Lemma 4.5

sd

(
fk + fn

2
, f(S, U)

)
≤ −ϱη

(
Lx∥xk − xn∥+ Lu∥uk − un∥

2ϱ

)
∀k, n ∈ N.

Hence, in view of (3) we have

lim sup
k,n→∞

ϱη

(
Lx∥xk − xn∥+ Lu∥uk − un∥

2ϱ

)
≤ − lim sup

k,n→∞
sd

(
fk + fn

2
, f(S, U)

)
= −sd(f0, f(S, U)) ≤ 0.

So, {xk} and {uk} are Cauchy sequences. Consequently, {xk} converges to some
x0 ∈ S, {uk} converges to some u0 ∈ U and thus

f0 = lim
k→∞

f(xk, uk) = f(x0, u0) ∈ f(S, U).

The contradiction shows that f(S, U) is closed.
Fix any f1, f2 ∈ f(S, U). Then one can find x1, x2 ∈ S and u1, u2 ∈ U such that
fk = f(xk, uk), k = 1, 2. Lemma 4.5 implies that Lx∥x1−x2∥+Lu∥u1−u2∥ ≤ 2ϱ
and

sd

(
f1 + f2

2
, f(S, U)

)
≤ −ϱη

(
Lx∥x1 − x2∥+ Lu∥u1 − u2∥

2ϱ

)
.
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Since Lx = sup
u∈U

lip(f(·, u), S) and Lu = sup
x∈S

lip(f(x, ·), U) it follows immediately

that ∥f1 − f2∥ ≤ Lx∥x1 − x2∥+ Lu∥u1 − u2∥. Hence, ∥f1 − f2∥ ≤ 2ϱ and

sd

(
f1 + f2

2
, f(S, U)

)
≤ −ϱη

(
∥f1 − f2∥

2ϱ

)
.

Applying Proposition 3.2 yields R+(f(S, U)) ≤ ϱ.
Remark 4.7. Theorem 4.2 can be considered as a degenerate case of Theorem
4.6 with U = {0}, R+(U) = 0.

Remark 4.8. Since the Cartesian product S × U of two strongly convex sets
S ⊂ X and U ⊂ Y in general is not strongly convex in X × Y Theorem 4.6 does
not follow from Theorem 4.2.

Remark 4.9. Theorem 4.6 is a generalization (a nonlinear version) of Proposition
3.5(i). Indeed, given A ⊂ H and C ⊂ H as in Proposition 3.5(i), applying
Theorem 4.6 for X = Y = H, S = A, U = C and f(x, u) = x+ u, we obtain the
assertion of Proposition 3.5(i).

Example 4.10. Fix any positive reals rS, rU , γ, σx > rSγ, σu > rUγ, Lx > σx,
Lu > σu. Consider X = Y = Z = R2 and the mapping f : R2 → R2

f(x1, x2, u1, u2) =
(
Lxx1 + Luu1, σxx2 + σuu2 +

γ

2
(x2

1 + u2
1)
)
,

for (x1, x2) ∈ R2 and (u1, u2) ∈ R2. For any ε ∈ (0,min{rS, rU}) consider

Sε = {(x1, x2) ∈ R2 : x2
1 + x2

2 ≤ r2S, x2
1 + (x2 − rS)

2 ≤ ε2},

Uε = {(u1, u2) ∈ R2 : u2
1 + u2

2 ≤ r2U , u2
1 + (u2 − rU)

2 ≤ ε2}.
One can see that

R+(Sε) = rS, R+(Uε) = rU , lip(Df, Sε × Uε) = γ,

lim
ε→+0

sup
u∈Uε

lip(f(·, u), Sε) = Lx, lim
ε→+0

sup
x∈Sε

lip(f(x, ·), Uε) = Lu,

lim
ε→+0

inf
u∈Uε

sur(f(·, u), Sε) = σx, lim
ε→+0

inf
x∈Sε

sur(f(x, ·), Uε) = σu.

Consider the function h(y1) = sup{y2 : (y1, y2) ∈ f(Sε, Uε)}.

It follows from the definition of f , Sε and Uε that

h(y1) = sup
(x1,y1)∈Sε, (x2,y2)∈Uε:

Lxx1+Luu1=y1

{
σxx2 + σuu2 +

γ

2
(x2

1 + u2
1)
}

= sup
x1,u1:

Lxx1+Luu1=y1

{
σx

(
rS − x2

1

2rS

)
+ σu

(
rU − u2

1

2rU

)
+

γ

2
(x2

1 + u2
1)

}
+ o(y21)

= σxrS + σurU − y21
2ϱ

+ o(y21), y1 → 0,
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with ϱ =
rSL

2
x

σx − rSγ
+

rUL
2
u

σu − rUγ
. Consequently, limε→+0 R+(f(Sε, Uε)) ≥ ϱ.

This example shows that the estimate of the radius of strong convexity of f(S, U)
obtained in Theorem 4.6 is exact.

5. Weak convexity of the image

We use convS to define the convex hull of S ⊂ X.
Theorem 5.1. Let X and Y be Hilbert spaces and S ⊂ X be a closed and weakly
convex set. Assume that a mapping f ∈ C1,1(convS, Y ) is bi-Lipschitz on convS.
Then f(S) is closed and weakly convex, wherein

R−(f(S)) ≥ R−(S) · colip2(f, S)

lip(f, convS) +R−(S) · lip(Df, convS)
.

Proof. Since f is bi-Lipschitz on a closed set S, it follows that f(S) is closed as
well. Denote r = R−(S), L = lip(f, convS), σ = colip(f, S), γ = lip(Df, convS),
and ϱ = rσ2/(L+ rγ).
Fix f1, f2 ∈ f(S) with ∥f1 − f2∥ < 2ϱ. One can find x1, x2 ∈ S with fk = f(xk),
k = 1, 2. Denote f = (f1 + f2)/2, x = (x1 + x2)/2. Since σ = colip(f, S), it
follows that ∥x1 − x2∥ ≤ ∥f1 − f2∥/σ < 2ϱ/σ ≤ 2r. According to Proposition 3.4
we have sd(x, S) ≤ rη(∥x1 − x2∥/2r). Fix any ε > 0. One can find x̂ ∈ S such
that ∥x̂− x∥ ≤ rη(∥x1 − x2∥/2r) + ε. In view of L = lip(f, convS) we get

sd(f(x), f(S)) ≤ ∥f(x)− f(x̂)∥ ≤ L∥x− x̂∥ ≤ Lrη

(
∥x1 − x2∥

2r

)
+ Lε.

Passing to the limit as ε → +0 we obtain sd(f(x), f(S)) ≤ Lrη(∥x1 − x2∥/2r).
Since γ = lip(Df, S) according to Proposition 2.4 and in view of (6) we obtain
∥f(x)− f∥ ≤ γ

8
∥x1 − x2∥2 ≤ r2γ η(∥x1 − x2∥/2r). Hence by (3)

sd(f, f(S)) ≤ sd(f(x), f(S)) + ∥f(x)− f∥ ≤ (L+ rγ)rη

(
∥x1 − x2∥

2r

)
.

In view of ∥f1 − f2∥ ≥ σ∥x1 − x2∥ by (5) we get

sd(f, f(S)) ≤ (L+ rγ)rη

(
∥f1 − f2∥

2rσ

)
≤ ϱη

(
∥f1 − f2∥

2ϱ

)
.

Using Proposition 3.4 we complete the proof.
Example 5.2. Fix any positive reals r, γ, σ and any L > σ.
Consider X = Y = R2 and the mapping f : R2 → R2

f(x1, x2) =
(
σx1, Lx2 −

γ

2
x2
1

)
, (x1, x2) ∈ R2.
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For any ε ∈ (0, r) consider

Sε = {(x1, x2) ∈ R2 : x2
1 + x2

2 ≥ r2, x2
1 + (x2 − r)2 ≤ ε2}.

Similarly to Example 4.3 one can see that R−(Sε) = r, lip(Df, convSε) = γ,
limε→+0 lip(f, convSε) = L, limε→+0 colip(f, Sε) = σ, and

lim
ε→+0

R−(f(Sε)) ≤
rσ2

L+ rγ
= lim

ε→+0

R−(Sε) · colip2(f, Sε)

lip(f, convSε) +R−(Sε) · lip(Df, convSε)
.

So, Theorem 5.1 provides an exact estimate.

Example 5.3. Consider the covering mapping f : R3 → R2

f(x1, x2, x3) = (x1, x3), (x1, x2, x3) ∈ R3.

One can see that the image of the weakly convex set S = {(cos t, sin t, sin 2t) : t ∈
[0, 2π]} is not weakly convex. This example shows that the co-Lipschitz condition
in Theorem 5.1 can not be substituted by the covering condition.

Lemma 5.4. Let X, Y and Z be Hilbert spaces; let S ⊂ X be a weakly convex
set and U ⊂ Y be a strongly convex set. Assume that f ∈ C1,1(convS × U,Z) is
such that for all u ∈ U the mapping f(·, u) is bi-Lipschitz on convS and for all
x ∈ S the mapping f(x, ·) is covering on U . Let

rS = R−(S) > 0, rU = R+(U) > 0, γ = lip(Df, convS × U),

Lx = sup
u∈U

lip(f(·, u), convS), Lu = sup
x∈S

lip(f(x, ·), U),

σx = inf
u∈U

colip(f(·, u), S), σu = inf
x∈convS

sur(f(x, ·), U),

rUγ < σu, ϱx =
rSσ

2
x

Lx + rSγ
, ϱu =

rUL
2
u

σu − rUγ
, ϱ = ϱx − ϱu > 0, ε ∈ (0, ϱ).

Then, for any x1, x2∈S, u1, u2∈U such that ∥f(x1, u1)− f(x2, u2)∥ < 2ϱ one has

sd

(
f(x1, u1) + f(x2, u2)

2
, f(S, U)

)
+

εL2
ur

2
U

ϱu(ϱu + ε)
η

(
∥u1 − u2∥

2rU

)
≤ (ϱ− ε)η

(
∥f(x1, u1)− f(x2, u2)∥

2(ϱ− ε)

)
.

Proof. Fix some x1, x2 ∈ S, u1, u2 ∈ U such that ∥f(x1, u1)− f(x2, u2)∥ < 2ϱ.
Denote fk = f(xk, uk), k = 1, 2, f = (f1+f2)/2, x = (x1+x2)/2, u = (u1+u2)/2,
t = rUη(∥u1 − u2∥/2rU). Since rU = R+(U) it follows by Proposition 3.2 that
∥u1 − u2∥ ≤ 2rU and Bt(u) ⊂ U . In view of σu = inf

x∈convS
sur(f(x, ·), U) we see

that Bσ′
ut(f(x, u)) ⊂ f (x,Bt(u)) ⊂ f(x, U) for all σ′

u ∈ (0, σu) and hence

sd(f(x, u), f(x, U)) ≤ −σut = −σurUη

(
∥u1 − u2∥

2rU

)
.
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According to Proposition 2.4 and in view of (6) we have

∥f(x, u)− f∥ ≤ γ

8
(∥x1 − x2∥2 + ∥u1 − u2∥2)

≤ r2Sγη

(
∥x1 − x2∥

2rS

)
+ r2Uγη

(
∥u1 − u2∥

2rU

)
.

and hence by (3)

sd(f, f(x, U)) ≤ −rU(σu − rUγ)η

(
∥u1 − u2∥

2rU

)
+ r2Sγη

(
∥x1 − x2∥

2rS

)
. (10)

In view of definition of σx we have

σx∥x1−x2∥ ≤ ∥f(x1, u)−f(x2, u)∥ ≤ ∥f1−f2∥+∥f(x1, u)−f1∥+∥f(x2, u)−f2∥

So, by definition of Lu

∥x1 − x2∥ ≤ ∥f1 − f2∥+ Lu∥u1 − u2∥
σx

. (11)

Consequently, ∥x1 − x2∥ <
2ϱ+ 2LurU

σx

≤ 2ϱx
σx

≤ 2rS.

Fix any δ > 0. Since S is rS-weakly convex by Proposition 3.4 there exists x̂ ∈ S
such that ∥x − x̂∥ ≤ rSη(∥x1 − x2∥/2rS) + δ. According to Theorem 4.2 the set
f(x̂, U) is convex. In view of Proposition 2.6 we get

sd(f, f(x̂, U))− sd(f, f(x, U)) ≤ ex
(
f(x, U), f(x̂, U)

)
≤ Lx∥x− x̂∥,

where the latter inequality follows from the definition of Lx. This and (10) imply

sd(f, f(S, U)) ≤ sd(f, f(x̂, U)) ≤ sd(f, f(x, U)) + Lx∥x− x̂∥

≤ −rU(σu − rUγ)η

(
∥u1 − u2∥

2rU

)
+ rS(Lx + rSγ)η

(
∥x1 − x2∥

2rS

)
+ Lxδ.

Passing to the limit as δ → +0, we obtain

sd(f, f(S, U)) ≤ −rU(σu − rUγ)η

(
∥u1 − u2∥

2rU

)
+ rS(Lx + rSγ)η

(
∥x1 − x2∥

2rS

)
,

that is

sd(f, f(S, U)) ≤ −r2UL
2
u

ϱu
η

(
∥u1 − u2∥

2rU

)
+

r2Sσ
2
x

ϱx
η

(
∥x1 − x2∥

2rS

)
. (12)

Denote λ =
ϱu + ε

ϱx
. (13)
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Since 0 < ε < ϱ = ϱx − ϱu we have λ ∈ (0, 1). By convexity of η(·) it follows from
(11) that

η

(
∥x1 − x2∥

2rS

)
≤ η

(
∥f1 − f2∥+ Lu∥u1 − u2∥

2rSσx

)
≤ (1− λ)η

(
∥f1 − f2∥

2rSσx(1− λ)

)
+ λη

(
Lu∥u1 − u2∥

2rSσxλ

)
.

In view of the inequalities ϱx ≤ rSσx, rULu

rSσx
≤ ϱu

ϱx
< λ by virtue of (5) we get

η

(
∥f1 − f2∥

2rSσx(1− λ)

)
≤

(
ϱx

rSσx

)2

η

(
∥f1 − f2∥
2(1− λ)ϱx

)
, and

η

(
Lu∥u1 − u2∥

2rSσxλ

)
≤

(
rULu

rSσxλ

)2

η

(
∥u1 − u2∥

2rU

)
.

Hence

r2Sσ
2
x

ϱx
η

(
∥x1 − x2∥

2rS

)
≤ (1− λ)ϱxη

(
∥f1 − f2∥
2(1− λ)ϱx

)
+

r2UL
2
u

λϱx
η

(
∥u1 − u2∥

2rU

)
.

In view of (12), (13) this completes the proof.

Theorem 5.5. Let X, Y and Z be Hilbert spaces; let S ⊂ X be a weakly convex
set and U ⊂ Y be a strongly convex set. Assume that f ∈ C1,1(convS × U,Z) is
such that for all u ∈ U the mapping f(·, u) is bi-Lipschitz on convS and for all
x ∈ S the mapping f(x, ·) is covering on U . Let

R−(S) > 0, R+(U) > 0, inf
x∈S

sur(f(x, ·), U) > R+(U) · lip(Df, convS × U),

ϱx =
R−(S) · inf

u∈U
colip2(f(·, u), S)

sup
u∈U

lip(f(·, u), convS) +R−(S) · lip(Df, convS × U)
,

ϱu =

R+(U) · sup
x∈S

lip2(f(x, ·), U)

inf
x∈convS

sur(f(x, ·), U)−R+(U) · lip(Df, convS × U)
.

and ϱ = ϱx − ϱu > 0.

Then f(S, U) is closed and weakly convex with R−(f(S, U)) ≥ ϱ.

Proof. Denote rS = R−(S), rU = R+(U), γ = lip(Df, convS × U),

Lx = sup
u∈U

lip(f(·, u), convS), Lu = sup
x∈S

lip(f(x, ·), U),

σx = inf
u∈U

colip(f(·, u), S), σu = inf
x∈convS

sur(f(x, ·), U).
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Suppose that f(S, U) is not closed. Then there exists a sequence {fk} in f(S, U)
such that limk→∞ fk = f0 ̸∈ f(S, U). Without loss of generality we can assume
that ∥fk − f0∥ < ϱ for all k ∈ N. Since fk ∈ f(S, U) for any k ∈ N one can find
xk ∈ S, uk ∈ U such that fk = f(xk, uk). Fix any ε ∈ (0, ϱ). According to Lemma
5.4 for any n, k ∈ N

sd

(
fk + fn

2
, f(S, U)

)
+

εL2
ur

2
U

ϱu(ϱu + ε)
η

(
∥uk − un∥

2rU

)

≤ (ϱ− ε)η

(
∥fk−fn∥
2(ϱ− ε)

)
k,n→∞−→ 0.

Using (3) we get sd

(
fk + fn

2
, f(S, U)

)
k,n→∞−→ sd(f0, f(S, U)) ≥ 0.

So, η

(
∥uk − un∥

2rU

)
k,n→∞−→ 0

and hence {uk} is a Cauchy sequence. Consequently, {uk} converges to some
u0 ∈ U . Using the definitions of σx and Lu we get

σx∥xk − xn∥ ≤ ∥f(xk, u0)− f(xn, u0)∥

≤ ∥fk − fn∥+ Lu(∥uk − u0∥+ ∥un − u0∥)
k,n→∞−→ 0.

Thus, {xk} is a Cauchy sequence and consequently converges to some x0 ∈ S.
The relations

f0 = lim
k→∞

fk = lim
k→∞

f(xk, uk) = f(x0, u0) ∈ f(S, U)

contradict the assumption that f0 ̸∈ f(S, U). This proves that f(S, U) is closed.
Now fix any f1, f2 ∈ f(S, U) such that ∥f1 − f2∥ < 2ϱ. One can find u1, u2 ∈ U
and x1, x2 ∈ S such that fk = f(xk, uk), k = 1, 2. According to Lemma 5.4 for
any ε ∈ (0, ϱ) we have

sd

(
f1 + f2

2
, f(S, U)

)
≤ (ϱ− ε)η

(
∥f1 − f2∥
2(ϱ− ε)

)
.

Passing to the limit as ε → +0, we obtain

sd

(
f1 + f2

2
, f(S, U)

)
≤ ϱη

(
∥f1 − f2∥

2ϱ

)
.

By Proposition 3.4 we get that f(S, U) is weakly convex and R−(f(S, U)) ≥ ϱ.

Remark 5.6. Theorem 4.2 can be considered as a degenerate case of Theorem
5.5 with S = {0} and S in place of U , Theorem 5.1 is a degenerate case of the
same theorem with U = {0}.
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Remark 5.7. Since the mapping f : convS × U → Z in Theorem 5.5 is not
co-Lipschitz, Theorem 5.5 does not follow from Theorem 5.1.

Remark 5.8. Theorem 5.5 is a generalization (a nonlinear version) of Proposition
3.5(ii). Indeed, given A ⊂ H and C ⊂ H as in Proposition 3.5(ii), applying
Theorem 5.5 for X = Y = H, S = A, U = C and f(x, u) = x+ u, we obtain the
assertion of Proposition 3.5(ii).

Remark 5.9. Fix any positive reals rS, rU , γ, σx, σu, Lx > σx, Lu > σu such
that rUγ < σu and

rSσ
2
x

Lx + rSγ
= ϱx > ϱu =

rUL
2
u

σu − rUγ
.

Consider X = Y = Z = R2 and the mapping f : R2 → R2 defined by

f(x1, x2, u1, u2) =
(
σxx1 + Luu1, Lxx2 − σuu2 −

γ

2
(x2

1 + u2
1)
)
,

for (x1, x2) ∈ R2 and (u1, u2) ∈ R2. For any ε ∈ (0,min{rS, rU}) consider

Sε = {(x1, x2) ∈ R2 : x2
1 + x2

2 ≥ r2S, x2
1 + (x2 − rS)

2 ≤ ε2},

Uε = {(u1, u2) ∈ R2 : u2
1 + u2

2 ≤ r2U , u2
1 + (u2 − rU)

2 ≤ ε2}.

Similarly to Example 4.10 one can see that

R−(Sε) = rS, R+(Uε) = rU , lip(Df, convSε × Uε) = γ,

lim
ε→+0

sup
u∈Uε

lip(f(·, u), convSε) = Lx, lim
ε→+0

sup
x∈Sε

lip(f(x, ·), Uε) = Lu,

lim
ε→+0

inf
u∈Uε

colip(f(·, u), Sε) = σx, lim
ε→+0

inf
x∈convSε

sur(f(x, ·), Uε) = σu,

lim
ε→+0

R−(f(Sε, Uε)) ≤ ϱx − ϱu.

This example shows that the estimate of the radius of strong convexity of f(S, U)
obtained in Theorem 5.5 is exact.

Acknowledgments. The author thanks the referee for useful comments.

References
[1] A. V. Arutyunov, E. S. Zhukovskii, S. E. Zhukovskii: On the well-posedness of dif-

ferential equations unsolved for the derivative, Differential Equations 47(11) (2011)
1541–1555.

[2] E. R. Avakov, A. V. Arutyunov, E. S. Zhukovskii: Covering mappings and their ap-
plications to differential equations unsolved for the derivative, Differential Equa-
tions 45(5) (2009) 627–649.

[3] M. V. Balashov: About the gradient projection algorithm for a strongly convex
function and a proximally smooth set, J. Convex Analysis 24(2) (2017) 493–500.



G. E. Ivanov / Nonlinear Images of Sets I ... 379

[4] M. V. Balashov, G. E. Ivanov: Weakly convex and proximally smooth sets in Banach
spaces, Izv. Math. 73 (2009) 455–499.

[5] F. Bernard, L. Thibault, N. Zlateva: Characterizations of prox-regular sets in uni-
formly convex Banach spaces, J. Convex Analysis 13 (2006) 525–559.

[6] F. Bernard, L. Thibault, N. Zlateva: Prox-regular sets and epigraphs in uniformly
convex Banach spaces: Various regularities and other properties, Trans. Amer.
Math. Soc. 363 (2011) 2211–2247.

[7] N. A. Bobylev, S. V. Emelyanov, S. K. Korovin: Convexity of images of convex sets
under smooth maps, Comput. Math. Model. 15(3) (2004) 213–222.

[8] F. H. Clarke, R. J. Stern, P. R. Wolenski: Proximal smoothness and lower–C2 pro-
perty, J. Convex Analysis 2 (1995) 117–144.

[9] M. C. Delfour, J.-P. Zolésio: Shapes and Geometries, Advances in Design and Con-
trol, SIAM, Philadelphia (2001).

[10] A. V. Dmitruk, A. A. Milyutin, N. P. Osmolovskii: Lyusternik’s theorem and the
theory of extrema, Russian Math. Surveys 35(6) (1980) 11–51.

[11] H. Federer: Curvature measures, Trans. Amer. Math. Soc. 93 (1959) 418–491.
[12] V. V. Goncharov, G. E. Ivanov: Strong and weak convexity of closed sets in a Hilbert

space, Oper. Res. Engin. Cyber Security 113 (2017) 259–297.
[13] A. D. Ioffe: Non-smooth analysis: differential calculus of non-differentiable map-

pings, Trans. Amer. Math. Soc. 255 (1981) 1–55.
[14] A. D. Ioffe: Variational methods in local and global nonsmooth analysis, in: Non-

linear Analysis, Differential Equations and Control, F. H. Clarke and R. J. Stern
(eds.), NATO Science Series C: Mathematical and Physical Sciences 258 (1999)
447–502.

[15] A. D. Ioffe: Metric regularity and subdifferential calculus (in Russian), Uspehi Mat.
Nauk 55(3) (2000) 103–162 , English translation: Russian Math. Surveys 55(3)
(2000) 501–558.

[16] A. D. Ioffe: Metric regularity – a survey. Part 1: Theory, J. Australian Math. Soc.
101(2) (2016) 188–243.

[17] G. E. Ivanov: Weakly Convex Sets and Functions. Theory and Applications (in
Russian), Fizmatlit, Moscow (2006).

[18] G. E. Ivanov: Weak convexity of sets and functions in a Banach space, J. Convex
Analysis 22(2) (2015) 365–398.

[19] G. E. Ivanov: Nonlinear images of sets. II: Applications to differential games, sub-
mitted.

[20] G. E. Ivanov, M. O. Golubev: Strong and weak convexity in nonlinear differential
games, IFAC PapersOnLine 51(32) (2018) 13–18.

[21] G. E. Ivanov, M. O. Golubev: Alternative theorem for differential games with
strongly convex admissible control sets, in: Communications in Computer and
Information Science 974, Optimization and Applications, 9th International Con-
ference, OPTIMA 2018, revised selected papers (2019) 321–335.

[22] G. E. Ivanov, E. S. Polovinkin: On strongly convex linear differential games, Dif-
ferential Equations 31(10) (1995) 1641–1648.



380 G. E. Ivanov / Nonlinear Images of Sets I ...

[23] R. A. Poliquin, R. T. Rockafellar: Prox-regular functions in variational analysis,
Trans. Amer. Math. Soc. 348 (1996) 1805–1838.

[24] R. A. Poliquin, R. T. Rockafellar, L. Thibault: Local differentiability of distance
functions, Trans. Amer. Math. Soc. 352 (2000) 5231–5249.

[25] B. T. Polyak: Existence theorems and convergence of minimizing sequences for ex-
tremal problems with constraints, Dokl. Akad. Nauk SSSR 166(2) (1966) 287–290.

[26] B. T. Polyak: Convexity of nonlinear image of a small ball with applications to
optimization, Set-Valued Analysis 9(1-2) (2001) 159–168.

[27] B. T. Polyak: The convexity principle and its applications, Bull. Braz. Math. Soc.
(N.S.) 34(1) (2003) 59–75.

[28] L. Thibault: Subsmooth functions and sets, Linear Nonlinear Analysis 4(2) (2018)
257–269.

[29] A. Uderzo: On the Polyak convexity principle and its application to variational
analysis, Nonlinear Anal. 91 (2013) 60–71.

[30] J.-P. Vial: Strong and weak convexity of sets and functions, Math. Oper. Res. 8
(1983) 231–259.


