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1. Introduction

Let H be a separable Hilbert space with the norm || - ||, the metric d(-,-), the
scalar product (-, -), and the null element ©. We introduce the following notation:
R* = [0, 4+00), Rt = [0,+00], T = [0,a] C R*, a > 0, B C H is the unit open
ball centered at ©, B is its closure, C: T = H is a multivalued mapping with
nonempty convex closed values, F': T' x H = H is a multivalued mapping with
nonempty closed values.

The excess exc (C(s),C(t)), s <t, s,t € T, of the set C(s) over the set C(t) is
defined as follows

exc (C(s),C(t)) = sup{d(z,C(t)); = € C(s)}.

For a positive Radon measure v on T denote by LL(T, H) the space of all equiv-
alence classes of v-measurable mappings u: T" — H such that the function ¢t —
|u(t)|| is v-integrable with the standard norm. The space LL(T, H) endowed with
the weak topology is denoted by w-LL(T, H).

Positive Radon measures o and (3 on 1" are called absolutely continuously equivalent
if they are mutually absolutely continuous with respect to each other.

Let BV, (T, H) be the space of all right continuous functions of bounded variation
u: T — H with the topology of uniform convergence on 7' and cl(H) be the
collection of all nonempty closed sets from H with the Hausdorff metric

haus(A, B) = sup{exc(A4, B),exc(B, A)}.

Since the metric haus(+, -) may admit infinite values on the space cl(H), it is called
the generalized Hausdorff metric.

In the rest of the paper, i is a positive Radon measure on 7', A is the Lebesgue
measure and we always assume that the following inequality holds

exc (C(s),C(t) < u(s,t]), s<t, s,teT. (1.1)
Consider the measurable sweeping process [5, 12]:
—du € N(C(t);u(t)) + F(t,u(t))d\, te€T, u(0)=uye C(0), (1.2)

where N (C(t); z) is the normal cone in the sense of the convex analysis of the set
C(t) at a point z € C(t) and F: T x H — cl(H) is a multivalued perturbation.

Along with inclusion (1.2) we consider the following sweeping process

—du € N(C(t);u(t)) +co F(t,u(t))d\, teT, (1.3)

where ¢o stands for the closed convex hull of a set.

Definition 1.1. By a solution of inclusion (1.2) we mean a pair (u(g), §) such
that:

(1) u(g) € BV(T, H), w(3)(0) = uo, g € Ly(T, H), u(9)(t) € C(t), t € T}
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(2) there exists a positive Radon measure v absolutely continuously equivalent
to the measure \ + p such that the differential measure du(g) generated by
the function u(g) is absolutely continuous with respect to the measure v;

3) the density o) ¢ L1 (T , H) of the measure du(g) with respect to the measure
dv A
v and the function g satisfy the following inclusions

du(g o dA .
M0 4 a0 D0 € NCO@®) v, (L)
v dv
G(t) € F(t,u(g)(t)) Xae. (1.5)
Here, 2(t) is the density of the measure A with respect to the measure v.

A solution of inclusion (1.3) is defined similarly replacing in the above definition
inclusion (1.5) by the inclusion

G(t) €@ F(t,u(d)(t) A ae. (1.6)

Definition 1.1 is a reformulation of Definitions 2.1 [5] and 2.2 [12] adapted to
inclusion (1.2). This definition provides us with a simple control system (1.4)
with a trajectory u(g), a control g, and the control constraint (1.5). Hence, in
what follows, if (u(g), g) is a solution to inclusion (1.2), by analogy with control
systems, the function u(g) is called a trajectory corresponding to the perturbation
g. The set of all solutions to inclusion (1.2) is denoted by Rp(ug) and the set of
all trajectories by Trp(ug). Similarly, Res r(uo) and Tre p(uo) denote the sets of
all solutions and trajectories, respectively, of inclusion (1.3).

We assume that the mapping F': T x H — cl(H) enjoys the following properties.

Hypotheses H(F) :
(1) the mapping t = F(t,x), x € H, is measurable [7];

(2) haus (F'(t,z), F(t,y)) < k@)||lz —y| X a.e., (1.7)
v,y € H, v #y, k(-) € LY(T,RY), k(t) >0, t € T;

(3) d(©,F(t,0)) < c(t) Nae., c(-) € LY(T,R"), c(t) >0, t € T; (1.8)

(3%) I1F(t, ©)Il = sup{lvll; v e F(t,0)} <ct) Aae; (1.9)

(4) for all p > d(0,C(t)), teT, the set C,(t) = C(t)Np- B C H is compact.

1.1. Main results

Theorem 1.2. Let inequality (1.1) hold. Then:

(1) if Hypotheses H(F)(1)—(3) are valid, then the set Rp(ug) is not empty;
(2) if Hypotheses H(F)(1),(2),(3*) are valid, then we have

Rer(uo) = Rr(uo), (1.10)
where the bar stands for the closure in the space BV, (T, H) x w- L}(T, H).
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Theorem 1.3. Let inequality (1.1) and the Hypotheses H(F')(1), (2), (3*), (4) hold.
Then the set Resr(ug) is a compact subset of the space BV, (T, H) x w-L}(T, H)

and we have Resr(ug) = Rr(ug).

The statement (1) of Theorem 1.2 is an existence theorem for a solution of in-
clusion (1.2) with a perturbation whose values are closed, nonconvex, unbounded
sets while the statement of Theorem 1.2(2) is a relaxation theorem.

In the case when Hypotheses H (F')(1)—(3) hold, equality (1.10) is valid if the space
Li(T, H) is endowed with the so-called weak norm (see (2.11) and Corollary 5.4).

A survey of results on the existence of solutions to inclusion (1.2) in the sense
of Definition 1.1 is given in the work [12]. Only one of the references in this
survey (namely, the article [5]) deals with a multivalued perturbation which admits
convex compact values. All the other works, in particular [12], consider either a
single valued perturbation or no perturbation at all. The present paper continues
the research initiated in [14], where one studied the existence of solutions and the
compactness of the solution set for inclusion (1.2) with a convex and compact
valued perturbation. Unlike [5] treating only the existence of solutions, in [14] the
compactness of the solution set was proved. In addition, the assumptions on the
perturbation F'(¢,z) in [14] are more general than those in [5].

To the best of the authors’” knowledge, inclusion (1.2) with a perturbation F'(¢, x)
having closed nonconvex values has never been considered in the literature before.

Our article consists of five sections. In the first section, Introduction, we state
our problem and present the main results. In Section 2, we give main notations,
definitions and recall some facts necessary for our investigations. In Section 3, we
prove several auxiliary results. Section 4 explores the existence of a solution to
inclusion (1.2). In the last Section 5, we prove the relaxation theorem establishing
a connection between the solutions of inclusions (1.2) and (1.3).

2. Main notations, definitions and preliminaries

Let B be the o-algebra of all Borel sets of the interval T' = [0,a]. Both scalar
and vector measures defined on B are called Borel or Stieltjes measures [4, p. 358].
Since every positive scalar Borel measure is regular [4, p.358], it is a Radon
measure in the sense of Definition 1.5 in [8]. Hence, in what follows, by positive
Radon measures we mean positive scalar Borel measures. For convenience, one
says that Borel measures are defined on 7" instead of the o-algebra B.

A positive Radon measure v is absolutely continuous with respect to a positive
Radon measure p, if from p(B) = 0, B € B, it follows that v(B) = 0. If the
converse also holds, then the measures i and v are called absolutely continuously
equivalent.

In the rest of the paper, A is the Lebesgue measure on T'. The variation |m/|: B —
R* of a measure m: B — H is defined as follows:

m|(A) =sup ) [ m(A)], A€ B,

i€l
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where the supremum is taken over all finite families {A;}, i € I, of mutually
disjoined sets A; € B, J,c; Ai = A [4, Proposition 2, p. 32]. If |m|(T") < oo, the
measure m is called a measure with bounded variation. In this case, the variation
|m| of the measure m is a positive Radon measure.

A measure m: B — H with bounded variation is called absolutely continuous
with respect to a positive Radon measure pu, if the measure |m| is absolutely
continuous with respect to the measure p. If a Stieltjes measure m: B — H
with bounded variation is absolutely continuous with respect to a positive Radon
measure g, then according to the Radon—-Nikodym theorem [3] there exists a
function /m € L, (T, H) such that

m(A) = /Am(r) du(t), Ae€B.

The function m(t) is called the density of the measure m with respect to the
positive Radon measure p and is denoted by ‘Z—Zl(t), teT.

Theorem 2.1. Letu: T — H be a right continuous function of bounded variation.
Then, there exists a unique Stieltjes measure of bounded variation m: B — H such
that for 0 < c < d < a the following equalities hold:

m(le,d]) = u(d) —u(c), m([c,d]) = u(d) — u(c —0). (2.1)

Theorem 2.1 can be found in [4, p. 358, Theorem 1].

In different terminology (see, e.g., [5, 12, 10]), the measure m(-) is called the
differential measure generated by the function v and is denoted by du.

From (2.1) it follows that u(t) = u(s) + / du, (2.2)
Is,]
and u(t) =u(s —0) + / du, s<t, s, teT. (2.3)
[s:t]
Ifue LT, H) and u(t) = u(0) + / a(t)dv(r), teT, (2.4)
10,2]

then the function wu(t) is a right continuous function of bounded variation, the
differential measure du generated by u is absolutely continuous with respect to
the positive measure v, u(-) is the density of the measure du with respect to the
measure v, i.e.

du .
E(t) =u(t) v ae., (2.5)

and for the variation |du| of the measure du we have the equality

\dul(]s, 1]) = / la(r)||dv(r), s<t, steT. (2.6)

Js:t]
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Let the Lebesgue measure A be absolutely continuous with respect to a positive
Radon measure v, %(t) be the density of the measure A with respect to the
measure v, 4 € L} (T, H), and

u(t) = /1)(7') d\(1), teT.
10,¢]
Then, u(t) = / a(r) dA(r) = / a(T)%(T) du(r), teT, (2.7)

10,¢] 10,¢]

u(t) is a right continuous function of bounded variation, the differential measure
du generated by wu is absolutely continuous with respect to the measure v and we

have v a.e. the equality

du N2
) = alr) o). (23)

Let T(t,r) =[t—r,t+r]NT, TT(t,r) = [t,t+r]NT, T (t,r) =[t —r,t]NT,
r>0,teT. If a function u: T'— H of bounded variation is right continuous and
the differential measure du generated by w is absolutely continuous with respect
to a positive Radon measure v, then for the density 2%(¢) of the measure du with
respect to v we have [11]:

du,. . du(T(t,r)) . du(TH(t,r) . du(T(t,7))
oD =y T T e ey YA (29

The space of all right continuous functions of bounded variation w: T — H with

the topology of uniform convergence on 7" is denoted by BV, (T, H). The topology
of the space BV, (T, H) is induced by the norm [14]:

[u()l v, = sup{[lu(®)]; ¢ € T}.

Let U € BV (T, H). The set U is called right equicontinuous at a point s € [0, a,
if for any € > 0 there exists 0 > 0 such that ||z(s) — z(t)| < ¢ for all z(-) e U
and t €]s, s+ d[. The set U is called left equicontinuous at a point s €]0, a], if for
any € > 0 there exists § > 0 such that ||z(s —0) — z(¢)|| < e for all z(-) € U and
t€ls—9,s[

The set U is called unilaterally equicontinuous on T, if it is simultaneously right
and left equicontinuous at every point s €]0, a[, right equicontinuous at the point
0 and left equicontinuous at the point a.

A family U of functions of bounded variation w: T — H is called uniformly
bounded in variation if there exists a constant M > 0 such that the variation
Var(u) on T of every function u(-) € U satisfies the inequality

Var(u) < M. (2.10)

If inequality (2.10) holds for the norms |lu(-)|sv,, u(-) € U, then we call the
family & uniformly bounded in norm.
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In the space L} (T, H) along with the standard norm

1l = / 1£() ] dA(r)

we consider the so-called “weak” norm:

/5 (r) )

The space L} (T, H) with the norm (2.11) is denoted by |w|-L}(T, H).

£l = sup : (2.11)

0<s<t<a

It is evident that the norm (2.11) is equivalent to the norm

f(T)dX(7)

1l = sup \
teT [0,t]

Recall that the space L} (T, H) endowed with the weak topology is denoted by
w-L3(T, H).

3. Auxiliary results

In this section, we state several auxiliary results which we will use to prove the
main results of the paper.

Lemma 3.1. [13] Let V C w-L)\(T, H) be a compact set. If a sequence f, € V,
n > 1, converges to f in the space L}(T, H) endowed with the “weak” norm (2.11),
then it converges to f in the space w-L\ (T, H).

Theorem 3.2. [14] Let U C BV, (T, H) and the following conditions be fulfilled:
(1)  the setU(t) = {u(t); u(-) eU} C H, t € T, is relatively compact;

(2)  the set U is unilaterally equicontinuous;

(3)  the set U is uniformly bounded in variation.

Then, the set U is a relatively compact subset of the space BV, (T, H), i.e. any
sequence u,(-) € U, n > 1, contains a subsequence u,, (-), k > 1, uniformly
converging on T to some function u(-) € BV, (T, H).

Corollary 3.3. On every unilaterally equicontinuous and uniformly bounded in
variation setUU C BV, (T, H) the topologies of pointwise and uniform convergences
on T coincide.

Theorem 3.4. [14] Letu,v: T'— H be two right continuous functions of bounded
variation and their differential measures du and dv be absolutely continuous with
respect to a positive Radon measure v. Then, the function w = u + v is a right
continuous function of bounded variation, its differential measure dw is absolutely
continuous with respect to the measure v and for the densities %2(t), 94(t), 4(¢)
of the measures dw, du, dv with respect to the measure v we have

dw du dv
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Define - / Fr)dN(r), teT, e LT, RY), (3.1)
10,¢]

where 79 > ||uo||, uo € C(0). The function r(t) is a function of bounded variation,
its differential measure dr is a positive Radon measure absolutely continuous with
respect to the measure .

Let p be a positive Radon measure and

v(r) = p+dr + A (3.2)

The measure A is absolutely continuous with respect to the measure v(r) and the
measures v(r) and g+ A are absolutely continuously equivalent.

Consider the multivalued mapping U: T' = H,

Ult)=7t)-B, teT, (3.3)

which is measurable with closed bounded values.

Consider the differential inclusion
—du € N(C(t);u(t)) +U(t)dN, u(0) =uy € C(0). (3.4)

A solution to inclusion (3.4) is defined similarly to that for inclusion (1.2) changing
F(t,u(t)) by U(t). The set of all solutions to inclusion (3.4) is denoted by Ry (uo)
and the set of all trajectories by Try(ug). Let

S(7) ={9() € LT H); 90 <#(t) Nae}.

It is evident that if (u(g),§) € Ry(uo), then u(g) is a solution to the differential
inclusion

—du € N(C(t);u(t)) + g(t)d\, u(0) =wuo € C(0), geS(). (3.5)
The inverse is also true, i.e. if u(g) is a solution to inclusion (3.5) with g € S(7),
then (u(g), g) is a solution to inclusion (3.4).
Denote by Rg(ug) the set of all solutions to inclusion (3.5) with g € S(7).

Theorem 3.5. Let inequality (1.1) hold. Then:
(1)  the sets Ry(ug) and Rs(ug) are not empty;
(2)  the equality Try(ug) = Rs(ug) holds and for any g € S(7) the function
u(g) € Try(ug) is a unique solution to inclusion (3.5) such that
du(@), . dx
- t)— gt
dy('r’)( )4l )du(r)

eN(C(t),u(g)(t) v(r)a.ce; (3.6)

(3)  for any u(g) € Try(uo) the following inequality holds for s <t, s,t € T :

lu(@)(t) — w(@) ()| < v(r)(s, 1) + dr(]s, i]);
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(4)  for any (u(g:),9i) € Ru(ug), i = 1,2, we have the inequality

lu(@n) () — ulga) ()] < /

10,t

| 191(7) = G2(7)|dA(T), t € T; (3.7)

(5)  the set Try(up) is uniformly bounded in norm and in variation;

(6)  the set Try(uo) is unilaterally equicontinuous.

Theorem 3.5 directly follows from Theorem 4.2 in [14].
Let §; € L\(T, H), i =1,2,

ai(t) :/ G(r)NT), tET, i=12, (3.8)
10,2]

|dg;|, © = 1,2, be the variations of the differential measures dg; generated by the
functions g;.

Corollary 3.6. Let inequality (1.1) hold. Then, for any g; € L3\(T, H), i = 1,2,
inclusion (3.5) has a unique solution u(g;) satisfying the inclusion

du(@) .. dA ) o
) 4) — 0 G ENCWu@W) e, i=12 (39
where vi=pu+|dgl+ A, i=1,2, (3.10)

and inequality (3.7) holds.

Fix i and let 7(t) = ||g:(t)|| A a.e. Then, from (2.6), (3.1), (3.8) it follows that
dr = |dg;|. (3.11)

Using (3.10), (3.11), (3.2), (3.3) and Theorem 3.5 we see that inclusion (3.5) has
a unique solution satisfying (3.9).

To obtain inequality (3.7) for any ¢; € L3 (T, H), i = 1,2, it is enough to take

P(t) = g + llg=()]] A ace.

in (3.3) and apply Theorem 3.5.

Lemma 3.7. Let ¢,(t) = / G«(T)d\(T), 9. € Ly(T, H), (3.12)
10,1]
Cg.(t) =C(t) + g.(t), teT. (3.13)
Then,
(1) exc(Cou(s),Can®) < plls,t]) + ldgul(s,6), s <t steT;  (3.14)

(2)  weN(Cgl(t),2), teT, z€ Cg.t), if and only if w € N(C(t),x)
and x = z — g.(t).
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Proof. From (3.13) we derive

exe (Cgu(5), Caa(t)) < exc (C(5), CH) + lgn(t) — u(3)ll, s <t, 5.t €T,
Now, inequality (3.14) follows from the last inequality and (1.1), (3.12), (2.5),
(2.6).

Let w € N(Cg.(t),z), 2 € Cg.(t). Then, according to (3.13) for an arbitrary
y € C(t) there exists v € Cg.(t) such that y = v — ¢.(¢). From the definition of
the normal cone N (Cy.(t),-) it follows that (w,v — z) <O0.

From this inequality and (3.13) we obtain
(w,y—x) <0, z=2-g.t), z€C()
Since y € C(t) is arbitrary, we have w € N (C(t), x).
If we N(C(t),z), z € C(t), then the inclusion
w e N(Cyu(t),2), z=x+g(t), z€ Cg.lt),

is proved similarly. [

Let v(g:) = p+ |dg.] + A, (3.15)

where dg,. is the differential measure of the function g¢.(t) defined by equality
(3.12). In view of Corollary 3 inclusion (3.5) has a unique solution u(g.) for which
the inclusion
du(g.) . d\
— t) — g«(t
o) V)

is valid v(g.) a.e. Consider the inclusion

€ N(C(t); u(g.)(t)) (3.16)

—dz € N(Cg.(t); 2(t)) + f(t)dX,  2(0) = uo € C(0), fe LA(T,H). (3.17)

From inequality (3.14) it follows that the measure u(g.) = p + |dg.| for inclusion
(3.17) is a counterpart of the measure p in inequality (1.1). Let

f)=| J@d(r), teT,

10,¢]
df be the differential measure generated by the function f and
v(f) = wlge) +ldf | + A = p+ dg.| + |df[ + A. (3.18)

From inequality (3.14) and Corollary we see that inclusion (3.17) has a unique

A A A

solution z(f), 2(f)(0) = uo, the differential measure dz(f) generated by the func-
tion z(f) is absolutely continuous with respect to the measure v(f) and for the

density gigg (t) of the measure dz(f) with respect to the measure v(f) we have

dA
dv(f)

_dz(f)

(f) € N(Ca.(t);2(f)(1))  w(f) ae. (3.19)

(t) = f()

QU
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Lemma 3.8. A function z(f), 2(f)(0) = ug, is a solution to inclusion (3.17) if
and only if the function

t) = 2()(t) = g-(t) (3.20)

is a solution to inclusion (3.5) with

u(

9ty = ft) +3.(t) Aae, (3.21)
u(@)() = (7)) — g.(0). (322

Proof. Let z(f), z(f)(0) = uo, be a solution to inclusion (3.17). Then, inclusion
(3.19) holds true. According to (3.18) the measure X is absolutely continuous with
respect to the measure v(f). Then, from (3.12) it follows that the measure dg.
is absolutely continuous with respect to the positive Radon measure v(f). With
the help of (2.8) we obtain

dg. . ... dA
av(p) D = O

From Theorem 3.4 and (3.19), (3.23) we have

v(f) ae. (3.23)

dA
dv(f)

— = (1) — (3.(8) + (1)) € N(Cg.(t); 2(t)) v(f)ace.

Employing this inclusion and Lemma 3.7 we obtain

A

Cd(=(f) —g4)
dv(f)

dA
dv(f)

(t) = (3:(0) + /(1)) eN(CW):2(N)(t) = g-(1))  (3:24)

~

v(f) ae. Since the function z(f)(t) — g.(t), 2(f)(0) — g.(0) = ug, is a right
continuous function of bounded variation, the differential measure d(z(f) — g.)
generated by this function is absolutely continuous with respect to the measure
v(f), and the measures p + A and v(f) are absolutely continuously equivalent,
from (3.24) it follows that the function u(t) defined by (3.20) is a solution to
inclusion (3.5) with g(t) satisfying equality (3.21), i.e. equality (3.22) holds.

Let now a function u(g), u(g)(0) = wug, be a solution to inclusion (3.5) with §()
defined by (3.21). According to Corollary 3 for

v(g9) = p+ |dg| + A and g(ﬂz[ |
0,

9N = [ (a.(7) + F)drr)

10,¢]
we have the following inclusion v(g) a.e.

du(§) ) A

€ N(C(t);u(g)(t))- (3.25)
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Since the measure \ is absolutely continuous with respect to the measure v(g),
from (3.12) we infer that the measure dg, is absolutely continuous with respect
to the Radon measure v(g). Hence, in view of (2.8) we have

v(g) a.e. (3.26)

Next, from Theorem 3.4 and (3.25), (3.26) we obtain

d(u(g) + g.) . dN o
—T@<t) —f (t)m e N(C);u(@)®) v(g)ae.

Then, from Lemma 3.7 we deduce that

d(u(g) +g.)
dv(g)

d\

() - f(t)m € N(Cyu(t);u(g)(t) + g.(t)) v(g)ae. (3.27)

~ ~

Since the function z(f)(t) = w(g)(t) + g.(t), t € T, 2(f)(0) = wy, is a right
continuous function of bounded variation the differential measure dz(f) of which
is absolutely continuous with respect to the measure v(g), and the measures p +
|dg.| + A and v(g) = pu + |dg| + A\ are absolutely continuously equivalent, from
(3.27) it follows that the function z(f)(t) = u(§)(t) + g«(t), t € T', is a solution to
inclusion (3.17). O

From Lemma 3.8 it follows that for a solution w(g.)(t), u(g«)(0) = ug, of inclusion
(3.5) with g(t) = g.(t), t € T, we have
u(g.)(t) = 2(0)(t) — 9.(1), (3.28)

where z(0)(t), 2(0)(0) = ug, is a solution of inclusion (3.17) with f(t) = ©, t € T.

4. Existence of solutions

In this section, we prove the existence of solutions to inclusion (1.2).

According to Corollary 3 for any g € L} (T, H) inclusion (3.5) has a unique solution
u(g), u(g)(0) = ug. If g; € LY(T, H), i = 1,2, then the solutions u(g;), u(g;)(0) =
ug, @ = 1,2, of inclusion (3.5) satisfy inequality (3.7).

Let u(0),u(0)(0) = ug, be the solution to inclusion (3.5) with §(t) = ©,t € T.
Then, in view of (3.7) for any g € L}(T, H) we have

[u(9)(t) —u(@)D)] < /M [9(T) 1A (T). (4.1)
Assume that d(©, F(t,u(®©)(t)) <alt) Xae., (4.2)

a(-) € LY(T,R"), a(t) > 0, t € T. Consider the differential equation

r(t) =a(t) + kt)r(t), teT, r0)=ry>0, (4.3)
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which has the unique solution

r(t) = roe™® +/ em(t)_m(s)a(s) dA(s), m(t) :/ k(T)d\(r), teT, (4.4)
10t

10,¢] ]

where k(+) is the function appearing in inequality (1.7).

Since A is the Lebesgue measure, in the rest of the paper, in place of dA(7) and A
a.e. we write as usual d7 and a.e., respectively.

Theorem 4.1. Let Hypotheses H(F)(1),(2) and inequality (4.2) hold. Then, for
any ug € C(0) inclusion (1.2) has a solution (u(g),g), u(g)(0) = ug, satisfying the
inequalities

[u(@)(t) —u@)O <r(®), teT, gt <7(t) ae. (4.5)

Proof. Let Ult,u) = F(t,u +u(©)(t), uecH tcT. (4.6)

From Hypotheses H(F')(1), (2) and (4.2) it follows that the map U: TxH — cl(H)
enjoys the following properties:

(a) the mapping t = U(t,x) is measurable;
(b) haus (U(t,u),U(t,v)) < k(t)||lu —v| a.e. u,v € H, u#wv; (4.7)
(c) d(©,U(t,u)) < a(t)+ k(t)||u| ae., ueH. (4.8)
From this inequality, (4.7) and (4.3) it directly follows that

U(t,u)()#()B C U(t,v) + k(t)|u — v[| B a.e., (4.9)

for ||u|| < r(t), ||v|]| < r(t), t € T, where r(t) is the solution of the differential
equation (4.3). Construct by induction a sequence y,;41(t), g;(t), ¢ = 0,1,2,...,
with the properties

wot) =0, wyinr(t) = u(g)(t) —u(©)(t), teT, (4.10)

where u(g;)(t) is the solution of inclusion (3.5) with g = ¢; € L}(T, H),

gi(t) € U(t,y:(t)) ae., (4.11)
1g:(O)]| < 7(t) ae., |y (O <r(t), LT, (4.12)
19:(t) = i (Dl < k@)[lya(t) —yia )| ace., i =1, (4.13)

< k(t){rOM +/] m(®) - mgs)]i_la(s) ds} a.e., i>1, (4.14)

yir1(t) — v < 7o m(®)f —l—/ () _.'m(s)]ia(s) ds. (4.15)
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From (4.8), (4.10) we deduce that
ap(t) :==d(O,U(t,yo(t)) < a(t) a.e. (4.16)

Since the function a(t) is measurable and
CY()(t) <

from (4.16) it follows that the mapping

= U(t,yo(t))ﬂwﬁ

is measurable with nonempty closed values. Then [7], there exists a measurable
selector go(t) of this mapping satisfying the inequality

lgo(t)|| < alt) a.e., Go(t) € U(t,yo(t)) a.e. (4.17)

From (4.1), (4.3), (4.10), and (4.17) it follows that

190@)|| < 7(t) ae., |yl <r), t €T, (4.18)
[N = [[u(g0) () — u(©) ()] < /]m] a(s)ds <r(t), teT. (4.19)

Using (4.9), (4.17)—(4.19) we obtain
d(go(t), U(t,51 (1)) < k@)[[on(t) = yo(B)]| a-e. (4.20)

when [y (t) — yo(t)|| # 0.

Let To = {t € T ||y1(t)|| = 0}. As the function t — ;(t) is Borel, the set Ty is
measurable. Since the function aq(t) := d(go(t), U(t,y1(t)) is measurable and

ay(t) + k(O)[ly (D]
2

ay(t) < < k@l @, ¢ & To,

the multivalued mapping

t= U un)[) (Qo(t) L als ké”””“”'?) . teT\To

is measurable with nonempty closed values. Hence, there exists a measurable
selector g;(t) of this mapping defined on T\7y. Let ¢i(¢t) = §;(¢t), t € T\To,
gl(t) = go(t), te 76 Then,

g1(t) € U(t,y1(t)) a.e. and, (4.21)

19:(8) = Go(®)II < k(B)ly2(t) — (B[] a-e. (4.22)
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From (4.17), (4.3), (4.19), (4.22) it follows that

lg1 ()] < alt) + k(t) <r0 + At] a(s) ds) < a(t)+ k(t)r(t) a.e. (4.23)

From this inequality, (4.1) and the equality

ly2(D)[] = [lu(g1)(t) — u(©)(@)]] (4.24)
we obtain g1 ()] < 7(t) ae., |yt)| <r(t), teT. (4.25)

Using (3.7), (4.3), (4.19), (4.22) we see that
g1(t) — Go <k 70 a(s)ds a.e., 4.26
16:(0) — a0t} < k() ( +/M (5) ) (4.26)

1y2(8) = (D] = [lu(g2)(t) — w(go) (B <

< /m Ko (r0+ /m (s ds) dr = rym(t) + A} K ( A) a0 ds) dr.  (4.27)
Since /}0 ) ( A) RC ds) dr — A) ) A)  HrJats)dds (4.28)
_ /m k) < /] o6 ds) dr — /m mitgals)ds (4.29)

_/m] oe) (A)] H(7) dT) ds = /M [m(t) —m(s)]a(s)ds,  (4.30)

from (4.27) it follows that
1%2(8) = y2 (D) < rom(t) + /M (m(t) — m(s)la(s) ds. (4.31)

From (4.21), (4.22), (4.25), (4.26), (4.31) we deduce that relations (4.11)—(4.15)
hold for ¢ = 1.

Suppose that we have constructed y;(t) = u(g;—1)(t) — u(©)(t), gi—1(t) satisfying
(4.11)-(4.15). In particular,

gi-1(t) € U(t,yi1(t)) ace.,
1gi2 @D <7(t) ae, (@ <r@), Ny <r(t), teT.

From these inequalities and (4.9) it follows that

gi—1(t) € U(t,yi1(1)) ﬂf“(t)B C U yi(t) + kOllvi(t) — yia ()| B ace.
According to this inclusion we have

d(gi-1(t), Ut yi(t) < k@®)yi(t) —yiai (D)l ae.,
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when ||y;(t) — y;—1(t)|| # 0. Reasoning as above, we conclude that there exists a
measurable function g;(¢) such that

g:(t) € U(t,y:i(t)) a.e., (4.32)
19:(t) = gia N < K@) lyi(t) = yia (D] ace. (4.33)
From (4.33) we see that

16:()1 < k(t) Z 195(8) = w1 (O + g0 @)]]-

Using the last inequality, (4.15), (4.17) we obtain

. o [mB) = m(t) —m(s)}
1@ < k(D) [02% | g o 2; /] ﬂ[ . W o(s)ds| +a(t) ac.
(4.34)
Since 1+%+...+%§ez, z >0,
from (4.4) we deduce that
lG:(0)] < alt) + k(t)r(t) =r(t) ae. (4.35)
Then, according to (4.1), (4.10) we have
[ (O = lu(gi) (t) —w(@)(D)] < r(t), teT. (4.36)
Using (4.33), (4.15) we obtain
1G:(t) — gima (D] <
@, [ ) (Pt ]
< k(t) [ro (=D —i—A)ﬂ (1) (s)d €. (4.37)

From (4.37), (3.7) and the equality

14i41(8) = wi®)| = l[u(g:)(t) — w(gi) (D], ¢ €T,

it follows that inequality (4.15) holds for i. Indeed, it is enough to compare the
derivative of the right-hand side of inequality (4.15) with the right-hand side of
inequality (4.14) and take into account the fact that the left- and right-hand sides
of the inequality (4.15) equal zero when ¢ = 0.

From (4.32)—(4.37) it follows that relations (4.11)—(4.15) hold for y;1(t), §;(t) and
the sequence y;11(%), g;(t), i > 0, is thus constructed.

From (4.37) we infer that the series Y ||gi+1(t) — §:(t)]| converges almost every-
i=0

where. Therefore, g;(t), i > 1, is a Cauchy sequence for a.e. ¢t € T'. Consequently,

the sequence §;(t), ¢ > 1, converges almost everywhere to a measurable function

g(t).
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From (4.12) it follows that lg()]| < 7(t) a.e. (4.38)

Hence, the sequence g;(t), i > 1, converges to ¢ in the space L} (T, H). Let u(g)
be the solution to inclusion (3.5). Then, according to Corollary 3 from inequality
(3.7) it follows that

lu(@)(t) — u@) ()] < / l(s) = Gi(s) | ds, i >0.

10,2]

From this inequality we infer that the sequence u(g;), ¢ > 1, converges to u(g)
in the space BV (T, H). Consequently, the sequence y;1(t) = u(g;)(t) — u(©)(t),
i > 0, converges to y(t) = u(g)(t) — u(O)(t) in the space BV, (T, H). According
to (4.12) we have

Ly = [[u(@)(t) —u@)(O)]| <r(t), t€T. (4.39)
Using (4.9), (4.11), (4.12), (4.39) we obtain
d(:(t), U(t, y(t)) < k(6)lys(t) —y(0)] a-e.

Passing in this inequality to the limit as ¢ — oo and taking account of (4.6) we
deduce that

g(t) € U(t,y(1)) = Ut u(g)(t) —u(®)(t)) = F(t,u(g)(t)) a.e. (4.40)
From (4.38)—(4.40) it follows that (u(g), §) is a solution to inclusion (1.2) satisfying
inequalities (4.5). O

Corollary 4.2. Let Hypotheses H(F)(1) — (3) hold. Then, for any uy € C(0)
inclusion (1.2) has a solution.

From H(F)(2),(3) it follows that d(©, F(t,u(0)(t)) < c(t) + k(t)||w(©)(t)| a.e.
Hence, in inequality (4.2) the function c(t) + k(t)||u(©)(t)|| can be taken as the
function a(t).

Remark 4.3. A solution (u(g),g), u(§)(0) = wuyg, of inclusion (1.2) which exists
according to Theorem 4.1 satisfies inclusion (1.4) with the measure v = p+dr+ A,
where r(t) is the solution of Eq. (4.3) and dr is the differential measure generated

by 7(t).

Remark 4.4. The inequalities (4.5) are also valid for the solution r(t) of Eq.
(4.3) with r(0) = 0.

5. Relaxation

In this section, we prove the relaxation theorem.

Let # € Ly(T;R™), r(t), t € T, be the function defined by (3.1), v(r) be the
measure defined by (3.2), and U: T' =2 H be a measurable multivalued mapping
with convex compact values satisfying the inequality

|| = sup{||v||; v e U(t)} < 7(t) a.e. (5.1)
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Denote by Sy the collection of all measurable selectors of the mapping ¢t = U(t).
The set Sy is nonempty, compact, and metrizable in the topology of the space
w-L3(T, H).

Theorem 5.1. Let inequality (1.1) hold. Then, for any sequence g, € Sy, n > 1,
converging in the space w-L)\(T,H) to §o, the sequence u(g,), n > 1, of the
solutions of inclusion (3.5) with § = g, converges in the space BV, (T, H) to the
solution of inclusion (3.5) with g = go.

Proof. From Theorem 3.5 it follows that the sequence u(g,), n > 1, is a unilat-
erally equicontinuous, uniformly bounded in norm and in variation subset of the
space BV, (T, H). From Theorem 2.1 [9, Chapter 0] it follows that there exists a
subsequence u(gy, ), k > 1, of the sequence u(g,), n > 1, converging pointwise
in the weak topology of the space H to some function of bounded variation w.
Using (3.6) and [12, Proposition 3.3] we obtainfor t € T

5 14(.,)(6) — u(@0) ()] <

< [ 060)0) ~ w0 () () (), (52

Since the function w is integrable, similarly to inequality (5.19) in [14] from in-
equality (5.2) we obtain

5 () () — u(@0) ()] <

< A),t] (U(Gn,, ) (1) — w(T), §o(T) = Gn,, (7))dT +
+/ (w(T), Go(T) — G, (7))dT, t €T. (5.3)
10,¢]

The fact that g,, (1) € U(T), k > 1, implies that the set {go(7) — G, (7);k > 1} C
H is relatively compact for almost every 7 € T..

From the boundedness of the sequence u(g,, )(7) —w(7), k> 1, 7 € T, in H it
follows that the sequence of functions h — (u(gn, )(7) —w(7),h), k > 1, 71 €T,
is equicontinuous. It is known that on every equicontinuous set the topology of
pointwise convergence coincides with that of uniform convergence on compact
sets. Hence,

~

lm (u(gn, )(7) = w(7), Go(T) = gy, (7)) = 0 ace.

k—oo

Now, from (5.1) and Lebesgue’s dominated convergence theorem we conclude that

lim [ (u(Go,)(7) = w(7), Go(r) = G (7))dr =0, t € T.

k—o0 }Ovt}

The second integral in (5.3) converges to zero since the sequence g, , k > 1,
converges in the space w-L}(T, H) to gy, and the function w(7) is measurable
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and bounded. Therefore, from (5.3) we infer that the sequence u(g,,)(t), k > 1,
converges pointwise to u(go)(¢) in the space H. Then, from Corollary 3.3 we see
that the sequence u(gy, ), k¥ > 1, converges to u(go) in the space BV (T, H).

We have proved that if a sequence g, € Sy, n > 1, converges in the space w-
Li(T, H) to go, then there exists a subsequence §,,, k > 1, of the sequence g,,
n > 1, such that the sequence u(g,,), k > 1, converges in the space BV, (T, H)
to u(go). Suppose that the sequence u(g,), n > 1, does not converge in the
space BV, (T, H) to u(go). Then, there exists a subsequence u(gy, ), k¥ > 1, of the
sequence u(g,), n > 1, such that any subsequence of the sequence u(gy, ), k > 1,
does not converge to u(gp) in the space BV (T, H). Repeating the reasoning above
to the sequence u(g,,), k& > 1, and taking into account the fact that inclusion
(3.5) with g = go has a unique solution u(go), we arrive at a contradiction. O

Let g. € LY(T, H), g.(t) be the function defined by (3.12), and Cg.(t) be the
multivalued mapping defined by (3.13).

Lemma 5.2. Let Hypotheses H(F)(1),(2) hold and assume that for the solution
w(Gs), u(g«)(0) = ug, of inclusion (3.5) with g = g, the inequality

(g« (1), F'(t, §(u)(1)) < alt), (5.4)

a € L3(T,RY), a(t) > 0, t € T holds a.e. Then, there exists a solution (u(g), ),
u(§)(0) = wo, of inclusion (1.2) such that

[u(g)(t) = u(g-) D] < r(t), teT, (5.5)
19() = g.(O| <7(t) a.e, (5.6)
where r(t) is the solution of Eq. (4.3) with r(0) = ry > 0.
Proof. Let U(t,z) = —g.(t) + F(t, 2 — g.(t)). (5.7)
Consider the inclusion
—dz € N(Cg.(t),z(t)) + U(t, z(t)) d\, 2(0) = ug € Cg.(0) = C(0), (5.8)
which we rewrite in the form

—dz € N(Cg.(t), 2(t)) + f(t) d, (5.9)
2(0) = ug € Cg(0), f(t) € U(t, 2(t)). (5.10)

From Hypotheses H(F')(1),(2) it follows that the mapping U(t, z) satisfies the
same hypotheses with F(¢,u) changed by U(t, z). According to (3.28), (5.4), (5.7)
we have

d(©,U(t, 2(0)(t)) = d(g.(t), F'(t, 2(©)(1)) — g.(1))
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Therefore, all the assumptions of Theorem 4.1 are valid for the mapping U (t,2).
According to this theorem inclusion (5.8) has a solution (z(f), f), z(f)(0) = u,

~ A

ft) e U(t,z(f)(t) ae., (5.11)

satisfying the inequalities
12())) = 2@ <r(t), teT, |fO)<i() ae. (5.12)

Using Lemma 3.8 we see that the pair (u(g), g), where u(g) is defined by (3.22)
and g(t) by (3.21) is the solution of inclusion (3.5) with g = §. Since

lu(@)(t) = u(@) (D] = =)&) = 2@) @) t € T, (1) — gl = | F@)I| ae.,
inequalities (5.5), (5.6) follow from inequalities (5.12).

To finish the proof we need to show the validity of the inclusion

g(t) € F(t,u(g)(t)) ae.
This inclusion follows from (3.21), (3.22), (5.7), and (5.11). n

Theorem 5.3. Let Hypotheses H(F)(1) — (3) hold. Then, for any solution
(u(Gs), 9x) € Resr(ug) there exists a sequence of solutions (u(gx), grx) € Rr(uo),
k > 1, such that

w(gr) = uw(ge) in BV.(T,H), (5.13)

Gr — G« i |w|-Ly(T, H). (5.14)

If Hypothesis H(F)(3*) holds instead of H(F')(3), then
Gk — 0. in w-Ly(T, H). (5.15)

Proof. From Corollary 4.2 it follows that the sets Rp(ug) and Res p(ug) are not
empty. Let (u(g«), §«) € Resr(up). Then,

G.(t) €@ F(t,u(3)(t) ae. (5.16)

Denote by Sr and Sz the sets of the measurable selectors of the mappings
t = F(t,u(g.)(t)) and t = ©o F(t,u(g.)(t)), respectively, which are elements of
the space L} (T, H). According to inequalities (1.7), (1.8) we have

d(©, F(t, u(g.) (1)) < c(t) + k(B)[[u(g) @) a-e.

From this inequality it follows that the set S is not empty. Then, from [6,
Theorem 1.5] we infer that

Seor = COSp ’
where the closed convex hull €6 on the right-hand side of this equality is taken
in the space Li(T, H). From this equality and (5.16) we see that g. € c¢oSr.
Therefore, for any € > 0 there exists an element g. € L} (T, H) such that

ga € Cco SF and ||g* - ggHL%\(T’H) <e. (517)
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Let u(g:) be the solution of inclusion (3.5) with ¢ = g.. Then, from Corollary 3
it follows that

Ju(ge)(t) — u(g.) (@) s/ 1G-(7) — §u(7)||dT, t € T.

10,¢]
From this inequality we infer that
w(ge) = u(g.) in BV (T,H) as ¢ — 0, (5.18)

Ge — 0. in L)\(T,H) as ¢ — 0. (5.19)

Fix g.. According to (5.17) there exists a finite collection of elements

9i(-)€Sp, i=1,...,m, (5.20)

n
and numbers a; >0, > " o; =1 such that §. = Z ;G-
i=1

Let U:T'= H be the multivalued mapping
Ut) ={g:(t); 1<i<n}, teT,
which has compact values. Then,
Ge(t) € coU(t) a.e. (5.21)
From (5.20) we see that the function
t = |U@)| = sup{llo]; v e U@)}

is an element of the space L}(T,R"). Hence, from (5.21) and [15, Theorem 2.2
it follows that there exists a sequence v, € L} (T, H), n > 1,

Un(t) € U(t) C F(t,u(g.)(t)) a.e. (5.22)
such that Dy — G in |w|-L)(T, H) asn — oo, (5.23)
Let u(0y,), u(0,)(0) = ug, n > 1, be the solution of inclusion (3.5) with § = 0.
Since the set V = {w € L}(T, H); ||w(t)| < |[U(t)|| a.e.} is convex and compact
in the space w—Li(T, H), from (5.22), (5.23) and Lemma 3.1 we deduce that

Dy — G in w-Ly(T,H) asn — oo.

Since the values of the mapping co U(t) are convex compact sets in the space H,
from (5.22) and Theorem 5.1 we infer that

u(0,) — u(ge) in BVL(T,H) asn — oc. (5.24)
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From (5.18), (5.19), (5.23) and (5.24) it follows that there exists a sequence ¥y, €
LT, H), k> 1,

Uk(t) € F(t,u(g.)(t)) a.e., (5.25)
such that Op — g in |w]-Ly(T, H) ask — oo, (5.26)
w(vg) = u(ge) in BVLC(T,H) ask — cc. (5.27)

If Hypothesis H(F')(3*) holds instead of H(F)(3), the set ¢0 S is convex and
compact in the space w-L)(T, H). Since ¢, € c0Sr, k > 1, from (5.27) and
Lemma 3.1 it follows that

O — g« in w-Ly(T,H) ask — oo. (5.28)
R . 1
Let ax(t) = k(t)l[u(g.:)(t) — u(@e) O] + £ (5.29)
From (5.27), (5.29) it follows that aj € L} (T,R"), ax(t) >0, k > 1,t € T, and
ap —© in Ly(T,RT) ask — oo. (5.30)

According to (1.7), (5.25), (5.29) we have
d(ox(t), F(t, u(0)(t)) < ar(t) ae.

From this inequality and Lemma 5.2 we conclude that there exists a solution
(u(gr), gr) € Rr(ug) such that

[uge)(t) = w(@) (O < ri(t), €T, k=1, (5.31)

|lgr(t) — 0x(®)|| < 71(t) ae., k>1, (5.32)

where r(t), 7:(0) = 0, is the solution of equation (4.3) with a(t) = ax(t). From
(5.30), (4.3), (4.4) it follows that

e — 0 in C(T,R") ask — oo, (5.33)
and e — 0 in Ly(T,RT) ask — oc. (5.34)
Using (5.31), (5.32), (5.26), (5.27), (5.33), (5.34) we arrive at (5.13), (5.14).

If Hypothesis H(F")(3*) holds, then instead of (5.26) we need to use (5.28) and
(5.31), (5.32), (5.27), (5.33), (5.34) to arrive at (5.13), (5.15). O

Corollary 5.4. Let Hypotheses H(F)(1) — (3) and inequality (1.1) hold. Then,
we have

|| ||

Rear(ug) = Rp(uy) (5.35)

where the bar above stands for the closure in the space BV, (T, H) x |w|-L}(T, H),
and

T?"@p'(lbo) = TTF(U(]), (536)
where the bar above stands for the closure in the space BV, (T, H).
In the case when Hypotheses H(F)(1),(2),(3*) hold, equalities (1.10) and (5.36)

are valid.
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Theorem 1.2 now follows from Corollaries 4.2 and 5.4. The equalities (1.10),
(5.35), and (5.36) are usually called relazation.

Proof of Theorem 1.3. From the inequalities (1.7), (1.8) it follows that
[coF (¢, u)|| = sup{|[v]l; v € F(t,u)} < c(t) + k(t)]|u].

From this inequality and Corollary 3 we infer that for any (u(g),§) € Rer(uo)
we have

[u(@) ()] < M+/ (e(7) + k(D) lu(@) (D)) dr, t T, (5.37)

10,¢]

where M = sup{||u(©)(¢)||; t € T}. Using Lemma 5.1 in [14] and (5.37) we see
that for any (u(g), g) € Res r(up) the following inequalities hold:

[u(@) @) <r(t), teT, (5.38)

g <7(t) ae., (5.39)

where r(t) is the solution of the equation
7(t) = c(t) + k(t)r(t), r(0)= M.

From inequalities (5.38), (5.39), Hypothesis H(F')(4) and Theorem 3.5 we deduce

that the following properties are valid:

(1) the set Trep(ug) is uniformly bounded in norm and variation;

(2) the set Trer(up) is unilaterally equicontinuous;

(3) the set U(t) = {u(g)(t); (u(§),q) € Resr(ug)}, t € T, is relatively compact
in H.

Hence, from (5.39) and Theorem 3.2 it follows that the set Res r(ug) is relatively

compact in the space BV, (T, H) x w-Li(T, H).

To finish the proof of Theorem 1.3 it is enough to show that the set Res r(ug)
is closed in the space BV, (T, H) x w-L}(T, H). From inequality (5.39) and the
metrizability of compact subsets of the space w-L} (T, H) we infer that it is enough
to show the sequential closedness of the set Res p(ug).

Let (w(gn), Gn) € Resr(ug), n > 1, converge to (w, go) in the space BV (T, H) X w-
Li(T, H). Then, invoking Hypothesis H(F)(2) and Mazur’s lemma on weakly
convergent sequences we obtain

€ (_]1 mkU co F(t,u(gy)(t)) C @F(t,w(t)) ae. (5.40)

Let u(go) be the solution of inclusion (3.5) with § = go. Then, similarly to (5.3)
we have
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5 lu(G)(0) — (@)D <

w(gn) (1) —w(7), go(T ))dr T) — gu(7))dr. (5.41
SAﬂugx) (7). do(7) - +/M Gu(r))dr. (5.41)
Since

A {3)7) = () 60(7) = (7)) < sup{u3) 1) w0} -2 / #(r) dr,

from the convergence of u(g,), n > 1, to w in the space BV, (T, H), the conver-
gence of g,, n > 1, in the space w-L} (T, H), and (5.41) it follows that

w(gn)(t) = u(go)(t) in H, t €T, asn — oo.

Now, from properties (1), (2) of the set Trep(ug) and Corollary 3.3 we conclude
that
w(gn) — u(go) in BV.(T,H) asn — oo.

Consequently, u(go)(t) = w(t), t € T. Finally, (5.40) implies that (u(go), go) €
Resr(up). And, the theorem thus follows.

Corollary 5.5. Let Hypotheses H(F')(1),(2),(3%),(4) hold. Then, Trep(ug) is
a compact subset of the space BV (T, H) and we have

Tresr(ug) = Tre(ug),

where the bar above stands for the closure in the space BV (T, H).

In conclusion, we remark that in the proofs of both the existence theorem and
the relaxation theorem (inequality (5.35)) we do not assume the boundedness of
values of the mapping F'(t,u).

In [1, Theorem 4.1] the authors proved the existence of a unique solution to
inclusion

—du e N(C(t);u(t)) + f(t,u(t))dX, teT, u(0)=uy € C(0), (5.42)
under the following assumptions:
|d(y, C(t)) = d(y, C(s))| < plls, t]), ye H, s <t, s,teT, (5.43)
and the mapping f: T'x H — H is such that
(i) there exists a function 3(-) € Li(T,RT) such that

IF (o)) < B+ 2)), zelJCw (5.44)

teT

(ii) for every r > 0 the family of functions {f(-,2); € rB} is equicontinuous
and there exists a function L,(-) € L}(T,R") such that

Ift.2) = fE )l < Loz —yl, teT zyerB. (5.45)
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We now show that the existence of a solution for inclusion (5.42) follows from the
statement 1) of our Theorem 1.2. In particular, the existence result of [2], where
the equicontinuity of the above family of functions is not assumed, is recovered
by our theorem for the case of a convex moving set C(t).

Given a point € H, let pr(C(t); x) be the projection of « onto the set C'(¢). The
function (t,z) — pr(C(t);z) enjoys the following properties:

(1) the function ¢ — pr(C(t);x) is Lebesgue measurable for any = € H;

2) lpr(C@t);2) —pr(CEsl <l =yl 2yeH teT; (5.46)
(3) lpr(C(t);2)ll < d(©,C(0)) + p(T) + 2||zl|, teT. (5.47)

Indeed, from (5.43) it follows that for every x € H the function ¢t — d(z, C(t))
has bounded variation and, thus, is Lebesgue measurable. Invoking [7, Theorem

3.5] we see that the mapping ¢t = C(t) N (z + d(z,C(t))B), t € T, has nonempty
values and is measurable as an intersection of measurable mappings. Since

pr(C(t);x) =C(t)N(x +d(z,C(t))B), t €T,
statement (1) is proved.

Inequality (5.46) follows from the properties of projections. Inequality (5.47)
follows from the inequality

d(z,C(t)) < d(z,C(0)) + u(T) <d(O,C(0)) + u(T) + ||z, teT.
which is a consequence of (5.43) and the inequality
[ pr(C(t);2)|| < d(z, C1)) + ||=|.-
Let M(r)=d(©,C(0)) +u(T) +2r, r>0. (5.48)
K (t) = Ly (t) + 1, (5.49)

K, (t) >0,teT, K,(-) € L\(T,R"), where Lys(t) is the function appearing in
inequality (5.45), and
f(t,z) = f(t,pr(C(t);x)), z€H teT. (5.50)
From (5.44), (5.47) we deduce that
If(t,z)| < a®)(1+ ||z||), ze€H, teT, (5.51)
at) =2(Bt)+1)(14+d(6,C1) +u(T)), aft) >0, al-) € Ly(T,RT).
Using (ii), (5.45), (5.46), (5.48) (5.49), (5.50) we obtain

If(t.2) = ft.ll < K ()llx —yll, 2,y €rB, (5.52)

and the function ¢t — f(t,z), © € H, is Lebesgue measurable. From (5.43)
it follows that inequality (1.1) is valid. Then, there exists a solution u(©)(t),
u(0)(0) = up, of inclusion (5.42) without perturbation. Let

M = sup{u(©)(t); t € T}.
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Denote by r(t), 7(0) = M, the solution of the differential equation
r=a(t)(1+r(t), r0)=M. (5.53)
Set R = max{r(t); t € T} and
o(t,2) = f(t, pr(RB; 2)). (5.54)

Then, from (5.51), (5.52), (5.54) we infer that the function ¢(¢,z) enjoys the
following properties H(¢):

(1)  the function t — ¢(t,x), x € H, is Lebesgue measurable;

(2) ot z) = oty < Kr@®)[lz —yll, =z,y€H;
3) Mot ) <a®)(d+zl), =eH.

Consider the inclusion
—du € N(C(t);u(t)) + o(t, u(t)) dA. (5.55)

From the properties H(¢) 1) —3) and the statement (1) of Theorem 1.2 it follows
that inclusion (5.55) has a solution

(u(9),9), §(t) = o(t,u(g)(t), teT (5.56)

Using Corollary 3 and (5.56) we see that for u(g), u(©) inequality (3.7) holds
which in turn implies that

lu(@)(®)]] < M + A)ﬂ a(r)(1 + [[u(@) (7)) dA(7), t € T. (5.57)
Let v(t) =M + A)t] a(T)(1+ ||u(g)(T)]]) dA\(T), t € T. (5.58)

Then, the function (t), v(0) = M, is absolutely continuous and
() < alt)(1+7(t) ae.
From (5.57), (5.58) and theorems on differential inequalities it follows that

[u(@)O)| <~(t) <r(t), teT (5.59)

From this inequality we deduce that ||u(§)(t)|| < R, t € T. Since u(g)(t) € C(t),
employing (5.50), (5.54) we obtain

f<t7u(g)(t)) = ¢(t7u(g>(t))v teT.

Consequently, the function u(g)(t), t € T, §(t) = f(t,u(g)(t)) is a solution to
inclusion (5.42).
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The uniqueness of a solution to inclusion (5.42) can be proved, using the results
of our work, as follows. If u(g;)(t), §:(t) = f(t,u(g:)(t)), i = 1,2, are two solutions
of inclusion (5.42), with the help of Corollary 3 and (3.7), (5.45) we obtain

[u(g1) () — u(g2) ()] < / Lin(D)l[w(g1)(7) — w(g2)(7)l d, t € T,

10,2]

where m = supmax{||u(g1)(t)|], |[u(g2)(¢)||}. From this inequality similarly to
teT

(5.59) we have
[u(g)(t) —w(@2) (D) < rolt), teT,

where 74(t), 70(0) = 0, is the solution of the differential equation

Fo(t) = Ln(t)r(t), teT.

Since r(t) =0, t € T, we see that

We note that Theorem 4.1 in [1] is valid if in the assumption (ii) we suppose that
the function ¢t — f(t, ) is Lebesgue measurable for every x € H as, in this case,
the function ¢ — f(¢,z) is Lebesgue measurable for every x € H as well.
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