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1. Introduction

Let X be a Banach space and {f;: X — R : t €T} be a family of functions in-
dexed by a nonempty set 7', where R := RU {—00,4+00}. We define the supremum
function f: X — R as
f(@) = sup fi(x).
teT
The supremum functions arise naturally in different topics of optimization and

nonsmooth analysis, and therefore several authors have contributed to the subject
since the sixties. We refer the reader to [7, 21, 22, 33, 42, 46, 50, 51, 54, 57].
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A key point in these studies is the understanding of the first variational behavior
of the function f, for which a preliminary idea could be the study of the gradient
of f. Nevertheless, the nonsmoothness of the supremum function forces the study
of generalized notions of differentiability instead of simple derivatives.

From its beginning, subdifferential calculus has been one of the fundamental topics
in nonsmooth analysis and optimization. The most well-known object in this topic
is the subdifferential of convex functions, also known as the Moreau-Rockafellar
subdifferential. Nowadays, it can be found in many monographs of optimization,
and it is without any doubt an essential topic in any course of convex analysis (see,
e.g., [4, 49, 53, 58]). However, several models in science impose the study of non-
convex problems, and so many generalizations of the convex subdifferential have
been introduced. Moreover, this necessity of nonconvex and nonsmooth analysis
has driven some authors to establish an axiomatic theory for subdifferentiability;
we refer to [29, 34, 37] for more details.

Most of the works related to the study of the subdifferential of the supremum
function are given in the convex case, that is, when the data functions f; are convex
proper and lower-semicontinuous. In these cases, the authors have computed the
subdifferential at the point of interest using the subdifferential of the nominal
data. Among the references, we highlight [22], where the authors showed that
the supremum functional plays a fundamental role in the whole theory of convex
subdifferential calculus. In [7, 33, 50] the reader can found extensions of the work
mentioned above.

In the nonconvex case, many of the results in the literature consider that the
nominal data are uniformly locally Lipschitz at the point of interest z, which
means that there exist a neighborhood U of Z and a real constant L > 0 such that
forallte T and all y,z € U

|fe(y) = fe(2)| < Llly — z||.

We refer to [5, 46, 47] and the references therein for more details. In these works,
diverse upper-estimation for the Mordukhovich subdifferential and Clarke subdif-
ferential have been obtained, using the subdifferential of the data at points near
the point of interest.

Recently, in [51] the author studies the Fréchet and Mordukhovich subdifferentials
of the supremum function in Asplund spaces with arbitrary lower-semicontinuous
data functions f;. However, typical applications of the supremum function emerge
in semi-infinite programming, and in this setting, we naturally encounter spaces
as (*(T) and C(T) (the space of bounded sequences and continuous functions
over T', respectively), which are not Asplund and consequently the theory of the
Fréchet and Mordukhovich subdifferentials is not adequate in such a framework
(see, e.g., [2, 4, 25, 26, 27, 49]).

This reason motivated us to extend the results of [51] to a broader class of Banach
spaces using Viscosity subdifferentials and the loffe geometric subdifferential [27].

The contributions of Alexander loffe in subdifferential calculus have been a cor-
nerstone in the development of the field. However, his wide production is not
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limited to this: he has contributed to the variational analysis and optimization
in several subjects, like metric regularity [29, 35, 36, 39], semialgebraic and tame
optimization [13, 31], separable reduction [17, 18, 19, 32], integral functionals
[23, 24, 30, 38|, second-order conditions [1, 40, 41] and optimal control [28, 31],
among others. Our contribution in the present work is to provide to this vast
spectrum a compliment concerning suprema of nonsmooth functions.

The rest of the paper is organized as follows: Section 2 is concerned with some
preliminaries and notation needed for the sequel. In Section 3, we present some
basic properties of the Viscosity subdifferential, and we give some fuzzy calculus
rules for it. Section 4 contains our main results, which are upper estimates for
the Ioffe geometric subdifferential and approximate subdifferential. We finish the
article in Section 5 with some final comments and perspectives.

2. Preliminaries

As general notation we write R := RU{—o00, 400}, and for a set A, we denote by
Card(A) its cardinality.

In what follows, X denotes a Banach space with norm || - ||, dual space X*, and
duality product (-,-). We also denote by || - || the dual norm, and the difference
between it and the primal one is given by the context. We also write w(X, X*)
(or simply w) and w*(X*, X) (or simply w*) to denote the weak topology on X
given by X* and the weak® topology on X* given by X, respectively.

As usual, Bx and Sx stand for the unit ball and the unit sphere of X, respectively.
Similarly, for a point € X and r > 0 we write Bx(z,r) and Bx|z,r] to denote
the open and closed balls centered in z with radius r, respectively. If there is no
ambiguity, we may omit the space subindex in the latter notation. For a point
z € X and a topology 7 over X, we write Ny (x,7) the set of all 7-neighborhoods
of z in X.

Let f: X — R be a function over X, (2, )nen be a sequence in X, and x be a point
in X. For a topology 7 on X, the notation z, — x means that (z,) T-converges
to . Also, the notation x,, =% z means that (x,) 7-converges to x and (f(z,))
converges to f(z) (under the usual topology on R). If there is no ambiguity, we
will omit the topology 7 in the above notation. Finally, if f(z) € R, we define for
r > 0 the sets

Bx(x, f,r) :={ye X : [lz =yl <rand[f(z) - fy)] <7},
Bxlz, f,r] ={y € X : [lx—yl <rand |f(z) = fly)| <7}

Again, we will omit the subindex X, if there is no confusion.

A function ¢: X — R is said to be a bump function if

supp ¢ := {z € X : ¢(z) # 0}

is nonempty and bounded. A bornology 5 on X is a collection of closed, symmetric
and bounded subsets of X which covers X and satisfies the following properties:
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o For any two elements A, B € 3 there exists C' € § such that AU B C (C'; and
e aU € p whenever U € § and a > 0.

For a bornology 3, the 5*-topology on X* is the topology generated by the basis
of neighborhoods of zero {U° : U € 8}, where U° stands for the (negative) polar
set of U, that is, U° := {a* € X* : (z*,z) < 1}. Two of the most useful
bornologies considered in the literature are the Fréchet bornology F' consisting of
all closed symmetric bounded sets, and the Hadamard bornology H consisting of
all symmetric norm-compact sets.

For a bornology 5 on X, a function ¢: U — R (where U is an open set) is said to
be B-differentiable at x € U if there exists * € X* such that for every B € 3

lim sup oz + sh) — ¢(z)

s—0t peB S

—{a*,h)| = 0. (1)

In such a case, z* is unique and consequently we denote Vgo(z) = x*. Besides,
¢ is said to be B-smooth if it is f-differentiable at every x € U and the derivative
V3¢ is a continuous function from (U, || - ||) to (X*, 5%).

A Banach space X is said to be g-smooth if there is a Lipschitz continuous, bump
B-smooth function from X to R. Each separable Banach space, or more general
every weakly compactly generated (WCG) Banach space, admits an H-smooth
renorming. Moreover, if the dual is also separable (that is, if the separable space
is Asplund), then the space admits an F-smooth renorming (see, e.g., [11, 16, 52]).
Particularly, if T is a metric space, £>°(T") is H-smooth when T is separable, and
C(T) is H-smooth when T is compact.

Let 8 be a bornology on X and f: X — R be a lower semicontinuous (lsc)
function, finite at x € X. For k > 0 we set
there is a S-smooth function ¢, locally
Opif(z) == {x* e X" k-Lipschitz continuous near x, such that }
Viso(

x)=z" and f—¢ attains a local minimum at z

By locally k-Lipschitz continuous near x, we mean that there exists a neighbor-
hood U of z such that ¢|U: U — R is Lipschitz continuous with constant k. The
(viscosity) B-subdifferential of f at x is defined by
Osf () = U Osxf(2)
k>0

(see, e.g., [2] and references therein). For any set S, the (viscosity) 8-normal cone
of S at z is denoted and defined as N3 (S, x) := dgds(x), where dg is the indicator
function of S with dg(z) =0 if z € S and dg(z) = +oo if z € X\ S.

Consider S C X and x € S. A functional z* € X* is said to be G-normal to
S at x if there exists k > 0 such that for any ¢ > 0 and any finite-dimensional
subspace F' C X, there are y € Bx(x,¢) and y* € X* such that

(y* —a*,h) <e||h]| and (y*,h) < kdg(x,h), Yh € F,
where dg(y) := ing |s — y|| and dg(x,h) := liminf, o+ r~(ds(z + rh) — dg(z)).
s€
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The set of all G-normals is denoted by Ng (S, z) (see [27]) and it is called the Ioffe
G-normal cone (also known as the geometric normal cone). The Clarke normal
cone to S at x can be defined as N¢(S,z) := 0¥ Ng(S, ) (see [27, Proposition
3.4]). Hence, for a function f and x € dom f the G-subdifferential, the singular
G-subdifferential and the Clarke subdifferential can be defined as

aGf(x) I:{IL’* S X" (I‘*, _]-) € NG(epif7 (I, f(x)))}v

I f(x) :=={z" € X" : (2",0) € Ng(epi f, (z, f(x)))},

aCf(x) Z:{ZL’* S X" (I*v _1) S NC(epifv (I‘, f(l’)))},
respectively. Observe that, as for the g-subdifferential, one also has that for any
subset S of X, Ng(S,z) = dgds(x) and No(S,z) = dcds(x).

If |f(z)] = +oo, any of the previous subdifferentials is set, by convention, as
empty. It is important to recall that whenever f is convex proper and lower semi-
continuous, all of these subdifferentials coincide with the classical subdifferential
of convex analysis, that is,

Of (x) :={a" € X*: (z",y —x) < fly) — f(2),Vy € X}.

The construction of the Clarke and the G-subdifferential is implicit and therefore
it is useful to have sequential representation formulae for these mathematical
objects. The following result was proved in [43, Theorem 1.6 and Theorem 1.8] for
p-smooth Banach spaces. We refer to [43] and the references therein for previous
results in the same line.

Proposition 2.1. Assume that the space X is 3-smooth. Let f: X — RU {400}
be a lower semicontinuous function and x € dom f. Then

daf(x) = U c”” {w*—limx; cxy, € Ogpf(x,), and x, RN },

k>0

oZ flx) = U c”” {w*—limun “xy,xy, € Og -1y f(wn), and x, EN z, v, = 0F },

k>0

0o f(x) =e0"" {5Gf<x> ¥ ész@},
where

daf(x) = U {w*-limxz xy € Ogpf(xn), and x, RN },

k>0

OF f(x) == U {w*-limz/n ~xy, € Oy o1y f(2n), and T, EN z, v, — 0" }

k>0

are called the core of the G-subdifferential and the core of the singular G-subdif-
ferential, respectively.
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The following result is a well-known approximation property for horizontal sub-
gradients of the f-normal cone of the epigraph of a function. We refer to [43,
Proposition 1.4] for the proof.

Proposition 2.2. Let X be a [-smooth Banach space. Let f: X — R be a
proper lower semicontinuous function and (x*,0) € Ng(epif, (z, f(z))). Then
for any € > 0 and pB*-neighborhood U* of zero in X* there exist y € X and

(y*, A) € Na(epi f, (y, f(y))) such that X € (=€,0), ly —z| <&, |f(y) = f(2)] <e
and y* € x* + U".

Let T' be a nonempty index set, and let {fi}ter be a family of functions from X
to R. We will consider the pointwise supremum function of the family as

f: X =R, 2+ f(z):= su%)ft(x). (2)
te
The symbol P¢(T") denotes the set of all ¥ C T such that F' is finite.
For F' € P¢(T) we define fr(z) := maxsep fs(x).

Following the notation of [46], R is defined as the space of all multipliers A = ()\;)
and R denotes the set of all A € RT such that \; # 0 for finitely many ¢ € T}
for A € RT, we denote the support of A by supp A :={t € T : \; # 0}.

We define the generalized simplex on T as
AT):={AeRD: x>0and >, A\ =1}
If Card(T") = n, we simply identify A(7") with the usual simplex set in R”, denoted
by A,. For a point z € X and € > 0, we define
o the set of e-active indezes at T by
T.({fithter. @) :={t € T: f(T) < fi(T) +c};
o the set of e-active sets at T by
ﬁ({ft}te%i’) ={FeP:(T): f(2) < fr(T) +e};
o The set of e-multipliers at T by
(M) >0forallteT,
A(T, { fetier, T,€) == (M) € RT ;A <e, VtET\Ts({ft}teTj) - (3)
and | Y ,cp A — 1] < e

If there is no ambiguity, we may omit the family {f;};cr in the above definitions,
simply writing 7.(z), 7:(z) and A(T, Z,¢) instead. Also, if Card(T) =n € N, we
write A, (Z,¢) instead of A(T,z,¢).

3. Fuzzy calculus rules for the viscosity subdifferential of the
supremum function

In this section, we present the results on the viscosity subdifferential we will need
to deduce our main results. This preliminary work is needed since the afore-
mentioned subdifferential is the core element to construct the loffe geometric
subdifferential, as the reader can appreciate from the definitions given in the pre-
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ceding section. First, we develop some basic properties and calculus estimations,
and secondly, we give some fuzzy calculus rules. Finally, the main results of this
article, which are Theorems 4.4 and 4.5, will be presented in the next section. In
what follows, we always assume that X is a f-smooth Banach space, for some
bornology S.

The next proposition contains the main properties we will use in our results. Most
of them are known, and consequently, the corresponding references are given in
the proof.

Proposition 3.1. The viscosity B-subdifferential Oz satisfies the following prop-
erties:

(i)  (Finite-dimensional representation) Consider an lsc function f: X — R and
x* € Ogf(x). Then, for every V€ Nx-(0,w*) and every finite-dimensional
subspace L C X there exist € > 0 and a continuous function ¢: X — R such
that Opp(Blx,€]) C a*+V* and f — ¢ + Orapje,g attains its minimum at x.

(ii)  (Calculus estimation) For every ¢ > 0, any point © € X and every finite-
dimensional subspace L of X, we have

ds0pwenr (') C LT, Va' € B(z,e).

(iii) (Enhanced Fuzzy Sum Rule) Consider an lsc function f, a convex Lipschitz
function g and a point x € X. If x is a local minimum of f + g with
f(z) € R, then there are sequences (Ty, %) )nen such that x} € Ozf(z,),
2 L 2, x) I xhy with —zf € 0gg(x).

(iv)  (Puzzy Sum Rule) Consider a finite family of lsc functions f;: X — R (with
j€J)and x* € 05(3;c; f1)(®). Then, there are nets (Ta,j, 77, j)acn such

* f WO

that z7, ; € 05 fi(Taj), Tay —> @ and 3o, xh ; = x*.

(v)  For every finite family of Isc functions fj: X — R (with j € J) and every
x € X, one has

Oafs(z) C (e {ZAtaﬁfj(xj) -2, € Bz, fj,¢], AEA(J,x,¢) } (4)

e>0

Moreover, all properties are also valid for the convex subdifferential in arbitrary
Banach spaces considering convex proper lsc functions.

Proof. The properties (i) and (ii) follow from the definition of the [-subdif-
ferential. Property (iii) is the well-known Enhanced Fuzzy Sum Rule (see, e.g.,
[55, 56, 2, 43, 45, 6]) and property (iv) is an equivalence of property (iii) (see [44]).
Finally, we must prove property (v); To do so, it is enough to prove the result for
the pointwise supremum of two functions, that is, with J = {1, 2}.

Let us denote g := max{fi, fo}. Let * € Jzg(z), € € (0,1), V* € Nx-(0,w*)
and let L be a finite-dimensional subspace of X satisfying that L+ C V*. Ap-
plying property (i), there exist v € (0,¢) and a function ¢: X — R such that
0sp(Blx,7]) C a* +V* and g — ¢ + 61,4 attains its minimum at z.
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By lower semicontinuity, and shrinking v if necessary, we may assume that
filu) > fi(z) — e, for all u € Blz,v],i=1,2. (5)
Now, consider the function h: X x R? — R given by

h(w, ;) = mfan, @z) + depi gy (W, ar) + Gepi f, (W, @2) =P (W) +0 11w 2 (W),

where m(aq, az) := max{a;,as}. Clearly, h has a local minimum at the point
(%, fi(2), f2(2)), and so, by property (iv) we can choose (a1, a2), (q1,q2) € R?,
(wi,s;) € X xR (1 =1,2) and (w}, ;) € X* xR (i = 1,2) satisfying for i = 1,2
that
« |filw) —ail < /2 and

(q1,42) € Om(on, 2) = {(p1,p2) € Az = pi = 0 if a; <m(ar, a2)};
° (wiasi> GB[$7f277/2]7
* (w;7 /\l) € aﬁéepifi<wi7 Si);
o witwieat+V*+V*and ¢+ N\ < /2.

By (5) and property (iv), we deduce that (w;, f(w;)) € Blz, f;, €], for each i = 1,2,
and following classic arguments (see, e.g., [2, 6, 43, 45]) we further deduce that
(wF, Ai) € 0gdepi £, (wy, f(w;)) and \; < 0.

Observe that |\ + X2 +1| = |A+ X2+ (1 +¢2)| < e. Moreover, if f;(z) < g(x) (for
i = 1,2), then (by shrinking v if necessary) we may assume that «; < m(aq, )
and so in such a case ¢; = 0 and consequently |\;| < e. These two points yield
that (—A;, —A2) € Ay(z,€), according to the definition (3).

Without loss of generality, we may assume that \; # 0 for ¢ = 1,2. Otherwise,
we may apply Proposition 2.2 to replace (wj, s;) and (w}, A;) by arbitrarily close
approximations (w}, s;) and (w;*, \}), satisfying all the properties we have observed
so far and where the multiplier A} # 0. Thus, for i = 1,2, we can define z; = w;

and z} 1= \; 'wr € 05fi(x;).

With this construction, it is not hard to see that \jz + Aoz} € "+ V* +V* and
since V* is an arbitrary w*-neighborhood of zero, we deduce that

€1 S B[maflvg]a T2 S B[ZL', f27€]7 }

Jsg(z) C ﬂ v {/\laﬁf1<x1) + A203 fo(2) and \ € A(J, z,¢)

e>0

The proof is complete. [

In what follows, 7" will be an arbitrary index set and f,: X — R will be a family
of Isc functions. We recall that f is defined as the supremum function of the
family, that is, as in (2). We say that T is a directed set ordered by =< if (T, <)
is an ordered set and for every t1,ty € T there exists t3 € T such that ¢; < ¢3 and
to < t3. Moreover, we say that the family {f;};cr is increasing provided that for
all ti,to €T

tl j t2 — ft1(x> S ftQ(x)7 Vor e X.
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The next definition is an adaptation of the notion of robust infimum or decoupled
infimum used in subdifferential theory to get fuzzy calculus rules (see, e.g., [4, 34,
45, 49)).

Definition 3.2. (Robust infimum) For a subset B of X, we will say that the
family {f;}ter has a robust infimum on B C X provided that

inf = inf : 6
inf f(w) = sup inf fi(z) (6)
In addition, if there exists some & € B such that
o .
sup inf fi(z) = f(2),

then we will say that the family {f;},er has a robust minimum on B C X.
Finally, if B is some neighborhood of Z, then we say that {f;};er has a robust
local minimum of at z. O

The following lemma gives a sufficient condition for robust local minimum. Let
us recall that for € > 0 and a set C' we define

{ {reC: f(r) <infe f+e}, if infef > —o0,

e-argmin(f) := {x €O flx) < _% ’ if infe f = —o0.

C

Lemma 3.3. Let X be a Banach space and B C X. Suppose that (T,=) is
directed, { fi}ter is an increasing family of T-lower semicontinuous functions, B
is T-closed and there exists some ty such that fy, is T-infcompact on B, with T
some topology coarser (weaker or smaller) than the norm topology. Then the
family { f;}ier has a robust minimum on B.

Proof. It is clear that 7 :=sup inf f;(z) < inf sup fi(x).

teT ©€B teB ter
So we focus only on the opposite inequality. For this purpose, we consider ¢, € (0, 1)
such that &, — 0 and points x; € B with x; € ;- argming{f;}. According to [8],
Lemma 4, it is enough to prove that the set {z; : t = to} is 7-relatively compact.
Indeed, since the family { f; }ier is increasing, we have that for all ¢ > ¢,

N i
) 2 Jof Fule) = —ee

Moreover, since fi,(x) < fi(z:) < n+ e, we get that x; € {x : fi () <n+ 1},
which yields that the set {z; : t > to} is 7-relatively compact. O

Remark 3.4. The hypothesis of inf-compactness in the above lemma is required,
even if the supremum function f is inf-compact. Indeed, let us consider the
functions

fulz) =n*2? —2* xR

Then, it is clear that the family {f,: n € N} is increasing and f = d;0y. However,
infg f,, = —oo and infg f = 0.
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The following result is a necessary condition for the existence of robust local
minimum of the supremum function in terms of the data f;’s.

Proposition 3.5. Let (T, <) be a directed set and { fi}ier be an increasing family
of lower semicontinuous functions. If {fi :t € T} has a robust local minimum at
x, then

0e ()l { | {0sfi(x) : 2 € Bz, fi.e], t € Ta(x)}}. (7)

e>0

Proof. Assume that {f; : ¢ € T'} has a robust minimum at z on B := B(z,7),
and pick € € (0,1) and v € (0, min{n/2,e/2}). Since T is a robust minimum, there
exists t € T such that i%f fi > f(Z)—~* > fi(x)—~>. Therefore, |fi(z)—f(z)| < +*

and Z is a y?-minimum of f;, + dg. Hence, by Ekeland’s variational principle
(see, e.g., [4]) there exists x, € B(Z,7) such that |fi(z,) — fi(Z)] < 7* and
x, is a minimum of the function f(-) + dp(-) + || - —a,||, which implies that
f() + 7| - —z,| attains a local minimum at z.,. By Proposition 3.1.(iii), there

exist sequences (z,,x}) € X x X* such that =} € 0sfi(x,), x, EiN Loy, T, I
with * € yBx~. Then, take n € N such that |f;(x,) — fi(z+)] <7, ||z — 2| < v
and 0 € Osfi(z,) + 29Bx-. Therefore, z, € B[z, fi,¢|, |fi(Z) — fi(zn)| < e,
|f(Z) — fi(zn)] <eand 0 € 9sfi(x,) + eBx+, which implies

0 €| J{0sfi(x) : w € Blz, fi,e], t € To(2)} + By
The conclusion follows. O]

Now, we present the following upper-estimation for the viscosity subdifferential of
the supremum function of an increasing family.

Proposition 3.6. Let (T, =) be directed and {fi}ier be an increasing family of
lower semicontinuous functions. Then, for all x € X

0sf(z) C ﬂ v’ U {8Bft(x) :x € BT, f,e], t € Te(x)}. (8)

e>0

Proof. Fix z* € 03f(Z), V € Nx+(0,w*) convex and symmetric, € > 0 and L
a finite-dimensional subspace of X such that L+ C V, so by Proposition 3.1.(i)
there exist a ball B := B[z,n] and a continuous function ¢: X — R such that
930(B) C a* +V and f := f — ¢ + d;np attains a local minimum at Z. Hence,
consider the family of functions f, := f, — ¢ + 0.np5. It is easy to see that the
family is increasing, that f = supy f; and that there exists some t € T such that
f; is inf-compact. Whence, Lemma 3.3 yields that the family { fi:te T} has a

robust local minimum at z, and so Proposition 3.5 implies

0e (e {Ul0sfi(a) : 2 € Bz, furl t € T,({fiker. ) . (g)

¥>0
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Now take v € (0,min{e/3,7/3}) small enough such that |¢p(w) — ¢(z)| < ¢/3
for all w € B[z,v], so by (9) there exist ¢t € T, fiher, @), © € B[:E,ft,l/] and
w* € dafi(x) = I5(f — ¢ + 01np)(x) such that w* € z* + V. It implies that
x € Bz, f,v+e/3]and t € T, /3({fi}ier, T).

Now applying Propositions 3.1.(ii) and 3.1.(iv) to the sum of functions f —¢+0,p
we get the existence of points u € X and u* € X* such that u* € 9Jsfi(u),
u € Blz, fi,v] and u* € w* + L+ +V = w* +V + V. Therefore t € T.({ fi }ier, T),
u € B[z, fi,¢] and 2" € u* + V + V 4 V. The proof is now complete. ]

Using the family of finite subsets of 7" and the supremum function, we have the
following upper-estimation of the subdifferential of the supremum function of an
arbitrary family of Isc functions.

Theorem 3.7. Let {f; :t € T} be an arbitrary family of lsc functions. Then for
every T € X

85f(i) C ﬂ el U ﬂ v {Z )\taﬁft(l’t) : :;tEEAB([?’;t’?;)]" } (10)

e>0 FeT(z) >0 teF
' €BZ,fr,€]

Proof. Consider the set T':= P¢(T), ordered by the direct inclusion C, and the
family of functions {fr : F' € T} (recall that fp = max,ep fs). Then it is easy
to see that the family {fp : F € T} is an increasing family of functions and
suppei fr = f. Let 2* € 03f(Z). Then, by Proposition 3.6

e (e {U {0sfr(x) : &' € Bz, frc), F € Tg(f)}} .

e>0

Now, if w* € g fr(z') for some &' € B[Z, fr, €] and F € T.(Z), we get «’ € B(Z,¢)
and F' € T.(Z), so using Proposition 3.1 (v) we get

w* € ﬂ cl” {Z)\taﬂft(xt) o xy € B[, fi,7], A € A(F, 2, y). },

>0

and so, inclusion (10) holds. O

It is worth mentioning that all the results enunciated in this section are also valid
for any abstract subdifferential operator on a Banach space X, satisfying axiomatic
properties such as the ones described in Proposition 3.1.(i)-(v).

4. Ioffe geometric subdifferential of the pointwise supremum function

The next result extends the fuzzy intersection rule for Fréchet mormals to in-
tersections of cones, see [48, Theorem 5.2] and [51, Theorem 4.5], for the (-
subdifferential.
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Theorem 4.1. Let {A}ier be an arbitrary family of closed subsets of X and
A= (Ver M- Then given, T € X, 2* € Ng(A,z), € > 0 and V* € Nx-(0,w*),
there are F € P;(T), w, € B[z, ¢e] and w; € Ng(Ay, wy) such that

zT ey w4V (11)
teF

Consequently, if { A }rer is a family of closed cones we have Ng(As, w) € Ng(A, 0)
for allt € T and thus

Ng(A,z) C el {Zw? w; € Ng(A,0) and t € F € Pf(T)}. (12)

tel

Proof. The first part corresponds to a straightforward application of Theorem
3.7. Now if one considers a closed cone K C X and uw € K one has that

Ns(K,u) € Ng(K,n tu), Vn € N.

Therefore, by virtue of Proposition 2.1, Ng(A;, u) € Ng(Ag, 0) for every ¢ € T and
u € A;. Consequently, (11) implies (12). O

Before presenting our main result, we need to adapt the notion of sequential nor-
mal epi-compactness (SNEC) of functions defined for the limiting/Mordukhovich
subdifferential (see, e.g., [45, Definition 1.116 and Corollary 2.39]). We use the
same definition in order to extend similar results for the loffe geometric subdif-
ferential.

Definition 4.2. An extended real valued function f finite at x is said to be
SNEC at x with respect to 0p if for any sequences (A, zg, x}) € [0, 4+00) X X x X*

satisfying A\, — 0, xy EN z, ¥f € 0af(z1) and A\pxp = 0, one has || A\z}| — 0.
Moreover, a family of functions { f; };er is said to be SNEC in a neighborhood of
a point z if there exists a neighborhood U of Z such that for all x € U, all but at
most one of these functions are SNEC at . [

We also say that the family of functions {f;}ier satisfied the limiting condition
with respect to % on a neighborhood of a point z if there exists a neighborhood
U of & such that for all z € U and all F' € P;(T)

w; € O fi(x), t € F and Zw;‘ = 0 implies w; =0, for all t € F. (13)

teF

The next theorem is the main result of the paper and provides a fuzzy calculus
rule for the loffe geometric subdifferential of the pointwise supremum function in
the context of S-smooth weakly compactly generated (WCG) Banach spaces. To
prove it, we use a technique called separable reduction, which has been employed
by several authors in the recent years. Particularly, Ioffe and Fabian [18, 17] used
it to obtain calculus rules for the Fréchet subdifferential.
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To use this technique, let us introduce the following notation: by the symbol
S(X x X*) we understand the family of set U x Y where U and Y are (norm-)
separable closed linear subspaces of X and X*. A set A C S(X x X*) is called a
rich family (see, e.g., [9] and the references therein) if

(i) forevery U xY € S(X x X*), there exists V' x Z € A such that U C V and
Y C Z,

(i) Upen Un X Upen Yo € A, whenever the sequence (U, x Y, )nen C A satisfies
Un g Un+1 and Yn g Yn—&—l‘

We will also need the next lemma, whose proof follows directly from [9, Proposi-
tion 10] taking into account that every WCG Banach space admits a projectional
generator with domain X* (see [15, pages 125,153]).

Lemma 4.3. Let X be a WCG Banach space. Then, there exists a rich family
A C S(X x X*) such that for every Z x Y € A the following condition holds:

ZHNelS(Y) = {0}, (14)

where cly(Y') stands for the sequential w*-closure of Y.

Now, we present the main result of the article.

Theorem 4.4. Consider a family of lower semicontinuous functions { f lier over
a B-smooth WCG Banach space X . If the family { f;}ier is SNEC with respect to
0 and satisfies the limiting condition (13) with respect to (58? on a netghborhood
of x. Then

Ocf(z) C (e (5(:7:,@), and OF f(z) C () o ([o,g] .3@:«,5)), where

e>0 e>0
F e P:(T),2' € Blz,¢],
S(@,e) =Y Modafi(a): |fr(x)=f(Z) <e, NEA(F) and p,  (15)
ter fi(@") = fr(z’) for all t’ € supp A
- | Xafilx) ifA>0,
and Ao Ogfi(z) = { G h(r) i A=0,

Proof. We will only prove the inclusion for dg f, since the one for 580 f is essen-
tially the same. Consider ¢ > 0 and V € Ny-(0,w*). Pick 2* € d¢ f(Z). Hence, by
definition of g, there exist a sequence z,, = 7 and a selection % € 5 f(z,) such
that ¥~ z*. Now, let us consider j, € N large enough such that z* € i +V
and z;, € B[z, f,e]. By Theorem 3.7, there exists an e-active set F' € 7:(z;,) and
a point 2’ € Blxj,, fr,¢] such that z5 = u* +v* with v* € V and

(s ﬂ c”” {Z MNOgf(xy) : 2 € B2, fi, ], (M) € A(F, x',v)} : (16)

>0 teF
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By construction, it is clear that 2’ € B(z,2¢) and |fr(2") — f(Z)| < 3e. Now, we
only need to show that

ut € S(7,3¢) (17)

Indeed, if this is the case, we will get that 2* € S(Z, 3¢) + 2V and so, the desired
inclusion will hold due to the arbitrariness of € and V.

Let (7n)nen be a decreasing sequence converging to 0 and let A be the rich family
given by Lemma 4.3. The aim is to build a sequence (Z,, X Y,,)nen of elements in
A, a countable set {e(k,)}rien, a family of tuples (x.(k,p), z;(k,p), \i(k,p)) €
X x X* xRy indexed by ¢t € F, k € N and p € N, and neighborhoods W (k, p) €
Nx+(0,w*) with elements v*(k,p) € W(k,p) indexed by k € N and p € N, satis-
fying, for each n € N, the following properties:

1) Z1xY1CZyxYoC - CZ, XYy
{e(n,1)}ien is a dense subset of B N Z,,;

11

~—

(
(
(i) zi(n,p) € B2, fr, V), x;(n,p) € 0sfi(x(n,p)) and \(n,p) € A(F, 2, 7,);
(iv) Win,p)={y* € X* : [(y*,ek,))| <, Vk=1,....n,Vi=1,...,p};
(v) Forevery p e N, xy(n,p) € Z,41 and x(n,p) € Y,41; and

(vi) w = (X,cp Mz (n,p)) + v*(n, p), for every n € N and every p € N.

For n = 1, choose Z; x Y} € A such that (z/,u*) € Z; x Y;. Since Z is separable,

there exists a countable set {e(1,4) };ey C BN Z; dense in BN Z;. For every p € N,
we consider the neighborhood W (1,p) € Nx-(0,w*) given by

W(l,p):={y" e X* : |(y"e(1,0))] <, Vi=1,...,p}

By inclusion (16), we can find couples (x:(1,p),x;(1,p))cr for every p € N
with z:(1,p) € B2/, fi,7,] and x5 (1,p) € 0sfi(x(1,p)), e-multipliers (A)ier €
A(F,2',7,) and an element v*(1,p) € W(1,p) such that

ut = (Z At:vi(l,p)) +v*(L,p).

teF

Suppose now that we have constructed a sequence Z; x Yi,...,Z, x Y, (with
n > 1) of elements in A, a countable set {e(k,%)}r<nien, a family of tuples
(x4(kyp), z;(k,p), M(k,p)) € X x X* xR, indexed by t € F, k =1,...,n and
p € N, and neighborhoods W (k, p) € Nx«(0,w*) with elements v*(k,p) € W (k, p)
indexed by £ = 1,...,n and p € N satisfying properties (i) — (vi), with the
observation that property (v) only holds until n—1.

Now, since A is a rich family, we can find 7,1 x Y, ;1 € A containing Z, x Y,
satisfying that for each p € N and each t € F,

xi(n,p) € Zpt1 and x;(n,p) € Yoi1.

Then, we replicate the construction we have done for n = 1 to find the elements
{e(n+1,7)}sen, the tuples (zi(n+1,p),z;(n+1,p), i(n+1,p)) € X x X* xR,
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indexed by ¢t € F, and p € N, and the neighborhoods W (n + 1,p) € Nx«(0,w*)
with elements v*(n + 1,p) € W(n + 1,p) indexed by p € N. By induction, this
finishes the construction.

Now, let us define Z x Y = (J, ey Zn X U,,en Yo Which belongs to A, since the
family is rich. Also, for each n € N and each t € F let us define z4(n) := z;(n,n),
zi(n) := xf(n,n) and \(n) := \(n,n).

Since F' is finite and (A\;(n))nen is bounded for each t € F, we may assume
without losing any generality, that (A(n))ier — (A)ter. Furthermore, since
O(m)er € A(F, 2/, ), we get that

Z A = li7rln Z A(n) =
teF teF
and moreover, fs(z') = fr(2') for each s € supp(A;)ier-
Similarly, since x;(n) € B[2/, fi, ¥a], we get that x;(n) ELNVS
Now, by property (vi), we know that for each n € N,
ut = Z Ae(n)xf(n) + v*(n).
teF

So, to conclude, we need to study the convergence of (z}(n)), and (v*(n)),. To
do so, we claim that there exists M > 0 such that for each n € N and each t € F',

[Ac(n)zi(n)|| < M.

If not, we can define 7,, ;== maxcp || Ae(n)z; (n)|| = +00. Then, we would get that

et =y A(n)ai (n) + n, ot (n) — 0.

tel

Since for each t € F the sequence (1, \¢(n)z}(n))en is bounded, it w*-converges,
up to a subsequence (because X is WCG), to a point y; € 9g fi(z'). Further-
more, this yields that (7, 'v*(n)),ey is also bounded and so w*-convergent up to
a subsequence. Finally, noting that

(n;lv*(n), e(k,i)) = 0, Vk,ieN,

and applying the orthogonality condition (14), we conclude that any w*-convergent
subsequence of (n,'v*(n)) must converge to 0. Then,

0=> v,
teF

which yields by the limiting condition (13) that each y; = 0. However, since
F' is finite, it is not hard to see that there exists ¢ € F and a subsequence
(1) )\t(nk)xt (ng))r such that

i\ (n)z; ()| =1, VkeN.
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Furthermore, since n,'u* — 0, the above condition ensures the existence of a
second s € F'\ {t} for which

lim inf [|n;, ' A (ng)2 (ng)|| > 0.

This is a contradiction with the SNEC property given in Definition 4.2. The claim
is then proved.

Now, since X is WCG, for each ¢t € F the (bounded) sequence (Ai(n)z;(n))nen
admits a w*-convergent subsequence. Without losing any generality, we may and
do assume that for each t € F', (\(n)z;(n)) w*-converges to some point u;.

Moreover, we again conclude that v*(n) also w*-converges to 0. Indeed, by con-
struction, we know that

(v*(n),e(k,i)) — 0, Vk,ieN,
and then, since (v*(n)) is bounded, {e(k,?)}ren,ien is dense in BN Z and A is the

rich family given by Lemma 4.3, we deduce applying the orthogonality condition
(14), that v*(n) 2> 0. Then,

u* _ )\tx;fk € )\téGft(x,) lft € Supp()‘s)seF
Lol € O fila) otherwise.

Finally, applying again property (v), we conclude that

ut =Y uj € 8(z,3),

teF

and so, the proof is complete. Il

The next theorem is due to Mordukhovich-Nghia when X is an Asplund space [46].
We make an extension of this result using the Ioffe geometric subdifferential in an
arbitrary Banach space and also for locally convex spaces using the approximate
subdifferential and the singular approximate subdifferential, which are defined for
a point z € dom f as

Oaf(x) = () limsupd fusr(u), 05 f(x) = () limsupvd™ fup(u),

LeF uixp LeF uL:v
v—0

respectively, where f, ;= f + 0ysr, 07 is the Haddamard subdifferential, given
by

9 g(x) = {x € X*: (z*,h) < liminf g(z + sw) — g(w)

s—0t, w—s S

,VheX},

and F denotes the collection of all finite-dimensional subspaces of X. Here the
lim sup is considered with respect to the w*-topology in X*. It has been proved
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in [26] that the family F can be changed for the family subspaces with the weak
trustworthiness property using an enlargement of 0~ (see, e.g., [26, Theorem 5.1]).

It is worth mentioning that the Ioffe geometric subdifferential and the approximate
subdifferential coincides in the finite-dimensional setting (see Proposition 2.1), and
moreover both coincide in arbitrary Banach spaces for Lipschitz functions (see,
e.g., [27, Proposition 3.3], or [37, Chapter 4]). We refer to [25, 26, 27], where
the theory of the approximate subdifferential was developed in finite dimensions,
locally convex spaces and Banach spaces, respectively.

Theorem 4.5. Let {f;}ier be a family of locally Lipschitz functions on a neigh-
borhood of a point x € dom f. Assume that one of the following conditions holds
(a) X is a Banach space and O is the G-subdifferential.

(b) X is a locally convex space and O is the approzimate subdifferential.

Then

of(x) C(a*” (5@,@), and 0®f(z) C (] d*” ([O,z—:] -S(I,s)), (18)

e>0 e>0

where S(,¢) was defined in (15). In addition, if the family { f; }ier s uniformly
locally Lipschitz at x, then

F e Pe(T.(7)), 2 € Blz,ée],
0f(x) C (e > Nofila') : A e A(F) and . (19)
€>0 = fi(z") = fr(2') for allte F

Proof. Consider V € Nx-(0,w*), € > 0, a finite-dimensional subspace L > T such
that L+ C V and z* € df(x) (respectively, y* € 0°f(Z) ). Let P: X — L be a
continuous linear projection and define W = (P*)~!(V). Hence, aj, € af, ()
(respectively, y, € 0*f|,(x)) and, since L is finite-dimensional, the subdif-
ferentials described in (a) and (b) are equal for Lipschitz functions (see com-
ments before the statement of Theorem 4.5) to the Ioffe geometric subdiffer-
ential. Hence, we apply Theorem 4.4 and we conclude the existence of some

F e T(x), 2 € Blz,e], A € A(F) such that zj, € >, p MO(f],)e(2) + W and
(fin)e (') = (fi,)e(a') for all ¢/, € supp A, then

Pi(xf,) €Y NO(fi+00)(@) +V =D Nofi(a)) + LT +V,

teF teF

where the last equality follows from the sum rule for Lipschitz functions (see
26, 27, 45]). Therefore 2* = P(x}) + 2% — P(x}) € > ,cp MOfi(2') + V, which
implies z* € §(z,¢) + V. Similarly one concludes that y* € [0,¢] - S(z,¢) + V for
yi, € 0°f,(x). Since e > 0 and V € Nx+«(0,w*) are arbitrary, we conclude the
proof of (18).
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Finally to prove (19) we notice that if the functions are uniformly locally Lipschitz
at  with constant K, then, assuming that ¢ > 0 is small enough, we have that for
any t € T, x € B[7,¢] and | f;(z) — f(Z)| < € we also have fi(T) > f(Z) — (K +1)e,
which means t € T(x41)-(7). O]

5. Final comments

In this work we extended the results of [51] to WCG Banach spaces using the Ioffe
geometric subdifferential. In particular, Theorem 4.4 allows us to provide formulae
for the supremum function under lower-semicontinuous data satisfying the SNEC
and the limiting condition (13). Furthermore, in Theorem 4.5 we showed that the
results are also valid in arbitrary Banach spaces, and in arbitrary locally convex
spaces using the geometric subdifferential and the Aproximate subdifferential,
respectively.

Here, it worth mentioning that the main motivation to extend the aforementioned
results come from the fact that applications in semi-infnite programming, typically
uses spaces (>°(T"), and C(T'), which are not necessarily Asplund spaces. We hope
that this class of formulae may open a gate to extend results in semi-infinite
programming.

The key point in the proof of our main result (Theorem 4.4) is Lemma 4.3, which
shows the existence of a rich family in WCG Banach spaces providing the orthog-
onality condition (14). However, as we already mention, this result only needs
the existence of a projectional generator with domain X*. Nevertheless, it is an
open question to know which Banach spaces admit such a rich family. It is easy
to see that a Banach space satisfying the existence of such rich family is neces-
sarily a Banach space with weak*-sequentially compact dual balls (see, e.g., [12,
Chapter XIII] for more details about the property of weak*-sequentially compact
dual balls).

If one aims to extend the results of this article for general S-smooth Banach
spaces, a delicate work would be needed to replace subsequences by subnets,
which may present further difficulties. The main obstruction to do so is to find
an alternative result to conclude that the sequence of perturbations (v*(n)) in the
proof of Theorem 4.4 would converge to 0. Such a result would be of high interest
enlarging the applicability of the loffe geometric subdifferential.

In general, the Ioffe geometric subdifferential is the well-adapted first order tool
when we work outside the Asplund setting. It is well-known that in such Banach
spaces, the Fréchet (and limiting) subdifferential is no longer trustworthy [20, 14].
If one wants to work with the Clarke subdifferential instead, another difficulty
may arise: It is possible to construct Lipschitz continuous functions where the
Clarke subdifferential is everywhere saturated [3, 10].

However, we don’t know whether both problems may arise at the same time,
that is, if there exists a continuous function such that its Fréchet subdifferential
is everywhere empty and its Clarke subdifferential is everywhere saturated. If
such an example could be built in a S-smooth space, it would be very interesting
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to study the behavior of its Ioffe geometric subdifferential, which may further
illustrate both, the reach and the limitations of this object.

Acknowledgment. The authors are grateful to Professor Lionel Thibault for
his valuable comments.
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