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1. Introduction

Optimal resource allocation problems in mathematical economics are formulated
as an isoperimetric problem of the following form:

inf /gp(t,f(t))du subject to
T

feL(p,R™)
(P)
/ ft)dp=2€ R} and f(t) eR} ae. teT
T
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where (T, %, ;1) is a measure space and ¢: T x R} — R is an integrand. The
existence of solutions and the characterization of optimality in terms of the Euler-
Lagrange inequality for variational problem (P) were established in [6] without
any convexity assumptions. One of the prominent features of their result is the
clarification of the role of the classical Lyapunov convexity theorem, which guar-
antees the convexity of the integral of a multifunction with values in finite-di-
mensional vector spaces, a significant property to derive the necessary condi-
tion for optimality employing the separation theorem and to apply the relax-
ation technique for the existence. Subsequent works along this line are found in
[2,3,4,5,7,9,12, 16, 18, 19, 20, 28, 29, 30].

Under the nonatomicity of measure spaces, the incorporation of integral con-
straints in Banach spaces into the above nonconvex variational problem is quite
difficult for the existence and characterization of solutions because of the cele-
brated failure of the Lyapunov convexity theorem in infinite dimensions; see [10].
To overcome this difficulty, we strengthen the notion of nonatomicity and pro-
pose using saturated measure spaces originated in [27] and then elaborated by
[11, 17, 22]. As shown in [15, 23, 25, 26, 33], the saturation of measure spaces is
not only sufficient but also necessary for the Lyapunov convexity theorem to be
true in separable Banach spaces and their dual spaces. An inevitable consequence
of this fact is that it is futile to attempt to obtain a general existence result in
infinite dimensions as long as one sticks to nonatomic measure spaces.

The purpose of this paper is to exemplify that saturation is an indispensable struc-
ture on measure spaces to obtain the existence and characterization of solutions
to nonconvex variational problems with integral constraints in separable Banach
spaces and their dual spaces. The state constraints are formulated in the Bochner
and Gelfand integral settings with control systems in separable metrizable spaces.
The problem under consideration is a general reduced form of the isometric prob-
lem studied in [24, 32, 33], which is an infinite-dimensional analogue of [6] followed
by the forementioned works. We provide a characterization of optimality via the
subgradient like inequality for the integrand and the state constraint function,
which describes the maximum principle for the Hamiltonian. Unlike [24, 33], we
prove an existence result without the purification of relaxed controls, in which
the compactness and convexity of the integral of a multifunction with values in
infinite dimensions under the saturation hypothesis on the underlying measure
space along the lines of [31, 35] play a crucial role. We also demonstrate that
the existence of solutions for certain class of primitives is necessary and sufficient
for the measure space to be saturated, which provides another characterization of
saturation.

2. Preliminaries
2.1. Bochner integrals of multifunctions

Let (7,3, 1) be a complete finite measure space and (E, | - ||) be a Banach space
with its dual E* furnished with the dual system (-,-) on E* x E. A function
f: T — E is strongly measurable if there exists a sequence of simple (or finitely
valued measurable) functions f,,: T — E such that || f(t) — f.(t)|| = 0 a.e. t € T}
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[ is Bochner integrable if it is strongly measurable and [ || f(¢)||dp < +o0, where
the Bochner integral of f over A € ¥ is defined by [, fdu = lim, [, fodu. Denote
by L'(u, E) the space of (u-equivalence classes of) E-valued Bochner integrable
functions on T, normed by ||f|x = [|If()|ldu, f € L*(u, E). By the Pettis
measurability theorem (see [10, Theorem I1.1.2]), f is strongly measurable if and
only if it is measurable with respect to the norm topology of £ whenever FE is
separable.

A set-valued mapping I" from T to the family of nonempty subsets of E is called
a multifunction. Denote by col' the multifunction defined by the closure of the
convex hull of I'(¢). The multifunction I': ' — FE is measurable if the set {t € T |
L) NU # 0} is in X for every open subset U of E; it is graph measurable if
the set gphl' := {(t,x) €T x E | x € I'(t)} belongs to ¥ ® Borel(E, || - ||), where
Borel(E, ||-||) is the Borel o-algebra of (£, ||-||) generated by the norm topology. If
E is separable, then Borel(E, || - ||) coincides with the Borel o-algebra Borel(E, w)
of E generated by the weak topology; see [34, Part I, Chap.II, Corollary 2]. It is
well-known that for closed-valued multifunctions, measurability and graph mea-
surability coincide whenever E is separable; see [8, Theorem I11.30]. A function
f: T — E is a selector of I" if f(t) € I'(t) a.e. t € T. If E is separable, then
by the Aumann measurable selection theorem, a multifunction I"' with measurable
graph admits a measurable selector (see [8, Theorem II1.22]) and it is also strongly
measurable.

Let B be the open unit ball in £. A multifunction I': T" — E is integrably
bounded if there exists ¢ € L'(u) such that I'(t) C ¢(t)B a.e. t € T. If T' is graph
measurable and integrably bounded, then it admits a Bochner integrable selector
whenever E is separable. Denote by St the set of Bochner integrable selectors of T

The Bochner integral of I' is conventionally defined as [ Tdu :={[ fdu | f € St}.

2.2. Gelfand integrals of multifunctions

A function f: T — E* is weakly* scalarly measurable if for every x € E the scalar
function (f(-),x): T — R defined by t — (f(¢),x) is measurable. Denote by
L*>(u, E%.) the space of (u-equivalence classes of) weakly* measurable, essentially
bounded, E*-valued functions on 7', normed by || f|le = esssup,cp|f(t)| < oo.
Then the dual space of L*(u, E) is given by L>(u, E%.) whenever E is separable
(see [13, Theorem 2.112]) and the dual system is given by (f,g) = [(f(t), g(t))du
with f € L>®(u,E%.) and g € L'(u, E). Denote by Borel(E*, w*) the Borel
o-algebra of E* generated by the weak® topology. If E is a separable Banach
space, then E* is separable with respect to the weak* topology. Hence, under the
separability of E, a function f: T — E* is weakly* scalarly measurable if and
only if it is Borel measurable with respect to Borel(E*, w*); see [36, Theorem
1].  Weakly* scalarly measurable functions fi, fo: T — E* are weakly* scalarly
equivalent if (fi(t),x) = (fa(t),x) for every x € E a.e. t € T (the exceptional -
null set depending on x).

A weakly* scalarly measurable function f is weakly* scalarly integrable if the scalar
function (f(-),z) is integrable for every z € E. A weakly* scalarly measurable
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function f is Gelfand integrable over A € ¥ if there exists % € E* such that
(x%,x) = [,(f(t),z)dp for every x € E. The element z% is called the Gelfand
integral (or weak® integral) of f over A, denoted by w*- [ 4 fdp. Every weakly*
scalarly integrable function is Gelfand integrable; see [1, Theorem 11.52]. Denote
by G'(u, E*) the space of equivalence classes of E*-valued Gelfand integrable
functions on 7' with respect to weak* scalar equivalence, normed by ||f|g1 =
sup,ep [ [(f(t),z)|dpu. This norm is called the Gelfand norm and the normed
space (G'(u, E*), || - ||g1), in general, is not complete.

Let I': T'— E* be a multifunction. Denote by @6 I': T'— E* the multifunction
defined by the weakly* closed convex hull of I'(¢). A multifunction I' is measurable
if the set {t € T | T(t) NU # 0} is in X for every weakly* open subset U of
E*. If E is separable, then E* is a Suslin space, and hence, a multifunction I"
with measurable graph in 3 ® Borel(E*, w*) admits a Borel(E*, w*)-measurable
(or equivalently, weakly* measurable) selector; see [8, Theorem I11.22].

Let B* be the open unit ball of E*. A multifunction I': T — E* is integrably
bounded if there exists ¢ € L'(p) such that T'(t) C p(t)B* for every t € T. If T is
integrably bounded with measurable graph, then it admits a Gelfand integrable
selector whenever E is separable. Denote by S%’w* the set of Gelfand integrable
selections of I'. The Gelfand integral of T' is conventionally defined as w*- [ T'dyu :=

{w* [ fdu| f eSS}

2.3. Lyapunov convexity theorem in Banach spaces

In what follows, we always assume the completeness of (7,3, ). Let ¥g = {AN
S| A € X} be the o-algebra restricted to S € ¥. Denote by L§(u) the space
of p-integrable functions on the measurable space (S,¥g) whose elements are
restrictions of functions in L'(x) to S. An equivalence relation ~ on X is given by
A~ B & p(AAB) =0, where AAB is the symmetric difference of A and B in X.
The collection of equivalence classes is denoted by X(u) = ¥/ ~ and its generic

element A is the equivalence class of A € ¥. We define the metric p on Y(p) by

p(A, B) = u(AAB). Then (S(p), p) is a complete metric space; sce [1, Lemma
13.13]. When the equivalence relation ~ is restricted to Xg, we obtain a metric
space (Xg(u), p) as a subspace of (X(u),p). Note that (X(u),p) is separable if
and only if L'(u) is separable; see [1, Lemma 13.14]. The density dens X of a
topological space X is the least cardinality of a dense subset of X. We denote by
dens X(p) the density of the metric space (X(u), p) induced by a finite measure
space (T, %, ). Then L'(u) is separable if and only if dens X (u) < N.

A finite measure space (7,3, ) is said to be saturated if Li(u) is nonseparable
for every S € ¥ with u(S) > 0. Several equivalent definitions for saturation are
known; see [11, 14, 17, 22]. One of the simple characterizations of the saturation
property is as follows: (7', %, i) is saturated if and only if dens 3¢ (u) > W, for every
S € 3 with p(S) > 0. Since (T, %, ) is nonatomic if and only if dens Xg(p) > R,
for every S € ¥ with u(S) > 0, saturation implies nonatomicity. An germinal
notion of saturation in terms of the uncountability of dens ¥(u) already appeared
in [21, 27]; see also [14, 331Y(e)].
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The following characterization of the saturation property will be useful for many
applications.

Proposition 2.1. Let (T, %, p) be a finite measure space and let E be an infinite-
dimensional separable Banach space. Then the following conditions are equivalent.

(i) (T,%,u) is saturated.

(ii)  For every p-continuous vector measure m: ¥ — E, its range m(X) is weakly
compact and convez in E.

(iii) For every p-continuous vector measure m: % — E* its range m(X) is
weakly* compact and conver in E*.

(iv)  For every multifunction T': T — E, its Bochner integral [ T'dyu is convex.

(v)  For every integrably bounded, weakly compact-valued multifunction I': T —
E with the measurable graph, [Tdu = [coTdu.

(vi)  For every multifunctionT': T — E*, its Gelfand integral w*- [ T'dy is convez.

(vii) For every integrably bounded, weakly* compact-valued multifunction T': T —
E* with the measurable graph, w*- [ T'dp = w*—fﬁ“’*f‘d,u.

In particular, the implications (1) = (ii), (iii), (iv), (v) are true for every separable
Banach space.

Remark 2.2. The equivalence (i) < (ii) is proven by [23], (i) < (iii) is established
by [15], and (i) < (iv) < (v) < (vi) & (vii) is due to [31, 35]. For the Lyapunov
convexity theorem in non-separable locally convex Hausdorff spaces to be valid,
dens Xg(u) needs to be greater than dens E for every S € ¥ with u(S) > 0; see
for the detail [15, 25, 26, 37].

3. Nonconvex variational problems with integral constraints
3.1. The case for Bochner integrals

Let R = RU {400} be the extended real line. The domain of an extended real-
valued function V: E — R is the set given by domV = {x € E | V(z) < +oc}.
A function V' is said to be proper if domV is nonempty and V(x) > —oo for
every x € E. The subdifferential of V at x € E with V(x) € R is the set given
by oV (z) = {z* € E* | (a*,y —z) < V(y) — V(z) Yy € E}, where we set
OV (x) = () whenever V(z) ¢ R. An element in 0V (x) is called a subgradient of
V at x. For a convex subset C' of E, the normal cone of C' at x € C' is the set
Ne(z) ={z* € B* | (z*,y —z) <0 Vy € C}.

Let X be a topological space endowed with its Borel o-algebra Borel (X). A func-
tion @: T'x X — E is called a Carathéodory function if t — ®(t,a) is measurable
for every a € X and a — ®(t, a) is continuous for every t € T. If X is a separable
metrizable space, then the Carathéodory function ® is ¥ ® Borel (X )-measurable;
see [1, Lemma 4.51]. A real-valued Carathéodory function ¢: T'x X — R is called
a Carathéodory integrand.

Denote by M(T', X) the space of measurable functions u: 7 — X and let U: T — X
be a multifunction. The variational problem under consideration is of the form:
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inf /cp(t,u(t))du subject to
T

uw€M(T,X)

(Po)
/ B(t,u(t))dy € C and u(t) € Ut) ae t €T,

where the hypotheses on the primitive (¢, ®, U, C) are given in order below. The
set of feasible controls is defined by

U:= {u e M(T, X) | / O(t,u(t))dp € C, u(t) e U(t) ae. t € T} :
T
Then @ € U is called a solution to problem (Pj) whenever

/T o(t, 4(t))du = inf / o(t, u(t))du € R.

uel
Define the Hamiltonian H: T x E* — R U {400} by

H(t,x*) := sup {(z",®(t,a)) — p(t,a)}.

acU(t)
Wesay that u el satisfies the mazimum principle for an adjoint variable x* € E* if
(MP) H(t,z") = (x*, (t,u(t))) — o(t,u(t)) ae teT.

For a given = € E, consider the perturbed problem for (Py):
inf t,u(t))d bject t
ueR%II(lT,X)/TgO( ,u(t))dp  subject to
(P2)
/ O(t,u(t))dp € C+x and u(t) € U(t) a.e. t € T.
T

It is obvious that problem (Py) coincides with perturbed problem (P,) with z = 0.
The set of perturbed feasible controls is given by

U, = {u e M(T, X) | / O(t,u(t))dp € C+x, u(t) e U(t) ae. t € T} .
T
Denote the infimum value of (P,) by

V(z) = uiélzfz/T90<t7“(t))dM if U, # 0,

400 otherwise.

Then x + V(x) defines the value function V: E — R with the property V(0) =
infuey [ @(t, u(t))dp whenever U is nonempty.

Throughout the rest of the paper we always assume that E is a separable Banach
space and X is a separable metrizable space. The standing hypotheses on the
primitive are given as follows.
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(Hy) ¢: T x X — R is a Carathéodory integrand;
(Hy) @: T x X — E is a Carathéodory function;
(H;) U:T — X is a multifunction with gph U € ¥ ® Borel(X).

The relation between the adjoint inclusion and the maximum principle is formu-
lated as follows.

Theorem 3.1. Let C' be a nonempty conver subset of E. Under the hypotheses
(Hy)—(Hs), the following conditions are equivalent.

(i) 2* € 90V(0) and u is a solution to (Py).

(i) —2* € No ( /T @(t,u(t))du) and u satisfies (MP).

Proof. (i) = (ii): The subgradient inequality for V' yields
(x*,x) <V(x) =V (0) forevery xz € E. (1)

Take any y € C' and set x = [ ®(¢, u(t))du — y. Since u is a solution to (Pp) and
[ @t u(t)dp € C + x, we have V(z) < [¢(t,u(t))dp = V(0). The inclusion
—z* € Ne([ ®(t,u(t))dp) follows from inequality (1) for this choice of z. To
prove (MP), choose any v € M(T, X) with v(t) € U(t) a.e. t € T and set x =
J @t v(t)dp — [ (t,u(t))du. Since [@(t,v(t))dp € C + z, we have V(z) <
[ p(t, v(t))dp. It thus follows from (1) that

<af’: Jatveyan- [ @(t,u<t>>du> < [ ettotndn = [ pttutan. @)

To derive (MP) from (2), assume that there exists A € ¥ of positive measure such
that for every t € A there exists a € U(t) satisfying

H(t,2") > (2", (t,a)) — plt,a) > (2", B(t,u(t))) — o(t, u(t)).

Define the multifunction ¥: A - R,, x X by
Lo (o, B(t, u(t)) — plt, u(t)) + 7
v = {nay eme x| VLG AR )

Since gph¥ € ¥4 ® Borel (R, ;) ® Borel (X) (see [1, Corollary 18.8]), ¥ ad-
mits a measurable selector. Let us: A — X be the X-component mapping
of a measurable selector from W. Define v € M(T,X) by v(t) = ua(t) on
A and v(t) = u(t) on T\ A. By construction, v(t) € U(t) a.e. t € T, and
(@7, @1, u(t))) —p(t, ult)) < (27, (L, v(1))) = ¢(t, v(t)) on A and (2%, (L, u(l))) —
o(t,u(t)) = (x*,®(t,a)) — p(t,a) on T\ A. Integrating the inequality over A
and the equality over T'\ A and adding both sides of the integrals, we derive a
contradiction to (2).
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(i) = (i): Conversely, suppose that —z* € Neo([ ®(¢,u(t))dp) and u satis-
fies (MP). Choose any v € U. From (MP) we obtain directly the inequality
o(t,v(t)) — p(t,u(t)) > (x*, ®(t,v(t)) — ®(t,u(t))). Integration yields inequal-
ity (1) with (z*, [ ®(¢,v(t))dp — [ D(t,u(t))dp) > 0, which follows from the fact
that [ ®(¢,v(t))du € C and the definition of the normal cone N ([ @ (¢, u(t))dp).
Hence, w is a solution to (Pgy). To prove that z* € 9V(0), take any = € F
such that U, is nonempty. Since [®(t,v(t))du —x € C for every v € Uy,
we have (z*, [ ®(t,v(t))dp — x — [ ®(t,u(t))du) > 0. It follows from (2) that
Jo(t,v(t)du — [ ot u(t))dp > (x*,z) for every v € U,. Therefore, we obtain
V(x) = V(0) > (x*, ) for every x € E with U, # 0. O

Define the multifunction I'J 5: T'— R x E by

LY a(t) = J{(p(t,a), ®(t.)) | a € UH)}.

Namely, Fg@ is obtained as the image of the set U(t) under the vector-valued
function (p(t,-), ®(t,-,)): X — R x E for every t € T. To employ the separation
theorem in Banach spaces, we impose the following hypotheses which is peculiar
to infinite dimensions.

(Hy) Either (int/ Fg@(t)dp) N(RxC) or /Q)(t, U(t))dp Nint C' is nonempty.
T T

There is a trade-off between the choice of the nonempty interior conditions. Al-
though the nonemptiness of int [ I'J zdu seems stringent, we can deal with the
situation in which C' is a singleton as in the resource allocation problem (P). At
the cost of the nonsingleton of ', the alternative hypothesis that int C' is nonempty
might be an innocuous condition in many applications. Note that, however, when-
ever (' is a positive cone of an ordered Banach space, the class of such spaces with
nonempty int C' is very limited. For instance, the positive cone of LP spaces has
an empty interior for 1 < p < oo. Typical separable Banach lattices such that
the positive cone has a nonempty interior is the space of continuous functions on
a compact metrizable space endowed with the sup norm topology.

Theorem 3.2. Let (T,%, 1) be a saturated finite measure space and C be a
nonempty conver subset of E. Under the hypotheses (Hi)—(Hy), u € U is a
solution to (Py) if and only if there exists

—2* € N ( /T d)(t,u(t))du)

Proof. Suppose that v € U is a solution to (Pg). In view of the proof of Theorem
3.1, it suffices to show that there exists —z* € Ng([ @(t,u(t))dp) such that
inequality (2) holds for every v € M(T', X) with v(t) € U(t) a.e. t € T. Toward this
end, define the convex subset D of Rx Eby D :={r e R | r < [ p(t,u(t))du}xC.
Note that either int [ T'J zdu or int D is nonempty in view of (Hy) and [ T'J gdu
is convex because of Proposition 2.1. Since u is a solution to (Py), we have
DN [TYgdp = 0. By the separation theorem (see [1, Theorem 5.67]), there

such that (MP) holds.
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exists (a,y*) € (R x E*)\ {0} that separates the closure D of D and JTY sdp,
that is,
ar+(y*,x) <as+(y",y) (3)

for every (r,x) € D and (s,y) € [TY zdu. It follows from the inclusion

/T ((t,u(t)), DL, u(t)))dp € D N / IV o (t)dp

that (y*,z) < (v*, [ ®(¢t,u(t))dp) for every z € C and y* € No([ (¢, u(t))dp).
It follows from (3) that oo > 0.

Assume that o = 0. We then have immediately (y*, z) < (y*,y) for every x € C
and y € [®(t U(t))du. If (int [T]4du) N (R x C) is nonempty, then there
is yo € (int [ @(¢,U(t))dp) N C such that for every h € E we have yo £ ch €
int [ ®(¢t,U(t))dp for all sufficiently small € > 0, and hence, (y*, z) < (y*,yo £ h)
for every x € C. Letting x = g, inevitably yields y* = 0, a contradiction. If
J @, U(t))dpNint C' is nonempty, then there exists zo € [ @(¢, U(t))dp Nint C
such that for every h € E we have zy £ ch € int C for all sufficiently small ¢ > 0,
and hence, (y*,zo = ch) < (y*,y) for every y € [®(t,U(t))dp. Letting y = xq
inevitably yields y* = 0, a contradiction again.

Henceforth, & > 0. The normalization z* = —y*/a in (3) implies inequality (2)
with —z* € Ne( [ ®(¢, u(t))du).
The converse implication is evident from Theorem 3.1. Il

(H}) / O(t,U(t))dp N C is nonempty.
T

(Hs) TUg: T — R x E is integrably bounded with weakly compact values.

The next result characterizes the saturation of measure spaces in terms of the
existence of solutions to (Py).

Theorem 3.3. Let (1,3, 1) be a nonatomic finite measure space and C be a
nonempty weakly closed subset of E. If (T, %, u) is saturated, then for every
quartet (o, ®,U, C) satisfying hypotheses (Hy)—~(Hs), (Hy), and (Hs), a solution to
(Po) ezists. Conversely, if a solution to (Py) exists for every quartet (v, ®,U, C)
satisfying (Hy)—(Hs), (H}), and (Hs), then (T,%, u) is saturated whenever E is
infinite dimensional and X is an uncountable compact Polish space.

Proof. Let {u,}neny € M(T,X) be a minimizing sequence of (Pg) satisfying
J ot un(t)dp — infuey [ @t u(t))dp with [ @(t,u,(t)dp € C and u,(t) €
U(t) a.e. t € T for each n € N. Since it follows from Proposition 2.1 that
the Bochner integral [ Fg@d,u is a weakly compact set containing the sequence
{[(p(t, un(t)), (t, un(t)))dp}nen, there exists a subsequence of it (which we do
not relabel) such that (7, z) := w-lim, [(@(t, un(t)), ®(t, un(t)))dp € [TY gdu by

the Eberlein-Smulian theorem (the coincidence of weak compactness and sequen-
tial weak compactness); see [1, Theorem 6.34]. By the Filippov implicit function
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theorem (see [1, Theorem 18.17]), there is u € M(T, X) with u(t) € U(t) a.e.
t € T such that (r,x) = [(¢(t,a(t)), (¢, a(t)))du. We thus obtain

[ ettt =tim [ ottun@)dn = int [ o(eu)de

T

and / O(t,au(t))dp = w- lim [ D(t,u,(t))du € C.

n—o0 T

Therefore, @ is a solution to (Py).

The converse implication is demonstrated in [33, Theorem 4.4] for the dual space
setting with Gelfand integrals, but the proof per se is valid for the Bochner integral
case. [

The nonemptiness of OV () at every point « in the interior of dom V' is guaranteed
in the following result.

Theorem 3.4. Let (T,%, 1) be a saturated finite measure space and C be a
nonempty, closed, conver subset of E. Under the hypotheses (Hy)—(Hs), (Hy),
and (Hs), V' is a proper convex function that is continuous on int(dom V).
Furthermore, V' is weakly lower semicontinuous on E.

Proof. Since the Bochner integral [ Fg@du is weakly compact and convex by
Proposition 2.1, the convexity of V' follows from the equality

V(z) = min {7’ R | (ry) € /Trg@(t)du N (R x (C + x))} .

The properness of V' follows from the fact that Fg@ is integrably bounded and 0 €
dom V. Since V' is bounded from above on dom V, it is continuous on int(dom V');
see [20, Theorem 3.2.1].

To demonstrate the weak lower semicontinuity of V', it suffices to show that
epiV = {(r,x) € Rx E | V(z) < r} is weakly closed. Toward this end, let
{(TasTa)taen be a net in epi V' that converges weakly to (r,z) € R x E. As-
sume, by way of contradiction, that (r, x) does not belong to epi V. We then have
lim, rq =r < V(z). Since V(x,) < r,, extracting a subnet from {z,}aea (Which
we do not relabel) yields U,, # () for each a € A. Replacing C by C + z, in
Theorem 3.3 guarantees that there exists a net {u,}taea in M(7, X) such that
V(za) = [t ua(t))dp, [Pt ua(t))dp € C + 4, and u,(t) € U(t) for each
o € Aae t € T. Since the weakly compact set [I'Jgdu contains the net
{[(o(t, ualt)), ®(t, ua(t)))ditaca, there exists a subnet of it (which we do not
relabel) such that

(s,y) == w- lim/T(go(t,ua(t)),@(t,ua(t)))du € /ngvq,(t)d,u.

«

By virtue of the Filippov’s implicit function theorem, there exists u € M(T, X)
with u(t) € U(t) a.e. t € T such that (s,y) = [(p(t,u(t)), ®(¢, u(t)))dp. Since
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lim, [ (t, ua(t))dp = [ o(t, u(t))dp and

w- lim/ O(t,ua(t))dp = / O(t,u(t))dp € C + x,
« Jr T

we obtain r < V(z) < [ (¢, u(t))dp = lim, V(z,) < lim, r, = r, a contradiction.
This means that epiV is weakly closed. [

3.2. The case for Gelfand integrals

Replacing the Bochner integral constraint in (Py) by the Gelfand integral one
in the dual space setting enables us to treat dual spaces of a separable Banach
space. Typical dual spaces encompassed in this framework are L> spaces with a
countably generated o-algebra (the dual spaces of a separable L' space) and the
space of Radon measures on a compact metrizable space (the dual space of the
space of continuous functions on a compact metrizable space).

The subdifferential of the extended real-valued function V: E* — R at z* € E*
is the set given by OV (z*) = {z € E | (y* — 2", z) < V(y*) — V(z*) Vy* € E*},
where we set OV (z*) = () whenever V(z*) € R. An element in 9V (z*) is called
a subgradient of V' at x*. For a convex subset C' of E*, the normal cone of C' at
r* € Cis the set No(2*) ={x € E | (y* —a*,x) <0 Vy* € C}.

Let &: T x X — E* be a measurable function (here the measurability is with
respect to Borel (E*,|| - ||) and C be a subset of E*. The variational problem
under investigation is

inf /cp(t,u(t))du subject to
T

. ueM(T,X)

(P5)

w*—/ O(t,u(t))dp € C and u(t) € U(t) ae. t €T.
T

The set of feasible controls is defined by
U:= {u e M(T, X) | w*—/ O(t,u(t))dp € C, u(t) e U(t) ae. t € T} :
T

Define the Hamiltonian H: T x E — RU {+00} by

H(t,x) := Zléﬁ()t) {(®(t,a),z) — p(t,a)}.

We say that u el satisfies the maximum principle for an adjoint variable x € E' if
(MP*) H(t,x) = (P(t,u(t)),z) — o(t,u(t)) ae teT.

For a given z* € E*, consider the perturbed problem for (Pj):

uweM(T,X)

inf /gp(t,u(t))du subject to
(%) !

T

w*—/ O(t,u(t))dp € C+ 2" and u(t) € U(t) a.e. t €T.
T
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It is obvious that problem (P§) coincides with the perturbed problem (P.) with
x* = 0. The set of perturbed feasible controls is given by

Uy == {u e M(T, X) | w*—/ O(t,u(t))dp € C+x*, u(t) e U(t) ae. t € T} :
T
Denote the optimum value of the perturbed problem of (P) by

inf /gp(t,u(t))d,u if Uy # 0,
T

V(I* ) = UEU,*
400 otherwise.

Then z* + V(z*) defines the value function V: E* — R with the property
V(0) = infuey [ @(t, u(t))dp whenever U is nonempty.

For the dual space setting, hypothesis (Hs) is replaced by:
(H;) @: T x X — E* is a Carathéodory function.

Theorem 3.5. Let C be a nonempty convex subset of E*. Under hypotheses (Hy),
(H3), and (Hs), the following conditions are equivalent.

(i) x€0V(0) and u is a solution to (Pf).
(i) —x € N¢ (w*—/ @(t,u(t))d,u) and u satisfies (MP*).
T
Proof. (i) = (ii): The subgradient inequality for v yields
(", x) < V(z*) —V(0) for every z* € E™. (4)

Take any y* € C and set 2* = w*- [ ®(¢, u ))du y*. Since u is a solution to (Pf)
andw*f(I)tu))dpEC’+m,wehaveV ) < [o(t,u(t))dp = V(0). The
inclusion —x € Ne(w*- [ ®(¢, u(t))dp) follows from inequality (4) for this choice
of z*. To prove (MP ), choose any v € M(T, X) with v(t) € U(t ) a.e. t € T and
set 2% = w* f<I> (t,v ))du w*- [ (¢, u(t))dp. Since w*- [ (¢, v(t))du € C'+z*,
we have V(z*) < f @(t,v(t))dp. Tt thus follows from (4) that

<w*-/T@(tav(t))du— w*-/T@(t7U(t))du,w>S/T@(M(t))du—/ipw(t,U(t))du- (5)

To derive (MP™) from (5), assume that there exists A € ¥ of positive measure
such that for every t € A there exists a € U(t) satisfying

H(t,x) = (B(t, a),2) — p(t,a) > (Bt ult), x) — o(t,ult)).
Define the multifunction ¥: A — R,, x X by
(@, ult)), z) — @(t,u(t) +r } |

U(t) = r,Q Ry xU
(t) {( ) € x (t>| =(®(t,a),z) — p(t,a)
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Since gph ¥ € ¥4 ® Borel (R, ) ®Borel (X) (see [1, Corollary 18.18]), ¥ admits a
measurable selector. Let usq: A — X be the X-component mapping of a measur-
able selector from W. Define v € M(T, X) by v(t) = ua(t) on A and v(t) = u(t)
on T'\ A. By construction, v(t) € U(t) a.e. t € T, and (®(t,u(t)), z) —p(t,u(t)) <
<(I)(t7 U(t))v I> —(p(t, U(t)> on A and <(I)(t7 u<t))7 JI> _Qp(tv u(t>) = <(I)(t7 a), $> _Qp(tv a)
on T'\ A. Integrating the inequality over A and the equality over 7'\ A and adding
both sides of the integrals, we derive a contradiction to (5).

(ii) = (i): Conversely, suppose that —x € Ng(w*- [ ®(¢,u(t))dp) and that
satisfies (MP*). Choose any v € U. Integrating both sides of the inequality
o(t,v(t)) — (t, u(t)) 2 (O(t, v(t)) — ®(t,u(t)), z) that stems from (MP*) yields
inequality (5) with (w*- [ ®(¢, v(t))dp — w*- [ ®(t,u(t))du, ) > 0, which follows
from the fact that w* f O(t,v(t))dp € C and the definition of the normal cone
Ne(w*- [ ®(t,u(t))dp). Hence, u is a solution to (P§). To prove that x € 9V (0),
take any z* € E* such that U, is nonempty. Since w*- [ ®(t,v(t))du — z* € C
for every v € U,~, we have

<w*—/T<I>(t,v(t))du gt w*—/Tq)(t,u(t))du,x> > 0.

It follows from (4) that [ (¢, v(t))du— [ p(t, u(t))dp > (x*, z) for every v € Uy.
Therefore, we obtain V(z*) — V(0) > (z*, z) for every a* € E* with U« # 0. O

The multifunction FU . T'— Rx E* is defined similarly in the previous subsection
and the same hypothesm with (Hy) is imposed in the dual space setting, where
w*-int means the interior with respect to the weak* topology of E*.

(H:) Either (w*—int <w*_ /T Fg,q)(t)du)> AR % C)

or w*—/ O(t,U(t))dp N w*-int C' is nonempty.
T

Theorem 3.6. Let (T,%, 1) be a saturated finite measure space and C be a
nonempty convex subset of E*. Under the hypotheses (Hy), (HS), (Hs), and (H}),
u € U is a solution to (P}) if and only if there exists

—z € N (w*— /T @(t,u(t))du)

such that (MP*) holds.

Proof. Suppose that v € U is a solution to (Pf). In View of the proof of Theorem
3.5, it suffices to show that there exists —z € Ng(w*- [ (¢, u(t))dp) such that
inequality (5) holds for every v € M(T, X) with v(t) € U(t) a.e.t € T. Toward this
end, define the convex subset D of ]RXE* by D :={reR|r< [ ot ult)du} xC.
Note that either w*-int D or w*-int(w*- [ T'Yzdu) is nonempty in view of (Hj)
and w*- [ FU adp is convex because of Prop051t10n 2.1. Since u is a solution
to (Py), we have DNw*- [ FU odp = (. By the separatlon theorem, there exists
(o, y) € (Rx E)\{0} that separates the weak* closure D of D and w*- [ TY 2.adf,

that is,
ar + (2%, y) < as+ (Y, y) (6)
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for every (r,z*) € D" and (s,y") € w* [T ydp. Since

(1w [ wteuo) o uein) e 0w [ raoan

we have (x ,Y) fCID (t,u(t))dp,y) for every x* € C. This means directly that
y € No(w*- [ & t u ))d,u) It follows from (6) that o > 0.

Assume that o = 0. We then have (x*,y) < (y*,y) for every z* € C' and y* €
w*- [ ®(t,U(t))dp. If (w*int(w*- [TY 5du)) N (R x C) is nonempty, there exists

i € (int(w*—/TCD(t, U(t))d,u)) ne

such that for every h* € E* we have yj &+ eh* € int(w*- [ ®(¢,U(t))dp for all
sufficiently small € > 0, and hence, (z*,y) < (yj+eh*, y) for every z* € C. Letting
x* = y; inevitably yields y = 0, a contradiction. If w*- [ ®(¢, U(t))du N w*-int C
is nonempty, then there exists 2 € w*- [ ®(¢, U(t))du Nint C' such that for every
h* € E* we have zj = ¢h* € int C for all sufficiently small ¢ > 0, and hence,
(zgteh*,y) < (y*,y) for every y* € w*- [ ®(¢,U(t))dp. Letting y* = zf inevitably
yields y = 0, a contradiction again.

Henceforth, a > 0 The normalization r = —y/a in (6) implies inequality (5)
with —z € Ne(w*- [ ®(t, u(t))du).

The converse implication is evident from Theorem 3.5. ]

(HY) w*—/ O(t,U(t))dp N C is nonempty.
T
(H?) ngq): T — R x E* is integrably bounded with weakly* compact values.

Theorem 3.7. Let (T,%, 1) be a nonatomic finite measure space and C be a
nonempty weaklyf closed subset of E*. If (T, X, u) is saturated, then for every
quartet (@, ®,U, C) satisfying the hypotheses (Hy), (H3), (Hs), (HY), and (HY), a
solution to (P§) exists. Conversely, if a solution to (Pf) exists for every quartet
(p,®,U,C) satisfying (Hy), (HS), (Hs), (HY), and (HE), then (T, %, p) is saturated

whenever E is infinite dimensional and X is an uncountable compact Polish space.

Proof. Let {u,},en € M(T,X) be a minimizing sequence of (Pf) satisfying
[t un(t))dp — infyey [ o(t, u(t))dp with w*- [ ®(t, u,(t))dp € C and u,(t) €
U(t) a.e. t € T for each n € N. Since it follows from Proposition 2.1 that
the Gelfand integral w*- [ Fg@d,u is a weakly* compact set containing the se-
quence {w*- [(o(t, un(t)), P(t, un(t)))dp}tnen and weakly* compact subsets of the
dual space of a separable Banach space are metrizable with respect to the weak*
topology (see [1, Theorem 6.30]), the weakly* compact set w*- [ Fg@d,u is also
sequentially weakly* compact. Hence, there exists a subsequence of it (which we
do not relabel) such that

n—oo

(r,2%) = w*- lim w* /T (ot un(t)), Dt un () )dp € w'- /T IV (t)d.
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By virtue of the Filippov implicit function theorem (see [8, Theorem III1.38]),
there exists u € M(T, X) with u(t) € U(t) a.e. t € T" and the property (r,z*) =
w*- [(p(t,a(t)), (t,a(t)))dp. We thus obtain

/T ot 1(t))dp — Tim /T ot 1 (1)) dpt = inf /T ot u(t))dp

n—00 ueU

and w*—/ O(t,a(t))dp = w*- lim [ (¢, u,(t))dp € C.
T

n—0o0 T

Therefore, @ is a solution to (Pf).
The converse implication follows from [33, Theorem 4.4]. O

Theorem 3.8. Let (T,%, 1) be a saturated finite measure space and C be a
nonempty, weakly* closed, convex subset of E*. Then under the hypotheses (Hy),
(H3), (Hs), (HY), and (Hf), V' is a proper convex function that is continuous on
int(dom V). Moreover, V is weakly* lower semicontinuous on E*.

Proof. Since the Gelfand integral w*- [ Fg@d,u is weakly* compact and convex
by Proposition 2.1, the convexity of V' follows from the equality

V(z*) = min {r eR|(ry") e w*—/TFg@(t)du NRx (C+ Jc*))} :

The properness of V' follows from the fact that Fg@ is integrably bounded and 0 €
dom V. Since V' is bounded from above on dom V| it is continuous on int(dom V).

To demonstrate the weak* lower semicontinuity of V', it suffices to show that
epiV = {(r,z*) € Rx E* | V(x*) < r} is weakly* closed. Toward this end, let
{(Ta, %) taen be a net in epi V' converging weakly* to (r,z*) € R x E*. Assume,
by way of contradiction, that (r,z*) does not belong to epiV. We then have
lim, rq =r < V(z*). Since V(x}) < r,, extracting a subnet from {z} },ca (Which
we do not relabel) yields U« # 0 for each @ € A. Replacing C' by C + z,
in Theorem 3.7 implies that there exists a net {ua}taea in M(T, X) such that
V(zs) = [t ua(t))dp, w* [ Dt ua(t))du € C + a%, and u,(t) € U(t) ae.
t € T for each v € A. Since the weakly* compact set w*- [ Fg@du contains the
net {w*- [(o(t, ua(t)), ®(t, ua(t)))dptaca, there exists a subnet of it (which we do
not relabel) such that

(s,y*) := w*-lim w*—/T(go(t,ua(t)),@(t,ua(t)))d,u € w*-/TFg?@(t)dp.

By the Filippov implicit function theorem, there is v € M(7T, X) with u(t) € U(t)
a.e. t € T such that (s,y*) = w* [(¢(t,u(t)), ®(t,u(t)))du. Since we have
lim, [ @(t, ua(t))dp = [ @(t,u(t))dp and
w*-lim w*—/ O (t,u,(t))dp = w*—/ O(t,u(t))dp € C + o7,
« T T

we obtain 7 < V(z*) < [ (¢, u(t))du = lim, V(z}) < lim,r, = 7, a contradic-
tion. This means that epi V' is weakly* closed. O
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