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1. Introduction

Properties of set-valued maps known under the general name “metric regularity”
play an important role in the theory of optimization, and in optimal control,
in particular. In optimization, in general, the regularity properties of the set-
valued mappings appearing in the corresponding necessary optimality conditions
are of special interest; such properties provide the basis for analysis of stability of
the solutions with respect to perturbations and approximations. In the optimal
control context, the regularity theory has been developed mainly for problems
satisfying certain coercivity conditions (see, e.g., [4] and the recent paper [5]).
The goal of the present paper is to contribute to the metric regularity theory for
optimal control problems that are affine with respect to the control (further to be
called affine problems). This requires some conceptual enhancement of the general
regularity theory, as explained below.

1.1. Metric regularity

We recall two basic definitions (see e.g. [6, Section 3G] and [10]) for a set-valued
map Φ: Y ⇒ Z, where (Y, dY ) and (Z, dZ) are metric spaces. Let IBY (y; a)
and IBZ(z; a) be the closed balls with radius a > 0 centered at y ∈ Y and z ∈ Z,
respectively. Moreover, let gphΦ := {(y, z) ∈ Y ×Z : z ∈ Φ(y)} denote the graph
of Φ, and Φ−1 : Z ⇒ Y be its inverse defined as Φ−1(z) := {y ∈ Y : z ∈ Φ(y)}.
The map Φ: Y ⇒ Z is metrically regular (MR) at ŷ ∈ Y for ẑ ∈ Z with constants
a > 0, b > 0 and κ ≥ 0 if (ŷ, ẑ) ∈ gph (Φ) and for all z, z′ ∈ IBZ(ẑ; b) it holds that

eY (Φ
−1(z) ∩ IBY (ŷ; a),Φ

−1(z′)) ≤ κdZ(z, z
′),

where eY (A,B) := supα∈A dY (α,B) = supα∈A infβ∈B dY (α, β) denotes the excess
of A ⊂ Y beyond B ⊂ Y .
If Φ is (MR) at ŷ for ẑ and Φ−1(z)∩ IB(ŷ; a) is a singleton for every z ∈ IBZ(ẑ; b),
then Φ is called strongly metrically regular (SMR) at ŷ for ẑ. In this case the map
IBZ(ẑ; b) 3 z 7→ Φ−1(z) ∩ IB(ŷ; a) is single-valued and Lipschitz continuous with
Lipschitz constant κ.
We refer to [6, 10] for several equivalent definitions of MR; see also [9] and [10,
Chapter 2.7] and the references therein for extensions of the notion to Hölder and
nonlinear metric regularity.
It is of crucial importance that the MR and SMR are invariant with respect to
functional single-valued perturbations of the map Φ, provided that these pertur-
bations are sufficiently small in an appropriate sense. This type of results are
known as Lyusternik-Graves-type and Robinson-type theorems (see [6, 10] for a
detailed historical account). We recall one theorem of this type concerning SMR,
which is close to the extension we develop in the present paper. It is a part of [6,
Theorem 5G.3]1:

1See Errata and Addenda at https://sites.google.com/site/adontchev/
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Theorem 1.1. Let Y and Z be Banach spaces (so that dY and dZ are induced by
the norms) and let gphΦ be closed. Let a, b and κ be positive scalars such that Φ
is strongly metrically regular at ŷ for ẑ with constants a, b and κ. Let µ > 0 be
such that κµ < 1 and let κ′ > κ/(1− κµ). Then for every positive a′ and b′ with

a′ ≤ a/2, 2µa′ + 2b′ ≤ b and 2κ′b′ ≤ a′

and for every function φ : Y → Z satisfying

dZ(φ(ŷ), 0) ≤ b′ and dZ(φ(y), φ(y
′)) ≤ µ dY (y, y

′) for every y, y′ ∈ IBY (ŷ; 2a
′),

the map z 7→ (φ + Φ)−1(z) ∩ IBY (ŷ; a
′) is a Lipschitz continuous function on

IBZ(ẑ; b
′) with Lipschitz constant κ′.

An important consequence of this theorem is that SMR of a set-valued map φ+Φ
with a Fréchet differentiable function φ : Y → Z is equivalent to SMR of the
partial linearization φ(ŷ)+φ(ŷ)(y− ŷ)+Φ(y). This result was proved (in a finite-
dimensional space setting) by S. Robinson in his seminal paper [14] in the case of
Φ(y) = NU(y), where U is a closed convex set and NU(y) is the normal cone to U
at y. Thus the result concerns a variational inequality of the form (the variable y
is changed to u for further convenience)

φ(u) +NU(u) 3 0. (1)

1.2. Control-affine problems and lack of metric regularity

Let us introduce the affine optimal control problem that will be in the focus of
the present paper:

(P)
minimize ℓ(x(T ))
subject to ẋ(t) = f(t, x(t)) + g(t, x(t))u(t), a.e. on [0, T ],

u(t) ∈ U := [0, 1]m, x(0) = x0.

Here x(t) ∈ Rn is the state at time t, u(t) ∈ Rm is the control, ℓ : Rn → R,
f : [0, T ]×Rn → Rn, g : [0, T ]×Rn → Rn×m are given functions, the time horizon
[0, T ] and the initial condition x0 are fixed and given.
It is well known that the Pontryagin maximum (here minimum) principle involves
a variational inequality of the type (1), where, however, the convex set U is a subset
of the space L∞(0, T ), namely, U = {u ∈ L∞ : u(t) ∈ U for a.e. t ∈ [0, T ]}. Here
the function φ(u) is the derivative with respect to u of the Hamiltonian associated
with problem (P) (the details are described in Section 3). It has the special form
φ(u)(t) = σ̂(t), where σ̂ is the so-called switching function associated with the
problem and a reference optimal solution. Observe that the function σ̂ is not
directly dependent on the control u due to the affine dependence of differential
equation in (P) on u. This is a substantial difference with coercive problems, and
it creates a trouble for establishing MR or SMR of the set-valued map in (1). In
order to explain this trouble and the reason for which we extend the notions of
MR and SMR, we consider the following simple example.
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Let U = [−1, 1], σ̂(t) = −1 + t, t ∈ [0, 2]. The variational inequality (1) takes the
point-wise form σ̂(t) + NU(u(t)) 3 0, and this inclusion has the unique solution
(modulo a set of measure zero)

û(t) =

{
1 if t ∈ [0, 1),
−1 if t ∈ (1, 2].

The (control) functions u : [0, 2] → U belong to L∞, but in order to obtain some
kind of regularity of the map u(·) 7→ σ̂(·) + NU(u(·)) one has to consider the
L1-metric in this space.
Now, consider the disturbed inclusions

σ(t) +NU(u(t)) 3 0, σ′(t) +NU(u(t)) 3 0, (2)

with two “special” continuous disturbances, σ and σ′ of σ̂, such that where ‖σ −
σ̂‖L∞ = ‖σ′ − σ̂‖L∞ = b (b is a fixed positive number) but ‖σ − σ′‖L∞ ≤ ε where
ε > 0 is arbitrarily small. The definition of these disturbances is clearly presented
in Figure 1.1.

t

σ
1

−1

2

← σ = σ′ = σ̂

← σ = σ′
σ̂ →

σ

σ′

Figure 1.1: Here ‖σ̂ − σ‖L∞ = ‖σ̂ − σ′‖L∞ = b, and ‖σ − σ′‖L∞ = ε << b/4.
The number b equals the length of the three “short” horizontal segments, ε is the
distance between the lower and the upper one.

The corresponding solutions u and u′ of (2) are unique and ‖u− u′‖L1 ≥ b, since
u(t) − u′(t) = 2 on a set of measure at least b/2 (if ε is small enough). If the
map σ̂ +NU(u) were MR with constants a, b, κ at û for σ̂ in the spaces Y = L1,
Z = C, then the inequalities

b ≤ ‖u− u′‖L1 ≤ κ‖σ − σ′‖L∞ ≤ κε

had to be fulfilled. This is a contradiction, since ε > 0 can be chosen arbitrarily
small, interdependently on b.
On the other hand, if we consider only disturbances from the space Z = W 1,∞,
one can easily verify that for any σ, σ′ ∈ W 1,∞ with ‖σ− σ̂‖W 1,∞ , ‖σ′− σ̂‖W 1,∞ ≤
b := 1/2 the corresponding solutions u and u′ of (2) are again unique and

‖u− u′‖L1 ≤ 4‖σ − σ′‖W 1,∞ .
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This means that the map σ̂(·)+NU(u(·)) is SMR at û for zero in the space settings
L1 for u and W 1,∞ for the disturbances. This, however is not a satisfactory result.
In fact, one can easily prove that the inequality

‖u− u′‖L1 ≤ 4‖σ − σ′‖L∞ (3)

holds, provided that ‖σ − σ̂‖W 1,∞ ≤ 1/2 and ‖σ′ − σ̂‖W 1,∞ ≤ 1/2.
As a recapitulation, we formulate the above observations in the following way.
The map σ̂ +NU(u) is not MR in the space setting Y = L1, Z = L∞ but is SMR
in the spaces Y = L1, Z = W 1,∞ with constants a = +∞, b = 1/2 and κ = 4.
However, this regularity property is too weak, because although the disturbances
have to be close to σ̂ in the W 1,∞-norm, the Lipschitz property in the definition of
SMR holds in the L∞-norm in Z (see 3). Therefore , in order to grasp in a right
way the situation, we have to use two norms in the space W 1,∞: the W 1,∞-norm
for the neighborhood IBZ(σ̂) and the L∞-norm for the Lipschitz property.

1.3. Aims and content of the paper

For the reasons explained in the subsection above, in this paper we introduce in
an abstract space setting the notions of bi-Metric Regularity (bi-MR) and Strong
bi-Metric Regularity (Sbi-MR). This is done in Section 2 (the Sbi-MR) and in
Section 5 (the bi-MR), where we also prove Lyusternik-Graves-type theorems for
these notions of regularity. We mention that the notion of Sbi-MR was first intro-
duced in [13] and utilized in the context of linear optimal control problems. The
Lyusternik-Graves-type theorem for Sbi-MR maps proved there is substantially
more restrictive than the one obtained later in [12] and presented in Section 2.
The Lyusternik-Graves-type theorems claim stability of the respective regularity
properties under perturbations that are small in an appropriate sense. Thanks to
that, in Section 3 we prove that the Sbi-MR of the map appearing in the Pontrya-
gin necessary optimality conditions for problem (P) is invariant with respect to
linearization. Thus, any sufficient conditions for Sbi-MR in the linearized version
of problem (P) are also sufficient for Sbi-MR of the map associated with problem
(P) itself. For this reason, in Section 3 we also prove sufficient conditions for
Sbi-MR for linear-quadratic affine optimal control problems that arise, in partic-
ular, as linearization of problem (P). These conditions extend the ones in [12]
by weaker requirements about the data, which is essential if the linear-quadratic
problem results from linearization. The obtained sufficient conditions are, never-
theless, restrictive since they require a purely bang-bang structure of the optimal
control and additional properties, which exclude the case of singular arcs. Here we
mention that similar conditions have been involved in various contexts (includ-
ing sufficiency of the Pontryagin conditions and error analysis of approximation
methods) in several papers out of which we mention [1, 7, 11, 8, 2, 3].
As another application of our version of the Lyusternik-Graves theorem applied
to affine optimal control problems, we prove in Section 4 a result about stability
of the Sbi-MR for affine problems with disturbances, extending to the non-linear
case results from [7] and [13].



514 M. Quincampoix et al. / On the Metric Regularity ...

2. Strong bi-metric regularity: abstract setting and a Lyusternik-
Graves-type theorem

Let (Y, dY ), (Z, dZ), (Z̃, dZ̃) be metric spaces, with Z̃ ⊂ Z and dZ ≤ dZ̃ on Z̃.
Denote by IBY (ŷ; a), IBZ(ẑ; b) and IBZ̃(ẑ; b) the closed balls in the metric spaces
(Y, dY ), (Z, dZ) and (Z̃, dZ̃) with radius a > 0 or b > 0 centered at ŷ and ẑ,
respectively.
As explained in the introduction, in order to grasp affine optimal control problems
we involve two norms in the definition of strong metric regularity. The following
definition is a modification of [13, Definition 2.1] (see [12]).
Definition 2.1. The set-valued map Φ: Y ⇒ Z is strongly bi-metrically regular
(Sbi-MR) at ŷ ∈ Y for ẑ ∈ Z̃ with constants κ ≥ 0, a > 0 and b > 0 if (ŷ, ẑ) ∈
graph(Φ) and the following properties are fulfilled:
(i) the map IBZ̃(ẑ; b) 3 z 7→ Φ−1(z) ∩ IBY (ŷ; a) is single-valued;
(ii) for all z, z′∈IBZ̃(ẑ; b) :

dY (Φ
−1(z) ∩ IBY (ŷ; a),Φ

−1(z′) ∩ IBY (ŷ; a)) ≤ κ dZ(z, z
′). (4)

It is important to notice that in this definition only “disturbances” z, z′ belonging
to the smaller space Z̃ are allowed, and they have to be sufficiently close to
reference point ẑ in the stronger metric dZ̃ . However, the Lipschitz property
(4) holds with the (weaker) metric dZ . This is the difference with the standard
definition of strong metric regularity (see e.g. [6, Section 3G] and [10]), where a
single metric in Z is involved. Clearly, Sbi-MR implies strong metric regularity
of the set-valued map y 7→ Φ(y) ∩ Z̃ at ŷ for ẑ in the metric dZ̃ , but then the
Lipschitz property is also in the metric dZ̃ (rather than dZ), which can be a much
weaker property. This is the case, in particular, when dealing with mappings that
arise in optimal control problems for affine systems.
The next result resembles the main features of the Lyusternik-Graves-type Theo-
rem 2.1 in [13] but under substantially weaker requirements, as explained below.
It resembles Theorem 4.2 in [12].

Theorem 2.2. Let the metric space Y be complete, let Z be a linear space and
Z̃ a subspace of Z. Let the two metrics, dZ and dZ̃, respectively in Z and Z̃ be
shift-invariant and dZ ≤ dZ̃ on Z̃. Let the set-valued map Φ: Y ⇒ Z be strongly
bi-metrically regular at ŷ ∈ Y for ẑ ∈ Z̃ with constants κ, a, b. Let µ > 0 and κ′
be such that κµ < 1 and κ′ ≥ κ/(1− κµ).
Then for every positive constants a′, b′, and γ satisfying

a′ ≤ a, b′ + γ ≤ b, κb′ ≤ (1− κµ)a′, (5)

and for every function φ : Y → Z̃ such that

dZ̃(φ(ŷ), φ(y)) ≤ γ ∀y ∈ IBY (ŷ; a
′), (6)

and dZ(φ(y), φ(y
′)) ≤ µdY (y, y

′) ∀y, y′ ∈ IBY (ŷ; a
′), (7)

the map IBZ̃(ẑ + φ(ŷ); b′) 3 z 7→ (φ + Φ)−1(z) ∩ IBY (ŷ; a
′) is single-valued and

Lipschitz continuous with constant κ′ with respect to the metric dZ.
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The main improvement in the above theorem, compared with [13, Theorem 2.1],
is that the Lipschitz property (7) is required in [13, Theorem 2.1] to be fulfilled in
the stronger metric dZ̃ , while here it is required in dZ . This improvement makes
the theorem usable in the context of the present paper, in particular.
Corollary 2.3. Let the assumptions of Theorem 2.2 be fulfilled with ẑ = 0, and
let φ : Y → Z̃ be such that the map IBZ̃(φ(ŷ); b

′) 3 z 7→ (φ+Φ)−1(z)∩IBY (ŷ; a
′) is

single-valued and Lipschitz continuous with constant κ′ with respect to the metric
dZ, where a′, b′, κ′ > 0. Let, in addition, the following inequalities be fulfilled:

dZ̃(φ(ŷ), 0) ≤ b′/2, κ′dZ(φ(ŷ), 0) ≤ a′/2.
Then
(i) the inclusion 0 ∈ φ(y) + Φ(y) has a unique solution y∗ in IB(ŷ; a′), and

dY (y
∗, ŷ) ≤ κ′dZ(φ(ŷ), 0); (8)

(ii) the map φ+ Φ is strongly bi-metrically regular at y∗ for zero.

Before starting the proof we mention that the parameters a′′, b′′, κ′′ of Sbi-MR of
φ+Φ at y∗ for zero can explicitly defined as any numbers satisfying the inequalities

a′′ ≤ a′/2, κ′b′′ ≤ a′′, b′′ ≤ b′/2, κ′′ ≥ κ′.

Proof. Since 0 ∈ IBZ̃(φ(ŷ); b
′), the solution y∗ exists and is unique in IB(ŷ; a′).

Moreover, (8) is fulfilled since ŷ ∈ (φ+Φ)−1(φ(ŷ)). To prove (ii) we take arbitrarily
zi ∈ IBZ̃(0; b

′′), i = 1, 2. We have

dZ̃(zi, φ(ŷ)) ≤ dZ̃(zi, 0) + dZ̃(0, φ(ŷ)) ≤ b′′ +
b′

2
≤ b′.

Then yi ∈ (φ+Φ)−1(zi)∩IBY (ŷ; a
′) exist, and dY (y1, y2) ≤ κ′dZ(z1, z2). Moreover,

yi ∈ IBY (y
∗; a′′) since

dY (yi, y
∗) ≤ κ′dZ(zi, 0) ≤ κ′b′′ ≤ a′′.

Finally, yi is the unique element of (φ+ Φ)−1(zi) ∩ IBY (y
∗; a′′) since

IBY (y
∗; a′′) ⊂ IBY (ŷ; dY (y

∗, ŷ) + a′′) ⊂ IBY (ŷ;κ
′dZ(0, φ(ŷ)) + a′′)

⊂ IBY (ŷ; a
′/2 + a′/2) = IBY (ŷ; a

′)

and (φ+ Φ)−1(zi) ∩ IBY (ŷ; a
′) is a singleton.

3. Strong bi-metric regularity of affine problems

To begin with, we introduce the basic notation which will be used throughout the
paper. The Euclidean norm in Rn is denoted by |·| and IB(x; a) stays for the closed
ball in Rn centered at x ∈ Rn with radius a ≥ 0. As usual, L1([0, T ],Rn) and
L∞([0, T ],Rn) are the spaces of all measurable absolutely integrable, respectively
essentially bounded, functions from [0, T ] to Rn; these spaces are equipped with
the standard Lebesgue norms ‖·‖1 and ‖·‖∞ and sometimes they will be shortened
by L1 and L∞, respectively. For k ∈ {1,∞}, W 1,k([0, T ],Rn) is the space of
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absolutely continuous functions x mapping [0, T ] to Rn such that the derivative ẋ
has a finite Lk-norm; moreover, W 1,k

x0
([0, T ],Rn) := {x ∈ W 1,k([0, T ],Rn) : x(0) =

x0}. These spaces are equipped with the standard corresponding Sobolev norm,
‖·‖1,k, and their notations are often shortened as W 1,k or W 1,k

x0
. For a given matrix

M , M⊤ and ‖M‖ denote the transpose and operator norm of M , respectively.

3.1. The problem and the concept of strong bi-metric regularity

We consider the affine problem (P) under the following assumptions.
Assumption (A1). (Smoothness of the data) The functions f , g and ℓ, and
their partial derivatives fx, gx, ℓx, fxt, gxt, fxx, gxx, ℓxx are continuous. Moreover,
fxx, gxx and ℓxx are locally Lipschitz continuous in x uniformly in t.
The set of admissible controls, U , consists of all Lebesgue measurable functions
u : [0, T ] → U . The system of necessary optimality conditions provided by the
Pontryagin minimum principle reads as follows:

(PMP)


0 = ẋ(t)− f(t, x(t))− g(t, x(t))u(t),
0 = ṗ(t) + (f(t, x(t)) + g(t, x(t))u(t))⊤x p(t),

0 ∈ g(t, x(t))⊤p(t) +NU(u(t)),

0 = p(T )−∇ℓ(x(T )),

where ∇ℓ = ℓ⊤x is the gradient of ℓ and NU(u) is the normal cone to U at u defined
in the usual way:

NU(u) :=

{
∅ if u /∈ U
{l ∈ Rm : 〈l, v − u〉 ≤ 0 ∀v ∈ U} if u ∈ U.

System (PMP) will be reformulated as an abstract generalized equation, for which
appropriate spaces for (x, p, u) and the image of the right-hand side in (PMP)
should be chosen. As shown in [12] for the case of linear-quadratic problems,
it is appropriate (in the context of Sbi-MR of the set-valued map associated
with (PMP) ) to consider (x, p, u) as elements of the space W 1,1

x0
([0, T ],Rn) ×

W 1,1([0, T ],Rn)×U , where U is endowed with the metric induced by the L1-norm
(note that U is a complete metric space with this metric).
However, this choice of the space above is too redundant: it contains elements
(x, p, u) with arbitrarily large norms (even with infinite L∞-norms of ẋ and ṗ),
which are irrelevant to the considered optimal control problem. To avoid this
(troublesome) redundancy we first make the following natural assumption.
Assumption (A2). There exists a number M > 0 such that for every u ∈ U the
corresponding solutions x ∈ W 1,1

x0
and p ∈ W 1,1 (with p(T ) = ∇ℓ(x(T ))) of the

differential equations in (PMP) exist and satisfy x(t), p(t), ẋ(t), ṗ(t) ∈ IB(0;M).
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Then the following space setting is relevant to the problem under consideration:

Y :=

{
(x, p, u) ∈ W 1,1

x0
([0, T ],Rn)×W 1,1([0, T ],Rn)× U :

x(t), p(t), ẋ(t), ṗ(t) ∈ IB(0; 2M)

}
.

The set Y will be considered as a metric space where the distance between two
elements y1 = (x1, p1, u1) and y2 = (x2, p2, u2) of Y is defined as

dY (y1, y2) = ‖y1 − y2‖Y := ‖x1 − x2‖1,1 + ‖p1 − p2‖1,1 + ‖u1 − u2‖1.

It is easy to verify that the metric space Y is complete.
In addition, we define the spaces

Z := L∞([0, T ],Rn)× L∞([0, T ],Rn)× L∞([0, T ],Rm)× Rn,

Z̃ := L∞([0, T ],Rn)× L∞([0, T ],Rn)×W 1,∞([0, T ],Rm)× Rn,

endowed, respectively, with the following two norms:

‖(ξ, π, ρ, ν)‖Z := ‖ξ‖1 + ‖π‖1 + ‖ρ‖∞ + |ν|,
‖(ξ, π, ρ, ν)‖∼ := max{1, T} (‖ξ‖∞ + ‖π‖∞) + ‖ρ‖1,∞ + |ν|.

The distances introduced by these norms are denoted by dZ and dZ̃ , respectively.
Clearly, ‖z‖Z ≤ ‖z‖∼ for every z ∈ Z̃ (the multiplier max{1, T} is just to ensure
this inequality). Similarly as in Section 2, the closed balls in the spaces (Y, dY ),
(Z, ‖·‖Z), (Z̃, ‖·‖∼) will be denoted by IBY , IBZ and IBZ̃ , respectively (with specified
center and radius as arguments).
Now, we may recast system (PMP) as the generalized equation

ψ(y) + F (y) 3 0, (9)

where y := (x, p, u) ∈ Y , and the function ψ : Y → Z and the set-valued map
F : Y ⇒ Z are defined as

ψ(y)(t) =


ẋ(t)− f(t, x(t))− g(t, x(t))u(t)

ṗ(t)+(f(t, x(t))+g(t, x(t))u(t))⊤x p(t)

g(t, x(t))⊤p(t)

p(T )−∇ℓ(x(T ))

 , F (y) :=


0
0

NU(u)
0

. (10)

Here, NU(u) :=

{
∅ if u /∈ U
{v ∈ L∞ : v(t) ∈ NU(u(t)) for a.e. t ∈ [0, T ]} if u ∈ U ,

is the normal cone to the set U at u in the space L1. Due to the definition of the
spaces Y and Z, it is obvious that ψ and F map Y into Z.
In the above setting the Sbi-MR property for system (PMP) associated with
problem (P) translates as follows.
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Property Sbi-MR of the map ψ + F in (9) at a solution ŷ: There exist positive
numbers a, b and κ such that the map IBZ̃(0; b) 3 z 7→ (ψ + F )−1(z) ∩ IBY (ŷ; a)
is single-valued and

dY
(
(ψ + F )−1(z′) ∩BY (ŷ; a), (ψ + F )−1(z) ∩BY (ŷ; a)

)
≤ κdZ(z, z

′) (11)

for every z, z′ ∈ IBZ̃(0; b).

3.2. Invariance of the strong bi-metric regularity with respect to
linearization

Let ŷ = (x̂, p̂, û) be a (from now on fixed) solution of the optimality conditions
(PMP). According to Assumption (A2) we have ŷ ∈ Y , and ŷ solves (9). We shall
formally introduce a partial linearization of (9) in the usual way, introducing first
the matrices

A(t) := (f(t, x̂(t)) + g(t, x̂(t))û(t))x , (12)
B(t) := g(t, x̂(t)), (13)
W (t) :=

(
(f(t, x̂(t)) + g(t, x̂(t))û(t))⊤x p̂(t)

)
x
, (14)

S(t) :=
(
g(t, x̂(t))⊤p̂(t)

)⊤
x
, (15)

K := ℓxx(x̂(T )). (16)

Then we introduce the map Γ(ŷ) : Y − ŷ → Z acting on any

∆y := (∆x,∆p,∆u) := (x− x̂, p− p̂, u− û) ∈ Y − ŷ

as follows: Γ(ŷ)∆y :=


(∆x)̇− A∆x−B∆u

(∆p)̇ + A⊤∆p+W∆x+ S∆u

B⊤∆p+ S⊤∆x

∆p(T )−K∆x(T )

 . (17)

Notice that the function y 7→ Γ(ŷ)(y− ŷ) maps Y to Z. Then we have the identity

ψ(y) = ψ(ŷ) + Γ(ŷ)(y − ŷ) + φ(y), ∀ y ∈ Y,

where the map φ : Y → Z̃ is defined (suppressing the argument t) as

φ(y) =


−f(x)− g(x)u+ f(x̂) + g(x̂)û+ A∆x+B∆u

(f(x)+g(x)u)⊤x p−(f(x̂)+g(x̂)û)⊤x p̂−A⊤∆p−W∆x−S∆u
g(x)⊤p− g(x̂)⊤p̂−B⊤∆p− S⊤∆x

−∇ℓ(x(T )) +∇ℓ(x̂(T )) +K∆x(T )

 . (18)

Thus the generalized equation (9), which is satisfied by ŷ, can be equivalently
reformulated as

ψ(ŷ) + Γ(ŷ)(y − ŷ) + φ(y) + F (y) 3 0. (19)
This representation enables us to use the Lyusternik-Graves-type Theorem 2.2
and to deduce the following theorem, whose proof is given in the Appendix.
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Theorem 3.1. Let Assumptions (A1) and (A2) be fulfilled, and let the mappings
ψ, F and Γ be defined as in (10) and (17). Then strong bi-metric regularity
of the set-valued map y 7→ ψ(y) + F (y) at ŷ for 0 (in the above defined spaces
and metrics) is equivalent to the strong bi-metric regularity of the map y 7→
ψ(ŷ) + Γ(ŷ)(y − ŷ) + F (y) at ŷ for 0.

We mention that the partly linearized generalized equation

ψ(ŷ) + Γ(ŷ)(y − ŷ) + F (y) 3 0 (20)

represents the Pontryagin system for the optimal control problem

(LP)


min

{
J(x, u) := 1

2
x(T )⊤Kx(T )+q⊤T x(T )+

∫ T

0

(
1
2
x(t)⊤W (t)x(t)+

+x(t)⊤S(t)u(t) + q(t)⊤x(t) + e(t)⊤u(t)
)

dt
}
,

ẋ(t) = A(t)x(t) +B(t)u(t) + d(t), x(0) = x0, t ∈ [0, T ],

u(t) ∈ U := [0, 1]m,

(21)

where the matrices appearing in this problem are defined in (12)-(16) and the
vectors d(t), q(t), e(t) and qT , resulting from the expression ψ(ŷ)− Γ(ŷ)ŷ in (20),
are given by (we skip the argument t):

d := f(x̂)− Ax̂, q := −Wx̂− Sû, (22)
e := −S⊤x̂, qT := p̂(T )−Kx̂(T ). (23)

3.3. Sufficient conditions for strong bi-metric regularity of affine
problems

According to Theorem 3.1, in order to obtain SbiMR of the Pontryagin system
(PMP) (or equivalently, of generalized equation (9)), associated with the affine
problem (P) and a given reference point ŷ = (x̂, p̂, û) ∈ Y , it is enough to obtain
the same property for the partially linearized system (20), which has the same
solution ŷ. As mentioned in the end of the previous session, the latter represents
the Pontryagin system for the optimal control problem (21).
For this reason, in the present section we consider the linear-quadratic affine
problem (21), now for general data A, B, W , S, d, e, q, not necessarily in the
form of those resulting from linearization. The generalized equation (Pontryagin
system) associated with this problem is

L(y) + F (y) 3 0, (24)

where L(y) =


ẋ− Ax−Bu− d

ṗ+ A⊤p+Wx+ Su+ q
B⊤p+ S⊤x+ e
p(T )−Kx(T )


and F is defined as in (10). The so-called switching function for a reference
solution y of (24) is defined as

σ(t) = B(t)⊤p(t) + S(t)⊤x(t) + e(t).
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Below we fix a reference solution ŷ = (x̂, p̂, û) ∈ Y of (24).
Assumption (B1). The functions A, W , d, q are piecewise continuous, B, S
and e are Lipschitz continuous with piecewise continuous first derivatives. The
matrices W (t) and S⊤(t)B(t) are symmetric for every t ∈ [0, T ].
We clarify, that here “piecewise continuity” of a function ω on [0, T ] means that
there exist finite number of points t0 = 0 < t1 . . . , tk = T such that on each
interval (ti, ti+1) the function ω is continuous, with a finite right limit at ti and
left limit at ti+1, i = 0, . . . , k − 1.
Assumption (B2). It holds that

z(T )⊤Kz(T ) +

∫ T

0

(
z(t)⊤W (t)z(t) + 2z(t)⊤S(t)v(t)

)
dt ≥ 0

for any pair (z, v) ∈ W 1,∞ × L∞ solving

ż(t) = A(t)z(t) +B(t)v(t) a.e. on [0, T ], v(t) ∈ [−1, 1]m, z(0) = 0.

Assumption (B3). For the switching function

σ̂(t) := B(t)⊤p̂(t) + S(t)⊤x̂(t) + e(t)

there exist real numbers α, τ > 0 such that for all j ∈ {1, . . . ,m} and s ∈ [0, T ]
with σ̂j(s) = 0 (the j-th component of σ̂) we have

|σ̂j(t)| ≥ α|t− s| ∀t ∈ [s− τ, s+ τ ] ∩ [0, T ].

Remark 3.2. When the data of the problem (21) come from linearization, as in
the previous subsection, then the inclusion (24) is identical with (20). Moreover,
due to the definition of e in (23), the switching function corresponding to the
reference solution ŷ in this case is

σ̂(t) = B(t)⊤p̂(t) + S(t)⊤x̂(t) + e(t) = g(t, x̂(t))⊤p̂(t).

Thus, σ̂ is Lipschitz continuous and coincides with the switching function of the
nonlinear problem (see the third relation in (PMP) evaluated at (x̂, p̂)). More-
over, the requirements in the first sentence in Assumption (B1) are fulfilled if
the reference optimal control û in the non-linear problem (P), hence also in the
linearized problem (21), is piecewise continuous.

Theorem 3.3. (Sufficient conditions for Sbi-MR for linear-quadratic problems.)
Let Assumptions (B1)–(B3) be fulfilled for generalized equation (24) associated
with problem (21) and its reference solution ŷ = (x̂, p̂, û). Then the set-valued
map Y 3 y 7→ L(y) + F (y) ⊂ Z is strongly bi-metrically regular at ŷ for 0.

A similar result is proved in [12, Theorem 4.5], where conditions (B2), (B3) and
(B1’) below.
Assumption (B1’). The functions A, W , d, e, q are continuous, B and S have
continuous first derivatives. The matrices W (t) and S⊤(t)B(t) are symmetric for
every t ∈ [0, T ].
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However, this result is not applicable if this generalized equation results from
linearization, as (20). This is because assumption (B1’) is not fulfilled here, in
general, due to the possible discontinuity of A, ... , e, and the derivatives of B
and S (notice that these functions may depend on t through û, which may be
discontinuous). Therefore, we need to reconsider Theorem 4.5 in [12] and prove
the result in Theorem 3.3, where Assumption (B1’) has been replaced by the new
Assumption (B1).

Proof. The proof of Theorem 4.5 in [12], which claims the same result, but
with (B1’) instead of (B1), is based on Theorem 3.3 and Proposition 4.3 in [12].
Theorem 3.3 is proved in that paper on the weaker assumptions (B1)–(B3) (in
the notations of [12] these are (A1)–(A3)). The only reason for which assumption
(B1’) is needed in that paper (instead of (B1)) is the proof of Proposition 4.3.
Therefore, below we formulate and prove an improved version of Proposition 4.3
in [12] which uses (B1)–(B3) only. This will complete the proof of the present
theorem.

Following [12, Section 3], we introduce the following notations for a continuous
function σ : [0, T ] 7→ Rm and δ > 0:

Ij(σ, δ) :=
⋃

s∈[0,T ]:σj(s)=0

(s− δ, s+ δ) ∩ [0, T ], lmin(σ, δ) := min
1≤j≤m

min
t∈[0,T ]\Ij(σ,δ)

|σj(t)|.

Clearly, lmin(σ, δ) > 0 for any δ > 0.

Proposition 3.4. (Stability of Assumption (B3).) Let assumptions (B1)–(B3)
be fulfilled for the linearized problem (21). Then there exist positive constants b̃,
α̃, τ̃ and m̃0 such that for every z = (ξ, π, ρ, ν) ∈ Z with ‖z‖∼ ≤ b̃ and for any
triple y = (x, p, u) ∈ Y solving the disturbed version L(y) + F (y) 3 z of (24),
the corresponding switching function σ(t) = B(t)⊤p(t) + S(t)⊤x(t) + e(t) − ρ(t)
satisfies Assumption (B3) with constants α̃ and τ̃ replacing α and τ , respectively,
and with lmin(σ, τ̃) ≥ m̃0.

Proof. Let α and τ be the constants appearing in Assumption (B3), and let
j ∈ {1, . . . ,m} be arbitrarily fixed. Further, we consider only disturbances z ∈ Z
satisfying ‖z‖∼ ≤ 1.
First, observe that for all t ∈ [0, T ] it holds that

|σj(t)− σ̂j(t)| ≤
∣∣∣(B(t)⊤(p(t)− p̂(t)) + S(t)⊤(x(t)− x̂(t))

)
j

∣∣∣+ |ρj(t)|.
Now we use Theorem 3.3 in [12] (applied with b = 1) to obtain that there is a
constant c1 such that

|σj(t)− σ̂j(t)| ≤ c1‖z‖

for all j = 1, . . . ,m, t ∈ [0, T ], and z ∈ Z with ‖z‖∼ ≤ 1. Hence,

|σj(t)| ≥ |σ̂j(t)| − c1‖z‖, t ∈ [0, T ], j ∈ {1, . . . ,m}. (25)



522 M. Quincampoix et al. / On the Metric Regularity ...

Consider (skipping the argument t) the derivative

˙̂σj =
[
Ḃ⊤p̂+B⊤ ˙̂p+ Ṡ⊤x̂+ S⊤ ˙̂x+ ė

]
j

=
[
Ḃ⊤p̂+B⊤(−A⊤p̂−Wx̂− Sû− q) + Ṡ⊤x̂+ S⊤(Ax̂+Bû+ d) + ė

]
j

=
[
Ḃ⊤p̂+B⊤(−A⊤p̂−Wx̂− q) + Ṡ⊤x̂+ S⊤(Ax̂+ d) + ė

]
j
, (26)

where in the last inequality we use the symmetry of B⊤S. Thus ˙̂σ is piecewise
continuous.
Let us fix a component j of σ̂. Observe that due to (B3) σj has a finite number
of zeros in [0, T ] (not more than T/2τ). Then there is a number τ0 ∈ (0, τ) such
that for every zero s of σ̂j the function ˙̂σj is continuous in each of the intervals
[s− τ0, s) and (s, s+ τ0] and the values

˙̂σj(s; t) :=

{
limξ→s−

˙̂σj(ξ) if t < s,

limξ→s+
˙̂σj(ξ) if t ≥ s

are well defined. We fix an arbitrary zero ŝ of σ̂j. Choose τ1 ∈ (0, τ0) so small
that | ˙̂σj(θ)− ˙̂σj(ŝ; θ)| ≤ α/4 for every θ ∈ [ŝ− τ1, ŝ+ τ1] ∩ [0, T ]r {ŝ}.
Using Assumption (B3) we obtain that for an arbitrary t ∈ (ŝ− τ1, ŝ+ τ1)∩ [0, T ]

α|t− ŝ| ≤ |σ̂j(t)− σ̂j(ŝ)| =
∣∣∣∣∫ t

ŝ

˙̂σj(θ) dθ

∣∣∣∣
≤
∣∣∣∣∫ t

ŝ

˙̂σj(ŝ; θ) dθ

∣∣∣∣+ ∫ t

ŝ

| ˙̂σj(θ)− ˙̂σj(ŝ; θ)|dθ ≤ |t− ŝ|| ˙̂σj(ŝ; t)|+ |t− ŝ|
α

4
.

Hence, | ˙̂σj(ŝ; t)| ≥ 3α/4 for any zero ŝ of σ̂j, j = 1, . . . ,m and any t ∈ [0, T ] (we
remind that ˙̂σj(ŝ; t) takes at most two values: one on the left of ŝ and one on the
right).
The equality (26) holds also for σj (where (x̂, p̂) is replaced with (x, p)), with the
additional term

[
B⊤π + S⊤ξ − ˙̂ρ

]
j

in the right-hand side. Then using Assumption
(B1) and Theorem 3.3 in [12] we estimate

‖σ̇j − ˙̂σj‖∞ ≤ c2(‖y‖+ ‖ξ‖∞ + ‖π‖∞ + ‖ρ̇‖∞) ≤ c3‖z‖∼, (27)

where c2 and c3 are independent of j and z ∈ Ỹ , ‖z‖∼ ≤ 1.

Define τ̃ := τ1/2 and choose the number b̃ > 0 in such a way that

c1b̃ ≤ min

{
lmin(σ̂, τ̃ /2)

2
,
ατ̃

4

}
and 4c3b̃ ≤ α, b̃ ≤ 1, (28)

and let ‖z‖∼ ≤ b̃. Since from (25) and the first inequality in (28) we have that
for t ∈ [0, T ] \ Ij(σ̂, τ̃ /2)

|σj(t)| ≥ |σ̂j(t)| − c1‖z‖ ≥ lmin(σ̂, τ̃ /2)− c1b̃ ≥
lmin(σ̂, τ̃ /2)

2
> 0,
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we obtain that any zero s of σj is contained in Ij(σ̂, τ̃ /2). Thus we arrive at
s ∈ (ŝ− τ̃ /2, ŝ+ τ̃ /2) ∩ [0, T ] for some zero ŝ of σ̂j.
Now take an arbitrary t ∈ (s− τ̃ , s+ τ̃)∩ [0, T ]. Then t, s ∈ (ŝ− τ1, ŝ+ τ1)∩ [0, T ]
and using (27) and the second inequality in (28) we obtain that

|σj(t)| =
∣∣∣∣∫ t

s

σ̇j(θ) dθ

∣∣∣∣ = ∣∣∣∣∫ t

s

[
˙̂σj(ŝ; θ)+( ˙̂σj(θ)− ˙̂σj(ŝ; θ))+(σ̇j(θ)− ˙̂σj(θ))

]
dθ

∣∣∣∣
≥ | ˙̂σj(ŝ; t)||t− s| −

α

4
|t− s| − c3‖z‖∼ |t− s|

≥ 3α

4
|t− s| − α

4
|t− s| − α

4
|t− s| = α

4
|t− s|.

Thus (B3) holds for σ with constants α̃ = α/4 and τ̃ .
Further, for t ∈ I(σ̂, τ̃) \ I(σ, τ̃) we have

|σj(t)| ≥ α|t− ŝ| − c1‖z‖ ≥ α|t− s| − α|s− ŝ| − c1‖z‖ ≥
ατ̃

4

for some zeros ŝ and s of σ̂ and σ, respectively. Setting m0 := min{ατ̃
4
, lmin(σ̂, τ̃)}

we obtain lmin(σ, τ̃) ≥ m0.

Theorem 3.1, Theorem 3.3 and Remark 3.2 imply the following corollary.
Corollary 3.5. (Sufficient conditions for Sbi-MR for affine-control problems.)
Let Assumption (A1) be fulfilled for the nonlinear problem (P), and let ŷ = (x̂, p̂, û)
be a solution of the associated generalized equation (Pontryagin system) (9). More-
over, let Assumptions (B2) and (B3) be fulfilled by the linearized problem (21).
Then, the set-valued map Y 3 y 7→ ψ(y) + F (y) ⊂ Z associated to the general-
ized equation (Pontryagin system) (PMP) of Problem (P) is strongly bi-metrically
regular at ŷ for zero.

We complete this section by a more familiar representation of the condition for
symmetry of the matrix S⊤B in Assumption (B1) when B and S result from
linearization of (P) and, thus, are given by (13) and (15).
We denote by gi(t, x) ∈ Rn, i = 1, · · · ,m, the i-column of the matrix g(t, x) ∈
Rn×m and by [gi, gj], i, j = 1, . . . ,m – the Lie bracket of gi and gj as functions of
x, namely,

[gi, gj](t, x) :=
∂gj
∂x

(t, x)gi(t, x)−
∂gi
∂x

(t, x)gj(t, x),

where ∂gi
∂x

(t, x) denotes the Jacobian matrix of the vector field gi(t, ·) : Rn → Rn,
i = 1, . . . ,m.
Below we shall prove that the linearization of problem (P) fulfills the condition
S⊤(t)B(t) = B⊤(t)S(t) whenever the vector fields gi(t, ·) “commute”. This con-
dition is trivially satisfied when g(t, x) ≡ g(t) is independent of x or when the
control is one-dimensional (m = 1).
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Lemma 3.6. If [gi, gk](t, x) |x=x̂(t)= 0 for all i 6= k, i, k = 1, . . . ,m and t ∈
[0, T ], then the assumption S⊤(t)B(t) = B⊤(t)S(t) for all t ∈ [0, T ] is fulfilled by
the linearization of (20).

Proof. The condition S⊤(t)B(t) = B⊤(t)S(t) for the linearization of (P) reads
as follows: (

g(t, x)⊤p̂(t)
)
x
g(t, x) = g(t, x)⊤

(
g(t, x)⊤p̂(t)

)⊤
x
, (29)

evaluated at x = x̂(t). Let us first note that

(
g(t, x)⊤p̂(t)

)
x
=


∂g1
∂x

(t, x)⊤p̂(t)
...

∂gm
∂x

(t, x)⊤p̂(t)

 .

Thus, the left-hand side of (29) is

(
g(t, x)⊤p̂(t)

)
x
g(t, x) =


(
∂g1
∂x

(t, x)⊤p̂(t)
)⊤
g1(t, x) ...

(
∂g1
∂x

(t, x)⊤p̂(t)
)⊤
gm(t, x)

... ...(
∂gm
∂x

(t, x)⊤p̂(t)
)⊤
g1(t, x) ...

(
∂gm
∂x

(t, x)⊤p̂(t)
)⊤
gm(t, x)

,
while the right-hand side is

g(t, x)⊤
(
g(t, x)⊤p̂(t)

)⊤
x
=

g
⊤
1 (t, x)

(
∂g1
∂x

(t, x)⊤p̂(t)
)
... g1(t, x)

⊤ (∂gm
∂x

(t, x)⊤p̂(t)
)

... ...
gm(t, x)

(
∂g1
∂x

(t, x)⊤p̂(t)
)
... gm(t, x)

⊤ (∂gm
∂x

(t, x)⊤p̂(t)
)
.

Thus, condition (29) is verified whenever

∂gj
∂x

(t, x)gi(t, x)−
∂gi
∂x

(t, x)gj(t, x) = 0,

for all i, j = 1, . . . ,m and t ∈ [0, T ], at x = x̂(t); namely, [gi, gj](t, x̂(t)) = 0 for
all i, j = 1, . . . ,m and t ∈ [0, T ].

4. Stability of strong bi-metric regularity for affine-control systems
under perturbations

In this subsection, we will apply the Lyusternik-Graves-type Theorem 2.2 to prove
that the strong bi-metric regularity of the set-valued map in the Pontryagin system
for problem (P) is stable when the problem is affected by some “small” nonlinear
disturbances. We consider, therefore, the following perturbed version of (P):

minimize ℓ(x(T )) + b(x(T ))
subject to ẋ(t) = f(t, x(t)) + g(t, x(t))u(t) + h(t, x(t)) + β(t, x(t))u(t),

a.e. on [0, T ], u(t) ∈ U := [0, 1]m, x(0) = x0,
(30)

where b : Rn → R, h : Rn → Rn and β : Rn → Rn×m are suitably smooth and
“small” disturbances, in a sense which will be specified below.
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The system of necessary condition of (30) is

0 = ẋ(t)− f(t, x(t))− g(t, x(t))u(t)− h(t, x(t))− β(t, x(t))u(t),
0 = ṗ(t)+(f(t, (x(t))+g(t, x(t))u(t)+h(t, x(t))+β(t, x(t))u(t))⊤x p(t),

0 ∈ (g(t, x(t)) + β(t, x(t)))⊤ p(t) +NU(u(t)),

0 = p(T )−∇ℓ(x(T ))−∇b(x(T )).

(31)

In the theorem below we prove that the strong bi-metric regularity of (P) is
not destroyed by the disturbance (b, h, β), provided that the latter is sufficiently
“small”. We recall the similar results have been proved in [12, 13] for linear and
for linear-quadratic control problems, respectively.
Theorem 4.1. Assume that (P) has a local optimal solution ŷ = (x̂, p̂, û) and
that the set-valued map ψ + F : Y ⇒ Z (as introduced in (9)) is strongly bi-
metrically regular at (x̂, p̂, û) for 0. Moreover, assume that (P) fulfills Assumption
(A1) and (A2). Then, there exist positive real numbers ϵ0, δ and c such that the
following conclusion is true. For any positive number ϵ < ϵ0, and any continuously
differentiable functions h, β and b, if
(i) the functions h, β, hx, βx, ht, βt are bounded by ϵ in [0, T ] × IB(0; 2M).

Moreover, ∇b is bounded by ϵ in IB(0; 2M);
(ii) the functions h, β, hx, βx are Lipschitz continuous with respect to x with

constant ϵ in [0, T ]× IB(0; 2M). ∇b is Lipschitz continuous with respect to x
with constant ϵ in IB(0; 2M),

then
(a) system (31) has a unique solution y∗ := (x∗, p∗, u∗) in the δ-neighborhood of

ŷ and
dY (y

∗, ŷ) ≤ cε, (32)
(b) the set-valued map in system (31) is strongly bi-metrically regular at the

solution (x∗, p∗, u∗) for zero.

Proof. First of all, we observe that system (31) can be shortly recast as

φ(y) + ψ(y) + F (y) 3 0 (33)

where ψ and F are introduced in (10) and φ : Y → Z̃ is defined as follows:

φ(y)(t) =


−h(t, x(t))− β(t, x(t))u(t)

(h(t, x(t)) + β(t, x(t))u(t))⊤x p(t)

β(t, x(t))⊤p(t)

−∇b(x(T ))

 . (34)

Fix ε0 > 0 such that for any admissible control u the solution x of the controlled
ODE in (30) exists on the time interval [0, T ] and takes values in IB(0; 2M).
Now, we apply Theorem 3.1 to the mappings Φ = ψ + F . Let κ, a, b be the
constants of strongly bi-metric regularity for the map ψ + F at (ŷ, 0). Then, let
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µ, κ′, a′, b′, and γ the constants introduced in Theorem 2.2. We will verify that
φ fulfils the conditions (6) and (7). Let us start with (6). For any y ∈ IBY (ŷ; a

′),

dZ̃(φ(ŷ), φ(y)) ≤ dZ̃(φ(ŷ), 0) + dZ̃(φ(y), 0).

Let us estimate the second term in the right-hand side.

dZ̃(φ(y), 0) = max{1, T}
(
‖h(·, x(·)) + β(·, x(·))u(·))‖∞ + ‖(h(·, x(·))

+ β(·, x(·))u(·))⊤x p(·)‖∞
)
+ ‖β(·, x(·))⊤p(·)‖1,∞ + |bx(x(T ))|

≤ max{1, T}
(
‖h(·, x(·)) + β(·, x(·))u(·))‖∞ + ‖(h(·, x(·))

+ β(·, x(·)u(·))⊤x p(·)‖∞
)
+ ‖β(·, x(·))⊤p(·)‖∞

)
+ ‖βt(·, x(·))⊤p(·)

+ (β(·, x(·))ẋ(·))⊤x p(·) + β(·, x(·))⊤ṗ(·)‖∞ + |bx(x(T ))|.

From the conditions in (i) and the facts that ‖u‖∞ ≤ m, ‖p‖∞ ≤ 2M , ‖ẋ‖∞ ≤ 2M ,
and ‖ṗ‖∞ ≤ 2M it follows that

dZ̃(φ(y), 0) (35)
≤ max{1, T}(ε(1+m)+2ε(1+m)M+2εM+ε(2M+4M2+2M)+ε) := C0 ε.

Since a similar estimate can be deduced as well for dZ̃(φ(ŷ), 0), it holds that

d̃Z(φ(ŷ), φ(y)) ≤ 2C0ε = C1ε,

where C0 and C1 are constants that can be chosen as dependent only on M , m
and T .
Now, let us check (7). By (i), (ii), ‖u− u′‖∞ ≤ m we obtain that

dZ(φ(y), φ(y
′)) = ‖h(·, x(·)) + β(·, x(·))u(·)− h(·, x′(·))− β(·, x′(·))u′(·)‖1

+ ‖ (h(·, x(·)) + β(·, x(·))u(·))⊤x p(·)− (h(·, x′(·)) + β(·, x′(·))u′(·))⊤x p
′(·)‖1

+ ‖B⊤(·, x(·))p(·)−B⊤(·, x′(·))p′(·)‖∞ + |bx(x(T ))− bx(x′(T ))|
≤ ε‖x− x′‖1 +mε‖x− x′‖1 + ε‖u− u′‖1

+ 2εM(1 +m)‖x− x′‖1 + ε(1 +m)‖p− p′‖1 + 2εM‖u− u′‖1
+ ε‖p− p′‖∞ + 2εM‖x− x′‖∞ + ε|x(T )− x′(T )|.

We now use the two known inequalities ‖p− p′‖∞ ≤ max{1, T−1}‖p− p′‖1,1 and
‖x − x′‖∞ ≤ ‖x − x′‖1,1 for all x, x′ ∈ W 1,1

x0
([0, T ]) and p, p′ ∈ W 1,1([0, T ]), to

conclude that
dZ(φ(y), φ(y

′)) ≤ εC2 dY (y, y
′),

where C2 is a constant depending only on M , m and T .
Choosing ε0 > 0 such that C1ε0 ≤ γ, C2ε0 ≤ µ, we can apply Theorem 2.2 and
deduce that the map ĨBZ(φ(ŷ); b

′) 3 z 7→ (φ + ψ + F )−1(z) ∩ IBY (ŷ; a
′) is single-

valued and Lipschitz continuous with respect to the metric dZ with constant κ′.
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Now we utilize Corollary 2.3, which is possible since dZ̃(φ(ŷ), 0) ≤ C0ε (see (35)
applied for the particular case y = ŷ) and κ′dZ(φ(ŷ), 0) ≤ C0ε. For that we have
to chose ε > 0 so small that C0ε < b′/2 and κ′C0ε < a′/2. Then Corollary 2.3
yields the claims of the theorem.

5. A Lyusternik-Graves-type theorem for bi-metrically regular maps

In this section we introduce the notion of bi-Metric Regularity (bi-MR) as an
extension of the widely used notion of metric regularity, [6, 10]. Similarly as for
the Sbi-MR property, the bi-MR may be a relevant property in the context of
generalized equations containing variational inequalities of the form of (1) where
φ is not strictly monotone.
Below we use the notation introduced in Section 2.
Definition 5.1. The set-valued map Φ: Y ⇒ Z is bi-metrically regular (bi-MR)
at ŷ ∈ Y for ẑ ∈ Z̃ with constants κ ≥ 0, a > 0 and b > 0 if (ŷ, ẑ) ∈ graph(Φ),
and for all z, z′ ∈ IBZ̃(ẑ; b) it holds that

eY (Φ
−1(z) ∩ IBY (ŷ; a),Φ

−1(z′)) ≤ κdZ(z, z
′), (36)

where eY (A,B) is the excess of A ⊂ Y beyond B ⊂ Y ; see the introduction.

Observe that the only difference to the definition of MR given in the introduction
is that z and z′ should be sufficiently small in the metric dZ̃ instead of dZ .
Below, we prove a Lyusternik-Graves-type theorem for bi-MR maps. The proof
follows a similar idea as the proofs of Lyusternik-Graves-type theorems for met-
rically regular maps by utilization of a contraction mapping theorem, but needs
modifications due to the involvement of two metrics.
Theorem 5.2. Let the metric space Y be complete, let Z be a linear space and
Z̃ ⊂ Z be a subspace. Moreover, let dZ and dZ̃ be shift-invariant metrics in, Z
and Z̃, respectively, and dZ ≤ dZ̃ on Z̃. Assume that Φ: Y ⇒ Z is a set-valued
map which is bi-metrically regular at ŷ ∈ Y for ẑ ∈ Z̃ with constants κ, a, b. Also
assume that the set gph (Φ) ∩ (IBY (ŷ; a)× IBZ(ẑ; b)) is closed.
Let µ > 0 be such that κµ < 1. Let the numbers κ′, a′, b′ and γ satisfy the relations

κ′ =
κ

1− κµ
, 2a′ ≤ a, b′ + γ ≤ b, 2κ′b′ ≤ a′.

Then for every function φ : Y → Z̃ such that
dZ̃(φ(ŷ), φ(y)) ≤ γ ∀y ∈ IBY (ŷ; 2a

′), (37)

and dZ(φ(y), φ(y
′)) ≤ µdY (y, y

′) ∀y, y′ ∈ IBY (ŷ; 2a
′), (38)

the map φ+ Φ is bi-metrically regular at ŷ for ẑ + φ(ŷ) with constants κ′, a′, b′.

Proof. We have to prove that

eY ((φ+Φ)−1(z′)∩BY (ŷ; a
′)), (φ+Φ)−1(z)) ≤ κ′dZ(z, z

′) ∀ z, z′ ∈ IBZ̃(ẑ+φ(ŷ); b
′).
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For that purpose we take two arbitrary points z, z′ ∈ IBZ̃(ẑ + φ(ŷ); b′) and any
y′ ∈ (φ+ Φ)−1(z′) ∩ IBY (ŷ; a

′). The theorem will be proved if we find

y ∈ (φ+ Φ)−1(z) such that dY (y, y
′) ≤ κ′dZ(z, z

′). (39)

Similarly as in the proof of [6, Theorem 5G.3], we shall use the following theorem,
adapted to our notations.
Theorem 5.3. (Theorem 5E.2, [6].) Let Y be a complete metric space with a
metric ρ, let G : Y ⇒ Y be a set-valued map and y′ ∈ Y be arbitrarily fixed.
Assume that there are numbers p > 0 and λ ∈ (0, 1) such that
(a) the set gph (G) ∩ (IBY(y

′; p)× IBZ(y
′; p)) is closed;

(b) ρ(y′, G(y′)) ≤ p(1− λ);
(c) eY(G(v1) ∩ IBY(y

′; p), G(v2)) ≤ λρ(v1, v2) for every v1, v2 ∈ IBY(y
′; p).

Then there exists y ∈ IBY(y
′; p) such that y ∈ G(y).

We shall apply this theorem with Y = IBY (ŷ; a), ρ = dY , p = κ′dZ(z, z
′), λ = κµ

and the map G defined as

G(y) := Φ−1(z − φ(y)) ∩ IBY (ŷ; a).

We shall use the following facts:

IBY (y
′; p) ⊂ IBY (ŷ; 2a

′), (40)

dZ̃(z − φ(v), ẑ) ≤ b ∀v ∈ IBY (y
′; p). (41)

The first one follows from IBY (y
′; p) ⊂ IBY (ŷ; p+ dY (y

′, ŷ)) and

p+ dY (y
′, ŷ) ≤ κ′dZ(z, z

′) + a′ ≤ 2κ′b′ + a′ ≤ 2a′.

For the second we estimate

dZ̃(z − φ(v), ẑ) ≤ dZ̃(z, ẑ + φ(ŷ)) + dZ̃(φ(ŷ), φ(v)) ≤ b′ + γ ≤ b,

where we use (40) to verify that v ∈ IBY (ŷ; 2a
′) and then use (38).

Now, let us check the assumptions of Theorem 5.3 starting with (a). Let (yk, wk) ∈
gph (G) ∩ (IBY (y

′; p) × IBY (y
′; p)) and (yk, wk) converge to (y0, w0). Clearly,

(y0, w0) ∈ (IBY (y
′; p) × IBY (y

′; p)). Moreover, wk ∈ Φ−1(z − φ(yk)) ∩ IBY (ŷ; a),
hence, z − φ(yk) ∈ Φ(wk). Due to (38), φ is continuous in IBY (ŷ; 2a

′) and yk ∈
IBY (y

′; p) ⊂ IBY (ŷ; 2a
′). Thus the sequence φ(yk) converges to φ(y0). Moreover,

using (41) we have (yk, z−φ(yk)) ⊂ IBY (ŷ; 2a
′)× IBZ(ẑ; b) ⊂ IBY (ŷ; a)× IBZ(ẑ; b).

The set gph (Φ)∩(IBY (ŷ; a)×IBZ(ẑ; b)) is assumed closed, hence z−φ(y0) ∈ Φ(w0)
and (y0, w0) ∈ gph (G).
In order to prove (b) we use the equivalence of the properties y′ ∈ (φ + Φ)−1(z′)
and y′ ∈ Φ−1(z′−φ(y′)), and the inclusion y′ ∈ IBY (ŷ; a

′) ⊂ IBY (ŷ; a) to estimate

dY (y
′, G(y′)) = dY (y

′,Φ−1(z − φ(y′)) ∩ IBY (ŷ; a)) = dY (y
′,Φ−1(z − φ(y′)))

≤ eY (Φ
−1(z′ − φ(y′)) ∩ IBY (ŷ; a),Φ

−1(z − φ(y′))).
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Due to (41), which holds also with z′ at the place of z, and the bi-MR property
of Φ we obtain that

dY (y
′, G(y′)) ≤ κdZ(z, z

′) = κ′(1− κµ) dZ(z, z′) = p(1− λ).

We verify condition (c) in Theorem 5.3. Using again (40) and (41) with v = vi
we have

eY(G(v1) ∩ IBY(y
′; p), G(v2))

= eY
(
Φ−1(z − φ(v1)) ∩ IBY (ŷ; a) ∩ IBY(y

′; p),Φ−1(z − φ(v2)) ∩ IBY (ŷ; a)
)

≤ eY(Φ
−1(z − φ(v1)) ∩ IBY(y

′; p),Φ−1(z − φ(v2)))
≤ κdZ(φ(v1), φ(v2)) ≤ κµ dY (v1, v2) = λ dY (v1, v2).

Here we used condition (38) thanks to the inequality dY (vi, ŷ) ≤ 2a′.
Theorem 5.3 implies the existence of y as required in (39).

It is trivial to construct (academic) examples where bi-MR is present but not
Sbi-MR. Typically this situation appears if there are redundant state and control
variables that create a continual variety of optimal solutions.

Appendix: Proof of Theorem 3.1

We denote by L(f), L(g), L(fx), L(gx), L(gt), L(fxx), L(gxx), L(ℓx) the Lipschitz
constants of the functions in the parentheses with respect to x ∈ IB(0; 2M). Set
d̄ := maxu∈U |u| =

√
m. Below c1, c2, ... will be constants depending only on the

above Lipschitz constants and the numbers d̄, T and

D := sup
t∈[0,T ]

max


‖A(t)‖, ‖S(t)‖, ‖W (t)‖, sup

|x|≤M

|fx(t, x)|,

sup
|x|≤M

|gx(t, x)|, sup
|x|≤M

|ℓxx(x)|

 .

We suppose that the set-valued map ψ + F is strongly bi-metrically regular at
ŷ = (x̂, p̂, û) for 0 with constant (κ, a, b). Let the numbers µ, κ′, γ, a′ and b′ be
chosen as in Theorem 2.2 applied with Φ = ψ+F , ŷ, and ẑ = (0, 0, 0, 0). Let φ be
as in (18). Observe that if the conclusion of Theorem 2.2 holds for some positive
a′ and b′ (together with µ, κ′ and γ), then it also holds for any other choice of
smaller positive a′ and b′, provided that the inequality κb′ ≤ (1 − κµ)a′ is still
fulfilled. Hence, without lost of generality, we can assume that a′ < M .
1. First we prove that inequality (6) holds for every y ∈ IBY (ŷ; a

′), which reads
as dZ̃(φ(y), 0) ≤ γ, since φ(ŷ) = 0. Notice that, by using the definition of B and
S and after a few simplifications, φ(y) can be equivalently recast as

φ(y) =


f(x̂)− f(x) + (g(x̂)− g(x))u+ A∆x

f(x)⊤x p−f(x̂)⊤x p̂+((g(x)⊤p)x−(g(x̂)⊤p̂)x)⊤u−A⊤∆p−W∆x

(g(x)− g(x̂))⊤p− S⊤∆x

−∇ℓ(x(T )) +∇ℓ(x̂(T )) +K∆x(T )

 . (42)
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We shall estimate each of the components φ1, . . . , φ4 of φ separately. By the
Lipschitz continuity of f and g in IB(0; 2M), we obtain from (42) that

|φ1(y)(t)| ≤

(
L(f) + d̄L(g) + sup

t∈[0,T ]

‖A(t)‖

)
|∆x(t)|.

Hence, for all y ∈ IBY (ŷ; a
′),

‖φ1(y)‖∞ ≤ c1‖∆x‖∞ ≤ c1‖ẋ− ˙̂x‖1 ≤ c1‖∆x‖1,1 ≤ c1a
′. (43)

Similarly we can obtain by (42) the following estimation for the second component
of φ(y):

|φ2(y)(t)| ≤
(
ML(fx) + d̄ML(gx) + d̄M sup

t∈[0,T ],|x|≤M

|gx|
)
|∆x(t)|

+ sup
t∈[0,T ],|x|≤M

|fx| |∆p(t)|+ sup
t∈[0,T ]

‖A(t)‖ |∆p(t)|+ sup
t∈[0,T ]

‖W (t)‖ |∆x(t)|.

Hence, ‖φ2(y)‖∞ ≤ c2(‖∆x‖∞ + ‖∆p‖∞) for all y ∈ IBY (ŷ; a
′).

Moreover, for any ∆p ∈ W 1,1([0, T ]) we have ‖∆p‖∞ ≤ max{1, T−1}‖∆p‖1,1.

Then, for an appropriate c3 we get

‖φ2(y)‖∞ ≤ c3a
′, ∀y ∈ IBY (ŷ; a

′). (44)

Now we shall estimate the W 1,∞-norm of φ3(y). We first observe that

| φ3(y)(t) |≤ (ML(g) + sup
t∈[0,T ]

‖S(t)‖) | ∆x(t) | . (45)

The derivative of φ3(y) can be calculated as follows:
d

dt
φ3(y)(t) =

= (gt(t, x(t))− gt(t, x̂(t)))⊤p(t) +
(
g(t, x(t))⊤p(t)

)
x
ẋ(t)−

(
g(t, x̂(t))⊤p(t)

)
x
˙̂x(t)

+ (g(t, x(t))− g(t, x̂(t)))⊤ ṗ(t)− Ṡ(t)⊤∆x(t)− S(t)⊤(ẋ(t)− ˙̂x(t))

= (gt(t, x(t))− gt(t, x̂(t)))⊤ p(t) + (g(t, x(t))− g(t, x̂(t)))⊤ ṗ(t)− Ṡ(t)⊤∆x(t)

−
(
g(t, x̂(t))⊤∆p(t)

)
x
˙̂x(t) + (g(t, x(t))p(t)− g(t, x̂(t))p̂(t))x ẋ(t).

Then it is easy to deduce that∣∣∣ d
dt
φ3(y)(t)

∣∣∣ ≤ (ML(gt) +ML(g) + sup
t∈[0,T ]

‖Ṡ(t)‖
)
|∆x(t)| (46)

+M sup
t∈[0,T ],|x|≤M

‖gx‖ |∆p(t)|+M
(
ML(g)|∆x(t)|+ sup

t∈[0,T ],|x|≤M

‖gx‖ |∆p(t)|
)
.

By (45) and (46) there exist constants c4 and c5 such that

‖φ3(y)‖1,∞ ≤ c4(‖∆x‖∞ + ‖∆p‖∞) ≤ c5a
′, ∀y ∈ IBY (ŷ; a

′). (47)
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Finally, we observe that

|φ4(y)(T )| ≤
(
L(ℓx) + sup

|x|≤M

‖ℓxx‖
)
|∆x(T )| ≤ c6a

′, ∀y ∈ IBY (ŷ; a
′), (48)

for some c6 > 0. By (43), (44), (47) and (48) we deduce that there exists a
constant c7 such that

dZ̃(φ(y), 0) ≤ c7a
′, ∀y ∈ IBY (ŷ; a

′). (49)

2. We now prove the inequality (7). Let y = (x, p, u) and y′ = (x′, p′, u′) be
arbitrary triples in IBY (ŷ; a

′). Below y−y′ will be shortened by δy := (δx, δp, δu).
First we observe that

φ(y)− φ(y′) =


f(x′) + g(x′)u′ + Aδx+Bδu− f(x)− g(x)u

(f(x)+g(x)u)⊤x p−(f(x′)+g(x′)u′)
⊤
x p

′−A⊤δp−Wδx−Sδu
g(x)⊤p− g(x′)⊤p′ −B⊤δp− S⊤δx

−∇ℓ(x(T )) +∇ℓ(x′(T )) +Kδx(T )

.
We shall analyze dZ(φ(y), φ(y′)) working component by component.
We represent (still suppressing the variable t in the right-hand side)
φ1(y)(t)− φ1(y

′)(t) = f(x′) + g(x′)u− (f(x) + g(x)u) + Aδx− g(x′)δu+Bδu

= f(x′) + g(x′)u− (f(x) + g(x)u) + (f(x̂) + g(x̂)û)xδx− g(x′)δu+ g(x̂)δu

=

∫ 1

0

[ d
ds

(
f(ξ(s)) + g(ξ(s))u

)
+ (f(x̂) + g(x̂)û)xδx

]
ds+ (g(x̂)− g(x′))δu

=

∫ 1

0

[
−
(
f(ξ(s)) + g(ξ(s))u

)
x
+ (f(x̂) + g(x̂)û)x

]
ds δx+ (g(x̂)− g(x′))δu,

where we have denoted ξ(s) := x+s(x′−x). Now we observe that |ξ(s)− x̂| ≤ 2a′,
|x′ − x̂| ≤ a′, and |u− û| ≤ a′. Then we estimate

|φ1(y)(t)− φ1(y
′)(t)| ≤

∫ 1

0

[
L(fx)|ξ(s)− x̂|+ L(gx)d̄|ξ(s)− x̂|

+L(gx)|u− û|
]
ds |δx|+ L(g)|x′ − x̂| |δu| ≤ c8a

′(|δx(t)|+ |δu(t)|).

Since this estimation holds for any t ∈ [0, T ], we obtain that
‖φ1(y)− φ1(y

′)‖1 ≤ c9a
′dY (y, y

′). (50)
For the second component of φ(y)− φ(y′) we use the representation

φ2(y)(t)− φ2(y
′)(t) =

=
(
(f(x) + g(x)u′)⊤x − (f(x′) + g(x′)u′)⊤x

)
p′ −Wδx

+
(
(f(x) + g(x)u′)⊤x − A

)
δp+

(
(g(x)⊤p)⊤x u− S

)
δu

=
(
(f(x) + g(x)u′)⊤x − (f(x′) + g(x′)u′)⊤x

)
p′ −

(
(f(x̂) + g(x̂)û)⊤x p̂

)
x
δx

+
(
(f(x)+g(x)u′)⊤x −(f(x̂)+g(x̂)û)x

)
δp+

(
(g(x)⊤p)⊤x u−

(
g(x̂)⊤p̂

)⊤
x

)
δu,
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where we have used the identity (g(x)u)⊤x p = (g(x)⊤p)⊤x u. The two terms in the
right-hand side can be estimated using the Lipschitz continuity of the involved
functions. The remaining term in the right-hand side can be treated similarly
as the “bad” term in φ1(y) − φ1(y

′). Thus, skipping the routine calculation, we
obtain a similar estimation

‖φ2(y)− φ2(y
′)‖1 ≤ c10a

′dY (y, y
′). (51)

Analogously, one can represent

φ3(y)(t)− φ3(y
′)(t) = (g(x)−B)⊤δp+ (g(x)− g(x′))⊤p′ − S⊤δx)

= (g(x)− g(x̂))⊤δp+
(
(g(x)− g(x′))⊤p′ − (g(x̂)p̂)⊤x δx

)
.

Similarly as above this yields

‖φ3(y)− φ3(y
′)‖∞ ≤ c11a

′dY (y, y
′). (52)

Finally, since ℓ has Lipschitz continuous derivative, there exists x̄ in the interval
[x(T ), x′(T )] such that

|φ4(y)(T )− φ(y′)(T )| = ℓxx(x̄(T ))δx(T )− ℓxx(x̂(T ))δx(T )|
≤ L(lxx)2a

′|δx(T )| ≤ c12a
′dY (y, y

′). (53)

From (50), (51), (52) and (53) we finally conclude that there exists a constant c13
such that for all y, y′ ∈ IBY (ŷ; a

′)

dZ(φ(y), φ(y
′)) ≤ c13a

′dY (y, y
′). (54)

3. The inequalities (49) and (54) for y, y′ ∈ IBY (ŷ; a
′) show that the relations (6)

and (7) in Theorem 2.2 are fulfilled, provided that

c7a
′ ≤ γ, c13a

′ ≤ µ. (55)

As explained in the beginning of the proof, we can assume that the conditions in
(55) are satisfied, taking smaller values of a′ and b′ if necessary. The conclusion of
the theorem then follows by applying Theorem 2.2 to the map ψ+F and recalling
that the generalized equation ψ(y) + F (y) 3 0 can be equivalently recast as in
(19).
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