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1. Introduction

Properties of set-valued maps known under the general name “metric regularity”
play an important role in the theory of optimization, and in optimal control,
in particular. In optimization, in general, the regularity properties of the set-
valued mappings appearing in the corresponding necessary optimality conditions
are of special interest; such properties provide the basis for analysis of stability of
the solutions with respect to perturbations and approximations. In the optimal
control context, the regularity theory has been developed mainly for problems
satisfying certain coercivity conditions (see, e.g., [4] and the recent paper [5]).
The goal of the present paper is to contribute to the metric regularity theory for
optimal control problems that are affine with respect to the control (further to be
called affine problems). This requires some conceptual enhancement of the general
regularity theory, as explained below.

1.1. Metric regularity

We recall two basic definitions (see e.g. [6, Section 3G] and [10]) for a set-valued
map ®: Y = Z, where (Y,dy) and (Z,dz) are metric spaces. Let By (y;a)
and Bz(z;a) be the closed balls with radius a > 0 centered at y € Y and z € Z,
respectively. Moreover, let gph ® := {(y,2) € Y xZ : z € ®(y)} denote the graph
of @, and ®7': Z = Y be its inverse defined as ®~!(2) :={y €Y : 2z € ®(y)}.

The map ®: Y = Z is metrically regular (MR) at y € Y for Z € Z with constants
a>0,b>0and k> 0if (g,2) € gph (P) and for all z, 2" € Bz(Z;b) it holds that

ey (@7'(2) N By (9;a), 27 '(2)) < kdz(z,7'),

where ey (A, B) 1= sup,ec4 dy (a, B) = sup,e 4 infgep dy (o, 5) denotes the excess
of ACY beyond B CY.

If @ is (MR) at ¢ for 2 and ®~'(2) N B(y; a) is a singleton for every z € Byz(Z;b),
then @ is called strongly metrically regular (SMR) at g for 2. In this case the map
Bz(2;b) > 2 — ®7Y(2) N B(y;a) is single-valued and Lipschitz continuous with
Lipschitz constant k.

We refer to [6, 10] for several equivalent definitions of MR; see also [9] and [10,
Chapter 2.7] and the references therein for extensions of the notion to Holder and
nonlinear metric regularity.

It is of crucial importance that the MR and SMR are invariant with respect to
functional single-valued perturbations of the map ®, provided that these pertur-
bations are sufficiently small in an appropriate sense. This type of results are
known as Lyusternik-Graves-type and Robinson-type theorems (see [6, 10] for a
detailed historical account). We recall one theorem of this type concerning SMR,
which is close to the extension we develop in the present paper. It is a part of [6,
Theorem 5G.3]*:

1See Errata and Addenda at https://sites.google.com/site/adontchev/
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Theorem 1.1. LetY and Z be Banach spaces (so that dy and dz are induced by
the norms) and let gph @ be closed. Let a, b and k be positive scalars such that ®
is strongly metrically reqular at § for Z with constants a, b and k. Let yn > 0 be
such that kp < 1 and let k' > /(1 — k). Then for every positive a’ and b’ with

a <a/2, 2ud +20<b and 2r'V <d
and for every function p:Y — Z satisfying

dz(0(9),0) <V and dz(e(y), () < pdy(y,y") for every y,y' € By(y;2d’),

the map z — (p + ®)71(2) N By(y;d’) is a Lipschitz continuous function on
By (%;b") with Lipschitz constant k’.

An important consequence of this theorem is that SMR of a set-valued map ¢+ ®
with a Fréchet differentiable function ¢: Y — Z is equivalent to SMR of the
partial linearization ¢(4) +¢(4)(y — ) + ®(y). This result was proved (in a finite-
dimensional space setting) by S. Robinson in his seminal paper [14] in the case of
O(y) = Ny(y), where U is a closed convex set and Ny (y) is the normal cone to U
at y. Thus the result concerns a variational inequality of the form (the variable y
is changed to u for further convenience)

o(u) + Ny(u) 2 0. (1)

1.2. Control-affine problems and lack of metric regularity

Let us introduce the affine optimal control problem that will be in the focus of
the present paper:

~—

minimize  {(z(7))
(P) subject to ()

= f(t,x(t)) + g(t,x(t))u(t), a.e. on [0,T],
u(t) e U :=[0,1

[O, ]m, J/’(O):ZEQ

Here x(t) € R™ is the state at time ¢, u(t) € R™ is the control, ¢: R" — R,
f0,T]xR® = R™ g: [0,T] x R" — R™™ are given functions, the time horizon
[0,7] and the initial condition x( are fixed and given.

It is well known that the Pontryagin maximum (here minimum) principle involves
a variational inequality of the type (1), where, however, the convex set U is a subset
of the space L>(0,7"), namely, Y = {u € L™ : u(t) € U for a.e. t € [0,T]}. Here
the function ¢(u) is the derivative with respect to u of the Hamiltonian associated
with problem (P) (the details are described in Section 3). It has the special form
e(u)(t) = 6(t), where ¢ is the so-called switching function associated with the
problem and a reference optimal solution. Observe that the function & is not
directly dependent on the control u due to the affine dependence of differential
equation in (P) on u. This is a substantial difference with coercive problems, and
it creates a trouble for establishing MR or SMR of the set-valued map in (1). In
order to explain this trouble and the reason for which we extend the notions of
MR and SMR, we consider the following simple example.
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Let U = [-1,1], 6(t) = =1+, t € [0,2]. The variational inequality (1) takes the
point-wise form 6(t) + Ny (u(t)) 2 0, and this inclusion has the unique solution
(modulo a set of measure zero)

a@y:{ 1 iftelo,1),

—1 ifte (1,2

The (control) functions u: [0,2] — U belong to L, but in order to obtain some
kind of regularity of the map u(-) — &(-) + Ny(u(-)) one has to consider the
L'-metric in this space.

Now, consider the disturbed inclusions
o(t) + Ny(u(t)) 30, o' (t) + Ny (u(t)) 2 0, (2)

with two “special” continuous disturbances, o and ¢’ of &, such that where || —
G|l = ||0" — 7||L~ = b (b is a fixed positive number) but ||c — ¢’||p~ < & where
£ > 0 is arbitrarily small. The definition of these disturbances is clearly presented
in Figure 1.1.

o
1
o
& o=0
(3
o’ 2 t
c=0=¢
—1
Figure 1.1: Here |6 — o[~ = ||6 — 0’|z~ = b, and || — ¢'||1= = € << b/4.

The number b equals the length of the three “short” horizontal segments, ¢ is the
distance between the lower and the upper one.

The corresponding solutions u and u’ of (2) are unique and ||u — /|1 > b, since
u(t) — v/ (t) = 2 on a set of measure at least b/2 (if € is small enough). If the
map & + Ny(u) were MR with constants a, b, x at @ for ¢ in the spaces Y = L',
Z = C, then the inequalities

b<l|lu—1ulp <kllo—0ore < ke

had to be fulfilled. This is a contradiction, since € > 0 can be chosen arbitrarily
small, interdependently on b.

On the other hand, if we consider only disturbances from the space Z = W1,
one can easily verify that for any o, 0’ € W with ||o — & |y, |0 — & |lwre <
b := 1/2 the corresponding solutions u and «’ of (2) are again unique and

U—ullrr > 0 — 0 ||[wleo.
lu = w'ller < 4flo =o'



M. Quincampoiz et al. / On the Metric Regularity ... 513

This means that the map 6 (-)+ Ny (u(-)) is SMR at @ for zero in the space settings
L' for uw and W for the disturbances. This, however is not a satisfactory result.
In fact, one can easily prove that the inequality

lu =l < 4llo =o'l (3)
holds, provided that [[o — &j1e < 1/2 and |0’ — 7 ||w1 < 1/2.

As a recapitulation, we formulate the above observations in the following way.
The map 6 + Ny (u) is not MR in the space setting Y = L', Z = L* but is SMR
in the spaces Y = L', Z = W with constants a = 400, b = 1/2 and x = 4.
However, this regularity property is too weak, because although the disturbances
have to be close to ¢ in the W1 >-norm, the Lipschitz property in the definition of
SMR holds in the L>®-norm in Z (see 3). Therefore , in order to grasp in a right
way the situation, we have to use two norms in the space W1>: the W*-norm
for the neighborhood Byz(¢) and the L>-norm for the Lipschitz property.

1.3. Aims and content of the paper

For the reasons explained in the subsection above, in this paper we introduce in
an abstract space setting the notions of bi-Metric Regularity (bi-MR) and Strong
bi-Metric Regularity (Sbi-MR). This is done in Section 2 (the Sbi-MR) and in
Section 5 (the bi-MR), where we also prove Lyusternik-Graves-type theorems for
these notions of regularity. We mention that the notion of Sbi-MR was first intro-
duced in [13] and utilized in the context of linear optimal control problems. The
Lyusternik-Graves-type theorem for Sbi-MR maps proved there is substantially
more restrictive than the one obtained later in [12] and presented in Section 2.

The Lyusternik-Graves-type theorems claim stability of the respective regularity
properties under perturbations that are small in an appropriate sense. Thanks to
that, in Section 3 we prove that the Sbi-MR of the map appearing in the Pontrya-
gin necessary optimality conditions for problem (P) is invariant with respect to
linearization. Thus, any sufficient conditions for Sbhi-MR in the linearized version
of problem (P) are also sufficient for Sbi-MR of the map associated with problem
(P) itself. For this reason, in Section 3 we also prove sufficient conditions for
Sbi-MR for linear-quadratic affine optimal control problems that arise, in partic-
ular, as linearization of problem (P). These conditions extend the ones in [12]
by weaker requirements about the data, which is essential if the linear-quadratic
problem results from linearization. The obtained sufficient conditions are, never-
theless, restrictive since they require a purely bang-bang structure of the optimal
control and additional properties, which exclude the case of singular arcs. Here we
mention that similar conditions have been involved in various contexts (includ-
ing sufficiency of the Pontryagin conditions and error analysis of approximation
methods) in several papers out of which we mention [1, 7, 11, 8, 2, 3].

As another application of our version of the Lyusternik-Graves theorem applied
to affine optimal control problems, we prove in Section 4 a result about stability
of the Sbi-MR for affine problems with disturbances, extending to the non-linear
case results from [7] and [13].
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2. Strong bi-metric regularity: abstract setting and a Lyusternik-
Graves-type theorem

Let (Y,dy), (Z,dz), (Z,dz) be metric spaces, with Z € Z and dy < dz on Z.
Denote by By (y;a), Bz(2;b) and B;(Z;b) the closed balls in the metric spaces
(Y,dy), (Z,dz) and (Z,d;) with radius @ > 0 or b > 0 centered at § and £,
respectively.

As explained in the introduction, in order to grasp affine optimal control problems
we involve two norms in the definition of strong metric regularity. The following
definition is a modification of [13, Definition 2.1} (see [12]).

Definition 2.1. The set-valued map ®: Y = Z is strongly bi-metrically regular
(Sbi-MR) at y € Y for 2 € Z with constants kK > 0, a > 0 and b > 0 if (7,2) €
graph(®) and the following properties are fulfilled:

(i) the map Bj;(2;b) > 2z — & '(2) N By (y; a) is single-valued;
(i) for all z,2'€ B;(Z;b) :
dy (@71 (2) N By (g;a),® (') N By (§;a)) < kdz(z, 7). (4)

It is important to notice that in this definition only “disturbances” z, 2z’ belonging
to the smaller space Z are allowed, and they have to be sufficiently close to
reference point Z in the stronger metric d;. However, the Lipschitz property
(4) holds with the (weaker) metric dz. This is the difference with the standard
definition of strong metric regularity (see e.g. [6, Section 3G] and [10]), where a
single metric in Z is involved. Clearly, Sbi-MR implies strong metric regularity
of the set-valued map y — ®(y) N Z at ¢ for # in the metric d, but then the
Lipschitz property is also in the metric d; (rather than dz), which can be a much
weaker property. This is the case, in particular, when dealing with mappings that
arise in optimal control problems for affine systems.

The next result resembles the main features of the Lyusternik-Graves-type Theo-
rem 2.1 in [13] but under substantially weaker requirements, as explained below.
It resembles Theorem 4.2 in [12].

Theorem 2.2. Let the metric space Y be complete, let Z be a linear space and
Z a subspace of Z. Let the two metrics, dy and d;, respectively in Z and Z be
shift-invariant and dz < d; on Z. Let the set-valued map ®: Y = Z be strongly
bi-metrically reqular at § € Y for 2 € Z with constants k, a, b. Let >0 and k'
be such that kp < 1 and k' > k/(1 — kp).

Then for every positive constants a’, b/, and v satisfying

ad<a, b+y<b kY <(1-kpd, (5)

and for every function ¢: Y — Z such that
dz(e(9), v(y) <v Vy € By (§;d), (6)
and dz(p(y),0(y) < pdy(y.y') Vy,y' € By(§:d), (7)

the map Bz(Z2 + ¢(9);b) 2 z = (¢ + @)~ (2) N By (y;d’) is single-valued and
Lipschitz continuous with constant k' with respect to the metric dy.
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The main improvement in the above theorem, compared with [13, Theorem 2.1],
is that the Lipschitz property (7) is required in [13, Theorem 2.1] to be fulfilled in
the stronger metric d;, while here it is required in dz. This improvement makes
the theorem usable in the context of the present paper, in particular.

Corollary 2.3. Let the assumptions of Theorem 2.2 be fulfilled with Z = 0, and
let 0: Y — Z be such that the map B;(o(3); V) 3 2z = (0+®) "1 (2)N By (§;d) is
single-valued and Lipschitz continuous with constant k' with respect to the metric
dz, where a',b', k' > 0. Let, in addition, the following inequalities be fulfilled:

dz(0(9),0) <V/2,  Kdz(p(9),0) < d'/2.
Then
(i) the inclusion 0 € p(y) + P(y) has a unique solution y* in B(y;d’), and

dy (y*,9) < K'dz((9),0); (8)

(ii) the map ¢ + @ is strongly bi-metrically reqular at y* for zero.

Before starting the proof we mention that the parameters a”, v”, ¥” of Sbi-MR of
p+® at y* for zero can explicitly defined as any numbers satisfying the inequalities

a// S a//2’ K:/b// S a/l) bl/ S b//2, K/” 2 /i/.

Proof. Since 0 € B;(p(y);b'), the solution y* exists and is unique in B(y;a’).
Moreover, (8) is fulfilled since § € (p+®) "' ((7)). To prove (ii) we take arbitrarily
z € B;(0;b"), i =1, 2. We have

/

b
(e 919) < dgl,0) + 450, 0) <V + 5 <.
Then y; € (¢+®)1(2) N By (§; d’) exist, and dy (y1,y2) < k'dz(21, 22). Moreover,

y; € By (y*;a") since
dy (yi, y*) < K'dz(2,0) <K'V <ad”.

Finally, y; is the unique element of (¢ + ®)~!(z;) N By (y*;a”) since

By (y*;a") C By (9;dy (y*,9) + ") C By (7;£'dz(0,¢(3)) + a”)
C By(y;ad'/2+d'/2) = By (j;d")

and (¢ + ®)71(2;) N By (§;d’) is a singleton. u

3. Strong bi-metric regularity of affine problems

To begin with, we introduce the basic notation which will be used throughout the
paper. The Euclidean norm in R" is denoted by |-| and IB(z; a) stays for the closed
ball in R™ centered at z € R™ with radius @ > 0. As usual, L'([0,7],R") and
L>([0,T],R™) are the spaces of all measurable absolutely integrable, respectively
essentially bounded, functions from [0, 7] to R™; these spaces are equipped with
the standard Lebesgue norms ||-||; and |||« and sometimes they will be shortened
by L' and L*, respectively. For k € {1,000}, WHk([0,T],R") is the space of
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absolutely continuous functions x mapping [0, 7] to R™ such that the derivative
has a finite L*-norm; moreover, W*([0, T],R") := {& € W'*([0,T],R") : 2(0) =
zo}. These spaces are equipped with the standard corresponding Sobolev norm,
| [l1,5, and their notations are often shortened as W* or WL*. For a given matrix
M, M and ||M|| denote the transpose and operator norm of M, respectively.

3.1. The problem and the concept of strong bi-metric regularity

We consider the affine problem (P) under the following assumptions.

Assumption (Al). (Smoothness of the data) The functions f, g and ¢, and
their partial derivatives f., gz, Czy fots Gut, fozs Guozs Lze are continuous. Moreover,
fexs 9ee and £, are locally Lipschitz continuous in x uniformly in ¢.

The set of admissible controls, U, consists of all Lebesgue measurable functions
w: [0,T] — U. The system of necessary optimality conditions provided by the
Pontryagin minimum principle reads as follows:

(PMP)

where V/ = (] is the gradient of £ and Ny (u) is the normal cone to U at u defined
in the usual way:

{0 ifugU
Ny(u) := {{ZGR’"I(LU_U)SOVUEU} ifuel.

System (PMP) will be reformulated as an abstract generalized equation, for which
appropriate spaces for (z,p,u) and the image of the right-hand side in (PMP)
should be chosen. As shown in [12] for the case of linear-quadratic problems,
it is appropriate (in the context of Sbi-MR of the set-valued map associated
with (PMP)) to consider (z,p,u) as elements of the space W_»'([0,T],R") x
WhL([0, T], R™) x U, where U is endowed with the metric induced by the L'-norm
(note that U is a complete metric space with this metric).

However, this choice of the space above is too redundant: it contains elements
(z,p,u) with arbitrarily large norms (even with infinite L*°-norms of & and p),
which are irrelevant to the considered optimal control problem. To avoid this
(troublesome) redundancy we first make the following natural assumption.

Assumption (A2). There exists a number M > 0 such that for every u € U the
corresponding solutions z € W,»! and p € W' (with p(T) = V{(z(T))) of the
differential equations in (PMP) exist and satisfy z(t), p(t), z(t), p(t) € B(0; M).
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Then the following space setting is relevant to the problem under consideration:

v (z,p,u) € WE'([0,T],R") x W ([0, T],R") x U :
| 2@®),p(t), 2(t), B(t) € B(0;2M) '

The set Y will be considered as a metric space where the distance between two
elements y; = (x1,p1,u1) and yo = (z9, pa, uz) of Y is defined as

dy (y1,92) = ly1 — velly == |21 — 22|11 + [lp1 — P2l + [Jur — uall1.

It is easy to verify that the metric space Y is complete.

In addition, we define the spaces

Z = L>=([0,T],R") x L=([0,T],R") x L>([0,T],R™) x R",
Z .= L>([0,T]),R") x L=([0,T],R"™) x Wh>=([0,T],R™) x R,

endowed, respectively, with the following two norms:

& m,p0)llz = lEll + Il + [lplloe +[v],
1€ m,p )l = max{1, T} ([[€lloc + lI7lloc) + lloll100 + [¥]-

The distances introduced by these norms are denoted by dz and d, respectively.
Clearly, ||z||z < ||z||~ for every z € Z (the multiplier max{1, T} is just to ensure
this inequality). Similarly as in Section 2, the closed balls in the spaces (Y, dy),
(Z,|[1|2), (Z,]}|~) will be denoted by By, B, and B, respectively (with specified
center and radius as arguments).

Now, we may recast system (PMP) as the generalized equation

U(y) + Fly) 20, (9)

where y := (z,p,u) € Y, and the function ¢: Y — Z and the set-valued map
F:Y = Z are defined as

&(t) = f(t,x(t) = g(t, =(t))u(t) 0
_ | p@O+(f(E, ( ))+9(t x(t)u(t)), p(t) | 0
( ) W(ﬁ(T)) 0

0 ifudgid

Here, Ny(u) := {{,U € L™ : v(t) € Ny(u(t)) for ae. t € (0,7} ifuel,

is the normal cone to the set I/ at u in the space L'. Due to the definition of the
spaces Y and Z, it is obvious that ¢ and F' map Y into Z.

In the above setting the Sbi-MR property for system (PMP) associated with
problem (P) translates as follows.
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Property Sbi-MR of the map ¥ + F in (9) at a solution §: There exist positive
numbers a, b and  such that the map B;(0;b) 2 z — (¢ + F)~'(2) N By (g;a)
is single-valued and

dy (¥ + F)"'(') N By(g;a), (¥ + F)7'(2) N By (§:a)) < rdz(2,7) (1)
for every z,2' € IB;(0;b).
3.2. Invariance of the strong bi-metric regularity with respect to
linearization

Let y = (Z,p,0) be a (from now on fixed) solution of the optimality conditions
(PMP). According to Assumption (A2) we have § € Y, and ¢ solves (9). We shall
formally introduce a partial linearization of (9) in the usual way, introducing first
the matrices

A(t) = (f(,3(0) + gt 2(2)a(t), . (12)
B(t) = g(t, (1)), (13)
W) = ((f(3(0) + gt 2(£)a()T(1), (14)
S(t) = (g(t, 2())Tp(1)), | (15)
K = £, (2(T)). (16)

Then we introduce the map I'(j) : Y — § — Z acting on any

Ay = (Az,Ap,Au) == (z —&,p—pu—0) €Y —
(Az) — AAz — BAu

< follows: P()Ay — (Ap)+ ATAp + WAz + SAu an

BTAp+ STAx
Ap(T) — KAz(T)

Notice that the function y — I'(7)(y —9) maps Y to Z. Then we have the identity
W(y) =v@) + L@y —9) +ely), Vyey,

where the map ¢ : Y — Z is defined (suppressing the argument t) as

—f(z) —g(x)u+ f(z) + g(2)u + AAx + BAu
(f(@)+g(x)u) ] p—(f(2)+g(@)a) ] p—ATAp—WAz—SAu
g(x)'p—g(@)'p— B Ap—STAzx
—V(x(T)) + VU&(T)) + K Ax(T)

o(y) = (18)

Thus the generalized equation (9), which is satisfied by 3, can be equivalently
reformulated as

V(@) + L@y —9) +¢y) + Fy) 2 0. (19)
This representation enables us to use the Lyusternik-Graves-type Theorem 2.2
and to deduce the following theorem, whose proof is given in the Appendix.
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Theorem 3.1. Let Assumptions (A1) and (A2) be fulfilled, and let the mappings
v, F and I be defined as in (10) and (17). Then strong bi-metric reqularity
of the set-valued map y — Y(y) + F(y) at § for 0 (in the above defined spaces
and metrics) is equivalent to the strong bi-metric regularity of the map y

v(@) + T @)y —9) + F(y) at § for 0.
We mention that the partly linearized generalized equation
(@) + T @)y —9) + F(y) 50 (20)

represents the Pontryagin system for the optimal control problem

min{J(w,u) = 1o(T) T Ka(T) +qfa(T +f0< 2()TW ()2 (t) +
(LP) +a()TS@Ou(t) + a0 2(t) + e)Tu®) dtf, gy
() = A()z(t) + B(t)u(t) + d(t), :U(O)—ajo, te 0,7,

u(t) € U = [0,1]™,

where the matrices appearing in this problem are defined in (12)-(16) and the
vectors d(t), q(t), e(t) and gr, resulting from the expression ¥ (y) — I'(9)y in (20),
are given by (we skip the argument t):

d:= f(z) — Az, q:=-Wz - 54, (22)
e:=—S"%, qr = p(T) — K&(T). (23)

3.3. Sufficient conditions for strong bi-metric regularity of affine
problems

According to Theorem 3.1, in order to obtain ShiMR of the Pontryagin system
(PMP) (or equivalently, of generalized equation (9)), associated with the affine
problem (P) and a given reference point § = (#,p,u) € Y, it is enough to obtain
the same property for the partially linearized system (20), which has the same
solution . As mentioned in the end of the previous session, the latter represents
the Pontryagin system for the optimal control problem (21).

For this reason, in the present section we consider the linear-quadratic affine
problem (21), now for general data A, B, W, S, d, e, g, not necessarily in the
form of those resulting from linearization. The generalized equation (Pontryagin
system) associated with this problem is

L(y) + F(y) 0, (24)

T — Ar — Bu—d
p+ATp+Wazr+ Su+q
B'p+ STz +e
p(T) — Kx(T)

where L(y) =

and F is defined as in (10). The so-called switching function for a reference
solution y of (24) is defined as

o(t) = B(t)Tp(t) + S(t) " z(t) + e(t).
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Below we fix a reference solution § = (z,p,u) € Y of (24).

Assumption (B1). The functions A, W, d, q are piecewise continuous, B, S
and e are Lipschitz continuous with piecewise continuous first derivatives. The
matrices W (t) and ST (t)B(t) are symmetric for every t € [0, 7.

We clarify, that here “piecewise continuity” of a function w on [0, 7] means that
there exist finite number of points tg = 0 < t;...,t, = T such that on each

interval (t;,¢;11) the function w is continuous, with a finite right limit at ¢; and
left limit at ¢;,1,2=0,...,k— 1.

Assumption (B2). It holds that
2(T) K 2(T) +/0 (z(6) "W (t)z(t) +22(t) T S(t)v(t)) dt > 0

for any pair (z,v) € Wh* x L solving
2(t) = A(t)z(t) + B(t)v(t) a.e. on [0,T], wo(t)€[-1,1]", =2(0)=0.
Assumption (B3). For the switching function
a(t) == B@)"pt) + St)"2(t) + e(t)

there exist real numbers «, 7 > 0 such that for all j € {1,...,m} and s € [0, 7]
with ,(s) = 0 (the j-th component of &) we have

lo;(t)] > aft — s Vte[s—7,s+7|N[0,T].

Remark 3.2. When the data of the problem (21) come from linearization, as in
the previous subsection, then the inclusion (24) is identical with (20). Moreover,
due to the definition of e in (23), the switching function corresponding to the
reference solution ¢ in this case is

o(t) = B(t)'p(t) + S(t) & (t) + e(t) = g(t, 2(1)) " p(t).

Thus, ¢ is Lipschitz continuous and coincides with the switching function of the
nonlinear problem (see the third relation in (PMP) evaluated at (Z, p)). More-
over, the requirements in the first sentence in Assumption (B1) are fulfilled if
the reference optimal control @ in the non-linear problem (P), hence also in the
linearized problem (21), is piecewise continuous.

Theorem 3.3. (Sufficient conditions for Shi-MR for linear-quadratic problems.)
Let Assumptions (B1)—(B3) be fulfilled for generalized equation (24) associated
with problem (21) and its reference solution y = (z,p,u). Then the set-valued
map Y >y L(y) + F(y) C Z is strongly bi-metrically regular at g for 0.

A similar result is proved in [12, Theorem 4.5], where conditions (B2), (B3) and
(B1’) below.

Assumption (B1’). The functions A, W, d, e, ¢ are continuous, B and S have
continuous first derivatives. The matrices W (t) and S (¢)B(t) are symmetric for
every t € [0,T].
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However, this result is not applicable if this generalized equation results from
linearization, as (20). This is because assumption (B1’) is not fulfilled here, in
general, due to the possible discontinuity of A, ... , e, and the derivatives of B
and S (notice that these functions may depend on ¢ through @, which may be
discontinuous). Therefore, we need to reconsider Theorem 4.5 in [12] and prove
the result in Theorem 3.3, where Assumption (B1’) has been replaced by the new
Assumption (B1).

Proof. The proof of Theorem 4.5 in [12], which claims the same result, but
with (B1’) instead of (B1), is based on Theorem 3.3 and Proposition 4.3 in [12].
Theorem 3.3 is proved in that paper on the weaker assumptions (B1)-(B3) (in
the notations of [12] these are (A1)—(A3)). The only reason for which assumption
(B1’) is needed in that paper (instead of (B1)) is the proof of Proposition 4.3.
Therefore, below we formulate and prove an improved version of Proposition 4.3
in [12] which uses (B1)-(B3) only. This will complete the proof of the present
theorem. [

Following [12, Section 3|, we introduce the following notations for a continuous
function o: [0,7] — R™ and § > 0:

I;(0,0) = U (s =39,s+0)N[0,T], Ilnin(c,0):= min min : lo;(t)].

1<5<m t€[0,T]\L; (0,8
s€[0,T]:0(s)=0 0T (

Clearly, lnin(0,6) > 0 for any § > 0.

Proposition 3.4. (Stability of Assumption (B3).) Let assumptions (B1)—(B3)
be fulfilled for the linearized problem (21). Then there exist positive constants b,
&, 7 and 1y such that for every z = (£,7,p,v) € Z with ||z||~ < b and for any
triple y = (x,p,u) € Y solving the disturbed version L(y) + F(y) 3 z of (24),
the corresponding switching function o(t) = B(t)"p(t) + S(t) T2 (t) + e(t) — p(t)
satisfies Assumption (B3) with constants & and T replacing o and T, respectively,
and with Ly (o, T) > M.

Proof. Let a and 7 be the constants appearing in Assumption (B3), and let
j €{1,...,m} be arbitrarily fixed. Further, we consider only disturbances z € Z
satisfying ||z||~ < 1.

First, observe that for all ¢t € [0, 7] it holds that

o) = 0;(1)] < ‘(B(t)T(p(t) —p(1) + S(t)" (x(t) — 2(t))),

+1p; ()]

Now we use Theorem 3.3 in [12] (applied with b = 1) to obtain that there is a
constant ¢; such that
|o5(t) = &, ()] < enl|]]

forall j=1,...,m,t€[0,T], and z € Z with ||z||~ < 1. Hence,

|0-j(t)|2|a-j(t)|_cl||z||v tG[O,T], jE{l,...,m}. (25)
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Consider (skipping the argument ¢) the derivative

6; = _BTﬁ+BT]§+ST£+ST£+é j

J

= [BTp+ BT (~ATp— Wi — Sa—q)+ $Té + ST(Az + B+ d) + é}

— [B"p+ BT (—ATp— Wi —q) +ST§:+ST(A92+d)+é]4, (26)
I i,

where in the last inequality we use the symmetry of B'S. Thus ¢ is piecewise

continuous.

Let us fix a component j of . Observe that due to (B3) o; has a finite number
of zeros in [0,7] (not more than 7'/27). Then there is a number 7y € (0, 7) such
that for every zero s of 6; the function 5]- is continuous in each of the intervals
[s — 70,s) and (s, s + 7o) and the values

b(sit) = limg . 6,;(¢) ift<s,
PO limgss, 05(8)  if > s

are well defined. We fix an arbitrary zero s of 6;. Choose 71 € (0,7) so small
that [6;(0) — d,(5;0)] < /4 for every 6 € [§ — 71,5+ 7| N[0, T] \ {5}

Using Assumption (B3) we obtain that for an arbitrary t € (§ — 7,5+ 7) N[0, 7]

/; G d@‘

t t
/ 5,(5;6) d@‘ —|—/ |6;(0) — 0;(5;0)|d0 < |t — 5]|0;(5:t)| + |t — §\%

alt =8| < |o;(t) —0;(8) =

<

Hence, ]&](§,t)| > 3w /4 for any zero § of 65, j =1,...,m and any ¢ € [0,7] (we
remind that 7,(5;¢) takes at most two values: one on the left of § and one on the
right).

The equality (26) holds also for o; (where (Z, p) is replaced with (, p)), with the
additional term [BTﬂ' +87¢ — pﬂj in the right-hand side. Then using Assumption
(B1) and Theorem 3.3 in [12] we estimate

165 = Gillo < c2(llyll + lI€lloo + 17 lloo + 1Alloc) < csllz]l~, (27)
where ¢, and c3 are independent of j and z € Y, ||z < 1.

Define 7 := 71/2 and choose the number b > 0 in such a way that

7 lmin A;N 2 T ~ ~
;b < min {<OTT/), %} and 4esb <o, b<1, (28)

and let ||z]|. < b. Since from (25) and the first inequality in (28) we have that
for t € [0,T]\ I;(6,7/2)

()] = 165(0)] = el = lain(6,7/2) — e1b >

lmin A7~ 2
0712
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we obtain that any zero s of o; is contained in [;(6,7/2). Thus we arrive at
se€(§—7/2,54+7/2)N[0,T] for some zero s of 7;.

Now take an arbitrary t € (s—7,s+7)N[0,7]. Thent, s € (§—7,5+m)N|0,7]
and using (27) and the second inequality in (28) we obtain that

[ s =| [ [56607+ 6,006,600+ 6006, 0)]
> 16,550t = 5| = Z1t = sl = callzll |t =

3o « « «
> —|t—s|——=|t—s|——=|t—s|=—|t—s|
4 4 4 4

o (8)] =

Thus (B3) holds for ¢ with constants & = a/4 and 7.
Further, for t € 1(6,7) \ I(o,7) we have

R R aT
o3 ()] 2 aft = 8| = all2]] = aft —s| —als = 8] —allz]| 2

for some zeros s and s of & and o, respectively. Setting mg := min{o‘f, Imin(0,7) }
we obtain [y, (o, 7) > my. O

Theorem 3.1, Theorem 3.3 and Remark 3.2 imply the following corollary.

Corollary 3.5. (Sufficient conditions for Shi-MR for affine-control problems.)
Let Assumption (A1) be fulfilled for the nonlinear problem (P), and let § = (&, p, )
be a solution of the associated generalized equation (Pontryagin system) (9). More-
over, let Assumptions (B2) and (B3) be fulfilled by the linearized problem (21).
Then, the set-valued map Y > y — ¢(y) + F(y) C Z associated to the general-
ized equation (Pontryagin system) (PMP) of Problem (P) is strongly bi-metrically
reqular at i for zero.

We complete this section by a more familiar representation of the condition for
symmetry of the matrix STB in Assumption (B1) when B and S result from
linearization of (P) and, thus, are given by (13) and (15).

We denote by g;(t,z) € R", i = 1,--- ,m, the i-column of the matrix g(t,z) €
R™™ and by [g;, g5, ©,j = 1,...,m — the Lie bracket of g; and g¢; as functions of
x, namely,

9y; 9y
9, 93] (¢, ) = a—;(t,l’)gi(@ z) = 5. (62)g;(t, @),
where %{; (t,x) denotes the Jacobian matrix of the vector field g;(¢,-) : R* — R™,
1=1,...,m.

Below we shall prove that the linearization of problem (P) fulfills the condition
ST(t)B(t) = B"(t)S(t) whenever the vector fields g;(¢,-) “commute”. This con-
dition is trivially satisfied when ¢(¢,x) = ¢(t) is independent of z or when the
control is one-dimensional (m = 1).
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Lemma 3.6. If [g;,gx)(t,2) |o=ay= 0 for alli # k, i,k =1,...,m and t €
[0,T], then the assumption ST (t)B(t) = BT (t)S(t) for all t € [0,T) is fulfilled by
the linearization of (20).

Proof. The condition ST(t)B(t) = BT (t)S(t) for the linearization of (P) reads

as follows:
-

(9(t,2)"B(1)), 9(t,2) = g(t.2)" (9(t.2)"B(t)), . (29)
evaluated at © = Z(t). Let us first note that

(22 (t,2)Tp(1)) ' (b, ) oo (222 (t,2) 7)) g1, @)

while the right-hand side is

g1 (t.2) (Fe(t,2) p(t)) o gat,2) " (et 2) B(2))

gm(t, x) (891 (t, x)Tp(t)) e gm(t, )T (%—;"(t,x)Tﬁ(t))
Thus, condition (29) is verified whenever

dg; 9y _
o (ta x>gl(t> QZ) - o <t7 x)gj (tv x) - 07

forall4,j =1,...,m and t € [0,T], at x = &(t); namely, [g;, g;](¢,Z(t)) = 0 for
allé,j=1,...,mand t € [0,T]. H

4. Stability of strong bi-metric regularity for affine-control systems
under perturbations

In this subsection, we will apply the Lyusternik-Graves-type Theorem 2.2 to prove
that the strong bi-metric regularity of the set-valued map in the Pontryagin system
for problem (P) is stable when the problem is affected by some “small” nonlinear
disturbances. We consider, therefore, the following perturbed version of (P):

minimize  {(z(T)) + b(z(T))
subject to  @(t) = f(t,z(t)) + g(t, x(t))u(t) + h(t, z(t)) + B(t, z(t))u(t), (30)
a.e. on [0,T], u(t) € U :=[0,1]", z(0) = xo,

where b: R" — R, h: R* — R" and #: R® — R™ " are suitably smooth and
“small” disturbances, in a sense which will be specified below.
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The system of necessary condition of (30) is

0 =a(t) = f(t, z(t) — g(t, =(t))u(t) — h(L, x(t)) —ﬁ(t,x(t))U(t),
= p)+(f (¢, (2()+g(t, x(t))u(t)+h(t, x
0 € (g(t,x(1)) + B(t,x(1))" p(t) + Nu(u(t)
= p(T) = Vl(x(T)) — Vb(x(T)).
In the theorem below we prove that the strong bi-metric regularity of (P) is
not destroyed by the disturbance (b, h, 5), provided that the latter is sufficiently

“small”. We recall the similar results have been proved in [12, 13] for linear and
for linear-quadratic control problems, respectively.

)
)

(
(

Theorem 4.1. Assume that (P) has a local optimal solution § = (Z,p,u) and
that the set-valued map ¥ + F:Y =2 Z (as introduced in (9)) is strongly bi-
metrically reqular at (&, p,w) for 0. Moreover, assume that (P) fulfills Assumption
(A1) and (A2). Then, there ezist positive real numbers €, 0 and ¢ such that the

following conclusion is true. For any positive number € < €, and any continuously
differentiable functions h, 5 and b, if

(i) the functions h, B, hy, Bz, hi, By are bounded by € in [0,T] x IB(0;2M).
Moreover, Vb is bounded by € in IB(0;2M);

(ii) the functions h, B, hy, B, are Lipschitz continuous with respect to x with
constant € in [0,T] x B(0;2M). Vb is Lipschitz continuous with respect to
with constant € in IB(0;2M),

(a) system (31) has a unique solution y* := (z*,p*,u*) in the d-neighborhood of
U and .
dy(y",9) < ce, (32)

(b) the set-valued map in system (31) is strongly bi-metrically regular at the
solution (z*,p*,u*) for zero.

Proof. First of all, we observe that system (31) can be shortly recast as

p(y) + oY) + Fly) 20 (33)
where 1 and F are introduced in (10) and ¢: Y — Z is defined as follows:

—h(t,z(t)) — B¢, x(t))u(t)
((t,x(8)) + Bt x(t))u(t), p(t)
Bt x(t)) " p(t)
—Vb(z(T))

p(y)(t) = (34)

Fix €y > 0 such that for any admissible control u the solution x of the controlled
ODE in (30) exists on the time interval [0,7] and takes values in B(0;2M).

Now, we apply Theorem 3.1 to the mappings & = ¢ + F. Let K, a, b be the
constants of strongly bi-metric regularity for the map ¢ + F at (7,0). Then, let
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i, 'y a’, b, and v the constants introduced in Theorem 2.2. We will verify that
¢ fulfils the conditions (6) and (7). Let us start with (6). For any y € By (y;ad’),

dz(p(9), 0(y) < dz(9(9),0) +dz(e(y),0).

Let us estimate the second term in the right-hand side.

az(p(y), 0) = max{1, T} (1A, 2()) + B, () o + (R (- ()
+ B2 (DuC) IO ) + 186, 2() P oo + ol (T))]

< max{1, TH(Ih(, 2()) + B ()ul)) oo + N0 2())
+ B2 u) IOl ) + 186, 2()O)lse ) + 18 () To()
(B2 (NEO)I ) + B() Pl + be(a(T))]

From the conditions in (i) and the facts that ||u]|e < m, [|P]|co < 2M, ||2]|00 < 2M,
and [|p]|e < 2M it follows that

dz(#(y),0) (35)
< max{1, T}(e(1+m)+2e(1+m)M+2e M +£(2M +4M>*+2M)+¢) := Cye.

Since a similar estimate can be deduced as well for d;(¢(7),0), it holds that

dz(p(9), ¢(y)) < 2Cpe = Cie,

where Cy and C are constants that can be chosen as dependent only on M, m
and 7.

Now, let us check (7). By (i), (ii), ||lu — ©/[|cc < m we obtain that

dz(o(y), () = A, z() + B z())ul-) — k(- 2"(-)) = BC, 2" ()’ ()L
+ [ (A2 () + B2 ()ul), p() = (G2’ ()) + B2/ ()d (), P ()l
1B x())p() = BT (' ()P (Yoo + ba(@(T)) = ba(a'(T))]
<éellz —a'lly + melle — 2l + llu — 'y
+2eM(1+m)|lz— 2|1 + (1 +m)|p— D1+ 2eM|ju— |
tellp = Plloe + 2eMl|lz — 2'||oo + €l2(T) — 2'(T)].

/
T
/

We now use the two known inequalities ||p — p'||c < max{1,T '}||p — p'||1.1 and
|2 — 2|l < |lz — 2|1 for all z,2" € W'([0,T]) and p,p’ € WH([0,T]), to
conclude that

dz(e(y), () < eCady (y,y),

where (5 is a constant depending only on M, m and T.

Choosing g9 > 0 such that Cieq < 7y, Cagg < p, we can apply Theorem 2.2 and
deduce that the map Bz(o(9);V) 3 2z — (¢ + ¥ + F)7'(2) N By (y;d’) is single-
valued and Lipschitz continuous with respect to the metric dz with constant x’.
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Now we utilize Corollary 2.3, which is possible since d;(¢(7),0) < Cye (see (35)
applied for the particular case y = ) and 'dz(¢(y),0) < Coe. For that we have
to chose € > 0 so small that Coe < 0//2 and x'Cye < a’/2. Then Corollary 2.3
yields the claims of the theorem. [

5. A Lyusternik-Graves-type theorem for bi-metrically regular maps

In this section we introduce the notion of bi-Metric Regularity (bi-MR) as an
extension of the widely used notion of metric reqularity, [6, 10]. Similarly as for
the Sbi-MR property, the bi-MR may be a relevant property in the context of
generalized equations containing variational inequalities of the form of (1) where
 is not strictly monotone.

Below we use the notation introduced in Section 2.

Definition 5.1. The set-valued map ®: Y = Z is bi-metrically reqular (bi-MR)
at gy € Y for 2 € Z with constants kK > 0, a > 0 and b > 0 if (y,2) € graph(®),
and for all z, 2’ € B;(Z;b) it holds that

ey (P71(2) N By (§;a), @ () < kdz(z, 2), (36)

where ey (A, B) is the excess of A C Y beyond B C Y; see the introduction.

Observe that the only difference to the definition of MR given in the introduction
is that z and 2’ should be sufficiently small in the metric d; instead of d.

Below, we prove a Lyusternik-Graves-type theorem for bi-MR maps. The proof
follows a similar idea as the proofs of Lyusternik-Graves-type theorems for met-
rically regular maps by utilization of a contraction mapping theorem, but needs
modifications due to the involvement of two metrics.

Theorem 5.2. Let the metric space Y be complete, let Z be a linear space and
Z C Z be a subspace. Moreover, let dz and dyz be shift-invariant metrics in, Z
and Z, respectively, and dy < d; on Z. Assume that ®:Y = Z is a set-valued
map which is bi-metrically reqular at § € Y for 2 € Z with constants r, a, b. Also
assume that the set gph (®) N (By (7;a) x Bz(%;b)) is closed.

Let > 0 be such that kp < 1. Let the numbers k', o', b’ and -y satisfy the relations

K= , 2d <a, V+~y<b, 20 <d.
1 —krp
Then for every function p: Y — Z such that
dz(e(9), e(y)) <v Vy € By (§;2d), (37)
and dz(o(y), o(y) < pdy (y,y') Vy,y' € By(§;2d), (38)

the map ¢ + ® is bi-metrically reqular at § for Z2 + o(y) with constants /', a’, V.

Proof. We have to prove that

ey ((0+@) " (Z)NBy (§:d), (p+@) 7' (2)) < Kdz(2,7) V2,2 € Bz(i+9(i);V).
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For that purpose we take two arbitrary points z,2" € B;(Z2 4+ ¢(9); ') and any
y' € (p+®)71(2') N By (g;d'). The theorem will be proved if we find

y € (o + @) Y(2) such that dy(y,y") < &'dz(z, 7). (39)

Similarly as in the proof of [6, Theorem 5G.3], we shall use the following theorem,
adapted to our notations.

Theorem 5.3. (Theorem 5E.2, [6].) Let Y be a complete metric space with a
metric p, let G:'Y = Y be a set-valued map and iy € Y be arbitrarily fized.
Assume that there are numbers p > 0 and X € (0,1) such that

(a) the set gph (G) N (By(y';p) x Bz(y';p)) is closed;
(c) ey(G(vi) N By(y';p), G(v2)) < Ap(v1,v2) for every vi,va € By(y';p).
Then there ezists y € By(y';p) such that y € G(y).

We shall apply this theorem with Y = By (y;a), p = dy, p = 'dz(2,7'), A = ku
and the map G defined as

G(y) = @7 (z — w(y)) N By (y: a).
We shall use the following facts:
By (y';p) C By(§;2d), (40)
dz(z —p(v),2) b Vv e By(y;p). (41)
The first one follows from By (y';p) C By (y;p + dy (v, 7)) and
pt+dy(y,9) < Kdz(z,2)+ad <260 +d <2d.
For the second we estimate

dz(z = (v), 2) < dg(2, 2+ 9(9)) + dz(p(9), p(v)) <V +7 <D,
where we use (40) to verify that v € By (y;2a’) and then use (38).

Now, let us check the assumptions of Theorem 5.3 starting with (a). Let (yx, wy) €
gph (G) N (By (y';p) x By (y';p)) and (ye,wy) converge to (yo,wo). Clearly,
(yo,wo) € (By(y';p) x By(y';p)). Moreover, w, € ® (2 — p(yx)) N By (7;a),
hence, z — ¢(yx) € ®(wg). Due to (38), ¢ is continuous in By (y;2d’) and y; €
By (y';p) C By(y;2d’). Thus the sequence (yy) converges to ¢(yo). Moreover,
using (41) we have (yg, 2 — @(yx)) C By (9;2ad’) x Bz(2;b) C By (y;a) X Bz(2;b).
The set gph (®)N(By (§; a) x Bz(2;b)) is assumed closed, hence z—p(yo) € ®(wy)
and (yo,wp) € gph (G).

In order to prove (b) we use the equivalence of the properties v’ € (o + ®)71(2)
and y' € (2 — p(y')), and the inclusion y' € By (9;a’) C By (;a) to estimate
dy(y,G(y) = dv(y, 27 (z = ¢(y)) N By(j:a)) = dy(y, 27" (2 — ¢(/)))

< er(@7(Z = o(y) N By (0), 27 (2 — (y))-



M. Quincampoiz et al. / On the Metric Regularity ... 529

Due to (41), which holds also with 2’ at the place of z, and the bi-MR property
of ® we obtain that

dy (y',G(Y)) < kdz(2,2) = K'(1 = kp) dz(2,2") = p(1 = A).
We verify condition (c¢) in Theorem 5.3. Using again (40) and (41) with v = v;
we have
ey(G(v1) N By(y';p), G(v2))

= ey (072 — p(01)) N By (@) 0 By(y/s p), &z — 9(v2)) N By (5 a))

< ep(®7H(z — w(v1)) N By(y'sp), 271 (2 — ¢(v2)))

< rdz(p(v1), (v2))

(

Here we used condition (38) thanks to the inequality dy (v;,9) < 2a’.
Theorem 5.3 implies the existence of y as required in (39). 0

< kpdy (v1,v2) = Ady (v1, v2).

It is trivial to construct (academic) examples where bi-MR is present but not
Sbi-MR. Typically this situation appears if there are redundant state and control
variables that create a continual variety of optimal solutions.

Appendix: Proof of Theorem 3.1

We denote by L(f), L(9), L(fs), L(92), L(9t), L(fzz), L(az), L({z) the Lipschitz
constants of the functions in the parentheses with respect to x € IB(0;2M). Set
d := max,cy |u| = \/m. Below ¢y, ca, ... will be constants depending only on the
above Lipschitz constants and the numbers d, T and

LA@I, SO [ @)1, ls‘lglfx(t,x)l?
D = sup max =

tefo,1) sup |g.(t, z)|, sup |[le.(T)]
o] <M || <M

We suppose that the set-valued map ¥ + F' is strongly bi-metrically regular at
g = (&,p,0) for 0 with constant (k,a,b). Let the numbers u, ', 7, @’ and b’ be
chosen as in Theorem 2.2 applied with ® = ¢+ F', gy, and 2 = (0,0,0,0). Let ¢ be
as in (18). Observe that if the conclusion of Theorem 2.2 holds for some positive
a’ and b (together with p, £ and «y), then it also holds for any other choice of
smaller positive o’ and ¥, provided that the inequality xb’ < (1 — kp)d’ is still
fulfilled. Hence, without lost of generality, we can assume that o’ < M.

1. First we prove that inequality (6) holds for every y € By (y;a’), which reads
as d;z(p(y),0) <, since ¢(y) = 0. Notice that, by using the definition of B and
S and after a few simplifications, ¢(y) can be equivalently recast as

f(&) = f(@) + (9(2) — g(z))u + AAz
f@)ip—f(@) p+((9(x) 'p)a—(9(2) P)a) 'u—ATAp—W Az
g(z g( ))Tp—STAz

. (42)
—Vi((T)) + VE((T)) + KAa(T)

o(y) =

—~
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We shall estimate each of the components ¢, ..., s of ¢ separately. By the
Lipschitz continuity of f and g in B(0;2M), we obtain from (42) that

P (y)(B)] < (L(f) +dL(g) s HA(t)H> [Az(t)].

Hence, for all y € By (§;d’),

lo1()]loe < a1l|AZ|00 < ailld — 21 < a1]| Azl < c1d’. (43)

Similarly we can obtain by (42) the following estimation for the second component
of p(y):

(O] < (ML(f2) + dML(g)) +dM__sup .| )|Aa(d)]

te[0,T],|z|<M

+  sup [f|[Ap(t)] + sup [[A(®)[[Ap(t)| + sup W) |Az(t)].
t€[0,7) t€[0,T]

te[0,1],|x|<M
Hence, [|@2(y)llec < c2(|Az ][ + |Aplloc) for all y € By (g; a’).
Moreover, for any Ap € WH([0,T]) we have ||Aplloo < max{1, T '}|Ap|l11.
Then, for an appropriate c3 we get

l2(y)]loe < c3d, Yy € By (y;d"). (44)

Now we shall estimate the W1>-norm of ¢3(y). We first observe that

| ps(y)(t) [< (ML(g) s IS | Ax(t) | . (45)

The derivative of ¢3(y) can be calculated as follows:

e3(y)(t) =
(t) ))Tp(t )+ (g(t, (1) (1)), @(t) — (
+ (g(t,2(1) — g(t,2(1))) " pt) — S(t)T Aw(t) = S(t) " (&
= (gu(t, 2(1)) — ge(t, 2(1))) " p(1) + (9 t
— (g(t,2(1) T Ap(t)), 2 (t) + (g(t, 2(£))p(t) — g(t, &
Then it is easy to deduce that

[ Ses)0)] < (ML) + ML) + swp [8())1Aa(]  (40)

te[0,7

M sup gl [Ap)] + M (ML()IAT®] +  sup .l |Ap(1)]).

te[0,T),|z[<M t€[0,T),|z|<M

= (g:(t, z(1)) — 9:(t, 2

\.Pi-
8
~~
~
N——
N——
m
—~
-
o
~
SN—
> —
~~ ~—
_‘
=
—
~
S—
|
nn

By (45) and (46) there exist constants ¢4 and ¢; such that

sl < calllAzlloo + [[Aplloc) < csa’s Yy € By(g;a).  (47)



M. Quincampoiz et al. / On the Metric Regularity ... 531

Finally, we observe that

[oal)(D)] < (L) + sup [l )| Ax(T)| < co', ¥y € By(ira'),  (43)

|z <

for some ¢g > 0. By (43), (44), (47) and (48) we deduce that there exists a
constant c¢; such that

dz(p(y),0) < erd, Vy € By (j;a’). (49)

2. We now prove the inequality (7). Let y = (x,p,u) and ¢ = (2/,p/, ) be
arbitrary triples in By (y;a’). Below y — 1y’ will be shortened by dy := (dx, dp, du).
First we observe that

f(x’) g(a:’)u + Adx + Béu — f(z) — g(z)u
= (f(z )+g( V'), o= ATop—Wsz—Ssu
g(yc)T g(z")'p' — BTép— STz
—Vl(x(T)) + VL2 (T)) + Kéz(T)
We shall analyze dz(¢(y), ¢(y')) working component by component.
We represent (still suppressing the variable ¢ in the right-hand side)

o1(y)(t) — p1(y)(t) = f(2') + g(a)u — (f(z) + g(x)u) + Adx — g(2")du + Bou
= f(@') + g(2")u — (f(x) + g(x)u) + (f(2) + g(2)0) .07 — g(2")ou + g(Z)du

= [ () + ole(6)a) + (10) + 9(@))55] ds + (9(6) — gt

= [ [ (el + atetoDn), + (7@) + g(@)i,] dsbo + (9(2) - g(ab

where we have denoted £(s) := z+s(a’ —x). Now we observe that |{(s) — 2| < 2d/,
|2' — 2] < d,and |u — u| < a'. Then we estimate

)0 =)0 < [ [Iel) =8+ Lodle) -
+L(go | — ol ds |62] + Lg)la’ — &1 6ul < esa’(52(2)| + 5u(0)).

Since this estimation holds for any ¢t € [0, 7], we obtain that
[p1(y) — e1(y) Il < cod'dy (y,y). (50)

For the second component of ¢(y) — ¢(y') we use the representation

P2(y) () — 2(y)(t) =

= ((f(2) + g( )T = (f(@') + g(z'W)]) p — Wz

+ ((f(z) + g(2)), — A) dp+ ((9(z) "p)Ju — S) du

((f(:v> < > Ny = (@) + gl@)))) o = ((F(@) + g(2)a), p), oz

+ ((f( Ju')) = (f (@) +9(2)a),) op+ ((a(x) "p)Ju—(9(2)7p), )ou,
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where we have used the identity (g(z)u),p = (g(x)"p)]u. The two terms in the
right-hand side can be estimated using the Lipschitz continuity of the involved
functions. The remaining term in the right-hand side can be treated similarly
as the “bad” term in ¢1(y) — ¢1(y’). Thus, skipping the routine calculation, we
obtain a similar estimation

[02(y) — w2(¥)|l1 < croddy (y,9). (51)

Analogously, one can represent

e3(y)(t) — @3(y)(t) = (g(x) — B) "op + (9(x) — g()) "p' — STéx)
(g(z) — g(2))"op+ ((g(x) — g(="))"p' — (9(2)p). bx) .

Similarly as above this yields

les(y) — o3y ) oo < crrd’dy (y, ). (52)

Finally, since ¢ has Lipschitz continuous derivative, there exists Z in the interval
[z(T),2'(T)] such that

s (Y)(T) — (Y NT)| = Law(T(T))02(T) — Lo (2(T))0x(T)]
< L(ly)2d'[0x(T)| < erpd'dy (y,y'). (53)

From (50), (51), (52) and (53) we finally conclude that there exists a constant c;3
such that for all v,y € By (y;a’)

dz(e(y), e(y)) < czd'dy (y,y). (54)

3. The inequalities (49) and (54) for y,y" € By (y;a’) show that the relations (6)
and (7) in Theorem 2.2 are fulfilled, provided that

cra’ <, cd < (55)

As explained in the beginning of the proof, we can assume that the conditions in
(55) are satisfied, taking smaller values of o’ and ¥/ if necessary. The conclusion of
the theorem then follows by applying Theorem 2.2 to the map @+ F and recalling
that the generalized equation ¥ (y) + F(y) 2 0 can be equivalently recast as in
(19).
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