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1. Introduction

Variational inequality (VI) modeling, analysis and computations are important for
many applications, see [1, 5, 7, 8,9, 12, 27, 34, 35]. Recently, researchers have paid
great attention to differential variational inequalities (DVIs), which is a fruitful
modeling paradigm for many problems arising in economics, operations research
and mathematical programming, see [3, 4, 7, 28, 29, 31]. Two main research areas
are: existence of solutions and stability of solutions.

Let us first review some results on existence of solutions about DVIs. Pang and
Stewart [28] systematically discussed DVIs on Euclidean spaces. Li and Huang [18]
studied the existence of Carathéodory weak solutions of differential mixed vari-
ational inequalities (DMVIs) on finite dimensional spaces, which generalized the
corresponding results in [28]. When the ordinary differential equation is replaced
by a partial differential equation, such problems are called as partial differential
variational inequalities (PDVIs) in Liu et al. [23]. Liu et al. studied the exis-
tence of mild solution of partial differential mixed variational inequality on real
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Banach spaces in [22], and the existence of mild solutions of partial differential
variational inequalities (PDVIs) involving nonlocal boundary conditions on real
Banach spaces in [21]. For more results about the existence of solutions of DVIs
or PDVIs, we refer the reader to [16, 17, 24, 25, 32].

Next, we review the solution stability results of DVIs and PDVIs. Pang and
Stewart [29] studied the continuous dependence of solutions of a DVI with respect
to its initial conditions on finite dimensional spaces. Wang et al. [33] studied
the upper semicontinuity and continuity of the Carathéodory weak solution set
mapping of a DMVI when both the mappings involved in the mixed VI and the
constraint set are perturbed on finite dimensional spaces. On Hilbert spaces,
Gwinner [7] obtained the relationship between a DVI and a projected dynamic
system, studied the stability of the slow solution set of a DVI, and gave a novel
upper set convergence result with respect to perturbations in the data. Li and Liu
et al. [19] studied the sensitivity analysis of optimal control problems for a class
of systems governed by a differential inclusion on a separable Hilbert space and a
hemivariational inequality on a reflexive real Banach space. Li et al. [20] studied
the exponential stability of differential hemivariational inequalities on real Banach
spaces. Solution stability is also important in optimization; see [10, 11, 15] and
references therein.

However, up to now, there are few research results on the existence of solutions
of the PDVIs on infinite dimensional spaces with the mapping in variational in-
equality being set-valued and on the stability of the DVIs or PDVIs on finite
dimensional or infinite dimensional spaces. Nevertheless, many problems arising
in engineering, operational research and economical dynamics are described by
PDVIs on infinite dimensional spaces.

The goal of this paper is to study the existence of the mild solution and the
stability of PDSVI(1) on real Banach spaces with the constraint set K and the
set-valued mapping F' being perturbed by different parameters. Our results about
existence of mild solution of PDSVI(1) generalize Liu, Zeng and Motreanu’s some
results in [23] for the case that the mixed part in VI in [23] is an indicator func-
tion. While the mapping in VI in [23] is single-valued, the mapping in VI in
our PDSVI(1) is set-valued. Our stability results about PPDSVI(2) generalize
Wang, Li and Huang’s some results in [33] from finite dimensional spaces to infi-
nite dimensional spaces, from ordinary differential variational inequality to partial
differential variational inequality, for the case where the mixed part in VI in [33]
is an indicator function. To the best of our knowledge, the results are new. Our
technique relies on set-valued analysis, VI, and semigroup, which has been studied
in [22, 23].

The paper is organized as follows. Section 2 contains some useful definitions
and lemmas. In Section 3, the existence and uniqueness results of mild solution of
PDSVI(1) are discussed. Furthermore, the continuity of mild solution set mapping
is obtained when the constraint set K is perturbed by p in a metric space Z; and
the set-valued mapping F' is perturbed by another different parameter v in the
metric space Z3. An application on the Nash equilibrium is given.
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2. Preliminaries

In this section, we give the precise formulation of PDSVI, and collect some facts
on set-valued mappings, variational inequalities and semigroups.

Throughout the paper, we assume that £ and F; are two real Banach spaces with
EY being the dual space of Ej, (-, ) being the dual pair between E} and F;. For
a nonempty convex set K C Ey, its barrier cone is defined by
barr(K) = {z* € X* : sup(z™, z) < oo}.
K

xe

2.1. PDSVI and PPDSVI formulations

Let A: D(A) C E — FE be the infinitesimal generator of a Cj semigroup T(t) on
E, f:]0,T] x Ex Ey — E be a single valued mapping, F': [0,7]x Ex K = E} be
a set-valued mapping, and z € D(A). We consider the following partial differential
set-valued variational inequality (PDSVI) on real Banach spaces: find functions
z:[0,T] — E and u: [0,T] — E; such that

x(t) = Azx(t) + f(t,z(t),u(t)) fora.e. te][0,T],
u(t) € SOL(K, F(t,x(t),-))  fora.e. te€][0,T], (1)

where 4(t) stands for the derivative of function = with respect to time variable ¢
and SOL(K, F(t,z(t),-)) denotes the solution set of the following time-dependent
set-valued variational inequality problem: find u: [0,7] — K such that for any
t € [0, 7], there exists u*(t) € F(t,z(t),u(t)) and

(u*(t),y —u(t)) >0, forall y € K.

To describe the perturbed problem, let (Z;,d;) and (Zs, d>) be two metric spaces.
The perturbed mapping F': [0,7] x E x K = E} and the perturbed set K C E;
in PDSVI(1) will be denoted by F: [0,T] x E'x K X Zy = Ef and L: Z; = E;
respectively. The perturbed problem for the PDSVI(1), which is referred as the
perturbed partial differential set-valued variational inequality (PPDSVI), is as
follows:

z(t) = Az(t) + f(t, z(t), u(t)) a.e. t €[0,T7,
u(t) € SOL(L(p), F(t,z(t),-,v)) a.e. tel0,T], (2)

where the perturbation parameter (p,v) € Z; x Zy. Let L*((0,T); Ey) consist of
all Lebesgue measurable functions w: (0,7) — E; satisfying

T
HwHLz((o,T);El) = \//0 Hw(t)”%ldt < +o00,

C([0,T]; E) = {z:x iscontinuouson [0,T]}, and ||z||c(o1):2) = suPieor [|2(t)]| -
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Definition 2.1. A pair of functions (z,u) is called a mild solution of PDSVI(1),
it v € C([0,T]; E), u: [0,T] — E; is measurable such that

x(t) =T ()T + /OtT(t —s)f(s,z(s),u(s))ds forallte[0,T]

and u(t) € SOL(L(p), F(t,z(t),-,v)) for a.e. t € [0,T].

2.2. Set-valued analysis

For any nonempty subset X of a topological space, we denote by P(X) the collec-
tion of its nonempty subsets, Pr(X)={D € P(X) : D is nonempty and compact},
and Po(X) ={D C X : D is nonempty and closed}.

Definition 2.2. Let Y, Z be topological spaces and H: Y == Z be a set-valued

mapping with nonempty values. H is said to be

(i) upper semicontinuous at xo € Y if, for any neighborhood N(H(z)) of
H (), there exists a neighborhood N () of x¢ such that H(z) C N(H (xo))
for all x € N(zy);

(ii)  lower semicontinuous at xo € Y if, for any yo € H(zo) and any neigh-
borhood N(yp) of yo, there exists a neighborhood N(zy) of zy such that
H(x)( N(yo) # 0 for all x € N(z0). It is evident that H is lower semicon-
tinuous at xy € Y if and only if, for any sequence z,, — xo and yo € H(z9),
there exists a sequence {y,} C Z with y,, € H(x,) such that y, — .

Definition 2.3. Let X,Y be metric spaces, H: X = Y be a set-valued mapping.
We say that H is closed at p € X, if X > p, — p and H(p,) > =, — =z, then
x € H(p).

Lemma 2.4. ([27, page 53]) Let X,Y be metric spaces and H: X =2'Y be a
set-valued mapping. Then the following statements are equivalent:

(i)  H is upper semicontinuous.
(i) For every C CY closed, H-(C) ={x € X : H(x)NC # 0} is closed in X.

(i) Ifz € X, {x,} C X with x, - x and V C Y is an open set such that
H(z) C V, then we can have ny € N, depending on'V', such that H(x,) C V
for all n > ny.

Lemma 2.5. ([27, page 54]) Assume that X and Y are metric spaces. Then the
following statements hold:

(i)  If a set-valued mapping H: X = Po(Y) is upper semicontinuous, then H
is closed.

(ii)  If a set-valued mapping H: X = Po(Y') is closed and locally compact, then
H is upper semicontinuous.

(iii) The set-valued mapping H: X = Py (Y") is upper semicontinuous if and only
if for every x € X and every sequence (x,,y,) € graph(H) with x, — x
in X, there exists a converging subsequence of {y,} whose limit belongs to
H(z).
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Lemma 2.6. (Arzela-Ascoli) ([14, page 57]) Let N be a compact subset of a metric
space, and let E be a Banach space. Let ¢ be a subset of the space of continuous
maps C(N, E) with sup norm. Then ¢ is relatively compact in C(N, E) if and
only if the following two conditions are satisfied:

(i) ¢ is equicontinuous.

(i)  For each x € N, the set ¢(x) consisting of all values f(x) for f € ¢ is
relatively compact.

2.3. Well-known results on VI and semigroups

Definition 2.7. Let E and F; be Banach spaces and let an interval I C R. We
say that F': [ x E — P(E) is superpositionally measurable, if for any measurable
set-valued mapping @Q: I — Pg(FE), the composition &: I — P(FE;) given by
O(t) = F(t,Q(t)) is measurable.

Lemma 2.8. ([13, page 28]) IfU: [0,T] x E — Pk (E)) satifies the Carathéodory
condition or U 1is upper or lower semicontinuous, then U is superpositionally
measurable.

Definition 2.9. Let E; be a Banach space with topological dual E} and let
H: K C E) = LY be a set-valued mapping with nonempty values. H is said to
be

(i)  monotone on K if, for all (x,2*) € graph(H), (y,y*) € graph(H),
(y* 2"y —z) > 0;
(ii)  pseudomonotone on K if, for all (z,z*) € graph(H), (y,y*) € graph(H)
(hy—2) 20=(y",y —2) 2 0;

(iii) upper hemicontinuous on K if the restriction of H to every line segment of
K is upper semicontinuous with respect to the weak topology in EY.

Lemma 2.10. ([6, Theorem 3.3]) Let (Z1,dy) and (Z2,ds) be two metric spaces,
uy € Z1 and vy € Zy be given points. Let X be a reflexive Banach space,
L: Z; = X be a continuous set-valued mapping with nonempty closed con-
ver values and int(barr(L(ug))) # 0. Suppose that there exists a neighborhood
U xV of (ug,v9) such that F: M x V. = X* is a lower semicontinuous set-
valued mapping with nonempty weakly compact convex values for M = Uwer L(u).
Consider the generalized variational inequality problem GVIP(L(u), F(-,v)) for
(u,v) € Zy X Zy : find x € L(u) and x* € F(z,v) such that

(x*;y—x) >0, forally € K.
Assume that

(i)  For each v € V, the mapping x — F(x,v) is upper hemicontinuous and
pseudomonotone on M.

(it)  The solution of the generalized variational inequality problem GVIP(L(uy),
F(-,v0)) is nonempty and bounded.
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Then there exists a neighborhood U' x V" of (ug,vg) with U'x V' C U xV such that,
for every (u,v) € U x V', the solution set of GVIP(L(u), F(-,v)) is nonempty
and bounded.

Lemma 2.11. ([30, page 4]) Let E be a Banach space and T(t) be a Cy semigroup
on E. Then there exist constants w > 0 and M > 1 such that

IT ()| < Me™ for any 0 < t < oco.

Lemma 2.12. ([30, page 4]) Let E be a Banach space and T(t) be a Cy semigroup
on E. Define

Az = lim Tz -z and D(A)={zx € E:lim T =

exists}.
t}0 t t}0

Then for any x € D(A), we have

3. Main results

In this section, we prove the existence of mild solution for PDSVI(1) and the sta-
bility of the mild solution of PPDSVI(2). An application on the Nash equilibrium
illustrates our results.

3.1. Existence of mild solution for unperturbed PDSVI(1)
Define U: [0,T] x E — P(K) by
U(t,z) ={u € K : Ju* € F(t,z,u) such that (u*,y —u) > 0,Vy € K}.

In order to prove the existence of the mild solution of PDSVI(1), we need to show
that U(t, x) is nonempty closed and convex for any (¢,z) € [0, 7] x E.

Lemma 3.1. Let K be a nonempty compact convex set on a real Banach space E.
Suppose that U (t, x) is nonempty, F(t,x,-) is upper semicontinuous with nonempty
compact values and pseudomonotone on K for all (t,z) € [0,T] x E. Then U(t,x)
is nonempty closed and convex for all (t,x) € [0,T] x E.

Proof. First, we show that U(¢,x) is convex. Let uj, uy € U(t,z). That means
u1,us € K and there exist u} € F(t,x,uy),us € F(t,x,us) such that

(ul,y —uy) >0, forally € K (3)
and (us,y —ug) >0, forall y € K. (4)

Since for any (t,x) € [0,T] x E, F(t,x,-) is pseudomonotone on K it follows from
(3) and (4) that for any y € K and y* € F(t,z,y),

<y*7y - U1> Z 07 and (y*,y — U2> Z 0.
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Furthermore, from the above two inequalities, we get for any A € (0, 1),
(V' 5 My —u) + (L =XN)(y —uz)) >0, forall y € K,
which immediately implies that
Wy — (Aup+ (1 —=Nug)) >0, forall y € K. (5)

Now we let @ = Aug + (1 — A)ug. Applying the convexity of K, it is clear that
e K. Letve K and 8 € (0,1).Takingy =u+ (v —1a) = v+ (1—-B)u € K
in (5), we obtain that for any y3 € F(t,z,a + (v — @)), it is easy to see that

(ys, @+ B(v —a) —u) >0, which means (y3, B(v —a)) >0,
and so (Y5, v —u) > 0. (6)

Letting 8 — 0" and applying Lemma 2.5(iii), we can get there exists a subse-
quence of {y3}, denoted again by {y3}, such that y5 — §* with §* € F(t,z, ).
Thus taking the limit in (6) means that (g*,v —a) > 0 for all v € K.

So 4 € U(t,x) and U(t, x) is convex.

Next, we show that U(t,z) is closed. Let {u,} C U(t, ) with u,, — u. From the
definition of U(t,x), we get u, € K and there exists u; € F(t,x,u,) such that

(up,y —uy,) >0, forally € K. (7)

Since K is a compact set, it is easy to see that u € K. Recall that F' is upper
semicontinuous with nonempty compact value. So there exists a subsequence of
{u’}, denoted again by {u’}, with ) — u* € F(t,z,u). Letting n — oo and it
follows from (7) that there exists u* € F(t,x,u) such that

(u*;y —u) >0, forall y € K.

That means that u € U(t,x) and so U(t, z) is closed. O
Remark 3.2. If we have E = R™, Ey = R", F(t,z,u) = c¢(t,x) + H(u), where
c:[0,T] x R™ — R™ is a mapping and H: R" = R" is a set-valued mapping,
then Lemma 3.1 reduces to Lemma 3.1 in [33] for the case that ¢ is an indicator
function on K. O

Now we establish some properties of U(t,x), which will be used to prove the
existence of the mild solution for PDSVI(1) and PPDSVI(2). Let us point out
that the proof of Lemma 3.3 below is similar to the method of Theorem 3.4 in
[23], but the set U(t, x) is different.

Lemma 3.3. Assume that Ey is a Banach space, K C FEy a compact set, and
F:[0,T] x E x Ey = E* upper semicontinuous with nonempty compact value.
Assume that U(t,x) is nonempty. Then

(i) U is upper semicontinuous.

(ii) U is superpositionally measurable.
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Proof. (i) According to Lemma 2.4, in order to prove U is upper semicontinuous
we need to show that for every closed set C' C K, the set

U= (C)={(t,z) € [0, T| x E:U(t,z) N C # 0}
is closed in [0,7] x E.
Let (t,,x,) € U (C) with (t,,z,) — (t,z) in [0,T] x E. So we can choose

Uy, € U(tp,x,) N C. This means u, € C C K and u, € U(t,,x,) means there
exists u: € F(t,, xp, u,) such that

(up,y —uy,) >0, forall y € K. (8)

Applying the compactness of K, we know there exists a subsequence of {u,},
denoted again by {u,}, such that w, — u for some u € C. Since F' is upper
semicontinuous with nonempty compact values, by Lemma 2.5 (iii), we know there
exists a convergent subsequence of {u}, whose limit u* belongs to F'(¢,z,u). Then
letting n — oo in (8), we get

(u*,y —u) >0, forall y € K.
That means u € U(t,z) and so (t,z) € U~ (C).

(ii) Since U is upper semicontinuous and K is compact, by Lemma 2.8 it is clear
that U is superpositionally measurable. O

In the rest of this paper, we impose the following assumptions on the Banach
space E and the mapping f: [0,7] x E x E; — E in PDSVI(1) and PPDSVI(2):

Assumption 3.4. We assume that E is a real separable Banach space and f
satisfies the following assumptions:

(f1) Forevery (t,z) € [0,7] x E and every convex set D C K, the set f(t,z, D)
is convex in FE;

(f2) there exists a > 0 such that
1z, u)lle < a(l + |[z]le), V(t, z,u) € [0,T] x E x K;
(fs) f(,z,u):[0,T) — E is measurable for every (z,u) € E X Ej;
(fy) f(t,-,-): E x By — E is continuous for a.e. t € [0,7T7;
f5) there exists k € L'([0,T]; R) such that
1F(t; z0, u) = f(t, 21, w)l| < k(D20 — 21,

for a.e. t € [0, 7], for all zy,z; € E, and for all u € K.

Remark 3.5. While the assumptions (f1), (f3) —(f5) are the same as the assump-

tions in [23], assumption (fs) is a special case of the corresponding assumption in
[23]. H

Now we give new conditions under which PDSVI(1) has a mild solution.

Theorem 3.6. Let K C E; be a nonempty compact convex set and F' be upper
semicontinuous with nonempty compact value. Assume that U(t,x) is nonempty

and (f1) — (fs) hold. Then PDSVI(1) has a mild solution.
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Proof. By Lemma 3.1, for any (¢,z) € [0,7] x E, U(t,x) is nonempty compact
convex. Lemma 3.3 shows that U is upper semicontinuous and superposition-
ally measurable. It follows from Theorem 4.4 in [23] that PDSVI(1) has a mild

solution. O

Remark 3.7. If (z,u) is a pair of mild solution of PDSVI(1), the mild variational
trajectory u is not only measurable, but also belongs to L*((0,7T); E), due to the
compactness of K. O

Our next result gives conditions under which the mild solution set is a singleton.

Theorem 3.8. Suppose the conditions of Theorem 3.6 hold. In addition, for any
t€[0,T),x1,22 € E, uy,uy € £y, we assume that

(i) there exists ap > 0 such that for any ui € F(t,x1,u1),us € F(t,x1,us),
(uf — ug, ur — uz) > apllug — uslg,;
(ii) there exists Br > 0 such that for any vy € F(t,x1,u1),vs € F(t,z2,u1),
[0f = v3lle; < Brller — @ofles
(iii) f(¢,-,-) s Lipschitz continuous with Lipschitz constant Ly > 0, i.e.
[t 21, u1) = f(t w2, u2)le < Lp(ll21 — 225 + lus — walle,)-
Then the mild solution set of PDSVI(1) is a singleton.

Proof. By Theorem 3.6, the mild solution set of PDSVI(1) is nonempty. We
only need to show the uniqueness. Let (xi,u;) and (x2,u3) be two mild
solutions of PDSVI(1). Then we have z; € C([0,T]; E), u; € L*((0,T); E1) and
Jul(t) € F(t,z;(t),u;(t)) such that

(uj(t),y —u(t)) >0, forally € K, a.e. t € [0,T], 9)
zi(t) = T(1)T + /Ot T(t — s)f(s,2i(s),u;(s))ds, forallte[0,T], (10)

for i = 1,2. Setting y = uy(t) in (9) for i = 1 we get
(Wi (), us(t) — ui(t)) >0, for a.e. t € [0,T).
Setting y = uy(t) in (9) for i = 2, we obtain that
(us(t), ur(t) — uz(t)) >0, for a.e. t € [0,T).
Furthermore, it follows from the above two inequalities that
(ui(t), ur(t) —ug(t)) < (ui(t),ui(t) —uo(t)), for a.e. ¢t € [0,T]. (11)
From (11), by the assumptions (i) and (ii), we get for any v}, (t) € F(t, z1(t), ua(t)),
apllun(t) — w3, < (W) — vht), wi(6) — us(t)
< {up(t) = vip(t), ua(t) = ua(t))
< Bellea(t) — 22Ol ellua () —ua(®)lle,,  (12)
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for a.e. t € [0,T]. This inequality leads us to

Hul(t) — Ug(t)’|E1 S —FHLU1<t> — Ig(t)HE, fora.e. te [O,T] (13)

/ lui(s) — uz(s)|| g ds < / B—FH:zrl(s) — 29(8)||gds, for all t € [0,T]. (14)
0 0 aF

On the other hand, by Lemma 2.11, there exist M > 0 and w > 0 such that
|IT(@)|| < Me™ for all t € [0,T]. So by assumption (iii), (10) implies that for all
t € 10,7,

1 (t) = 22() 15 = / 1Tt = ) (s, 21(5), ur(s)) — f(s,22(5), us(s))) |1 ds
<L / 17t = )1 (s)—22(5) [ -+ lur (5)—us(s) | ) s
< Me*TLy / (ll21(s) = w2(5)ll + s () — wa(s)]] 5, )ds. (15)

Combining (14) with (15) we have that there exists a constant C' > 0 such that

1 (t) — z2(t)]| e < C/O [21(5) = 22(s)|| ds.

Applying the Gronwall inequality [26, page 45|, we can get x1(t) = xo(t) for all
t €10, 7], So x1 = x5 in C([0,T]; E). Then it follows from (13) that u;(t) = ua(t)
in E; for a.e. t € [0,T] and so u; = uy in L*((0,7); Ey). O

3.2. Stability of the mild solution set mapping

In this section, we consider the continuity of the mild solution set mapping of
PPDSVI(2). In the rest of this paper, in addition to the Assumption 3.4, we also
assume Fy is a reflexive Banach space and L: Z; = FE; is a continuous set-valued
mapping with nonempty compact convex values, U(xg), U(ug), U(po), U(vg) are
neighborhoods of zq € C([0,T]; E), ug € L*((0,T); E1) and py € Z1, vy € Zo,
respectively.

Let S(p,v) denote the mild solution set of PPDSVI(2). We first show that the
mild solution set mapping (p,v) — S(p,v) is closed.

Theorem 3.9. Let int(barr(L(po))) # 0, (f ) — (f5) hold for any p € U(po) and
K = L(p). Let SOL(L(po), F(t,z,u,vp)) # 0 for any (t,x,u) € [0,T] x E X E.
Suppose that

(i) F is upper semicontinuous set-valued mapping with nonempty compact value
on [0,T] x E x Ey X Zy, and there exists u), € F(Id, xp, up,,v,) such that {u}}
is convergent in L*((0,T); E}) for any

(Tpy Un,vy) € C([0,T]; E) x L*((0,T); E1) x U(vy),

where Id is the identity mapping on [0,T);
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(ii) there exists a neighborhood P x V' of (po,vo) and M = J,cp L(p) such that
F(t,z,-,-): M xV =3 E} is lower semicontinuous;

(iii) for eachp € Zy andv € Zy, the mapping u — F(t,x,u,v) is pseudomonotone
on M.

Then S is closed at (po, vo).

Proof. We prove the result in two steps.

Step 1. There exists a neighborhood P’ x V' of (pg,vg) such that S(p,v) # 0 for
(p,v) € PP x V"

By Lemma 2.10, there exists a neighborhood P’ x V' of (pg,vy) with P’ x V' C
U(po) x U(wvg), such that for every (p,v) € P’ x V' and (t,x) € [0,T] x E,
the solution set SOL(L(p), F(t,z,-,v)) is nonempty and bounded. Furthermore,
from Lemma 3.1 the solution set SOL(L(p), F'(t,x,-,v)) is also convex. Then by
Theorem 3.6 we know S(p,,v,) is nonempty for any (p,,v,) € P’ x V'. Assume
(T, un) € S(pn,vy). Then there exist z, € C([0,T]; E), u, € L*((0,T); E;) and
ui(t) € F(t,zn(t), u,(t), p,) such that

zn(t) = T(t)T +/0 T(t —5)f(s,2n(5), un(s))ds, for all t € [0,T], (16)

(up(t),y —un(t)) >0 Vy e L(py), forae. te0,T]. (17)

n

Step 2. If P X V'3 (pn,vn) — (po,v0) and S(pn, vy) 3 (Tp, upn) — (xg, up), then
(x()?u()) € S(p()),UO)'

Let (pn,vn) — (po,v0) in Zy X Zy and (x,,u,) — (xo,up) in C([0,T]; E) X
L*((0,T); Ey) with v, € U(vo),z, € Ul(zo),u, € Ulug). It is clear that zo €
C([0,T]; E) by the compleness of C([0,77]; E) and there exists a convergent sub-
sequence of {u, }, denoted again by {u, }, such that u, (t) — ug(t) fora.e. t € [0,T].
According to condition (fy), it is true that f(¢, z,(t), un(t)) = f(t, xo(t), ue(t)) for
a.e. t€[0,7]. Furthermore, applying (f2) we know that there exists C' > 0 with

(Vn) [[f(t, 2n(t), un()) |2 < (1 + [[20llcorrm)) < C

for a.e. t€[0,T]. Thus, by the Lebesgue dominated convergence theorem, we get
t
2a() = TO7 + [ Tt = )75 0(5),ua(5))ds
0
~ t ~
— T+ [ T 9)f(s.0s) wo(s))ds
0
for all ¢ € [0, T]. By applying x,, — xo in C([0,T]; E) we get for all t € [0, T]

zo(t) = T(H)T + /0 T(t — s)f(s,2(s),up(s))ds. (18)

On the other hand, from (x,,u,) € S(pn,v,) we know that w,(t) € L(p,). Since
Pn — po and L is a upper semicontinuous set-valued mapping with nonempty
compact values, then by Lemma 2.5(iii) we know wu(t) € L(po) for a.e. t € [0,T].
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From assumption (i), there exists a subsequence of v} € F(Id,x,,u,,v,), denoted
again by u’, such that v — wj in L*((0,T); EY). By Lemma 2.5(iii) again, we
obtain wuj(t) € F(t, xo(t), uo( ),v). for a.e. t € [0,T]. Next we prove that for any

y € L(p),
(ug(t),y —up(t)) >0, for a.e. t €[0,7]. (19)

Applying the lower semicontinuity of L at py, we get for any sequence p,, — py and
y € L(poy), there exists a sequence y,, € L(p,) such that y, — y. Setting y = y,, in
(17) we get for any y,, € L(p,),

(W (t), yn — un(t)) > 0, for a.e. t € [0,7].

n

Taking limit in the above inequality, we obtain (19). It is clear that (18) and (19)
together mean that (xg,up) € S(po, vo). So S is closed at (po, vo). O

Now we assume that S, (p,v) and S, (p,v) are all collections of x and w in the mild
solution (x,u) € §(p,v), respectively. Let

L(Upy) = |J Lp)={ueLp) C Er:peUlp)},

peU(po)
S1={w € Su(p,v) € L*((0,T); E1): (p,v) € U(po) x U (vo)}, (20)
and Se ={y(t) € E:y € S.(p,v) and (p,v) € U(py) xU(vp)}. (21)

The following Theorem 3.10 is the main result of the stability of PPDSVI (2) with
the constraint set and the mapping perturbed by different parameters.

Theorem 3.10. Let the conditions in Theorem 3.9 hold with oT <

M,w are the constants in Lemma 2.11. Assume that

T, where

(i)  There exists p > 0 such that (uf — uj,uy — ug) > dpllug — uol|%,, for
all (t,z,u;,v) € [0,T] x E x L(Uy,) x U(vo) and uf € F(t,z,us,v), uj €
F(t,x,us,v), where i =1,2.

(ii) There exists pp > 0 such that v} — v3|lp: < pr(|t — to] + ||21 — 22||B),
for all (t;,z;,u,v) € [0,T] x E x L(Upy) x U(vg) and vy € F(t1,z1,u,v),
vy € F(tg, xe,u,v), where i =1,2.

(iii) Sy is compact on L*((0,T); E1) and for anyt € [0, T}, Sa is relatively compact
on E.

(i) [[f (s z(ta), ulty) = f(t2, x(t), u(t))e < vt = to] + lz(t) —2(t) |2 +
[u(ts) = u(ta)lg,) for any ty,ty € [0, T] and (z,w) € U, v)evmo)xviwe) SP:0)-

Then (p,v) — S(p,v) is continuous at (po,vy) € Z1 X Zs.

Proof. From Step 1 in Theorem 3.9 we know there exists a neighborhood P’ x V'
of (po, vg) such that S(p,v) # 0 for any (p,v) € P’ x V'. Take (p,,v,) € P/ x V|
with (pn,vn) — (po,vo). So there exists the mild solution (z,u,) € S(pn,vn)
with z,, € C([0,T]; E) and u,, € L*((0,T); E;). As in Theorem 3.8, we can obtain
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S(p,v) is a singleton for any (p,v) € P’ x V'. From the definition of the mild
solution, we know
Un(t) € L(p), Fu(t) € F(t, 20(t), un(t), va) subject to

(ur(t), y—u,(t)) >0, ae. t €[0,T),Vy € L(p,), (22)

t
zn(t) = T(H)T + / T(t—s)f(s,z,(s),u,(s))ds, for all t € [0,T].
0
We prove the result in three steps.
Step 1. {x,} is uniformly bounded. Using (22) and (fs), we deduce that

| znllcqome)y = sup ||z.(t)| e
te[0,T

~ sup |[T(0)7 + / T(t — 5)F(5, 2a(s), un(5))ds]|

t€[0,T]

t
< MeT|2]|p + M sup / 17(5, 2n(5), wn(s)) | 5ds
0

t€[0,T]
T
< Me*||z]| g + Me“’T/ a(l + llzallcqor;m)ds
0

= Me""||z||p + Me“" (aT + oT ||| co.1:1))- (23)

Me“"(||z]| g + oT)
Tt is clear that n Rm) < ’
is clear tha [zl o.rmm) < 1— MevTaT

which means {x,} is uniformly bounded.

Step 2. {x,} is an equicontinuous family of functions. For any 0 <t <t+6 < T,
we have

Tp(t+9) — xp(t)

Ho

(40T (1)t /O T(t-46—5) F(5, 2n(5), n(s))ds— /0 T(t — 8) F(5, 2 (s), un(s))ds

~ ~ 6 ~ t ~
()T ()T /0 Tt + 6 — ) f(5, (), tn (5))ds— /0 Tt — 5) (5, 2n(5), un(5))ds

t+5

6 ~
+ /0 T+ —3)f(s,zn(s),un(s))ds + /0 T(t+6—3)f(s,zn(s),un(s))ds

B 5 t+6
— Tt + 67 — T(1)F + /6 Tt + 6 — 5) (5,20 (5), n(s))ds
5 ¢
+ /0 T+ —8)f(s,zn(s),un(s))ds — /0 T(t—s)f(s,xn(s),un(s))ds. (24)

Letting 7 = s — 0, we note that

O+t N t B
/5 T(t+6—s)f(s,xn(s),un(s))ds:/0 Tt =) f (746, (7 +8), un(r+8))dr,
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S+t t
and so /5 T(t+0d—3s)f(s,xn(s), un(s))ds — /OT(t —8)f(s,2n(8),un(s))ds
:/0 Tt —8)[f(s+0,zn(s +0),un(s + 0)) — f((5,2n(5), un(s))]ds.  (25)

Combing (25) with (24), we see that
[ (t +0) — 2 (t)]

é
< ||T(t+5)f—f(t)f|lfs+/o IT(t + 6 — ) f (s, 2a(s), un(s))l| s
+/0 T (=)l f (540, 2a(5+8), wn(s+0))f (5, 2u(s), un(s)) ||l pds.  (26)

By virtue of (iv),
1/ (5 +0,2n(s +0), un(s +0)) = f(s,2n(s), un(s)) ||
<770+ [l#n(s +0) = 2n(8) |5 + [[un(s + 0) = un(s)llp,)- (27)

Since {z,} is uniformly bounded, by Lemma 2.12, from (26) and (3.2) we get
there exist C7, Cy, C'3 > 0 such that

[ (t +0) — 2n(t)]|

t
< Cio+ Cad + Me”/ V(0 lzn(s +6) — 2u(s)l| E+lun(s + 0) —un(s)||p, )ds
0
t
< Cy6+ Oy + Cid + Mew%f/ l2n(s + 6) — 2n(5) | s
0

t
My [ uals +8) = un(5) s (28)
0
Next we show that there exists a constant C' > 0 such that

/0 lan(s + 6) — ()]s < C / [a(s +8) — 2a(s)]| ods.

(22) implies that there exists a subset I C [0,7] with m(I) = 0 (where m(I)
denotes the Lebesgue measure of I) such that for any ¢ € [0, 7] \ I, there exists
ui(t) € F(t,z,(t), un(t), v,) subject to

(U, (1), y = un(t)) = 0, Vy € L(pn).

So for s,s+0d € [0, T]\ I, there exist u*(s) € F(s,z,(5), un(s),v,) and ul(s+9) €
F(s+0,2,(s+0),u,(s+9),v,) with u,(s),u,(s + ) € L(p,) such that for any
y € L(pn),

(s(s),y — un(s)) 2 0, and {ul(s + ),y — un(s +8)) > 0.
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Taking y = u,(s + J) and y = u,(s) in above inequality respectively, we have
(ur(s),un(s+96) —un(s)) >0, and (w)(s+9),u,(s) —uy(s+9)) > 0.
Upon adding these two inequalities, we obtain
(W (s+0),un(s+9) —un(s)) < (u(s),un(s+9) — uy(s)). (29)
By conditions (i) and (ii), for s, s+ 0 € [0,T]\ I, and w},, 5 € F(s + 0, z,(s +9),

S,

un($),vn), we have
aplun(s +8) — un(8) |5, < (up(s +8) = Wiy ), Un(s +0) = ua(s))
< (up(5) = Wh(s 5y Un(s + 6) — un(s))
< pr(0 + [lzn(s +6) — zn(s)]|B)llun(s + 6) = un(s) 2 (30)
It is easy to see that for s,s+d € [0,7]\ 1,

PF

[tn(s +6) — un(s)|e, <
ap

(0 + llznls +6) = znls)] ). (31)

Furthermore, for any 0 <t <t+0 < T,welet I = {s € [0,¢] : s,s+0 € [0, T]\I}.
It is can be proved that m([0,¢]\I1) = 0. So it follows from (31) that

/0 ttn(s + 8) — tn(s) s

= | llua(s +9) —un(S)IIE1d8+/ [un(s + 0) = un(s)| &, ds
I 0,6\ Iy

< / 85+ (s + ) = 2a(s) | )ds. (32)

We therefore deduce from (28) and (31) that there exist Cy, C5 > 0 such that for
any 0 <t <t+6<T,

¢
|zn(t +0)—z,(t)|| g < C45+C'5/ |zn(s 4+ 0)—x,(s)||gds, for all t € [0,T]. (33)
0

Applying the Gronwall inequality [26, page 45] we know for any 0 <t <t+§ < T,
there exists Cg > 0 such that

[ (t +0) — 2n(t)]|p < Co9, (34)
which means that {z,} is an equicontinuous family of functions.
Step 3. S(pn,vn) = S(po,vo) in C([0,T]; E) x L*((0,T); Ev).
By Lemma 2.6, using the assumption (iii) we know that {z,} has a conver-
gent subsequence, denoted again by {z,}, with x, — zo € C([0,T]; E). Since
(Tn, up) = S(pn,vy), using assumption (iii) we get that {u,} has a convergent
subsequence, denoted again by {u,}, such that w, — ug in L*((0,7); F;). By

Theorem 3.9, (zg,u0) € S(po, Vo). S0 (T, tn) = S(Pn,vn) = (20, ug) = S(po, o)
in C([0,T]; E) x L*((0,T); E). O
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Remark 3.11. When F = R™, F; = R", Theorem 3.10 still holds without as-
sumption (iii). N

Proof. Recalling the proof of Theorem 3.10, we need to show that {x,} has a
convergent subsequence in C'([0,7]; R™) and {u,} has a convergent subsequence
in L*((0,T); R™). First, we show that {z,} is uniformly bounded. By Lemma
2.11, using (22), we deduce that

|znllcqo,mrmy = sup [|zn(t)||rm
t€[0,T]

= sup
te€[0,T]

T(t)z + /0 T(t — 5)f(s,2n(5), un(s))ds

Rm

IN

t
Me“’THjHRm—i-MewT sup] / | f (s, 2n(8), un(s))||rmds
0

tel0,T

IN

T
Me“’TIIxIIRm+M€wT/ a(l + ||zallcqorsrm)ds
0

= MewTHfHRm + MBWT(CYT + aT||:Bn||C([07T];Rm)). (35)

MeT(||z||g + oT)
1— MevwTaT

It is clear that |z lleqo,rym) <

which means {z,,} is uniformly bounded. Using the same proof as in Theorem 3.10,
we can obtain {z,} is equicontinuous. So by Lemma 2.6, {x,} has a convergent
subsequence. Next, we show that {u,} has a convergent subsequence. For any
e > 0, taking § = (vear)(pry/T +2CsT + T(C6)?2)~ in (31), by (34) we have
forany 0 <t <T,

Rm ) 2d8

[ s +8) = (o)l < [ PG+ (s +8) = (s)

t
< / (ZEV2(62 4 2040% + C20%)ds < T(LE)2(1 4+ 205 + )82 = . (36)
0

ap ap

The Kolmogorov-Riesz-Fréchet Theorem [2, page 111] shows that {u,} has a con-
vergent subsequence. [

3.3. An example on the Nash equilibrium

In this subsection, we will give an example of PPDVI about the Nash equilibrium
problem. Pang and Stewart [28] studied differential Nash games with DVIs. They
consider a noncooperative Nash equilibrium problem with N players where each
player solves an optimal control problem. We restate it here with a concise version
and refer the readers to the reference [28] for more details. Let (y”, u”) € R™t™
denote player v's pair of state and control variables, respectively. Let KV C R™
be the closed convex set of player v's admissible controls, let y = (y*)Y_, € R",
and u = (u’)N, € R™, where n = 3. n, and m = 3. m,,. Parameterized by
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rival player’s strategies, player v's optimization problem is to compute an opti-
mal trajectory (3", u"). Under appropriate assumptions, finding a linear quadratic
differential Nash equilibrium solution (y",u") is equivalent to find the solution of
the following problem:

where d(t) € R*™, A(t) € R>" B(t) € R>vm™

F(t,y, M) = Vo Hy (8, y,u, )Y, = (1) + C(t) @Eg) +S@)()

and H,(t,y,u, \") is player v's Hamiltonian function, where A" is the adjoint
variable of the ODE constraint in player v’s control problem, ¢(t) € R™, C(t) €
R™2 S(t) € R™™ Ce R, W e R K =[]\_, KY C R™ y, € R". For the
details about this problem we refer the reader to [28].

Pang and Stewart [28] obtained an equivalent relation between a linear quadratic
differential Nash equilibrium problem and a DVI. But they did not consider the
stability of the problem, we continue to consider the problem here. In general-
ized differential Nash games, each player’s constraints can depend on his rival’s
changes. As an illustration, let us consider the case where this occurs with the set
of controls, thus the constraint set K is replaced by the set L(p), where p is a pa-
rameter and L is a set-valued mapping. In real life, the strategy can be influenced
by various factors existed in some specific area and any minute change in the pro-
portion of each strategy seen will lead to a change in strategy and the breakdown
of the equilibrium. Based on this fact, we assume that the integral function, a
constituent part of the cost function, is perturbed by a parameter v, which will
lead to the perturbation of F. Thus, under this assumption that A(0) = Ay € R",
the differential Nash equilibrium problem (37) can be transformed to the following

model:
[ (30) = a0+ a0) (29) + owcr

(
(
u(t) € SOL ( (p),F(t7y(t)7/\(t),-,U)), (38>
A(0) _

()= () iy =c

This differential Nash equilibrium problem (38) is a special form of PPDVI(2)

with A =0, z(t) = (;\Eg) , fltx(t),u(t)) = d(t)+A(t)x(t) + B(t)u(t). Applying

Theorem 3.10 we obtain:
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Corollary 3.12. Let A(t) € L((0,T); R*), q: [0,T] — R™, C: [0,T] — R™**",

S:[0,T] — R™™ be continuous and F' satisfy the conditions in Theorem 3.10.

Let (po,vo) € Zy X Zy, L: Z1 == R™ be a continuous set-valued mapping with

nonempty compact convex values and int(barrL(po)) # 0, where Zy, Zy are metric

spaces. Suppose that

(i)  There exists C, > 0 such that ||d(t)|| gen + || k|| rm + || A(t) || R2nx2n < C, for any
t€[0,T],k € L(p);

(i) g(-) = d(-) + A(-)x + B(-)u is measurable for any (z,u) € R* x R™ and
h(z,u) = d(t) + A(t)x + B(t)u is continuous on R** x R™ for any t € [0,T];

(iii) there exists v > 0 such that

[d(t1) + A(t1)z(t1) + B(t)u(ty) —d(t2) + A(ta)z(t2) + B(t2)u(ts)| ren
<y ([tr = tof + |o(t:) — 2(t2)||ren + [Ju(ts) — u(ta)||rm) (39)

for any t1,ts € [0,T] and (z,u) € U(pyv)eU(pO)XU(vO)S(p,v), where S(p,v) is
the mild solution set of (38).

Then (p,v) — S(p,v) is continuous at (po, vo).
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