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1. Introduction

Let E be a smooth Banach space, let C' be a nonempty, closed and convex subset
of E and let n be a real number with n € (—o0,1). A mapping U: C' — E with
F(U) # 0 is called n-demimetric [30] if

2(z — ¢, J(z = Uz)) > (1 = )|z — Uz

for all z € C and g € F(U), where F(U) is the set of fixed points of U and J is
the duality mapping on E. We have from [30] that F(U) is closed and convex.
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This property is important. Using this, we proved weak and strong convergence
theorems for demimetric mappings in Hilbert spaces and Banach spaces; see [15,
28, 30, 31, 34]. Very recently, Kawasaki and Takahashi [11] generalized the concept
of demimetric mappings as follows: Let 6 be a real number with § £ 0. A mapping
U: C — E with F(U) # 0 is called generalized demimetric [11] if

0{z —q,J(z - Uz)) > ||z — Uz|]* (1)

for all x € C' and ¢ € F(U). This mapping U is called 0 - generalized demimetric.
The set F/(U) is also closed and convex; see [11].

Let Hy and H, be two real Hilbert spaces. Given mappings S: H; — H; and
T: Hy — H,, respectively, and a bounded linear operator A: H; — H,, the
split common fixed point problem [8, 17] is to find a point z € H; such that
z € F(S)N A7'F(T), where F(S) and F(T) are fixed point sets of S and T,
respectively. The split common fixed point problem generalizes the split feasibility
problem [7] and the split common null point problem [6]. Many authors have
studied the split feasibility problem, the split common null point problem and the
split common fixed point problem in Hilbert spaces; see, for instance, [1, 6, 8, 17,
36]. However, it is difficult to prove such results outside Hilbert spaces. Recently,
using the hybrid method [18, 19, 22], Takahashi [29] proved the following strong
convergence theorem for demimetric mappings. In its formulation condition (I) is
used, which is defined exlicitly in Definition 3.1.

Theorem 1.1. ([29]) Let H be a Hilbert space and let V' be a smooth, strictly
convexr and reflexive Banach space. Let Jy be the duality mapping on V' and let
{nn} be a sequence of real numbers with n, € (—oo,1). Let {T,,} be a sequence
of mnonezpansive mappings of H to H satisfying condition (1) and let {U,} be
a sequence of n,-demimetric mappings of V' to V' satisfying condition (1). Let
A: H — V be a bounded linear operator such that A # 0 and let A* be the adjoint
operator of A.

Suppose that G := N, F(T,,) N A~ e, F(U,) # 0. Let x1 € H and let {x,} be
a sequence generated by

;

2, =T, (xn — M A Iy (Ax, — UnAacn)),
Yn = Qndn + (1 - Oén)Zn,

Co={2€ H:yn — 2|l < ||zn — 2][},
D, ={z€ H:(x, — z,x1 —x,) >0},

(Ln+1 = PCnﬂanla Vn € N7

where {n,} C (—o0,1), {a,} C[0,1] and {\,} C (0,00) satisfy conditions:
0<ap,<a<l and 0<b<M|A|’<c<d<1-n,

for some a,b,c,d € R. Then {x,} converges strongly to zy € G, where zg = Pgx;.

In Theorem 1.1, one of the Banach spaces was a Hilbert space. Takahashi, Wen
and Yao [33] also obtained the following strong convergence theorem for demi-
metric mappings in two Banach spaces.
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Theorem 1.2. ([33]) Let E and V' be uniformly convex and smooth Banach spaces
and let Jg and Jy be the duality mappings on E and V', respectively. Let {7,}
and {n,} be sequences of real numbers with 7,,n, € (—o0,1). Let {T,,} be a
family of T,-demimetric mappings of E into itself with N0, F(T,) # 0 satisfying
condition (1) and let {U,} be a family of n,-demimetric mappings of V into itself
with ", F(Uy,) # 0 satisfying condition (I). Let A: E — V be a bounded linear
operator such that A # 0 and let A* be the adjoint operator of A. Suppose
that N, F(T,) N AY (N, F(U,)) # 0. Let xy € E and let {x,} be a sequence
generated by

(2, = Tp — rod gt A* Iy (Ax, — U, Axy,),

Yn = Tnzn,

Co={z€FE:{z,— 2, Jp(r, —2z,)) > 0},
D,={2€E:2(z, — 2, J5(z0 — yn)) > (1 — )20 — yull*},
Qn={z€ E:{(x,— 2z Jeg(x; —x,)) > 0},

\ Tn+1 = PCannﬂanla Vn € N,

where {r,} C (0,00) and {1,},{n.} C (—o0,1) satisfy conditions such that for
some a,b € R,

0<a<2r|AI?<1-mn, and 0<b<1-7, VneN.

Then the sequence {x,} converges strongly to zg € N F(T,) N A~ N, F(U,)),
where 20 = Prze | per,)na-1(o5, Fa) 1

In this paper, motivated by these problems and results, we consider the split
common fixed point problem for families of mappings in Banach spaces. Using the
hybrid method [18, 19, 22], we prove two strong convergence theorems for finding
a solution of the split common fixed point problem for families of generalized
demimetric mappings in Banach spaces. We also apply these results to obtain
well-known and new results which are connected with the split common fixed
point problem in Banach spaces.

2. Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let H be a real Hilbert space with inner product (-, ) and

norm || - ||, respectively. For z,y € H and A € R, we have from [25] that
lz +yll* < ll=l* + 2{y, = + y); (2)
Az + (1= Nyll* = Al + (1 = Nyl = A1 = V= - yl*. (3)

Furthermore we have that for x,y,u,v € H,

2(z —y,u—v) = [lo =l + lly — ul* = llz = ul* = [ly — v|* (4)
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Let C be a nonempty, closed and convex subset of a Hilbert space H. The nearest
point projection of H onto C' is denoted by Pg, that is, ||z — Poz|| < ||z — y|| for
all x € H and y € C'. Such a mapping P is called the metric projection of H
onto C'. We know that the metric projection Pg is firmly nonexpansive, i.e.,

|Pox — Poyl|” < (Pox — Poy, = — y) (5)

for all z,y € H. Furthermore (x — Pcz,y — Pex) < 0 holds for all x € H and
y € C; see [23].

Let E be a real Banach space with norm || - || and let E* be the dual space of E.
We denote the value of y* € E* at € E by (z,y*). When {z,} is a sequence in
E, we denote the strong convergence of {x,} to x € E by x, — x and the weak
convergence by x, — x. The modulus ¢ of convexity of F is defined by

i r+y
o(0 = int {1 = P o <1 < 10 - 2 )

for every € with 0 < e < 2. A Banach space F is said to be uniformly convex if
d(e) > 0 for every € > 0. It is known that a Banach space E is uniformly convex
if and only if for any two sequences {z,,} and {y,} in F such that

lim ||z,|| = lim ||ly,|| =1 and lim ||z, + y.|| = 2,
n—o0 n—oo n—roo
lim,, o0 ||€n — Yn|| = 0 holds. A uniformly convex Banach space is strictly convex

and reflexive. We also know that a uniformly convex Banach space has the Kadec-
Klee property, i.e., x, — w and ||z, || — ||u|| imply x, — u; see [9, 21].

The duality mapping J from F into 2 is defined by
Jr={z" € E": (z,2") = ||z]|* = [|2"|*}

for every x € E. Let U = {x € E : ||z|]| = 1}. The norm of E is said to be
Gateaux differentiable if for each x,y € U, the limit

(6)

exists. In the case, F is called smooth. We know that E is smooth if and only if
J is a single-valued mapping of E into E*. We also know that E is reflexive if
and only if J is surjective, and F is strictly convex if and only if J is one-to-one.
Therefore, if E is a smooth, strictly convex and reflexive Banach space, then J
is a single-valued bijection and in this case, the inverse mapping J~! coincides
with the duality mapping J, on E*. For more details, see [23, 24]. We know the
following result.

Lemma 2.1. ([23]) Let E be a smooth Banach space and let J be the duality
mapping on E. Then, (x —y,JJr — Jy) > 0 for all x,y € E. Furthermore, if E
is strictly convex and (x —y, Jr — Jy) =0, then z = y.
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Let C' be a nonempty, closed and convex subset of a strictly convex and reflexive
Banach space E. Then we know that for any € F, there exists a unique element
z € C such that ||z — z|| < ||l — y|| for all y € C. Putting z = Pcx, we call such
a mapping Pc the metric projection of E onto C.

Lemma 2.2. ([23]) Let E be a smooth, strictly convex and reflexive Banach space.
Let C' be a nonempty, closed and convexr subset of E and let x € E and z € C.
Then, the following conditions are equivalent:

(1) z= Pex;
(2) (z—y,J(x—2) >0, VyeC.

Let E be a Banach space and let B be a mapping of F into 2F". The effective
domain of B is denoted by dom(B), that is, dom(B) = {x € F : Bx # 0}. A
multi-valued mapping B on F is said to be monotone if (x — y,u* — v*) > 0 for
all z,y € dom(B), u* € Bx, and v* € By. A monotone operator B on FE is said
to be maximal if its graph is not properly contained in the graph of any other
monotone operator on E. The following theorem is due to Browder [4]; see also
[24, Theorem 3.5.4].

Theorem 2.3. ([4]) Let E be a uniformly convex and smooth Banach space and
let J be the duality mapping of E into E*. Let B be a monotone operator of E
into 28" . Then B is maximal if and only if for any r > 0,

R(J+rB)=E",

where R(J + rB) is the range of J + rB.

Let F be a uniformly convex Banach space with a Gateaux differentiable norm
and let B be a maximal monotone operator of E into 2F". For all z € F and
r > 0, we consider the following equation

0€ J(xz, —x) + rBux,.

This equation has a unique solution x,. We define J, by x, = J,x. Such J,.,r >0
are called the metric resolvents of B. The set of null points of B is defined by
B7'0={z€ E:0 € Bz}. We know that B~'0 is closed and convex; see [24].

Let B be a maximal monotone operator on a Hilbert space H. In a Hilbert space
H, the metric resolvent J,. of B is simply called the resolvent of B. It is known
that the resolvent J, of B for r > 0 is firmly nonexpansive, i.e.,

H‘]Tx_JTszg <x_y7<]rx_<]r >7 VIMUEH'

Let E be a smooth Banach space, let C' be a nonempty, closed and convex subset
of £ and let € be a real number with 8 # 0. Then a mapping U: C — F with
F(U) # 0 is called generalized demimetric [11] if it satisfies (1), that is, for all
reCandqe FU),

0{x —q,J(z — Ux)) > ||z — Uz|*.
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Example 2.4. Here are some examples of generalized demimetric mappings.

(1) Let H be a Hilbert space, let C' be a nonempty, closed and convex subset of
H and let t be a real number with 0 < ¢ < 1. A mapping U: C' — H is called a
t-strict pseudo-contraction [5] if

[Uz = Uy|* < [lz = yl* + tllz = Uz — (y = Uy)||*
for all z,y € C. If U is a t-strict pseudo-contraction and F(U) # (), then U is
% - generalized demimetric; see [11].

(2) Let H be a Hilbert space and let C' be a nonempty, closed and convex subset
of H. A mapping U: C' — H is called generalized hybrid [12] if there exist o, 5 € R
such that

a|Uz = Uyl* + (1 — )|z = Uyl|* < B|Uz —y[I* + (1 = B)|l= —yl*  (7)

for all z,y € C. Such a mapping U is called («, ()-generalized hybrid. 1f U is
generalized hybrid and F(U) # (), then U is 2- generalized demimetric. In fact,
setting x =u € F(U) and y =z € C in (7), we have that

allu=Uz|* + (1 = a)llu—Uz|® < Bllu—2|* + (1 = B)[lu — ||
and hence ||[Uz —ul|? < ||z — u||*. From

Uz —u|* = Uz — 2||* + ||z — u||* + 2(Uz — 2,2 — u),
we have 2(x —u,x — Uz) > ||z — Uz|]?
for all z € C and v € F(U). This means that U is 2- generalized demimetric.
Notice that the class of generalized hybrid mappings covers several well-known

mappings. For example, a (1,0) - generalized hybrid mapping is nonexpansive. It
is nonspreading [13, 14] for « =2 and 5 =1, i.e.,

21Tz — Ty||* < |Tx —y||* + [|Ty — z||?>, Va,y € C.
It is also hybrid [26] for a = % and = %, ie.,
e — Tyl <l — gl + T — gl + [Ty — P, Vo,yeC.

In general, nonspreading and hybrid mappings are not continuous; see [10].

(3) Let E be a smooth, strictly convex and reflexive Banach space and let D be
a nonempty, closed and convex subset of E. Let Pp be the metric projection of
E onto D. Then Pp is 1-generalized demimetric; see [11].

(4) Let E be a uniformly convex and smooth Banach space and let B be a
maximal monotone operator with B70 # (). Let A\ > 0. Then the metric resolvent
Jy is 1-generalized demimetric; see [11].

(5) Let H be a Hilbert space, let C' be a nonempty, closed and convex subset
of H and let T" be a mapping from C into H. Suppose that T is Lipschitzian,
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that is, there exists L > 0 such that [Tz — Ty| < L|jz — y| for all z,y € C.
Let S = (L + 1) — T and assume F(£) # 0. Then F(S) = F(%) and S is
(—2L) - generalized demimetric; see [11, 32].

(6) Let H be a Hilbert space, let C' be a nonempty, closed and convex subset of
H and let o > 0. If B be an a-inverse strongly monotone mapping from C' into H
with B'0 # (). Define T = I+B. Then F(T) = B~ '0 and T is (—2) - generalized

«

demimetric; see [11, 32]. O

The following lemmas are important and crucial in the proofs of our main results.

Lemma 2.5. ([11]) Let E be a smooth, strictly convex and reflexive Banach space
and let C be a nonempty, closed and convex subset of E. If a mappingU: C' — E
is 0 - generalized demimetric and 6 > 0, then U is (1 — %)-demimetm’c.

Lemma 2.6. ([11]) Let E be a smooth, strictly convex and reflexive Banach space
and let C be a nonempty, closed and convex subset of E. Let 6 be a real number
with 0 # 0. Let T be a 0 - generalized demimetric mapping of C into E. Then
F(T) is closed and convet.

Lemma 2.7. ([11]) Let E be a smooth Banach space, let C' be a nonempty subset
of E and let 0 be a real number with 6 # 0. Let T be a 0 - generalized demimetric
mapping from C into E and let k € R with k # 0. Then (1 — k)I + kT is
0k - generalized demimetric from C' into E.

We also know the following lemma from [34]:

Lemma 2.8. ([34]) Let H be a Hilbert space and let C' be a nonempty, closed and
conver subset of H. Let k € (—o0,1) and let T' be a k-demimetric mapping of C
into H such that F(T) is nonempty. Let X\ be a real number with 0 < A <1—k
and define S=(1-=\)I + A\T. Then S is a quasi-nonezpansive mapping of C' into H.

3. Main results

In this section, using the hybrid method by Nakajo and Takahashi [18], we first
prove a strong convergence theorem for finding a solution of the split common
fixed point problem with families of generalized demimetric mappings in Banach
spaces.

Definition 3.1. ([2]) Let E be a Banach space and let C' be a nonempty, closed
and convex subset of E. Let {U,} be a sequence of mappings of C' into E such
that N>, F(U,,) # 0. The sequence {U,} is said to satisfy condition

(I) if for any bounded sequence {z,} of C' with lim, , ||z, — Uyz,| = 0 every
weak cluster point of {z,} belongs to N>, F(U,).

Theorem 3.2. Let H be a Hilbert space and let V' be a smooth, strictly convex and
reflexive Banach space. Let Jy be the duality mapping on' V. Let {0,} and {1,} be
sequences of real numbers with 0,,, 1, # 0, let {S,} be a sequence of 0,, - generalized
demimetric mappings of H to H with N2, F(S,) # 0 satisfying condition (1) and
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let {T,} be a sequence of T, - generalized demimetric mappings of V to V with
N> F(T,) # 0 satisfying condition (I). Let {k,} and {h,} be sequences of real
numbers with 0,k, > 0 and 1,h,, > 0, respectively. Let A: H — V be a bounded
linear operator such that A # 0. Suppose that

G = M2, F(S,) N A NG F(T,)) 4 0.
Let xy € H and let {z,} be a sequence generated by

(

20 = (1= M)+ ASy) (wn A Ty (A, — TnAxn)),
Yn = (1 - an)xn + A2,

Cn={z€ H :|lyn — 2|| < |lzn — 2|},

D, ={z€ H:(x, —z,x; —x,) >0},

(Zn1 = Fo,np,r1, Yn €N,

where a,b,c,d, e, f,\g € R, {a,} C[0,1], {rn} C (0,00) and {\.}, {kn},{hn} CR
satisfy the following: 0 < a < a, <1, 0<b<|h,| <cg,

>~

2 2
d<r,< < <
0<d<r _e<f_Tnhn||AH2 O<k:n 0k

and 0 < Ao < ||

S

for alln € N. Then {x,} converges strongly to zy € G, where zy = Pg.

Proof. Since = 2] < |lzn — 2| = llyn — 2| < |20 — 2|7
< lyall” = llzall® = 2{yn — 20, 2) <0,

it follows that C,, is closed and convex for all n € N. It is obvious that D,, is
closed and convex. Then C),, N D, is closed and convex for all n € N. Let us
show that G € C,, for all n € N. Let z € G. Then z = S,z and Az = T, Az.
Since T,,: V — V is 7, - generalized demimetric, we have from Lemma 2.7 that
(1 — hy)I + h,T,, is 7,h,-generalized demimetric. Since S,: H — H is 6,-
generalized demimetric, we also have from Lemma 2.7 that (1 — k,)I + k.S, is
0, k, - generalized demimetric. Furthermore, from Lemma 2.5 and 0,k, > 0, we
have that (1 — k,)I + k,S,, is ( — L) - demimetric in the sense of [30]. Since

Onkn
A, 2 9
on < -1 _ _
U< =g =1 <1 ann>
A, A,
and (=) +X\Sp= 11— . I+ k_((l — kn)I + k,Sy),

we have from Lemma 2.8 that (1 — A\,)I + A\,S,, is quasi-nonexpansive. Putting
Sp = Xy — rah, A*Jy (Az, — T, Ax,), from 0 <d <r, <e< f < we have

that for z € G,

2
TnhnllAl12?
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ll2n — 2)1% = 1((1 = AT 4+ XSn)sn — (1 = M) + XSn) 2]
< |@p — rohn A* Ty (Ax, — T, Axy) — 2|
= |2, — 2||* = 2{zp — 2, nhn A" Jy (Az,, — T, Axy,))
+ |lrnhn A" Ty (Azy, — T, Az,
< wp — 2||* = 2rp(Azy, — Az, Jy(Az, — (1 — hy)I + b, T,) Axy,))
+rahn |AIP N v (A, — T, A, )|
27,
Tnhn
+ g APl Az, — T, Az, ||

<l — 2% -

| Az, — ((1 — hp)I + h,T,) Az, ||? (8)

2r,,

= llzn — 2|* = %hillA% = ThAwy|* + 1o | Al || Azy — T Az |®
= llon = 2P + ra I = Az = T, < iz — 2|2
and hence
[yn = 2l = (1 = am)an + anzn — 2[] < (1 = o) |[2n — 2[| + anl|zn — 2]|
< (1= an)llen = 2[l + anllen — 2] = [Jon — 2]

Therefore, G C C, for all n € N. Let us show that G C D,, for all n € N. It is
obvious that G C D;. Suppose that G C D, for some j € N. Then G C C; N D;.
From z;,1 = Pc;np,;r1, we have that

<37j+1 —Z,T1 — Q?j+1> Z 0, Vz € Cj N Dj
and hence (Tj1 — 2,21 —xj41) >0, VzeG.

Then G C Dj;1. We have by induction that G C D, for all n € N. Thus, we
have that G C C,, N D,, for all n € N. This implies that {z,} is well defined.

Since F(S,) and F(T,) are closed and convex from Lemma 2.6 and A is linear
and continuous, G is also nonempty, closed and convex. Thus, there exists z; € G
such that zyp = Pgzy. From 2,41 = Pc,np, 1, we have that

|21 = Zppall < Mz —yll, Vy € Con Dy,
Since zp € G C C, N D,,, we have that
|21 — Zpa ]| < lzn — 20 9)

This means that {x,} is bounded.

Next we show that lim,, o ||, — Zp41]] = 0. From the definition of D,,, we have
that z, = Pp, x;. From x,,.1 = P, ~p,x1 we have x,,.1 € D,,. Thus

|20 — 21| < [|2p41 — 21]]
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for all n € N. This implies that {||z; —x,||} is bounded and nondecreasing. Then
there exists the limit of {||x; — z,||}. From x,.; € D,, we have that

(Ty — Tpa1, 1 — Xy) > 0.
This implies from (4) that
0 < [z — 21l® = llon — 21l® = 2 — 2l
and hence |Zns1 — Zall? < | Tnis — 21]|* = |20 — 21|
Since there exists the limit of {||z1 — z,||}, we have that

Tim |z — 244 = 0. (10)

From x,.; € C,, we also have that ||y, — z,11]] < ||z, —ns1||. Then we get from
(10) that ||yn — @py1]] — 0. Using this, we have that

190 = 2nll < lyn — Znall + |21 — z0ll = 0. (11)
We have from (8) that for any z € G,
[yn = 21 = [|(1 = @)z + anze — 2| < (1 — ) |20 — Z||2 + o |z — Z||2

< (1—an)|lzn — 2”2 + ap |7, — ZH2

2
+ anrnhi(rnHAHQ - )HAxn - TnA$n||2
Tl
2
= ||z, — 2”2 + O‘nrnhi(rnHAHQ T Az, — TnAanZ-
TTL n
Thus we have
2
o (— = ALY | Az, = A, | < v = 217 = o — =P

= (llzn =2l + llyn =21 Nlzn =2l = llyn—=211) < (lzn—2l+llyn—=2[D) ll£n—ynll

Fr0m||yn—xn||—>0,0<a§an§1and0<d§rn§e<f§m,we
have
lim ||Az, — T,,Az,||* = 0. (12)
n—o0
We also have that ||y, — x| = (1 — an)zn + anzn — xnl| = au||zn — 24| From
lyn — zn|| = 0and 0 < a < a,, < 1, we have
Tim 2, — 2] = 0. (13)

Since {z,} is bounded, there exists a subsequence {x,, } of {x,} converging weakly
to w. Since A is bounded and linear, we also have that {Ax,,} converges weakly
to Aw. Since lim,, o, ||Az, — T,,Az,|| = 0 and the family {T,,} satisfies condition
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(I), we have that Aw € N°_, F(T,,) and hence w € A~ N, F(T,,). We show that
w e N, F(S,). Putting s, = z,, — ryh, A* Jy (Azx, — T,,Az,,), we have that

180 = 2nll = I[sn — (1 = X)L + AuSn)sall = [[An(sn — Susn) || = Xollsn — Ssal|-

Furthermore, we have ||s, — z,|| = ||rnhnA* Iy (Az, — T,,Az,)|| — 0. We have
from ||s,, — zn|| < ||$n — xpl| + ||2n — 25 || and (13) that ||s, — z,|| — 0. This implies

nh_)rrolo |sn — Snsall = 0. (14)
Since ||s, — x,|| — 0, we also have that {s,} converges weakly to w. Since

{S,} satisfies condition (I), we have w € N, F(S,). This implies that w €
N F(S,) N A YN, F(T,)) = G. From 2y = Pgry, w € G and (9), we have

lx1 — 20| < ||lz1 — w|| < liminf ||z, — x,,
1—00

< limsup 21 — 2| < [lor - 2]l
11— 00

Then we get that lim; o |21 — Ty, || = ||21 — w]| = ||21 — 20]|-

Since H satisfies the Kadec-Klee property, we have x; — x,, — 1 — w and hence
Tn, = w = zy. Therefore, we have z,, = w = 2y. This completes the proof. O

Next, using the hybrid method [18], we prove a strong convergence theorem of
finding a solution of the split common fixed point problem for families of general-
ized demimetric mappings in two Banach spaces.

Theorem 3.3. Let ' and V' be uniformly conver and smooth Banach spaces
and let Jg and Jy be the duality mappings on E and V', respectively. Let {0, }
and {71,} be sequences of real numbers with 0,1, # 0. Let {S,} be a sequence
of 0., - generalized demimetric mappings of E into E satisfying condition (I) and
N>, F(S,) # 0 and let {T,} be a sequence of T, - generalized demimetric mappings
of V into V satisfying condition (I) and N2, F(T,) # 0. Let {k,} and {h,} be
sequences of real numbers with 0,k, > 0 and 1,h,, > 0, respectively. Let A: E — V
be a bounded linear operator such that A # 0 and let A* be the adjoint operator
of A. Suppose that

G = M2 F(Sn) NATHN F(T)) # 0.
Let xy € E and let {x,} be a sequence generated by

(2, = T — TohnJ gt A* Jy (Az, — T, Ax,,),
Yn = (1 = kp)I + kpSp) 2,
Chn={2€FE:(z,— 2z Jp(x, — 2,)) > 0},
Dy ={2€ E: 0,kn(2n — 2, J(20 — yn)) > 120 — vall*},
Qn={z€ E:(x,— 2z Jeg(x; —x,)) > 0},
( Tnt1 = Pe,npnng, 1, Vn €N,
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where a,b,c,d € R, {r,} C (0,00) and {k,}, {h.} C R satisfy the following:

0 <hn> 0 b<kn7 anng, d 0 dg ng—
< a < |hy < b < |ky| ¢, an < r I TAT

for alln € N. Then the sequence {x,} converges strongly to a point zg € G, where
20 = P(;ZL'l.

Proof. It is obvious that C,, N D, N @, is closed and convex for all n € N. To
show that G C C,, for all n € N, let us show that (z, — z, Jg(x, — 2,)) > 0 for all
z € AN (N2 F(T,)) and n € N. In fact, since (1—h,)I+h,T, is 7,,h, - generalized
demimetric from Lemma 2.7, we have that for any z € A~1(N%°, F(T},)) and n € N,

(zn — 2,Jg(xn — 20)) = (20 — Tp + 0 — 2, Jp(Tn — 21,))
= (—rph,Jgt A* Ty (Az,, — T, Ax,,)
+ 2, — 2, Jp(rahn 5t A% Jy (Az, — T, Ax,,)))
= (1, Jg A" Jy (h Az, — h, T, Ax,,)
+ a2, — 2, Jp(rnJgt A* Jy (hy Az, — b T, Azy)))
= (=1 J; A Jy (Az, — (1 = k)T + h,T,)Azy,)
+x, — 2,1 A"y (Ax, — (1 — hy) I + h,T,,)Axy,)) (15)
= _TZHA”ZHAJ’:H — (A= ha) I+ hnTn)Aﬂan2
+ (Ax, — Az, rpJyv(Az, — (1 — hy)I + b, T,)Ax,))
2 —TiHAHQHAxn — (A= ha) I+ hnTn)Aan2

+ Az — (1= k)] + hoT)) Az |)?
Tjhn
1
= ru(—= = rall Al | Azo — (1 = ha)] + b T) Az > 0.

Then we have that G C A~'(N%, F(T;,)) C C,, for all n € N. Next, to show that
G C D, for all n € N, let us show that 0,k (2, — 2, Je(2n — yn)) > ||2n — ynl? for
all z € N2, F(T,,) and n € N. In fact, since (1 — k,)I + k,,S,, is 0,,k,, - generalized
demimetric from Lemma 2.7, we have that for any z € N2, F(S,) and n € N,

enkn<zn — %, ']E(Zn - yn)> - Hzn - yn”2
= ann<zn -z, JE('Zn - ((1 - kn)] + knsn)zn» (16)
—[lzn = (T = k)1 + ann)ZnH2

> |z — (L= kp)I + /fnSn)an2 —|lzn — (1 = k) I + k:nSn)anZ =0.
Then we have that G C N2, F(S,,) C D,. We show that G C @, for all n € N.
It is obvious from @); = F that G C ;. Suppose that G C @); for some j € N.
Then G C C, N D; N Q. From z;1 = Pc,np;nq,;T1, we have that

<$j+1 —Z, JE(.Tl - $j+1)> Z 0, Vz € Cj N Dj N Qj

and hence <l‘j+1 —Z, JE(ZL’l — Ij+1)> Z 0, Vz € G.
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Then G C @,41. By mathematical induction, we have G C @, for all n € N.
Thus we have G C C, N D, NQ, for all n € N. This implies that {z,} is well
defined.

Since F'(S,) and F(T,) are closed and convex from Lemma 2.6 and A is linear
and continuous, we have that G = N, F(S,) N A~Y(N2, F(T},)) is nonempty,
closed and convex. Then there exists zg € G such that zyp = Pgxy. From x,,1 =
Pe,ap,ng,T1, we have that |21 — 21| < ||z1 —y|| forally € C, N D, NQ,.

Since zo € G C C,, N D,, N Q,,, we have that
|21 = Zpiall < Jlzn — 20l|- (17)

This means that {x,} is bounded.

Next we show that lim,,_, ||z, — Z,1+1]| = 0. From the definition of @,,, we have
that z,, = Py, z1. From 2,11 = Pc,np,nq,r1 we have that z,,; € Q,. Thus

[ = 21|l < flena — ]

for all n € N. This implies that {||z; —x,||} is bounded and nondecreasing. Then
there exists the limit of {|lz1 — z,||}. Put lim, o ||z, — 21]| = . If [ = 0, then
limy, o0 |2 — Tps1|| = 0. Assume that [ > 0. Since z,, = Py, x1, Tni1 € @y and
Intintl € (Q,, we have

Tn+ 2 1
|21 = 2| < flz1 — nTnHH < §(H331 — @yl + |21 — Tptal])
and hence lim ||z, — MH =1.
n—o00 2
Since E is uniformly convex, we get that lim, . ||z, — Zpy1]| = 0.

From the definition of C,,, we have that z, = P¢, x,. From z,,, € C, we have
[2n = 2ol < [l2n — 0t |-

From lim,, , ||z, — Zpe1|| = 0, we have that lim,, . ||, — 2,|| = 0. Furthermore,
from 2,41 = Pe,np,no. %1, we have that

Onkn(zn — Tni1, JE(2n — Un)) > |20 — yn||2

and hence Onknlzn — T + 2y — Tog1, JE(2n — Un)) > |20 — Unl|*-
From ||z, — z,|| = 0 and ||z,, — xp41]] = 0, we get that
Since ||yn — zal|l = |knlll2n — Snznll = 0ll2n — Snzal|, we get that

lim ||z, — Spza|| = 0. (19)
n—oo
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On the other hand, we know that
|70 — 2ol = | JE(20 — 20) || = |0 A" Iy (Azy, — (1 = hp) I + h,/T) Az, )|
and

Tpho{xy, — 2, A" Jy (Az, — (1 — hp)I + h,,T,,) Azy,))
= Tphn(Ax, — Az, Jy (Az, — (1 — hy)I + h,T),) Azy))
> ||Azy, — (1 = ko) + h,Tp) Az | = hi”Amn — T, Az,) |

Since lim,, o ||, — 2,|| = 0, we have that

lim ||A*Jy (Az, — (1 — hp)I + h,Ty) Ax,)|| = 0.

Then we get from h2 > a? > 0 that

lim ||Az, — T,,Az,|| = 0. (20)
n—oo

Since {z,} is bounded, there exists a subsequence {x,, } of {z,} converging weakly
to w. From ||z, — z,|| — 0, we have that {z,,} converges weakly to w. Since
lim,, o0 ||Snzn — 2n|| = 0 from (19) and the family {S,,} satisfies condition (I), we
have that w € N2, F(S,,). Furthermore, since A is bounded and linear, we also
have that {Az,,} converges weakly to Aw. Since lim, . ||Az, — T, Az,|| = 0
from (20)and {7} satisfies condition (I), we have that Aw € N>, F(7,,). Then
we have w € N F(S,) N A~ (N>, F(T,)) = G. From 2y = Pgz;, w € G and
(17), we have that

|z1 — 20| < ||lz1 — w|| < lminf ||z — x,,,|| < limsup ||z; — 2, || < |21 — 20]|-
100 1—00
Thus we get that lim; . ||x1 — 2, ]| = ||x1 — w|| = ||Jz1 — 20]|. From the Kadec-
Klee property of E, we have that x; — z,, - 1 — w and hence z,, = w = z.
Therefore, we have x,, — w = z9. This completes the proof. [

4. Applications

In this section, using Theorems 3.2 and 3.3, we get well-known and new strong
convergence theorems which are connected with the split common fixed point
problem with families of generalized demimetric mappings in Banach spaces.

Let H be a Hilbert space and let C' be a nonempty, closed and convex subset of
H. A mapping U: C — H is called demiclosed if, for a sequence {z,} in C such
that z,, = w and x, — Uz, — 0, w = Uw holds. For example, if C' is a nonempty,
closed and convex subset of H and T is a nonexpansive mapping of C' of H, then
T is demiclosed; see [4]. In fact, let {z,} be a sequence in C such that z,, — u
and x,, — Tx, — 0. Since C' is weakly closed, we have that u € C'. Furthermore,
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we have from x,, — wu that {x,} is bounded and then {T'z,} is bounded. Thus,
we have that

|lu=Tul|* = |[u—zp+x, — Tul]®* = Ju—2,|]* + |20 —Tul]® + 2{u — 2, 2, — Tw)
= |Ju — 2,||? + ||z — Txn + Tp — Tul|® + 2(u — 20, 2, — u+ 0 — Tu)
= lu—zn|* + |20 — T2nl|* + | Txn — Tul|)® + 2(x, — T2, T2, — Tti)
—2l|lu =z, ||* 4+ 2{u — 20, u — Tw) (21)
<l — 2,2 + ||2n — T || + |20 — wl|® + 2{z, — Tz, T, — Tu)
—2lu — 2 ||* + 2{u — 2, u — Ti)
= ||z, — T, || + 2(x, — T, T — Tu) + 2(u — 2,0, u — Tu) — 0.

Therefore, we have that « = Tu. Furthermore, we know the following result
obtained by Marino and Xu [16]; see also [35].

Lemma 4.1. ([16, 35]) Let H be a Hilbert space, let C' be a nonempty, closed and
convex subset of H and let t be a real number with 0 <t < 1. Let U: C — H be
a t-strict pseudo-contraction. If x, — z and x, — Uz, — 0, then z € F(U).

Using (21), we prove the following result.

Lemma 4.2. Let H be a Hilbert space and let C' be a nonempty, closed and
convex subset of H. Let S,T: C — H be nonexpansive mappings such that
F(S)NF(T) # 0 and let {v,} be a sequence of real numbers. Assume that there
exist a,b € R such that 0 < a < v, < b < 1 for alln € N. Forn € N,
put U, = S + (1 —4,)T and T,, = 2I — U,. Then {T,} is a sequence of
(=2) - generalized demimetric mappings of C' into H satisfying condition (I) and
N> F(T,) =N, F(U,) = F(S)Nn F(T).

Proof. Since S and T are nonexpansive mappings, U, = 7,5 + (1 — 7,)7T is
nonexpansive. From (5) in Examples, T,, = 2] —U,, is (-2) - generalized demimetric.
Furthermore, since S and T' are nonexpansive mappings and F(S)NF(T) # 0, S
and T are quasi-nonexpansive mappings. Using this, we have from (3) that, for
20 € F(S)NF(T), z€ N>, F(U,) and n € N,
Iz = 20| = |Unz = 20[* = [|(S + (1 = 3)T)z — 2”

= 11 (S2 = 20) + (1 = 7)(T= — 2) |

= YullSz = 20 + (1 = )Tz = 20/|* = (L — 1) |S2 = T2|*

< Yallz = 20l + (1 = )llz = 20/ = (1 =) ||Sz — T=|*

= |1z = 2ol = v (1 = w) 152 — T=|*.
This means that v,(1 — 7,)||Sz — Tz||> < 0. Since 0 < a < v, < b < 1 for all
n € N, we have Sz = T'z. Since

152 = 2| = ISz + (1 =)z — 2| = [|[mSz + (1 — )Tz — 2]
= [[(wS+ (1 = 7)T)z — 2l = [z — 2] =0,
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we get Sz = 2. Similarly, we obtain Tz = z. This implies the inclusion
N> F(U,) C F(S)N F(T). It is obvious that F'(S)N F(T) C N, F(U,). Thus
Mz F(Un) = F(S) N F(T). Since

ceF(T,) <= z2=22-—Upz <= Uz =2+ z€ F(U,),

we also have that N2, F(U,) = N, F(T,)

Suppose that {z,} is a bounded sequence such that z, — T,,z, — 0. From
Tozn — 2n = 22, — Upzn — 2n = 25, — Un2n
we get z, — U,z, — 0. Then (2) and (3) imply for z € Ng°, F(U,)

120 = 2|1 = ||2n — Unzn 4+ Unzn — 2||* < |Unzn — 2|1* + 2{2n — Up2p, 2 — 2)
= |1mS2n + (1 — 70)T 20 — 2||* + 2{2, — Up2n, 2n — 2)
= Vnl|Szn — Z||2 + (1= 9)[| T2 — Z||2
— (1 =) 1820 — Tzp||* + 2(2n — Upn2n, 2n — 2)

< allzn = 2| + (1 = 3) |20 — 2|2
— Y (1 = %) 1S20 — T2a|? + 2{2p — Upn2n, 20 — 2)

= ||z, — z||2 — Y (1 =) [|S 2 — Tzn||2 + 2(zp — Unzp, 2 — 2)

and hence 7,(1 —7,)||Szn — Tz > < 2(20 — Unzn, 20 — 2).

Since z, — Uyz, — 0 and {z,} is bounded, we have that Sz, — Tz, — 0. Using
this, we obtain

lzn — Sznll = |20 — Unzn + Unzn — Szl < |20 — Unzn|| + [|Unzn — Szl|
= ||z — Unznl|l + (1 = ) |72 — Szn|| — 0.

If a subsequence {z,,} of {z,} converges weakly to w, then we can conclude from
zp — Sz, — 0 that w € F(S). Similarly, w € F(T). Thus every weak cluster
point {z,} belongs to F(S) N F(T) = N, F(U,) = N, F(T,). This completes
the proof. [

Using Lemma 4.2, we obtain the following theorem.

Theorem 4.3. Let Hy and Hs be Hilbert spaces. Let s € [0,1). Let U: H; — H;
be an s-strict pseudo-contraction such that F(U) # 0 and let S, T: Hy — Hy be
nonexpansive mappings with F(S) N F(T) # 0. Let {6,} and {v,} be sequences
of real numbers. Assume that there exist u,v,w € R such that 0 < 9§, < u <1
and 0 <v <7, <w <1 foralln € N. Forn €N, put S,, = 0,1 + (1 —,)U.
Furthermore, put U, = v,S + (1 — v,)T and T,, = 21 — U,, for all n € N. Let
A: Hy — Hs be a bounded linear operator such that A # 0. Suppose that

G :=FU)NAY F(S)NF(T)) #0.
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Let x1 € Hy and let {x,} be a sequence generated by

(

20 = (1= M)+ AnSy) <a:n S+ A (A, — TnAxn)>,
Yn = (1 - an)ajn + Op2n,

Con =1z € Hy : |lyn — 2|l < |lan — 2]I},

D, ={z€ H; : (x, — z,x1 — x,) > 0},

(Zn1 = Fo,np, 21, Yn €N,

where a,d,e, f,\o € R, {a,} C [0,1], {rn} C (0,00) and {\,} C R satisfy the
following: 0 < a < a, <1,

0<d<r,<e<f< 0< A, <1—s and 0< X<\,

1
IA]]2°
for alln € N. Then {z,} converges strongly to zo € G, where zy = Pgx;.

Proof. Since U is an s-strict pseudo-contraction of H; into itself with F(U) # (),
we know from Example 2.4(1) that U is 12 - generalized demimetric. We have for
r € Hyand p € F(T,) = F(U),

(x —p,x—Spx) =(x —p, v — (b + (1 —8,)Ux)) = (1 = 6,)(z —p,x — Ux)

1—s 1—s
> (1=tn) =5~ o ~Uz|f = 5=l = Qo+ (1=0)U2)]

1—

S
-5, 2
ol = Sual

>

and hence {S,} is a family of 1%3' generalized demimetric mappings of H; into
H, such that F(U) = N, F(S,,). Furthermore, let {u,} be a bounded sequence
of H, such that u,, — S,u,, — 0. Then we have

(1 —6n)(up — Uuy) = upy — Sy, — 0
and hence u,, — Uu,, — 0 from 0 < §,, < u < 1. It follows from Lemma 4.1 that
every weak cluster point of {u,} belongs to F'(U) = N>, F(S,,). This means that
the family {5, } satisfies condition (I). On the other hand, we have from Lemma

4.2 that {T,,} is a sequence of (—2) - generalized demimetric mappings and satisfies
condition (I). Put 7, = —2 and h,, = —1 in Theorem 3.2. Then we have that

1
O<d§rn§e<f§W, O0< A <1l—s and 0< X <A\,

for all n € N. We have the desired result from Theorem 3.2. ]

We also know the following result from Plubtieng and Takahashi [20].
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Lemma 4.4. ([20]) Let Hy, Hy be Hilbert spaces and let o > 0. Let G: Hy — 2
be a mazimal monotone mapping and let Jy = (I + AG)™! be the resolvent of G
for A\ > 0. Let T: Hy — Hy be an a-inverse strongly monotone mapping and let
A: Hy — Hy be a bounded linear operator. Suppose that G710 N A=Y(T~10) # 0.
Let \,v > 0 and z € Hy. Then the following conditions are equivalent:

(i) z=J\(I—rA*TA)z; (i) 0€ A*TAz+Gz; (iii) 2 € G0NA"Y(T0).

Theorem 4.5. Let H be a Hilbert space and let V be a uniformly convex and
smooth Banach space. Let Jy be the duality mapping on V. Let G and B be
mazximal monotone operators of H and V', respectively. Let Js and @)y be the
metric resolvents of G for s > 0 and B for t > 0, respectively. Let U: H — H
be an a-inverse strongly monotone mapping with U710 # 0. Let A: H — V be
a bounded linear operator such that A # 0 and let A* be the adjoint operator of
A. Suppose that GT0NU0NAYB710) # 0. Let x; € H and let {z,} be a

sequence generated by

Zn = JSn (I - SnU) (mn - TnA*JV(Axn - QtnAITL))7
Yn = (]— - an)xn + a2y,

Co={2€H:|lyo — 2|l < [lzn — 2},

D,={z€ H:{(x,— 2z, —x,) >0},

\xn+1 = PCnﬁanl) VTL c N,

where a,b,c,d,e € R, {a,,} C [0,1], {r,} C (0,00) and {s,},{t.} C (0,00) satisfy
the following:

0<a<oa,<1, 20>8,>b>0, t,>c>0 and 0<d<r,|A|*’<e<?2

for alln € N. Then the sequence {x,} converges strongly to a point
neGtonUtoNnAY(B0),

where zy = Pg-10ny-10nA-1(B-10)71-

Proof. Put S, = J,, (I — s,U) for all n € N. Since 2a > s, > b > 0, S, is
nonexpansive and hence 2 - generalized demimetric. We also have from Lemma 4.4
that G'10NU'0 = N, F(S,,). Furthermore, the family {5, } satisfies condition
(I). In fact, let {z,} be a bounded sequence in H such that z, — S,z, — 0.
Without loss of generality, we may assume that z, — w and z, — S,z, — 0, Let
Up = Spzn = Js, (I — $,U)z,. Then

zn — SpU 2z — Uy,
Uv,, + € Uv, + Gu,.
Sn,

Since U 4 G is monotone, we have that, for any (u,v) € U + G,

zn — spU 2z — Uy,

(v, —u, Uv, + —wv) >0, and hence

Sn
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)
1 1
= (v —u, Uzp — Uvy + —(vp, — 2)) = —(vp —u, ({ — s, U)vp, — (I — 5,U) 2|

n Sn

Zn — SpUzp — vy,

(U, — u, —v) > (v, — u, —Uv,, —
Sn

1 1
> _S_an =l (I = 8, U)vp — (I = 5,U)z || > _S_an — |l - |lvn = 2zal|-

From z, — w and z, — v, — 0, we have (w —u, —v) > 0. Since U + G is maximal
monotone, w € (U + G)~'0. The family {7} satisfies condition (I). On the other
hand, since )y, is the metric resolvent of B for ¢,, > 0, from (4) in Examples, @), is
1 - generalized demimetric. We also have that the family {Q;, } satisfies condition
(I). In fact, let {u,} be a bounded sequence in V' such that w, — Q, u, — 0.
Without loss of generality, we may assume that u, — p and w, — Q¢ u,, — 0.
Since )y, is the metric resolvent of B, we have that

JV(U'n - Qtnun)/tn € BQtnun

for all n € N; see [3, 24]. From the monotonicity of B, we have

Jv(un - Qtnun) >

0 S <U - Qtnunvv* - t

for all (u,v*) € B and n € N. Taking n — oo, we get that (u — p,v*) > 0 for all
(u,v*) € B. Since B is a maximal monotone operator, we have

pE€B 0=, F(Qy,).

This means that the family {Q;,} satisfies condition (I). Since 6, =2 and 7,, = 1
in Theorem 3.2, we may take k, = 1 and h,, = 1. Then we have that

2n = Js, (I — an)(xn —rp, A"y (Azx, — QtnAxn)).
Furthermore, we have that
0<d<rA*<e<?2
for all n € N. Therefore, we have the desired result from Theorem 3.2. [

Putting U = 0 in Theorem 4.5, we have the following theorem by Takahashi and
Yao [37].

Theorem 4.6 ([37]). Let H be a Hilbert space and let V' be a uniformly convex
and smooth Banach space. Let Jy be the duality mapping on V. Let G and B
be maximal monotone operators of H and V', respectively. Let J; and QQ; be the
metric resolvents of G for s > 0 and B fort > 0, respectively. Let A: H —V be
a bounded linear operator such that A # 0 and let A* be the adjoint operator of
A. Suppose that G'0N A~ (B™'0) # 0. Let x1 € H and let {x,} be a sequence
generated by
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(zn = an (ajn - 7,n44>kt]\/'(f4xn - QtnAxn>)>
Yn = (1 - an)xn + Ap2n,

Co={2€ H:|yn —2[| < [lzn — 2[},
D, ={z€ H :(x, — z,x1 — x,) > 0},

\xn+1 = PCnﬂanlu Vn € N7

where a,b,c,d,e € R, {a,,} C [0,1], {r,} C (0,00) and {s,},{t.} C (0,00) satisfy
the following for alln € N :

0<a<a,<1, 5,>b>0, t,>c>0 and 0<d<nr,[A|*<e<?2

Then the sequence {x,} converges strongly to a point zy € G0N A~Y(B~10),
where 29 = Pg-10n4-1(B-10)T1-

Using Theorem 3.3, as in the proof of Theorem 4.5, we get the following theorem
for the split common null point problem in two Banach spaces by Takahashi [27].

Theorem 4.7. ([27]) Let E and V' be uniformly convex and smooth Banach spaces
and let Jg and Jy be the duality mappings on E and V', respectively. Let G and
B be mazximal monotone operators of E into E* and V into V*, respectively. Let
Js and Q) be the metric resolvents of G for s > 0 and B for t > 0, respectively.
Let A: E — V be a bounded linear operator such that A # 0 and let A* be the
adjoint operator of A. Define G := G710 N A~ (B~10) and suppose G # 0. For
r1 € E and Cy = E, let {z,} be a sequence generated by

(2, = Tp — Tt A Ty (Azy, — Q1 Axy),

Yn = Js, %n;

Con={z€FE:{(z,— 2 Je(x, — 2,)) >0},

Dy ={2€ E: (20— 2,J5(20 —yn)) > ll2n — vall*},
Qn={z€E:(x,— 2z Jeg(x; —x,)) > 0},
(Tnt1 = Po,np,n@.T1, Vn €N,

where where b,c,d € R and {r,} C (0,00) satisfy the following:

S, >b>0, t,>c>0 and 0<d<r,< TA[?
for all n € N. Then the sequence {x,} converges strongly to a point zy € G,
where zg = Pgx.
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