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1. Introduction

Evolution problems with unilateral constraints play a crucial role in many im-
portant mechanical applications. A well known problem of this kind is the so
called sweeping process introduced by Moreau in the first seventies in the articles
[46, 47, 48, 49, 53]. The most simple formulation of the sweeping processes is the
following. Let H be a real Hilbert space and let C(t) be a given nonempty, closed
and convex subset of H depending on time such that the mapping t — C(t) is
locally Lipschitz continuous on [0, co[ when the family of closed subsets of H is
endowed with the Hausdorff metric. One has to find a locally Lipschitz continuous
function y: [0,00[ — H such that

y(t) € C(t) Vt € [0,00[, (1)
—y'(t) € Newy(y(t)) for L'-ae. t € [0, 00], (2)
y(0) = o, (3)

Yo being a prescribed point in C(0). Here £' is the Lebesgue measure, and N
is the exterior normal cone to C(t) at y(t) (all the definitions will be recalled in
Section 2). Moreau was originally motivated by plasticity and friction dynamics
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(cf. [49, 52, 54]), but now sweeping processes have found applications to nonsmooth
mechanics (see, e.g., [37, 45, 55]), to economics (cf., e.g., [23, 28, 30]), to electrical
circuits (see, e.g., [1, 2, 3, 9]), to crowd motion modeling (cf., e.g., [24, 39, 40, 41,
42, 43]), and to other fields (see, e.g., the references in the recent paper [65]). The
theoretical analysis of problem (1)—(3) has been expanded in various directions:
the case of C continuous was first dealt in [45], and in [44] the application of
external forces is also considered; the nonconvex case has been studied in several
papers, e.g. [4, 5, 7, 13, 15, 18, 21, 26, 29, 62, 63, 64, 66, 67, 68]; for stochastic
versions see, e.g., [6, 11, 12, 16], while periodic solutions can be found in [14]. The
continuous dependence properties of various sweeping problems are investigated,
e.g., in [10, 31, 32, 35, 36, 53, 56, 57, 58, 59], and the control problems are studied,
e.g., in [19, 20, 22.

In [53] the formulation (1)—(3) is extended to the case when the mapping ¢ — C(t)
is of locally bounded variation and right continuous in the following natural way: it
is proved that there is a unique y € BV} ([0, 00 ; H), the space of right continuous
‘H-valued functions of locally bounded variation, such that there exist a positive

measure i and a p-integrable function v: [0, 00[ — H satisfying

y(t) € C(t) Vt € [0, 00[, (4)
Dy = vpu, (5)
—v(t) € New(y(t)) for p-ae. t € [0,00], (6)
y(0) = wo, (7)

where Dy denotes distributional derivative of y, which is a measure since y is of
bounded variation.

When ¢ is a jump point for C, the normality conditions (5)—(6) mean that y(t) =
y(t+) = Proje(y(t—)), where Proj is the classical projection operator, thus y
jumps from C(t—) to C(t) = C(t+) along the shortest path which allows to satisfy
the constraint (4).

The existence and uniqueness proof for problem (4)—-(7) relies upon an implicit
approximation scheme that is usually called “catching up algorithm” in view of
the geometric meaning of the projection on C(t+). Actually in [53] the moving set
C is assumed to be only with locally bounded right continuous retraction, rather
than with locally bounded right continuous variation (the notion of retraction is
recalled in (14)), i.e. the Hausdorff distance is replaced by the asymmetric distance
e(A, B) := sup,c 4 d(x, B), called excess of A over B, with A, B nonempty closed
convex sets in 7. When C does not enjoy the right continuity property with respect
to the excess e, a formulation involving measures like (4)—(7) is not possible since
at a jump point ¢ one has y(t) = Proje, (y(t—)) and y(t+) = Proje1(y(t)), thus
in [53] a weak solution is defined as the uniform limit of the approximate solutions
defined by the catching up algorithm.

The purpose of the present paper is twofold. First we want to introduce a sort
of “differential measure” formulation similar to (4)—(7) also in the case when C is
with locally bounded retraction but not necessarily left or right continuous. On
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the other hand we provide an existence proof for our formulation which reduces the
problem to the case when C has locally Lipschitz retraction. In order to perform
this proof we reparametrize the convex valued curve C by the “arc length” (¢(t)
with respect to the excess e (for simplicity let us assume now that there are no
intervals where £¢ is constant) so that we can write C(t) = C({¢(t)) for every t and
for a suitable e-Lipschitz reparametrization C(o). The problem of reducing to the
Lipschitz case is that C is only defined in the image of {¢, therefore we have to fill
in the jumps of C in an appropriate way in order to have C defined on the whole
[0,00[. In this way we can take the Lispchitz solution of the sweeping process
associated to C, and then throw away the jumps to get the discontinuous solution
related to C. In the past papers [57, 33, 34, 60] we have shown that the choice
of the paths connecting these jumps is nontrivial and an arbitrary connection
can produce the wrong solution. In the paper [60] we found the proper family of
geodesic connecting the jumps in the case when C is of bounded variation with
respect to the Hausdorff metric.

In the present paper we exploit a family of convex valued curves which are
geodesics with respect to the excess e. In a certain sense this procedure allows us
to say that every discontinuous sweeping process with locally bounded retraction
“is indeed” a Lipschitz continuous one. In this way we also generalize a result
of [61] where a kind of “differential measure” formulation is given for sweeping
processes with bounded variation with respect to the Hausdorff metric. In that
paper we also allowed the behaviour on jumps to have a more general behaviour,
therefore it is natural to wonder if any of these general behaviors can be obtained
by a reparametrization of C using suitable curves connecting the jumps.

The paper is organized as follows. In the next section we present some prelim-
inaries and in Sections 3 we state the main results of the paper. In Sections 4
and 5 we review the proof of the Lipschitz continuous case and we provide an
integral formulation of the Lipschitz continuous sweeping processes. In Section 6
we define and study the class of convex valued geodesics needed in the proof of
our main result which is presented in the last Section 7.

2. Preliminaries

Let us now recall the main notations and definitions used throughout in the paper.
The set of integers greater than or equal to 1 will be denoted by N. Given
an interval I of the real line R and the family () of Borel subsets of I, if
p: B(l) — [0,00] is a measure, p € [1,00], and if E is a Banach space, then
the space of E-valued functions which are p-integrable with respect to p will be
denoted by LP(I,u; E) or by LP(u; E). We do not identify two functions which
are equal p-almost everywhere (p-a.e.). The one dimensional Lebesgue measure
is denoted by £! and for the theory of integration of vector valued functions we
refer, e.g., to [38, Chapter VIJ.

2.1. Functions of bounded variation
In this subsection we assume that
(X, d) is an extended complete metric space, (8)
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ie. X isaset and d: X x X — [0, o0] satisfies the usual axioms of a distance,
but may take on the value oco. The notion of completeness remains unchanged.
The general topological notions of interior, closure and boundary of a subset
Y C X will be respectively denoted by int(Y), cl(Y) and Y. As usual we define
d(x,A) :=inf,ep d(x,a). If (Y,dy) is a metric space then the continuity set of a
function f: Y — X is denoted by Cont(f), while Discont(f) := Y~ Cont(f).

For S C Y we write Lip(f,S) := sup{d(f(s), f(t))/dy(t,s) : s,t € S, s # t},
Lip(f) := Lip(f, Y), the Lipschitz constant of f. The set of X-valued Lipschitz
continuous functions on Y is denoted by Lip(Y; X) := {f: Y — X : Lip(f) < oo}.
As usual Lip,,.(Y;X) :={f € X! : Lip(f,S) < oo VS compact in Y}.

Definition 2.1. Given an interval [ C R, a function f: I — X, and a subin-
terval J C I, the (pointwise) variation of f on J is defined by

V(f, J) = Sup {in: d(f(tjfl),f(tj)) tm e N, t]' eJ VJ, to <0 < tm} .

j=1

IfV(f,I) < oo we say that f is of bounded variation on I and we set BV([; X) :=
{f: 1 — X :V(f,I) < oo} and BV (,o([;X) :={f: I — X : V(f,J) < x©
VJ compact in I}.

It is well known that the completeness of X implies that every f € BV([; X)
admits one-sided limits f(t—), f(t+) at every point ¢ € I, with the convention
that f(inf 7—) := f(infI) if inf I € I, and f(supI+) := f(sup[) if sup! € I.
Moreover Discont(f) is at most countable. We set BV!(I; X) := {f € BV(I; X) :
ft=) = f(t) vtel}, BVI(I;X):={f € BV(;X): f(t) = f(t+) Vte I}
Accordingly we set BV} (I;X) := {u € BViee(I; X) : u(t—) = u(t) Vt € I}
and BV, := {u € BVyo.([;X) : u(t) = u(t+) Vt € I} so that Lip,.(I;X) C

loc

BVie(I; X).

2.2. Convex sets in Hilbert spaces

Throughout the remainder of the paper we assume that

{’H is a real Hilbert space with inner product (z,y) — (z,y),

] o= (o)1, ®)

and we endow H with the natural metric defined by d(z,y) := ||z —y||, z,y € H.
We set D, :={xeH:|z|| <r}, r >0,
and ¢y = {K C H : K nonempty, closed and convex}.

If € € 63 and © € H, then Proj(x) is the projection on K, i.e. y = Proj(x) is
the unique point such that d(z,K) = || — y||, and it is the only element y € H
such that the two conditions

yek, (x—yv—-y) <0 Wwek,
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hold. If K € € and x € K, then N (z) denotes the (exterior) normal cone of K
at x:

Ni(z) :={ue€H: {v—m,u) <0V €K} =Proj!(r) -z (10)
From the previous definition in (10) it follows that the multivalued mapping z —
Ni(x) is monotone, i.e. (u; — ug, 1 — x3) > 0 whenever z; € K, u; € Ni(z;),
j = 1,2 (see, e.g., [8, Exemple 2.8.2, p.46]). We endow the set €% with the so
called excess. Here we recall the definition.

Definition 2.2. The ezcess e: €3 X € — [0, 00| is defined by
e(A, B) :=supd(a, B), A, B € 6y,
acA
which is also called the excess of A over B. ]

The following facts are well known (see [50]):

e(A,A) =0 VA € €y, (11)
e(A,B) <e(A,C)+elC,B) VA,B,C € €. (12)

Moreover we have
e(A,B)=inf{p>0: ACB+D,} VA, B € €. (13)

Definition 2.3. Given an interval I C R, a function C: I — %%, and a subin-
terval J C I, the retraction of C on J is defined by

R(C,J) := sup { Ze(C(tj_l),C(tj)) meN, t, e JVj, tg<--- < tm}. (14)
j=1
If R(C,I) < oo we say that C is of bounded retraction on I and we set
BR(I;6y) :={C: I — % : R(C,I) < o0}.
and  BRyo.(I;6%) :={C: I — & : R(C,J) < 0o VJ compact in [}. O

For every C € BRyo.(I; 63) we define f¢: [0, 00 — [0, 00[ by
le(t) == R(C;[0,1]), t>0. (15)

The function ¢ is a sort of arc length with respect to the excess e and is an
increasing function such that £¢(0) = 0. It is well known (cf. [50]) that if C €
BRyoc(I; €%) then for every t € I we have

C(t+) := lisrgglfC(s) ={reH: Slirgr d(z,C(s)) =0} € €y, (16)
C(t—) := liggzlfC(s) ={reH: Slgﬁ d(z,C(s)) =0} € €x (17)
and e(C(t),C(t+)) = lim e(C(t),C(s)) = Le(t+) — Le(t), (18)

s—t+
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e(C(t-), (1)) = lim e(C(s), (1)) = fe(t) — te(t-) (19
therefore Slggr e(C(t),C(s)) =0 <= C(t) CC(t+) (20)
and slirtri e(C(s),C(t)) =0 < C(t—) CC(t). (21)

Thus for C € BRyoe([; 63) we set
Cont(C) :={t e I:e(C(t),C(t+)) = e(C(t—),C(t)) =0}
and Discont(C) := I \Cont(C). Moreover we set

BR'(I;6y) == {C € BR(I; %) : e(C(t),C(t+)) =0Vt € I}
and BRNI;6y) :={C € BR(I; %) : e(C(t—),C(t)) =0Vt € I}.
Finally BRI (I;6y) := {C € BR(I;6y) : e(C(t),C(t+)) =0Vt € I}
and BR|,.(I;6%) := {C € BR"(I; %) : e(C(t—),C(t)) =0Vt € I}.

2.3. Differential measures

We recall that a H-valued measure on I is a map p: HB(I) — H such that
(U~ Br) = > o, i(By) whenever (B,) is a sequence of mutually disjoint sets
in B(I). The total variation of p is the positive measure || : Z(I) — [0, 0]
defined by

|| (B —sup{ZHM :B=|J B, B.e2(I), BhﬂBk:Qifh%k}.

n=1

The vector measure p is said to be with bounded variation if |u|(I) < co. In
this case the equality ||u|| := |p|(I) defines a norm on the space of measures
with bounded variation. Finally we say that p is with local bounded variation if
| ] (J) < oo for every interval J compact in I (see, e.g. [25, Chap.I, Section 3]).

If v: B(I) — [0, 00] is a positive bounded Borel measure and if g € L'(I,v;H),
then gr will denote the vector measure defined by gv(B) := || g gdv for every
B e A(I). In this case |gv| (B) = [5]lg(t)|| dv for every B € AB(I) (see [25,
Proposition 10, p. 174]). Moreover a vector measure p is called v-absolutely
continuous if u(B) = 0 whenever B € #(I) and v(B) = 0.

Assume that p: A(I) — H is a vector measure with bounded variation and let
f: I — H and ¢: I — R be two step maps with respect to p, i.e. there exist
fi,oo s fm €H, O1,...,0m € H and Ay, ..., Ay € B(I) mutually disjoint such
that || (A;) < oo for every j and f = Zg VLa; fy & = 3200, 1a, 05, where 1g
is the characteristic function of a set S, i.e. 1g(z):=1if z € S and 1g(x) :=0
if # ¢ S. For such step functions we define [ (f,p) = >0 (fj, u(4;)) € R

and [;odp = 37 oju(A;) € H. I St(|p];H) (resp. St(lu])) is the set
of H-valued (resp. real valued) step maps with respect to g, then the maps
St(lpl s H) —H: fr— [{f, ) and St(|p|) — H:¢+— [, ¢dp are linear and
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continuous when St(|u|;H) and St(|x|) are endowed with the L'-seminorms
1l = L Iflld el and ||¢||L ) = = [ |¢|d|p]. Therefore they admit

unique continuous extensions 1,: L'(|u| ;H) — R and J,: L'(|p]) — H, and
we set
[ = /d)u =(0).  FeL'lul:H). oeL'(lul).

If v is bounded positive measure and g € L*(v; H), arguing first on step functions,
and then taking limits, it is easy to check that

/I<f,d(gV)> = /I<f,g>dv Vf e L®(uH). (22)

The following results (cf., e.g., [25, Section II1.17.2-3, pp. 358-362]) provide a
connection between functions with bounded variation and vector measures which
will be implicitly used in the paper.

Theorem 2.4. For every f € BVi,.(I;H) there exists a unique vector measure
of local bounded variation py: B(1) — H such that

pp(le,dl) = fld=) = flet),  py(le d))
pp(le.d) = fld=) = fle=),  py(le,d])
whenever ¢ < d and the left hand side of each equality makes sense. Conversely, if

p:B(1) — H is a vector measure with local bounded variation, and if f,: I — H
is defined by f,(t) :== p([inf I,t[ N 1), then f, € BViec(I;H) and pig, = pu.

fld+) = fle—),
fld+) = flet).

Proposition 2.5. Let f € BV, (I;H), let g: I — H be defined by g(t) =
f(t—), forteint(l), and by g(t) := f(t), ift€dl, and let V;: I — R be defined
by Vy(t) :=V(g,[inf I,t] N I). Then py = py and |pg| = pv, = Vg, I).

The measure iy is called Lebesgue-Stieltjes measure or differential measure of f.
Let us see the connection with the distributional derivative. If f € BVio(I; H)
and if f: R — H is defined by

£t iftel
ft):=1 f(infI) ifinfleR t¢ I, t<infl , (23)
f(supl) ifsupl e Rt 1, t>supl

then, as in the scalar case, it turns out (cf. [57, Section 2]) that u(B) = Df(B)
for every B € %(R), where Df is the distributional derivative of f, i.e.

_/Rd(t)f(t) dt:/Rme Vo € CL(R;R),

C!(R;R) being the space of real continuously differentiable functions on R with
compact support. Observe that Df is concentrated on I: Df(B) = py(BNI) for
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every B € HB(I), hence in the remainder of the paper, if f € BV),.(I,H) then we
will simply write

Df=Df=u;  feBV(I;H), (24)
and from the previous discussion it follows that
IDfIF=IDFIU) = llpgll = V(£ 1) VfeBVI(LH). (25)

If I is bounded and p € [1, cc], then the classical Sobolev space W'?(I;H) consists
of those functions f € C(I;H) such that Df = g£! for some g € L?(I;H) and we
have WHP(I; H) = ACP(I;H). Let us also recall that if f € W"'(I;H) then the
derivative f'(t) exists for L'-a.e. int € I, Df = f'2', and V(f,I) = [, ||f'(¢)]| dt
(cf., e.g. [8, Appendix]).

In [57, Lemma 6.4 and Theorem 6.1} it is proved that

Proposition 2.6. Assume that I,J C R are intervals and that h: I — J 1is
nondecreasing.

(i)  Dh(h™Y(B)) = L B) for every B € #(h(Cont(h))).
(i) If f € Lip(J;H) and g: I — H is defined by
f'(h(t)) if t € Cont(h)

g(t) := 7
flhit)) = FE=) ey @ Discont(h)

h(t+) — h(t—)

then foh € BV(I;H) and D(f o h) = gDh. This result holds even if f is
replaced by any of its L'-representatives.

3. Main results

In this section we state the main theorem of the present paper.

Theorem 3.1. Assume that C € BRio.([0,00];%%) and yo € H. Then there
exists a unique y € BVioc([0,00[; H) such that there exists a Borel measure
p: B([0,00]) — [0,00] and a function v € Ly, (ju; H) such that

y(t) € C(1), (26)
Dy = vpu, (27)
—v(t) € New(y(t)) for p-a.e. teCont(C), (28)
y(t) = Projeqy(y(t—)), y(t+) = Projeq)(y(t)) VieDiscont(C)\{0}  (29)
y(0) = Proje (o) (%), Y(0+) = Proje (o1 (y(0)) - (30)

Moreover y is left continuous (respectively: right continuous) at t > 0 if and only
if C is left continuous (respectively: right continuous) at t > 0.

The following result shows that in the right continuous case the conditions (28)—
(30) reduce to
—v(t) € New(y(t)) for p-a.e. t € [0, 00, (31)

y(0) = Proje(o) (v0)- (32)
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Theorem 3.2. Assume that C € BRj,.(]0,00];%%) and yo € H. Then there
exists a unique y € BV ([0,00[;H) such that there exists a Borel measure
w: B([0,00]) — [0,00] and a function v € Ly, (j1; H) such that

y(t) € C(1), (33)
Dy = vp, (34)
—v(t) € New(y(t)) for p-a.e. t € [0, 00|, (35)
y(0) = Proje(o) (vo)- (36)

An analogous result holds in the left continuous case:

Theorem 3.3. Assume that C € BR],.([0,00[;%%) and yo € H. Then there
evists a unique y € BV, ([0,00[;H) such that there ewists a Borel measure
w: B([0,00]) — [0,00] and a function v € Ly, (j1; H) such that

y(t) € C(1), (37)
Dy = vu, (38)
—v(t) € News (y(t+)) for p-a.e. t € [0, 00|, (39)
y(0) = Proje(o) (%0)- (40)

4. Uniqueness

We start by proving the uniqueness of solutions to (26)—(30) in Theorem 3.1.

Lemma 4.1. Assume that C € BRio([0,00];%3) and yo € H. Then there
exists a unique y € BV ([0,00[;H) such that there exists a Borel measure
p: B([0,00]) — [0,00] and a function v € Ly, (u; H) satisfying (26)(30).

Proof. Assume by contradiction that there are two solutions y; and y,. If
B € #A(]0,00]), then by [51, Proposition 2] and by the monotonicity of the normal
cone we get

/ D[l () — 1o ()I?) < 2 / (41— v, dAD(ys — 1)
BNCont(C) BNCont(C)

2/ (y1 — y2,dD(y1 — 2)) <0,
Cont(C)

IN

while if £ € Discont(C), from (29) we infer that

D([ly1(+) = 12D =l (t+) — ma(t0)I” =l (t=) — a(t=)|?
= || Projeey) (y1(£)) — Projeq (y2(t) 1 = Iy (t=) — g2(t=)*

< Nl (8) = w2 (O = llya (=) — 12 (t—)|1?
= || Projeg (1.(t=)) — Projey (w2 (=) =l (t=) — y2(t=)|1?
Ya(

< llya(t=) = m2(t=)I” = [l (t=) — a(t=)|* = 0.



544 V. Recupero / Convex Valued Geodesics ...
Therefore for every B € %([0,00[) we find
D([ly1 () = y2()[I*)(B)
= D([ly1(-) = %2(-)[I*)(B N Cont(u)) + D([lya(-) — y2()II*)(B N Discont(u))
= / dD(Jn() =)+ Y. Dl —wOIP)({t}) <0

BNCont(u) te BNDiscont(u)

which implies that ¢ — ||y1(t—) — y2(t—)||* is nonincreasing and leads to the
uniqueness of the solution since for ¢ = 1,2

Yi(t) = Projeqy(4i(t=)) and yi(t+) = Proje()(y:(t=)). 0

5. The 1-Lipschitz case and integral formlations

Our proof of the main Theorem 3.1 is based on the fact that problem (26)—(30)
is reduced to the case when C is 1-Lipschitz continuous with respect to e, i.e.

e(C(t),C(s)) <s—t Vi,s e R:0<t<s. (41)

To be more precise the following theorem holds:

Theorem 5.1. Assume that yo € H and that C: [0,00[ — €y is 1-Lipschitz
continuous with respect to e, i.e. (41) holds. Then exists a unique function
y € Lipy,.([0,00[ ; H) such that

y(t) € C(1), (42)
—y'(t) € New (y(t)) for £'-a.e. t >0, (43)
y(0) = Proje oy (%o)- (44)

We will call this unique solution S(C,yo) so that we define
S: Ljploc([07 OO[ 7%7'1) XH — Ljploc([oa OO[ aH>7

as the solution operator associating to every pair (C,yo) the only y satisfying

(42)-(44).

This result was proved in [53] as a consequence of the more general formulation
(33)-(36). Since we want to follow the opposite direction, for the sake of com-
pleteness and in order to be independent of the proofs of [53], we provide here a
direct proof. As far as we know this proof has an element of novelty based on the
fact that we exploit an integral formulation of (43) in order to pass to the limit
in the approximation procedure. Let us start by proving an integral formulation
for the more general inclusion (35).

Lemma 5.2. We assume that p: A([0,00]) — [0,00| is a Borel measure and
that C € BRy,([0,00[;%y). If v € Lige(; H), y € BVio([0,00[;H) and y(t) €
C(t) for every t € [0,00], then the following two conditions are equivalent.

(i) —v(t) € New(y(t)) for p-a.e. in [0,T], for every T > 0.
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(ii) / (y(t) — z(t),v(t)) du(t) <0 for every T > 0 and every bounded pi-
(0,7
measurable function z:[0,T[ — H such that z(t) €C(t) for every t€[0,T].

Proof. Let us start by assuming that (i) holds and let z: [0,7] — H be a
bounded p-measurable function such that z(¢) € C(t) for every t € [0,7]. Then
it follows that

(y(t) — 2(t),v(t)) <0 for p-a.e. t € (0,77,

and integrating over [0, 7'[ we infer condition (ii). Now assume that (ii) is satisfied
and recall that if f € L'(u, [0,7[;H) then there exists a u-zero measure set Z
such that f([0,T[\Z) is separable (see, e.g., [38, Property M11, p. 124]), therefore
from (the proof) of [27, Corollary 2.9.9., p. 156] it follows that

kgﬁaggraiéiwwfﬁ)—f@Mduﬁ%:O for jiae. £ € [0,T]. (45)

The points s satisfying (45) are called right p-Lebesgue points of f. Let L be the
set of right p-Lebesgue points for 7 — v(7), fix t € L, and choose ¢; € C(t)
arbitrarily. Since y € BV ([0, 00[; H) we have that ¢ is a right u-Lebesgue point
of y, therefore

1
ST oy 1020~ 0,00 4
1
S ST oy (WI0) = 0O o) = ) a (). (a0
s o [ ()0t = (y(o)o(0)
[t,t+h]

w0 ([t £ + h))

i.e. tisaright u-Lebesgue point of 7 +—— (y(7),v(7)). If {: [0, 7] — H is defined
by ¢(7) := Proje(;)(¢t), 7 € [0,T], we have that ¢ is right continuous (see [53,
Proposition 2e, Remark 1], therefore ¢ is bounded and measurable, ((t) = ¢;, and
arguing as before we see that t is a right u-Lebesgue point of 7 —— ({(7), v(7)).
Since ((7) € C(7) for every 7 € [0, T[, the function

2(1) = Lo minpen) (T)C(T) + Lo rpgern) (T)y (1), 7 € [0, T,

is well defined for every sufficiently small A > 0 and z(7) € C(7) for every 7 €
[0, T, thus we can take z in condition (ii) and we get

[ wmeendnm < [ @)
[t,t+h]

[t,t+h]

Dividing this inequality by wu([t,t + h]) and taking the limit as A \, 0 we get
(y(t) — G, v(t)) < 0. Therefore, as u(L) = 0, we have proved that

(y(t) — C,v(t))y <0 VCeCl(t), forp-ae tel0,T],

i.e. condition (i) holds. O
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As a corollary we get the desired integral formulation for (43).

Corollary 5.3. Let C: [0,00] — € be such that (41) holds.
If y € Lip,,.([0,00[;H) and y(t) € C(t) for every t € [0,00[, then the following
two conditions are equivalent.

i) =y (t) € New(y(t)) for L*-a.e. in [0,T), for every T > 0.
T
(ii) /(y(t)—z(t), y'(t)) dt <0 for every T > 0 and every bounded L'-measurable
0
function z: [0, T] — H such that z(t) € C(t) for every t € [0,T].

Proof. We can apply Lemma (5.2) with = £! and v = v/’ O

Now we provide the proof of Theorem 5.1 following an implicit discretization
scheme. The proof is obviously inspired by the paper [53] and a crucial fact for
getting proper a priori estimates is the following inequality holding for A, B € %%
and x,y € H (see [53, Lemma 1(2a)]):

I Proj 4(x) — Projg(y)l|* — llz — y|I* < 2d(x, A)e(B, A) + 2d(y, B)e(A, B). (47)

Proof of Theorem 5.1. First of all observe that the uniqueness of solutions
can be inferred exactly as in Lemma 4.1, since (26)—(30) hold with x4 = £ and

v = —y'. Concerning existence, for every n € NU {0}, set
no_ J
th = o J€ N U {0}, (48)

and we define recursively the sequence (y7)j_, by the three following conditions:

Yo = PYOjC(o) (0), (49)

yj € C(t7), je N, (50)

(T n .

ti‘ t’f‘ L e —NC(t;?)(yj)a Jj€ N (51)
j - vl

Observe that (49)—(51) is an implicit time discretization scheme for (43)—(44).
From the fact that Negr)(yj') is a cone we infer that (51) is equivalent to the

condition y7 ; —y7 € Nc(ty)(y;?), which can be rewritten as
) = Projeup (1) = Proje( 4 )(Wy)  ViEN. (52)
Therefore using the 1-Lipschitzianity of C with respect to e, we get

lyi* =y 1> = | Projem+sy (ug) — velI* = d(yg, C(t7+))?

1
< e(C(0),C(H1™)* < (117)? = 5y

and more generally, using also (47), for every j > 1 we have that
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Iyt — vyl =

< s = yr P+ 2d (y3 . C(t58)) d (y7, Clts))
<yt =yl +2e (Cle5), Clesty)) e (C()), C(t571))

2 2j + 1 2j 2j + 1
n+1 n||2
-t o2 (¢ (g2 ) (57 ) o () < (55

2741 27 27+1  25+1

n+1 n||2

< HZ/ —Yj 17+ 2 ntl  on+l ntl  on+l
2 2 2 2

1 1

= [ Projegge ) (w5) — u51I”

=5~ P+ 2y = I — 0P+ (54)
Moreover for every j € N the nonexpansivity of the projection yields
s = w5 I* = | Proje s (y3;21) — Proje (w7 )I”
< Ny = gl = iy — w1 (55)
thus, (53), (54), (56), and a recursive argument yield for j > 1
ot = 17 < WY =1+ s < s + s = g (0
and, for 7 > 1,
57— I < 55— pal? < A B (e
We now define the step function y,,: [0,00[ — H by
ya(t) =y ifte [tht7, [, jeNu{o}, (58)

and we are going to prove that the sequence (y,) is locally uniformly Cauchy. To
this aim we fix T > 0, t € [0,7], and n € N. If k&, K € NU {0} are the unique
integers such that

k k+1 K K+1
=l <t<ty ,=—— —<T<—- 59
2n h+1 on on = on ( )
we have two possibilities: either
. Kk 2k n 2k +1 "
tkzﬁzﬁ:t2;—1§t<wzt2;ﬁ1 (60)
2k +1 n " 2k+2 k+1
or Ton+l t2l$:1 <t< t21j+12 = Tontt T om - (61)

In the first case (60), from (57) we get that

. 2k — 1
lgir(8) = 9O = s =9I < S5 (62)
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in the second case (61), from (56) we infer that

1+ 2k

lyms1(8) = 9 (OI° = vy — kI < Sz (63)
Therefore in every case, thanks to (59), we find that
14+2k  1+2K 142777
o @) = (O < g < SE2E < 122 (o1
> * 14+ on+1p 1/2
thus S ) — vt < S EFEEDT <o (65)

and we have that (y,) is uniformly Cauchy on [0,7]. It follows that there exists
a right continuous function y: [0, 00 — H such that

Yn — Y uniformly on [0,7], VT > 0. (66)
In particular it follows, by the closedness of C(t), that
y(t) € C(t) Vit > 0. (67)
Now take t,s € R with 0 <t < s. Then there exist j,, k, € N with j, < k,, and

‘ i+ 1 k e + 1
2n on on on

(68)
and we have

1y (@) = yn(S)Il = My, — vk, I < llyg, — o5l + -+ 1wk, — |
< lyj, — Projeqn Wi+ -+ + vk, -1 = Projeqy (yx, 1)
=d(y},C(t} 1)) + - + d(y, 1, C(E,))
e(C(t},),C(t5, 1)+ + e(C(th,1>,C<th>>
< =)+t o =t )+ (G, — 1)

1 1
— i " < — 45—t
n Jntl =

1
_ S H _ < i — o — |+
thus  [ly(®) —y(s)ll = lm [lya(t) —yu(s)]| < lim —+s—¢t =t - s|

and we have found that y is a 1-Lipschitz continuous function. Now let x,, be the
piecewise affine interpolant of y,,:
tn n n : ’I’L n
ZU’] 1+t” o (?/j —yjq)? ift € [ 1:733[ (69)

It is immediately seen that Ty — Y uniformly on [0, 77, (70)
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yn - ynfl n
moreover we have /(1) = ﬁ € —Neenrn Vte |t j-1 [ (71)
and o = vl g (72

therefore |7, |27, is bounded and, at least for a subsequence which we do

not relabel, we have that
2 — 1y weakly in L*([0,T];H). (73)

Thus, if z: [0,7] — H is a bounded measurable function such that z(t) € C(t)
for every t € [0, 7T, we have that

T

/0 (y(t) —2(t),y' () dt = lim [ (yo(t) — 2(t), 2,,()) dt <0, (74)

n—oo 0

hence thanks to the integral characterization of Corollary 5.3 we have proved the
theorem. O

6. Geodesics for the retraction

In this section we introduce the class of geodesics with respect to the excess e
which allows us to reduce the BR sweeping processes to the Lipschitz continuous
case.

Definition 6.1. Assume that A, B € € and set p := e(A,B). We define the
curve Fap): [0,1] — € by

A ift =0,

. (75)
B+(1—t> —B+D1 —t)p ifo<t<l.

Fap(t) = {
Proposition 6.2. If A,B € €y and Fapy = F: [0,1] — €y is defined as in
Definition 6.1 we have

e(F(s), F(t)) = (t —s)e(A,B) Vs, t € [0,1], s <t, (76)
in particular Lip(F)=(t—s) and we can call F an e-geodesic connecting A to B.

Proof. For every ¢t > 0 we have F(0) = A C B+ D, = A+ B, + B, thus
e(F(0), F(t)) <tp. If 0 < s <t we have

.7:( ) B+D(1 $) —B—I—D1 t)p —I—D(t,s)p:]‘—(t)—l-D(t,S)p. (77)

Therefore e(F(s), F(t)) < (t —s)p = (t — s)e(A,B). On the other hand we
have, for instance, e(A, B) < e(A, F(s ) e(F(s), F(t))+e(F(t),B) < se(A,B)+
e(]—"(s()i,}'(t)) + (1 —t)e(A, B), hence (t — s)e(A,B) < e(F(s),F(t)) and (76) 1DS
proved.
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The next Lemma shows that the solutions of the sweeping processes driven by
Fap) are always straight line segments connecting the initial datum yo to its
projection to B.

Lemma 6.3. Let A, B € €y be such that p == ey (A,B) < oo and let Fap) =
F: [0,1] — Gy be defined by (75). If yo € A, then let to € [0, 1] be the unique

number such that
lyo — Projg(yo)|l = (1 —to)p (78)

and define y € Lip([0,1];H) by

Yo ift € [0,to],
o(0) = {0+ T (Pros(n) =) fto A1, t€ a1, (79
Projs(yo) ift=1
Then: y(t) € Fup () vt e [0,1], (80)
—y'(t) € Nr o () for £'-a.e. t €]0,1], (81)
y(0) = Projz , » ) (%) = %o, (82)

i.e. y is the unique solution of the sweeping process driven by F(a ) with initial
condition yy € A.

Proof. We use the notation K, := K + D, for K € €3 and p > 0. If yp € B
we have that to = 1, y(t) = yo = Projz(yo) € Fap)(t) and y'(t) = 0 for every
t € [0,1], and we are done. Therefore we assume that yo & B, i.e. o < 1, thus
from [60, Lemma 4.1-(ii)] and formula (78) we deduce that

Yo € 88(1,t)p <~ t =1, (83)

that is, to is the first time when 0B(1_y), meets yo. If t € ]ty, 1] we have

. —t . 1—t
ly(t) — Projs(yo)ll = 1y — Projs(yo)ll = (1—to)p = (1 —1)p,
1—1 1—1
therefore y(t) € 0Ba—y,  Vte [to,1]. (84)
0 if ¢+ €10, %],
Therefore, since y'(t) = 1 , . 85
(t) ﬁ(PrOJB(yO) — o) if t € Jto, 1], (85)
— 1o
[60, Lemma 4.1(iii)] implies —y/'(t) € Nz (y(t)) for every t€]0,1[ \ {to}. O

7. Sweeping processes with arbitrary locally bounded retraction

In this section we provide the proofs of the main theorems.
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Proof of Theorem 3.1. Now we assume that C has bounded local retraction
and we recall that £¢: [0, 00 — [0, 00| is defined by

le(t) :==R(C;[0,¢]), t>0. (86)

The function £ is nondecreasing, therefore £;'(7) is always a (possibly degenerate)
interval for every 7 € £¢(]0,00[) and we can define C: £¢([0,00]) — % in the
following way:

Glr) = {C(t) if ¢;'(7) is a singleton and ¢, (1) = {t},

C(t+) if £;'(7) is not a singleton and inf £, (1) = ¢.

We observe that if /¢ is not constant on any nondegenerate interval, then one has

C(t) = C(Le(t)) for every t > 0, so that C can be considered as a reparametrization
of C by the “arc length” . We also observe that C is set-theoretically increasing
in time on the intervals where /¢ is constant, therefore the solution of the sweeping
process driven by C is expected to be constant on these intervals. We now claim
that C is 1-Lipschitz continuous with respect to e, and to this aim we take o, 7 €
le([0,00[) with o < 7. We assume now that s = inf {;'(c0) < supl;'(0) = s,
t =infl;"'(1) < supl;'(r) = t* for some s, s*,t,t* > 0. If {;'(c) and {;'(7) are
both singletons, then e(C(c),C(7)) = e(C(s),C(t)) < R(C;[s,t]) = 7 — 0. If ;' (0)
is not a singleton and ¢;'(7) is a singleton, then

o(C(0),C(r)) = e(C(s+),C(t)) = o(C((s + 5)/2),C(t))
< R(C;[(s+ s")/2,t]) =T — 0.
If instead £;'(0) is a singleton and ¢;'(7) is not a singleton, then
e(C(0),C(r)) = e(C(s),C(t+)) = e(C(s). C((t +")/2))
<R(C;[s, (t+t)/2]) =T — 0.
Finally if both £;'(0) and ¢;*(7) are not singletons, then
e(C(0),C(r)) = e(C(s+), C(t+)) = e(C((s + 57)/2),C((t +7)/2))
<R(C;[(s+s)/2,(t+1")/2]) =T — 0,

and we have proved that C is 1-Lipschitz continuous with respect to e. Now we
extend the definition of C over the whole [0, co[ by setting

C(o) = Fieuyew) (&ﬁ%) if o€ lle(t—),Le(t)], if le(t—)#Le(t), (87)

Clle(t=)) == C(t=) it Le(t=) & Le([0,000), it Le(t=) # fe(t), and  (88)

o—V0q(t
C(0) := Frew.cut)) (fc et

m) if ce ]gc(t), fc(t—l—)], if Ec(t) %gc(t—l—), (89)

thus the resulting curve C: [0,00[ — @3 is a 1-Lipschitz continuous function
with respect to e because Fu—)cr)) and Few) ) are geodesics connecting
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respectively C(t—) to C(t) and C(t) to C(t+), and because C(inf £~ (¢ (t—))+) C
C(t—) if Le(t—) € Le([0,00[). Therefore we have that S(C) € Lip,.([0,00[;H)
where S is the solution operator of the Lipschitz sweeping process defined in
Theorem 5.1. Let us set

:& = 5(57 90)7 Y = S(gu y(]) © éCa

and let us prove that y solves (26)—(30). It is obvious that y(t) € C(t) when
Cat(be(t)) = {t}. 1If instead ¢;'(¢c(t)) is not a singleton, we have that y(t) =
G(Cc(t)) € C(le(t)) = C(inf ;" (Le(t))+) C C(t), thus condition (26) is satisfied.
It is very easy to check that (30) holds true. Since gy is Lipschitz continuous
and (¢ is nondecreasing, it is clear that y € BV([0,T];H), and that y is left
continuous (respectively: right continuous) if and only if ¢ is left continuous
(respectively: right continuous), so that Discont(y) = Discont({¢) = Discont(C).
If v: [0,00[ — H is defined by

7' (le(t)) if t € Cont(4),

o(8) = { gtotr)) — i(Ce(t— (90)
Ile(tt)) = hlle(t=)) if ¢ € Discont({¢),
le(t=) — Le(t—)

then, since (¢ is increasing, we infer that y € BV),.([0,00[;H) and Dy = v D¢,
from Proposition 2.6(ii), i.e. (27) holds with p = Dlc. Let us set

Z = {t e 0,00 : =§'(t) & New(9(1)}- (91)
From formula (43) we deduce that £'(Z) = 0, therefore, thanks to Proposition
2.6(i), we have that

Dilc({t € Cont(le) : —v(t) & New (y(t))})
=Dle({t € Cont(lec) : =4 (le(t)) & Newew) (9(Le(t))})
—Dl({t € Cont({e) : lo(t) € Z}) = L1(Z) = 0, (92)

hence (28) also holds with 1 = Dfc. Now let us fix ¢ € Discont({¢) and observe
that if o € Jle(t—), Lc(t)] then C(o) = Fe-)ew)(o — Le(t=)/(le(t) — Le(t—))),
thus by the semigroup property of (42)—(44) and by Lemma 6.3 we have
o(t) = §(le(t)) = S(C.yo) (Le(?))
= S(C(- + Le(t=), S(C, y0) (Ce(t—)))) (et ) —Lle(t—))
= S(Fewt-)en, 9le(t=)))(1) = S(Fe-).ew, y(t=))(1)

= PrOJC(t)(y<t ))- (93)
Otherwise, if oce MC (t), gc(t—i—) [7 then 5(0’) :f(c(t)p(t_,_))(a' —EC(t)/(ec(t—i‘) —éc (t))),

therefore

§(Le(t+)) = S(C.u0) (e (1))
S(C- + Lelt), SC.yo) (b)) (Ce(t+) — fe(t)
= S(Fiew e 9Le(®))(1) = S(Fiew ey, y(H) (1)

= Projeq) (y(1)), (94)

thus (29) is satisfied and we are done since uniqueness was proved in Section 4. [

v(t+)
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Now we can give the

Proof of Theorem 3.2. We know from Theorem 3.1 that y is right continuous,
thus we only have to prove formula (35). If ¢ € Discont(y) then the first condition
of (29) reads

W) = CGyt) —y(t=)) <0 VCelt+). (95)

Hence, since Cont(y) = Cont({¢) and /¢ is right continuous, we obtain for every
z € L*([0,T];H) with z(t) € C(t) the relationships

l/<y@>—z@dey@»-

[0,7]
= [ WO -=0.aD) - X o) - 200 - y(t-) <0
Cont(y)N[0,T] teDiscont(y)N[0,T7[
and we can conclude invoking Lemma 5.2. O

The proof of Theorem 3.3 is analogous.

Acklowledgement. I am grateful to the referee who read the manuscript with
great care. In particular she/he pointed out that Lemma 5.2 was inaccurately
written and that there was a flaw in the reparametrization method of Section 7.
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