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1. Introduction

Convexity is a very important and quite often critical property in solving op-
timization and optimal control problems. The fact that some modifications of
convex optimization methods can be applied to problems possessing weak con-
vexity stimulated investigations of weakly convex sets, which were considered in
literature under different names. In Federer [11] this class of sets was considered
in R™ under the name ”sets with positive reach”. Further properties of weakly
convex sets in R™ were investigated by Vial [30]. Clarke, Stern and Wolenski [§]
introduced and studied the class of proximally smooth sets in a Hilbert space,
which coincides with the class of weakly convex sets. Poliquin, Rockafellar and
Thibault [24] showed that this class in a Hilbert space is the same as the class of
prox-regular sets introduced by Poliquin and Rockafellar [23]. In Banach spaces
the prox-regular sets were investigated by Bernard, Thibault and Zlateva [5, 6].

Classes of weakly convex objects (functions and sets) are rather wide and include
both convex and smooth (in the proper sense) objects. On the other hand, strong
convexity sometimes gives fundamentally new results in comparison with classical
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convexity, in particular, in dealing with convergence rates of optimization algo-
rithms [22, 25]. In some cases unconvexity of some weakly convex terms of the
problem can be compensated by strong convexity of other terms of the problem,
in such cases the relation between parameters of convexity is critical [3, 21]. In
practice a term of an optimization (or some other) problem may be an image of
a set through some smooth mapping. In this connection the following question
arises: "Which properties of the mapping f and the set S are sufficient for the
convexity (in some sense) of the image f(5)?”

Polyak in [26] showed that the image of a ball with sufficiently small radius through
CY! mapping between Hilbert spaces is convex provided that the center of the
ball is a regular point of the mapping. This Polyak convexity principle and its
applications in optimization have been developed in [7, 27, 29]. Polyak in [26]
noted that the ball in the convexity principle can be replaced by a strongly convex
set.

We develop this idea and obtain sufficient conditions of strong and weak convexity
of the image f(.S) in terms of convexity parameters of the set S, wherein instead
of the assumption about the regular point of the mapping f we assume that the
mapping is covering (open at a linear rate) in case of strong convexity or co-
Lipschitz in case of weak convexity. We obtain exact estimates of the convexity
parameters of the image and show that in general the covering condition can not be
substituted by the co-Lipschitz condition and vice versa, though these conditions
are equivalent for a bijective mapping. Note that our results are nonlocal unlike
the Polyak convexity principle. The covering property is widely used in nonlinear
analysis, optimization, differential equations etc. (seee.g. [1,2, 10, 13, 14, 15, 16]).
As known, see e.g. loffe [13, 14], the covering property is equivalent to the metric
regularity. Our result about weak convexity of the image f(S) correlates with the
results of Thibault [28, Theorems 9.3, 9.5] about preservation of subsmoothness
for inverse images provided that the mapping is metrically subregular.

Further we obtain sufficient conditions for strong and weak convexity of the image
f(S,U) of the Cartesian product S x U of two sets S and U and provide exact
estimates of the convexity parameters of the image in terms of convexity parame-
ters of S, U and parameters of the mapping f. These results can be considered as
nonlinear versions of known results about convexity parameters of the Minkowski
sum S+ U. On the other hand, our previously mentioned results about convexity
parameters of the image f(.S) can be treated as degenerate cases of results about
convexity parameters of f(S,U). In the companion paper [19] we apply these re-
sults for nonlinear differential games and obtain sufficient conditions for the game
reachable sets to be smooth.

The rest of the paper is organized as follows. In Section 2 we recall auxiliary
notions and results concerning Lipschitz, co-Lipschitz, covering, C1'! mappings
and also the signed distance. Section 3 is devoted to some known results on
strongly and weakly convex sets in a Hilbert space, which are used in next sections.
In Sections 4 and 5 we obtain correspondingly strong and weak convexity of the
images of C'Y' mappings.
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2. Auxiliary notions and results

We use B,(c) to denote the closed ball in a metric space (X, ox) with center ¢ € X
and radius r > 0:
B(0)={reX: gx(r.c)<r}.

Let (X, 0x) and (Y, gy) be metric spaces. For a mapping f: X — Y and a set
S C X we use lip(f, S) to denote the Lipschitz constant of f on S, i.e. the infimum
of L > 0 such that

oy (f(21), f(z2)) < Lox (1, 22) Vi, e € 5.
As usual, the infimum of the empty set is defined as 4o0.

A mapping f: X — Y is called co-Lipschitz on S C X if there exists § > 0 such
that

oy (f(z1), [(z2)) > Box(w1,22)  Var, a2 €S. (1)
Denote by colip(f,.S) the supremum of such 5 > 0. If no such 8 > 0 exists, set
colip(f,S) = 0.

If a mapping f: X — Y is Lipschitz continuous and co-Lipschitz on S C X, it is
called bi-Lipschitz on S.

A mapping f: X — Y is called covering (open at a linear rate) on S C X if there
exists o > 0 such that for every z € S and every t > 0, with B,(z) C S, it holds

Boi(f(#)) C f(Bi(x)). (2)
Denote by sur(f,S) the supremum of such ¢ > 0. If no such ¢ > 0 exists, set
sur(f,S) =0.

Recall that f: X — Y is called injection if f(z1) = f(x2) implies that z; = x5 for
all z1,29 € X and f: X — Y is called surjection if f(X) =Y. If f is an injection
and a surjection, it is called bijection.

Remark 2.1. If f: X — Y is co-Lipschitz on X it is an injection. If f: X — Y
is covering on X, it is a surjection.

For the sake of completeness of the paper, we provide the following rather obvious
proposition with its proof.

Proposition 2.2. Consider two metric spaces (X, 0x) and (Y, oy) and a function
f: X—>Y.

(i) If f is an injection, then sur(f, X) < colip(f, X).
(ii) If f is a surjection, then colip(f, X) < sur(f, X).
(iii) If f is a bijection, then colip(f, X) = sur(f, X).

Proof. (i): If sur(f, X) = 0, then sur(f, X') < colip(f, X) holds trivially. Assume
that sur(f, X) > 0 and f is an injection. Fix some o € (0,sur(f, X)). Then for
every € X and every ¢ > 0 one has (2). Fix any 1,29 € X and use (2) for

z =y and ¢ = gy (f(21), f(x2))/0. We have f(22) € Bot(f(21)) C f(Bi(z1)).
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Hence there exists x € B;(x1) such that f(x2) = f(x). Since f is an injection
it follows that xo = x. So, ox(z1,22) < t = oy (f(z1), f(z2))/o and (1) holds
for § = 0. So, colip(f,X) > o for any ¢ € (0,sur(f, X)) and, consequently,
sur(f, X) < colip(f, X).

(ii): If colip(f, X) = 0, then colip(f, X) < sur(f,X) holds trivially. Assume
that colip(f,X) > 0 and f is a surjection. Fix any 5 € (0, colip(f, X)). Then
(1) holds. Fix any x € X, t > 0 and y; € Bgs(f(x)). By surjectivety of f
there exists 1 € X such that y; = f(z1). Using (1) for zo = x, we obtain
Box(x1,z) < oy(f(x1), f(x)) < Bt. Thus, 1 € Bi(z) and hence y; € f(By(x)).
This yields (2) for ¢ = . So, sur(f,X) > g for any 5 € (0, colip(f, X)) and,
consequently, colip(f, X) < sur(f, X).

Assertion (iii) immediately follows from (i) and (ii). O

Remark 2.3. In general colip(f, S) # sur(f,S). For example, if X = R?, Y = R,
f(z1,29) = xp for all (z1,72) € R? then colip(f,X) = 0 < 1 = sur(f, X).
On the other hand, if X = R, Y = R? f(x) = (z,0) for all z € R, then
sur(f, X) =0 < 1 = colip(f, X).

Let X and Y be Banach spaces. Denote £(X,Y’) the Banach space of all linear
continuous operators from X to Y equipped with the operator norm. Given an
open set V. C X, a function f: V — Y and a point oy € V, we denote by
Df(zo) € L(X,Y) the Fréchet derivative of f at xg. Let S C X. A mapping
f: S —= Y is called Fréchet differentiable if it can be extended on an open subset
V C X with S C V such that the extension f: V — Y is Fréchet differentiable on
S. We use Df(z,) to define the Fréchet derivative D f () of the extension f: V —
Y at the point 75 € S. Denote C'(S,Y) the class of Fréchet differentiable
functions f: S — Y such that the Fréchet derivative Df: S — L(X,Y") satisfies
the Lipschitz condition

IDf(x1) = Df(z2)l| < oy = 22 Vay, 25 € 5.

Denote by lip(Df, S) the infimum of such .

Proposition 2.4. [29, Lemma 2.7]. Let S C X be a convex set and consider
feCH(S,Y). Then

f(x1) + f(22) _f(5171+9€2
2 2

)H < %Hﬂh — 29)|* Va2 €8S.

The distance from z € X to S C X is d(x,S) = infyes ||z — y||.

The excess of A C X over C' C X and the Hausdorff distance between A and C'
are defined as

ex(A,C) =sup d(a,C), and h(A,C) = max{ex(A,C),ex(C,A)}.

acA
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Following [9] we define the signed (oriented) distance from x € X to S C X as

inf ||z — X
inf |lz — ) z€X\S,

d(z,S) =
@ S) =3 it le—yl, wes.
yeX\S

Remark 2.5. If z € S, then sd(z,S) = —sup{r > 0: B,.(z) C S}.

It follows from the definitions that the signed distance function is Lipschitz con-
tinuous with constant 1 relative to the point:

|sd(z1,S) — sd(xs,5)| < ||lxy — 22| Vzi,29€ X VS CX. (3)

The next proposition states that the signed distance function is Lipschitz contin-
uous with constant 1 relative to the set with respect to the Hausdorff distance
provided that the set is convex.

Proposition 2.6. ([20, Theorem 5].) Let S; C X be convex and Sy C X. Then

sd(x, S1) — sd(x,53) < ex(S,, S).

3. Strongly and weakly convex sets

Let H be a Hilbert space. We identify H with its dual and use (z,y) to denote
the inner product of z,y € H. As usual, we consider H as a Banach space, a
metric space and a topological space with the norm, the metric and the topology
induced by the inner product. For a set S C H by int S, S and 9S we denote the
interior, the closure and the boundary of S respectively.

Let » > 0. A set S C H is called strongly convex with radius r if it can be
represented as an intersection of closed balls with radius r, i.e. there exists C' C H

such that
S =) B0
ceC

Denote by R*(S) the infimum of such r > 0.

Remark 3.1. If S C H is strongly convex with radius r, it is closed, convex and
strongly convex with any radius r’ > r.

We define nt)=1—+v1—-1t2, te]|0,1]. (4)

Note that n(£) =1— /1 — % is the modulus of convexity of a Hilbert space. It

follows directly from (4) that the function n: [0,1] — R is convex, increasing and

n(Lt) > L*n(t) VL>1, Vte {O; %} : (5)

2

and % <n(t)  Vtelo:1]. (6)
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Recall that the Fréchet normal cone to a set S C H at a point xy€ .S is defined as
N(zo,S)={2" € H: Ye >030 > 0:Vx € SNBs(xg) (2", x—x¢) < &|x—u0]}.

Proposition 3.2. Given a closed set S C H and r > 0, the following assertions
are equivalent:

(i) S is strongly conver with radius 7.
(i) r>RH(S).

(iii) For any x1,2z2 € S one has ||x; — x2|| < 2r and

T+ X9 Hxl _x2|‘
Sd( ,S) ’f’?’]( o

(iv) For any xo € S and p € N(x,S) with ||p]| =1 one has S C B,(xy — rp).

A closed set S C H is called weakly convex with radius r > 0 if for any z, € S and
p € N(x0,S) with ||p|| = 1 one has S Nint B,(x¢ + rp) = (). Denote by R~(S) the
supremum of such 7 > 0. If no such r > 0 exists, set R™(S) = 0.

Remark 3.3. If S C H is convex and closed, then it is weakly convex with any
radius r > 0. If S C H is closed and weakly convex with radius r > 0, it is weakly
convex with any radius " € (0,r).

Proposition 3.4. Given a closed set S C H and r > 0, the following assertions
are equivalent:

(i) S is weakly convex with radius r.
(i) r <R (9).

(iii) For any x1,xo € S such that ||z1 — z2|| < 2r one has

T+ 2 |1 — 2|
d|l —= < -— .
s ( 2 ’S>—m( o

Propositions 3.2 and 3.4 are proved in [12]. Note that in Banach spaces Proposi-
tions 3.2 and 3.4 may be false. Properties of strongly and weakly convex sets in
Banach spaces were studied in [4, 5, 6, 18].

The Minkowski operations (sum and difference) for A,C' C H are
A+C={a+c: a€A ceC}, and AXC={zeH: z+CC A}

Proposition 3.5. ([17, Section 1.12]).

(i) Let A C H and C C H be strongly convex sets. Then A + C' is strongly
convexr and

R (A+C) < RH(A) + RH(O).

(ii) Let A C H be weakly convex and C C H be strongly convez, RT(C') < R™(A).
Then A+ C' is closed and weakly conver,

R (A+C) >R (A) —RHC).
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4. Strong convexity of the image

Lemma 4.1. Let X and Y be Hilbert spaces and let S C X be a strongly convex
set. Assume that a mapping f € CY1(S,Y) is covering on S. Let

r=R"S)>0, ~=Ilip(Df,S), o=sur(f,S), <o

Then, for all x1,x9 € S,

sd (M f(S)) < —r(o = )y (M) |

2 2r

Proof. Fix any z;,75 € S. Denote f = (f(x1) + f(22))/2, T = (21 + 29)/2.
Proposition 3.2 implies that ||z1 — 22| < 2r and sd(7, S) < —rn(||x1 — 22| /27).
Using closedness of S we get By(Z) C S with t = rn (|21 — x2||/2r). Since o =
sur(f,S) we get By (f(T)) C f(B(T)) C f(S) for all ¢’ € (0,0) and hence

sd(f(7), f(5)) < —at.

According to Proposition 2.4 and by (6) we have

— xrK1 —
1) =71 = 2l = aafP < o (12220

and hence by (3)

sd(F, f(9)) < sd(f(@), (SN +f@)—F|| < —(or—12y)n (Hxl Q—TxQH) O

Theorem 4.2. Let X andY be Hilbert spaces and let S C X be a strongly convex
set. Assume that a mapping f € CH(S,Y) is covering on S. Let R*(S) > 0 and
RT(S) -lip(Df,S) <sur(f,S). Then f(S) is strongly convex and

R¥(S) - lip*(f,9)
sur(f,S) — R*H(S) - lip(Df, S)

RY(f(9)) <

Proof. Denote r =R*(S), v =1ip(Df,S), L =lip(f,S), and o = sur(f,5).

To prove that f(S) is closed assume the contrary: there exists a sequence { fx} in

f(S) such that limy . fx = fo & f(S). Since fr € f(S) for any k& € N one can
find x € S such that fy, = f(zx). According to Lemma 4.1

sd(fk;f”,f(S)) < —r(c—ry)n (W) Vk,n eN.

Using (3) we get sd (%,f(é’)) i sd(fo, f(S)) > 0. So,

p(leepmd) e
2r
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and hence {z;} is a Cauchy sequence. Consequently, {z;} converges to some

g € S and fy = klim f(zr) = f(xo) € f(5). The contradiction shows that f(.S)
—00

is closed.

Fix any fi, fo € f(S). One can find x1,29 € S such that f, = f(xy), k = 1,2.
Lemma 4.1 implies that

d (fl L59) < ot - (520

2 2r

Denote o = = lip(f, S) we have || fi — fa|| < L||x1 —22]| < 2rL < 2p
and by (5) we get
fit [ A= Ll A= Fl
< _ _
i1 109)) < vt = (V1) < N
Thus, Proposition 3.2 implies that R™(f(S5)) < o. O

Example 4.3. Fix any positive reals r,v, any o > rv, and L > 0.
Let X =Y = R? and the mapping f: R? — R? be defined as

fzy,m0) = <La:1, oy + %x%) . (1, 10) € R
For any ¢ € (0,r) consider
S, = {(z1,m2) €R?*: ]+ a5 <7r? 23+ (20 —7)* <%}
One can see that

Jr . . o . . . . .
RT(S:) =r, lip(Df,S:) =7, El_lg_lo lip(f,S:) = L, El_lgrlosur(f, Se)=o0

Around the point (0,07) the condition (y1,y2) € f(S:) is equivalent to the in-
equality

-
Yo —or < — 2L2 ——5 Y +o(yt), y1 = 0.
L? R*(S:) - lip®(f, Se)
o li + g > 7’— — i € y Mg .
enee, eiIEOR ((5:)) 2 o—ry e540 sur(f,S:) — R*(S:) - lip(Df, S:)

So, the estimate obtained in Theorem 4.2 is exact.

Example 4.4. Let the mapping f: R — R? be defined as

For any r > 0 consider S = [—r,r] C R. We see that R*(S) =r, lip(Df,S) =1
lip(f,S) = V1+7r2, sur(f,S) =0, colip(f,S) = 1, and f(S) is not convex for
any r > 0. So, the covering condition in Theorem 4.2 can not be substituted by
the co-Lipschitz condition.
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Define the scalar product in the Cartesian product X x Y in a standard way:

<(l’17y1), ($2,y2)> = <5U1,5L’2> + <y1,y2) V(flfl,yl) € X xY, V(9€2>y2) € X XY,

Therefore, the norm in the Hilbert space X x Y will be expressed through norms
in X and Y as

Izl = V=l +llyll> - v(zy) e X x V. (7)

Lemma 4.5. Let X, Y and Z be Hilbert spaces; let S C X and U C'Y be strongly
convex sets. Assume that f € CYY(S x U, Z) and for all x € S and u € U the
mappings f(x,-) and f(-,u) are covering on U and S correspondingly. Let

rs =RYS)>0, ry=R"U)>0, ~=lip(Df,S xU),

L, =suplip(f(-,u),S), L, =suplip(f(z,-),U), o, = infsur(f(-,u),S),

wel zeS uel

Oy = irelgsur(f(m, ')a U)a rsY < Oz, TyY < Oy,
TsLi ryL?

Ow= —" 0= 0z + Ou-

Oz = )
Ogp —TsY Oy —TUu7

Then, for all x1,x5€ S, uy,us €U, one has Ly|x1 — za|| + Ly||ur — us|| < 20 and

od (f(ﬂilaul) ;r f($2yu2)’f<57 U)) < —on (Lmecl - $2||2+9Lu||ul - U2||> ‘

Proof. Fix any x1,29 € S and uy,us € U. Denote

f(xl,u1)+f($2,u2) T = U1+U2 T — Ilfl—i-[EQ

f= 2 : 9 2

Proposition 3.2 implies that ||z —xs|| < 2rg, ||u; —us|| < 2ry and sd(z, S) < —t,,
sd(u, S) < —t,, with

|21 — 22| |ur — ugl|
t, = — ), t,= —_— .
rsn < I run 2y

Hence, L. ||x1 — xo|| + Lu||ur — uo|| < 2L,1s + 2L,y < 2(0: + 04) = 20.
Using the closedness of S and U we get B, () C S and By, (u) C U.
Since o, = 125 sur(f(-,u),S) it follows that
By, (f(T,u)) C f (B, (T),u) C f(S,u) Vu e U, Vol € (0,0,). (8)

Similarly,

Bo&tu(f(x7ﬂ)) - f (ZE, Btu(ﬂ)) C f(l', U) \V/l’ € S? VO_'IM € (Oa0u>‘
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Hence, for each o/, € (0,0,),

U Boe (f(z.m) € | f(2,U) = f(S,U). 9)
Since By, (f (x’ﬂ)3€i U (f (m,ﬂ)x—el—sz) it follows that
2€B,,. (0)
UBow(f@a)= U UU@w) +2)
z€S 2€B,,, (0)z€S
= U ((50)+2) = f(5,7) + By, (0).
Thus, (9) means that #Hotn 0

f(8,1) + By, (0) C f(S,U) Vo, € (0,04).
Using (8), we get for all ¢, € (0,0,) and o, € (0,0,)
Boytoton (f(@,1) = Boyr, (f(7,4)) + Boy,(0) € f(5,1) + By, (0) C f(S,U).
This means that sd(f(z,u), f(S,U)) < —(04ts + outy).
According to Proposition 2.4 and by (7), (6) we have

-\ 7 v
1f @ @) = Il < gUler = 2l + [lux = ua*)
< 2 |1 — 22| 2 [y — ua|
=T ( g +rpm 2y
and hence by (3)

sd(f, f(S,U)) < sd(f(@, @), f(S,0)) + | f(x,7) - [l
< —rs5(0z —rsY)n (—Hx;;:c?”) —ry(ou — oY) (—||U1—U2H> .

27"(]

Using (5) and convexity of n(-) we get

Sd(T’ f(5,0)) < _r?qu;n (Hxl z 332“) - T%Lin (Hul - Uz”)

Ox QTS Ou 2TU
< —omn Ly|lz1 — 2o o Lyllur — us|
20, 204
Ly||zy — x| + Ly||ur — us
< —op (el Ll -

Theorem 4.6. Let X, Y and Z be Hilbert spaces; let S C X and U C Y be
strongly convex sets. Assume that f € CYY (S x U, Z) and for allz € S andu € U
the mappings f(z,-) and f(-,u) are covering on U and S correspondingly. Assume

RT(S) >0, RT(S)-lip(Df,SxU) < ilelgsur(f(-,u),S),

RY(U) >0, RYU)-lip(Df,SxU)< irelgsur(f(x, ), 0).
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Then f(S,U) is strongly convex and

’R’+<S) ’ Suplip2(f(-,u), S)

RIf(S,U) < Sur(f(.’u)75)ue_UR+(S)-lip(Df,S>< U)

uelU

R*(U) -SlégliPZ(f(fﬂ, ), U)

s (@), 0) — R U) Tp(Df, S x U)’

z€eS

Proof. Denote rg = RY(S), ro = RT(U), v =lip(Df, S x U),

Loc = sup hp(f('vu)v 5)7 Lu = suplip(f(:v, ')’ U)v

uelU zeS

o, = inf sur(f(-,u),S), o, = infsur(f(z,-),U),

uelU zeS
rgL? ry L2
Op = ———, Oy = ——, 0= 0z + Ou-
Op —T87 Oy —TUu?y

We prove the closedness of f(S,U) by contradiction. Assume that there exists a
sequence { fx} in f(S,U) such that klim fre=fo & f(S,U). Since f € f(S,U) for
—00

any k € N one can find 23 € S and uy € U such that f, = f(zx,ux). According
to Lemma 4.5

n La: - 4n Lu - Un
sd(fk;—f ,f(S,U)) S—m]( o =2 ”;Q e = ”) Vk,n € N.

Hence, in view of (3) we have

< —limsup sd (fk —; fn,f(S, U))

k,n—o0

Lac”xk - an + Lunuk - Un”)

lim sup on < 5
0

k,n—o0
= _Sd(f07 f(Sa U)) S 0.

So, {z1} and {ux} are Cauchy sequences. Consequently, {x)} converges to some
xo € S, {ux} converges to some ug € U and thus

fO = kh_)rgof<mkvuk) = f(JZO,UO) € f(Sa U)

The contradiction shows that f(.S,U) is closed.

Fix any f1, fo € f(S,U). Then one can find z1,z9 € S and uy,uy € U such that
fr = f(xg,ug), k = 1,2. Lemma 4.5 implies that L, ||z — za|| + Ly ||us — ua|| < 20

and
sd (—fl 5 s U)) < —on <L"”“Il e “2”) |
0
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Since L, = suplip(f(-,u),S) and L, = suplip(f(z,-),U) it follows immediately

uelU z€eS
that [|fy — fol| < Lallzy — 22| + Lulluy — uz|. Hence, || fi — fof| < 2¢ and

d (fl—;fQ,f(S, U)) < —on <||f12gf2||>

Applying Proposition 3.2 yields R™(f(S,U)) < o. O

Remark 4.7. Theorem 4.2 can be considered as a degenerate case of Theorem
4.6 with U = {0}, RT(U) = 0.

Remark 4.8. Since the Cartesian product S x U of two strongly convex sets
S C X and U C Y in general is not strongly convex in X x Y Theorem 4.6 does
not follow from Theorem 4.2.

Remark 4.9. Theorem 4.6 is a generalization (a nonlinear version) of Proposition
3.5(1). Indeed, given A C H and C' C H as in Proposition 3.5(i), applying
Theorem 4.6 for X =Y = H, S=A, U =C and f(z,u) = x + u, we obtain the
assertion of Proposition 3.5(i).

Example 4.10. Fix any positive reals rg, vy, v, 0x > sy, ou > ru7y, Ly > 04,
L, > o,. Consider X =Y = Z = R? and the mapping f: R? — R?

f(x1, 2o, up, ug) = (Lxxl + Lyuy, 0,29 + oy us + %(ﬁ + u%)),

for (z1,75) € R* and (u;,us) € R For any ¢ € (0, min{rg,ry}) consider
S, = {(x1, 1) € R?: 2?2 + 25 <73, 27+ (x5 —75)* <%},
U = {(ur,u2) €R®: uf +uj <1y, uf + (ug —1y)* < €}
One can see that
R*(S:)=rs, RT(U.)=ry, lip(Df,S: x Ue) =1,
lim sup lip(f(-,u), S:) = La, El_iglo Sllp lip(f(z,-),Us) = Lu,

e—+0 wel,
Jug, Jof (), 5 = 0w Jug, i su(f(@,),0) = o

Consider the function h(y1) = sup{ys: (y1,42) € f(S.,U:)}.
It follows from the definition of f, S. and U, that
h(y:) = sup {am + oty + 2 (
(21,y1)ESe, (x2,y2)EUe: 2
Lzml‘i’Luul:yl

= sup o s—x—Q + 0oy U——2 +z(~”€%+u%) +o(yi)
T1,U1: 27’5 2TU 2

Lyx1+Lyui=y1

2t ) |

2
=0.Ts + 0,y — ?2/_; + O(y%)7 vy — 07
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. reL? ryL? .
with o = + . Consequently, lim. .o RT(f(S:,U:)) > 0
Oz —T78%  Ouw—TU7Y
This example shows that the estimate of the radius of strong convexity of f(.5,U)
obtained in Theorem 4.6 is exact.

5. Weak convexity of the image
We use conv S to define the convex hull of S C X.

Theorem 5.1. Let X and Y be Hilbert spaces and S C X be a closed and weakly
convex set. Assume that a mapping f € CY(conv S,Y') is bi-Lipschitz on conv S.
Then f(S) is closed and weakly convez, wherein

R(S) - colip?(f, S)
lip(f, conv S) + R~(S) - lip(Df,conv S)

R(f(9)) >

Proof. Since f is bi-Lipschitz on a closed set S, it follows that f(.S) is closed as
well. Denote r = R~(S), L = lip(f,conv S), o = colip(f,S), v = lip(Df,conv S),
and o =ro?/(L+ry).
Fix fi1, fo € f(S) with || fi — f2|| < 20. One can find z1, 2z, € S with f = f(xy),
= 1,2. Denote f = (fi + f2)/2, T = (21 + 22)/2. Since ¢ = colip(f,S), it
follows that ||x1 — xo|| < || fi — faoll/o < 20/ < 2r. According to Proposition 3.4
we have sd(z,S) < rn(||zy — z2]|/2r). Fix any € > 0. One can find & € S such
that ||z — Z|| < rp(||xy — 22]|/27) + &. In view of L = lip(f, conv S) we get

sd(f(@), £(8)) < () — F@I < LIz — 2 < Lrn (”%”) fIe

Passing to the limit as ¢ — +0 we obtain sd(f(Z), f(S)) < Lrn(||z1 — x2||/27).
Since v = lip(Df, S) according to Proposition 2.4 and in view of (6) we obtain
1f(@) = fIl < £llwr — 22| < r*yn(|a1 — 22| /2r). Hence by (3)

Sd(?,f(s)) <sd(f(@), f(9)) + ||f(T) _?H < (L +ry)rm <||$1 2;132”) .

In view of || fi — fao|| > o||x1 — x2|| by (5) we get

sd(F.1(5) < (L e (VL) < g (LB

g

Using Proposition 3.4 we complete the proof. O

Example 5.2. Fix any positive reals r,v,0 and any L > o.
Consider X =Y = R? and the mapping f: R? — R?

flzy,20) = (le, Ly — %x%) (z1,72) € R%
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For any € € (0,r) consider
Se = {(v1,22) €R®: 2 + a5 > 1% 2]+ (za—1)> <7}

Similarly to Example 4.3 one can see that R™(S.) = r, lip(Df,conv S.) = v,
lim. o lip(f,convS.) = L, lim._,,qcolip(f,S:) = o, and

ro? R(S.) - colip*(f, S.)

li - < li :
6_1}12073 (F(52)) < L+ry 5 to lip(f,conv S.) + R~(S;) - lip(Df, conv S;)

So, Theorem 5.1 provides an exact estimate.
Example 5.3. Consider the covering mapping f: R3 — R?
f(x1, 29, 23) = (71, 73), (1, 2, 23) € R’

One can see that the image of the weakly convex set S = {(cost,sint,sin2t) : t €
[0, 27]} is not weakly convex. This example shows that the co-Lipschitz condition
in Theorem 5.1 can not be substituted by the covering condition.

Lemma 5.4. Let X, Y and Z be Hilbert spaces; let S C X be a weakly convex
set and U C'Y be a strongly convex set. Assume that f € CH(conv S x U, Z) is
such that for all w € U the mapping f(-,u) is bi-Lipschitz on conv S and for all
x € S the mapping f(x,-) is covering on U. Let

rs =R (S)>0, ry=R"(U)>0, ~=Ilip(Df,convS xU),
L, =suplip(f(-,u),convS), L, =suplip(f(x,-),U),
uelU €S

Oy = in(fjcolip(f(',u),S), o, = inf sur(f(z,-),U),
ue

rEconv S

rso? ryL?

FUY < Ouy 0p = ——2— 0y = ——2— 0= 0, — 04 >0, £€(0,0).
UV S O O =TI Ou S o 0% 0 O (0, 0)

Then, for any x1,x9 €S, uy,us €U such that || f(x1,u1) — f(z2,us)|| < 20 one has

od (f(ail,’lh)+f(£C2,U2)’f(S’U)) i eLirg; n(Hul —UZH)

2 0u(0u +€) 2ry
| f (21, u1) — f(z2, us)|
<o (g =il

Proof. Fix some z1,25 € S, uy,us € U such that || f(z1,u1) — f(x2,u2)| < 20.
Denote fi = f(zr,ux), k= 1,2, f = (fi+/f2)/2, T = (v1+22)/2, T = (u;+us)/2,
t = rgn(|Jur — ugl|/2ry). Since ry = RT(U) it follows by Proposition 3.2 that

|lur — us|| < 2ry and By(uw) C U. In view of 0, = inf Ssur(f(x,-),U) we see
reconv

that Bor¢(f(Z,w)) C f (7, By(w)) C f(z,U) for all o;, € (0,0,) and hence

sd(f(T,0), f(T.U)) € ~out = —ourn (M) |

27’(]
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According to Proposition 2.4 and in view of (6) we have

1/ (1) = fll <

< 2 1 — 2| 2 [ur — ua| '
=5 ( I +rom 2y
and hence by (3)

saF. £3,0)) < ruo, = o (P22 g (12 2220)

2ry 2rg

(llzr = @al? + [Jus — ua|?)

0|2

In view of definition of o, we have

ollzr = 2| < | f (21, W) = fao, W < fr = foll +[[f (21, 0) = All + [ f (w2, ) = fal]

So, by definition of L,

1 = foll + Lullus — o]
Oy ’
2@ + 2LurU < 2Q:r

Oz Oy

|21 — 22| <

(11)

Consequently, |21 — 22| < < 2rg.

Fix any 0 > 0. Since S is rg-weakly convex by Proposition 3.4 there exists z € S
such that ||z — Z|| < ren(||x1 — x2]|/2rs) + 6. According to Theorem 4.2 the set
f(z,U) is convex. In view of Proposition 2.6 we get

Sd(77 f('%a U)) o 8d(?7 f(f7 U)) < ew (f(ia U)a f(ﬁja U)) < LIHE o '%Ha
where the latter inequality follows from the definition of L,. This and (10) imply

sd(f, f(S,U)) < sd(f, f(2,U)) < sd(f, f(T,U)) + L. |[T - ]|

U —Uu xr1 — X
< —ry(ow —ruy)n (H—M> +rs(Ly +rsy)n (%) + L,0.
U

Passing to the limit as 6 — 40, we obtain

sd(f, £(5,U)) < —ry(ow—rov)n (Hul — uQ”) r(La + rs7)7 (w) ,
that is

sd(F, f(S,U)) < TULQ (““1 —“2”) TZU : (Hxl2;sx2”)' 12
Denote N Qe (13)
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Since 0 < € < p = 0, — 0, we have A € (0,1). By convexity of 7(+) it follows from
(11) that

|21 — o] < f1 = foll + Lullur — us]
n =7
2rg 2rg0,

1f1 = fall Ly|lur — us|
< (=M <27”50'x(1 — /\)) + A < 2rgo A ) )

In view of the inequalities o, < 750, "k < 2 < X\ by virtue of (5) we get

SOz — Qz

Hfl—f2H Ox ? Hfl_f2H
_ M AN ) o B b J2l d
K (27“5096(1 ) = s, ) T 20—V, ) ™
. Ly |luy — us| < Ty Ly 277 w1 — us| ‘
2rqo, A rgOzA 2ry
Hence

2 2 _ — 272 —
7"5%77<||901 $2||) §<1_)\>an( 1L = fal >+7“U un(Hul U2||).
0u 2rs 2(1=A)oa Aox 2ry

In view of (12), (13) this completes the proof. O

Theorem 5.5. Let X, Y and Z be Hilbert spaces; let S C X be a weakly convex
set and U C'Y be a strongly convex set. Assume that f € CY(conv S x U, Z) is
such that for all u € U the mapping f(-,u) is bi-Lipschitz on conv S and for all
x € S the mapping f(x,-) is covering on U. Let

R (S) >0, RY(U) >0, irelgsur(f(m, ), U) > R(U) - lip(Df, conv S x U),

R7(S) - inf colip®(f (-, u), S)
G = sup lip(f (-, u), conv S) + R=(S) - lip(Df,conv S x U)’

uelU

R+(U) * Sup llp2(f(l’, ')7 U)
z€S
inf sur(f(z,-),U) —R*H(U)-lip(Df,conv S x U)

rEconv S

Ou =
and 0= 0, — 0y > 0.
Then f(S,U) is closed and weakly convex with R=(f(S,U)) > p.
Proof. Denote rg =R (S), ry =R (U), v =lip(Df,conv S x U),

L, =suplip(f(-,u),convS), L, =suplip(f(x,-),U),

uelU zeSs

Op = in(fjcolip(f(-,u),S), o, = _inf sur(f(z,-),U).
ue

rEconv S
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Suppose that f(S,U) is not closed. Then there exists a sequence {fx} in f(S,U)
such that limy . fr = fo € f(S,U). Without loss of generality we can assume
that || fx — fol| < o for all k € N. Since fr € f(S,U) for any k € N one can find
x € S, ug € U such that fi, = f(zx,ux). Fix any € € (0, 0). According to Lemma
5.4 for any n, k € N

o(Bde pisy) o b (Ll

Qu(@u + 5) 2TU
<(o—¢)n <—H2J(Cl;__fz)”) B ),

Using (3) we get  sd (fk ; fn,f(S, U)) ey sd(fo, f(S,U)) > 0.
So. . (M) knogo
QT’U

and hence {u;} is a Cauchy sequence. Consequently, {u;} converges to some
ug € U. Using the definitions of o, and L, we get

ollzr = zall < (1 f(h; w0) = f (20, o) |

k, n—>oo

< e = Sl + Lulllue = uoll + llun — uol]) 0.

Thus, {z}} is a Cauchy sequence and consequently converges to some zq € S.
The relations

fo=lim f = klglolo e, ug) = f(xo,uo) € f(S,U)

k—o0

contradict the assumption that fo & f(S,U). This proves that f(S,U) is closed.

Now fix any fi, fa € f(S,U) such that ||fi — f2| < 20. One can find uy,uy € U
and z1,x9 € S such that fr, = f(zx,ux), £ = 1,2. According to Lemma 5.4 for
any € € (0, o) we have

Ji+ fo
d(—2

$5.0) < (0-em (=21,

2(0—¢)

Passing to the limit as ¢ — 40, we obtain

Ji+ [ |fi — fo]
o(APrs o) < (1R,

By Proposition 3.4 we get that f (S, U) is weakly convex and R (f(S,U)) > 0. O

Remark 5.6. Theorem 4.2 can be considered as a degenerate case of Theorem
5.5 with S = {0} and S in place of U, Theorem 5.1 is a degenerate case of the
same theorem with U = {0}.
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Remark 5.7. Since the mapping f: convS x U — Z in Theorem 5.5 is not
co-Lipschitz, Theorem 5.5 does not follow from Theorem 5.1.

Remark 5.8. Theorem 5.5 is a generalization (a nonlinear version) of Proposition
3.5(ii). Indeed, given A C H and C C H as in Proposition 3.5(ii), applying
Theorem 5.5 for X =Y =H, S=A, U =C and f(z,u) = x + u, we obtain the
assertion of Proposition 3.5(ii).

Remark 5.9. Fix any positive reals rg, ry, v, 0z, 0y, Ly > 0., L, > o, such
that ryvy < 0, and

reo? ryL?

X
Lo+ 757 Oz =~ Ou JE———

Consider X =Y = Z = R? and the mapping f: R? — R? defined by

f(xlax%ula u2) = (wal + Luula L:):xZ — OyUg — %(:E% + U%)) 3

for (z1,z9) € R?* and (uy, up) € R% For any € € (0, min{rg, ry}) consider
S. = {(z1,29) €R?: 2]+ 25 > 7%, 25 + (32 —15)* < &2},

U. = {(u1,up) € R*: uj +uj <7rf, ui + (up —1p)? < €2},

Similarly to Example 4.10 one can see that
R (S.)=rg, RT(U.)=ry, lip(Df,convS. x U,) =",

lim sup lip(f(-,u),convS.) = L,, lim suplip(f(z,-),U:) = Ly,

e=>+0 yel. e=+0 zes.

Jim, inf colip(f(u),5) =op, lim, inf  sur(f(z,),Ue) = o
lim R™(f(S:,U:)) < 0z — 0u-
e—+0

This example shows that the estimate of the radius of strong convexity of f(.S,U)
obtained in Theorem 5.5 is exact.

Acknowledgments. The author thanks the referee for useful comments.
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