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A measurable sweeping process with a multivalued perturbation is considered in a separable
Hilbert space. The retraction of the sweeping process is a function of bounded variation whose
differential measure is absolutely continuous with respect to a positive Radon measure. The
values of the multivalued perturbation are convex compact sets. By a solution of the sweeping
process we mean a right continuous function of bounded variation whose differential measure
is absolutely continuous with respect to some positive Radon measure and the density of the
differential measure with respect to the Radon measure satisfies the corresponding differential
inclusion. In order to study the existence of solutions and properties of the solution set, we
introduce the topology of uniform convergence on the space of right continuous functions of
bounded variation and we investigate the compactness of sets in this space. Under the most
general assumptions similar to those used to deal with absolutely continuous solutions, we prove
the existence of solutions and the compactness of the solution set.
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1. Introduction

Let H be a separable Hilbert space with the norm || - ||, the metric d(-,-), the
scalar product (-, -), and the null element ©. We introduce the following notation:

R* = [0, +00), R = [0, 4+00], T =[0,a] C R*, a >0, C: T — H is a multivalued
mapping with nonempty convex closed values, F': T' x H — H is a multivalued
mapping with convex compact values, exc(C(s),C(t)), s < t, s,t € T is the excess
of the set C(s) over the set C(t),

exc (C(s), C(#)) = sup{d(z, C(1)); @ € C(s)}.
We always assume that the following inequality holds
exc (C(s),C(t) < p(ls,t]), s<t, s,t €T, (1.1)
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where 4 is a positive Radon measure on 7. In what follows, A is the Lebesgue
measure. Consider the following measurable sweeping process

—du € N(C(t);u(t)) + F(t,u(t))d\, u(0) e C(0), (1.2)
where N'(C(t); -) is the normal cone in the sense of convex analysis of the set C/(¢).
Let pr=1,if F#£{0O}, and pr =0, if F={06}.

Definition 1.1. By a solution of inclusion (1.2) we mean a function u: T — H
with the following properties:

(1) the function u(-) is a right continuous function of bounded variation on T,
u(0) = up, u(t) € C(t), t € T}

(2) there exists a A Bochner integrable selector y,(+) of the mapping ¢t — F'(t,u(t))
and a positive Radon measure v absolutely continuously equivalent to the
measure [ + ppA such that the differential measure du generated by the
function wu(+) is absolutely continuous with respect to the measure v and the
density Z—Z(-) of the measure du with respect to the measure v satisfies v
almost everywhere the inclusion

du dA

20+

o € ~N(C(t);u(t)). (1.3)

Positive Radon measures a and [ are absolutely continuously equivalent if they
are mutually absolutely continuous with respect to each other.

From (1.1) it follows that the retraction ret(¢) [11] of the mapping C(t) is a
right continuous function of bounded variation whose differential measure dret is
absolutely continuous with respect to the measure pu.

The notion of a solution to a sweeping process with measure and perturbation
was introduced in the works [5, 15], where the correctness of such a definition was
discussed and the properties of solutions were investigated. We note that when
F(t,z) = © the conventional notion of solution to inclusion (1.2) and that in the
sense of Definition 1.1 coincide [5, 15].

Let B be the unit closed ball in H centered at the point ©, m(-),n(-) € LY(T,R*).

We always assume that the values of the mapping F' are convex compact sets. For
a closed bounded set L C H we write

IL]| := {sup [|lz]|; = € L}.
We make the following assumptions.

Hypotheses H,(F) :
(1) d(©,F(t,x)) <m(t) +n(t)||z| Xae., xe€ H; (1.4)

(2) the set-valued mapping t — F(t,z) N (m(t) + n(t)||z])B, = € H has a
measurable selector, and the mapping  — F(¢,x) has closed graph for A
almost every t € T
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(3) for every bounded set L C H the set F(t, L) N (m(t) +n(t)||L|)B, t € T is
relatively compact for A almost every t € T.

Hypotheses Hy(F) :
(1) |F(t,z)|| < m(t) +nt)||z|| Xae., v € H; (1.5)
(2) hypotheses H1(F)(2) and (3) hold.

1.1. Main results

Theorem 1.2. Let inequality (1.1) and Hypotheses Hq(F') hold. Then, inclusion
(1.2) has a solution.

Theorem 1.3. Let inequality (1.1) and Hypotheses Hy(F') hold. Then, the so-
lution set R(ug) of inclusion (1.2) is compact in the space of right continuous
functions of bounded variation, endowed with the topology of uniform convergence
onT. For any ¢ > 0, the set of all points t € T at which at least one of the
functions u(-) € R(up) has a jump greater than € is finite. The set of all points at
which at least one of the functions u(-) € R(ug) has a jump is at most countable.

If the measure v is absolutely continuous with respect to the measure A, then the
measures v and A are absolutely continuously equivalent. This will be the case
if the measure p is absolutely continuous with respect to the measure \. In this
case, sets of v null measure and A null measure coincide. Hence, from (1.3) it

follows that
du

ﬁ(t) +y.(t) € =N(C(t);u(t)) Xa.e. (1.6)

If the differential measure du of a right continuous function of bounded variation u
is absolutely continuous with respect to the Lebesgue measure A, then the function
u(t) is absolutely continuous and the following equality holds A almost everywhere
onT

du (1) = du

d V7 dt’
From this equality and (1.6) we infer that under Hypotheses Hy(F') and Hy(F')
the differential inclusion

du
o € —N(C(t);u(t)) + F(t,u(t)) (1.7)
has an absolutely continuous solution, and the set of all solutions is a compact
subset of the space of continuous functions of bounded variation with the topology

of uniform convergence on 7', and thus is a compact set in C(7', H).

There is a large number of works dealing with the existence of absolutely contin-
uous solutions to inclusion (1.2). A fairly complete survey of the relevant results
can be found in reference [15]. When it comes to BV solutions of inclusion (1.2)
the number of the related works is much less. Moreover, most of the latter works
either do not consider perturbations at all or only single-valued perturbations.
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The author is aware only of the articles [5, 13] in which the perturbations are
multivalued functions. Since these two works are most closely related to our
study, below we give a short account of them.

In [5] one assumes that C(t) is a nonempty closed r-prox regular set satisfying
the inequality
WC(s),C(1)) < pulls, 1), s <1, (1.8)

where A(-,-) is the Hausdorff distance between closed sets. The multivalued map-
ping F'(t,x) with convex compact values enjoys the conditions stated in Theo-
rems 4.1 and 5.1 in [5] which are particular cases of the condition in Hypotheses
H,(F), since a scalarly upper semicontinuous mapping with convex closed values
has closed graph, and the assumption (iii) in Theorems 4.1 and 5.1 in [5] implies
Hypothesis H(F')(3).

In [13] one studies the same sweeping process with the perturbation being the
sum of a multivalued mapping F'(¢,u) and a single-valued mapping f(¢,u). The
multivalued mapping F'(¢,u) enjoys the same properties as in [5], and the single-
valued function f(¢,u) is measurable in t and satisfies the Lipschitz condition in
u. In these two works one considers only the existence of BV solutions and, as
a particular case, of absolutely continuous solutions. To the best of the author’s
knowledge, there have been no contributions so far addressing the compactness of
the set of BV solutions of inclusion (1.2), nor considering compactness criteria in
the space of right continuous functions of bounded variation with the topology of
uniform convergence on an interval.

Our article consists of an introduction and four sections.
In the Introduction, we state our problem and present the main results.

In Section 2, some properties of the spaces of functions of bounded variation with
the topology of uniform convergence on 7" are studied.

In Section 3, we recall properties of positive Radon measures necessary for our
investigations and prove auxiliary statements which we use later.

In Section 4, a measurable sweeping process with a single valued perturbation not
depending on the phase variable is considered and some properties of the solution
set which depend on the perturbation are studied.

Finally, in Section 5, we prove Theorems 1.2 and 1.3.

2. The space of right continuous function of bounded variation

Following [14], a function z: T — H is called regulated if it has either continuity
points or discontinuity points of the first kind. It is known that a regulated func-
tion has at most countable number of discontinuity points [14]. Denote by I1(7', H)
the space of all regulated functions, II (7, X') the space of all right continuous
regulated functions.

Let u: T — H, [¢,d] C T, ¢ < d. For the partition I of the interval [c,d] by the
points c=x9g <21 <...<7; < Ty <...<z, =d consider the sum
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n—1
Viu) = ) llulziot) = ulz)]l
=0
If I is a refinement of the partition I, then evidently we have V;(u) < Vi (u).

[

The quantity Vi(u) = sup Vi(u),
I

where the supremum is taken over all finite partitions I of the interval [c,d] is
called the variation of u on the interval [c,d]. Tt is clear that V4(u) < V(u) for
any interval [c,d] C T.

A function w is called a function of bounded variation on T if Vi*(u) < oc.

Monotone functions are examples of scalar functions of bounded variation defined
onT.

A function x: T'— H is called step function from the right if there exists a finite
partition 0 = g < ¢ < ... < ¢ < ... < ¢, = a of the interval T" such that the
function z(t) is constant on each of the intervals [¢;_1,¢;[, 1 < i < n.

Let V.(T, H) be the space of all right continuous functions of bounded variation
and S (T, H) be the space of all right continuous step functions.

If 7 C T, then the quantity sup{||z(¢t) — x(s)||, t,s € T} is called the oscillation
of the function x: T"— H on the set T. If ¢t € T is either a continuity point or a
discontinuity point of the first kind of the function x: T — H, then the quantity
w(z(t)) = max{||z(t) —z(t—0)|], ||z(t) —x(t+0)]|, ||x(t—0)—x(t+0)|} is called
the oscillation of the function x at the point t € T. Here, z(t — 0) and (¢t + 0)
are the left and right limits of the function z at the point t.

Let U C I1 (T, H). The set U is called equicontinuous from the right at a point
s € [0,a], if for any ¢ > 0 there exists 0 > 0 such that ||z(s) — z(t)| < e for
all z(-) € U and t € [s,s + 0[. The set U C II.(T, H) is called equicontinuous
from the left at a point s €]0,al, if for any ¢ > 0 there exists § > 0 such that
|z(s —0) —z(t)|| <eforall z(-) € U and all t €]s — 4, .

The set U C I (T, H) is called unilaterally equicontinuous on T if it is equicon-
tinuous simultaneously from the left and from the right at each point s €]0,al,
equicontinuous from the right at the point 0 and from the left at the point a.

We endow the spaces II(7, H) and 11, (T, H) with the topology of uniform con-
vergence on 1.

Theorem 2.1. The space 11.(T, H) is a separable Banach space with the norm

[l = sup{{lz(t)[| : ¢ € T} (2.1)
The sets S (T, H) and V.. (T, H) satisfy the inclusion Sy(T,H) C V.(T,H) and
are dense in the space 11, (T, H).

Proof. According to Corollary 1.1 of [16] II(7, H) is a separable Banach space
with the norm (2.1). Since the uniform limit of a sequence x,(-) € I (T, H),
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n > 1 is an element of the space 1. (T, H), I1.(T, H) is a closed subspace of the
space II(T', H). Hence, 11, (T, H) is a separable Banach space.

Let z(-) € I (T, H). Since the point z(-) is a compact subset of the space
II(T, H), in view of Theorem 1.2 of [16] for any € > 0 there exists a partition
0=cy<c <...<c, =a of the interval T', such that on each of the intervals
|ci—1, ¢ the function z(-) has oscillation not greater than e. Since the function
x(+) is right continuous, on each interval [¢;_1,¢;[, 1 < i < n, the oscillation of
x(+) is not greater than . Consider the function z.: T'— H defined as follows:
z(t) = z(ci—q), t € [cio1, ], 1 <i<n, x.(a) = x(a). The function x.(t) satisfies
the inequality ||z(t) —z.(¢)|| < e, t € T and it is a right continuous step function.
Therefore, the set S, (7', H) is dense in I, (7, H). Since any step function is a
function of bounded variation, we have S, (7, H) C V,.(T,H) C 11 (T, H) and
the sets S, (T, H), V. (T, H) are dense in 11, (T, H). The theorem is proven. []

Since the space 11, (7, H) is the completion of the space Vi (T, H), following [7,

Ch. II, §4, Definition 2] a set U C V.(T, H) is called precompact if its closure in

II.(T, H) is compact.

Theorem 2.2. LetU C V. .(T, H). Then, the following statements are equivalent:

(a) the set U is precompact;

(b) the set U(t) = {z(t); =(-) e U} C H, t € T is relatively compact and for any
e > 0 there exists a finite partition 0 = ¢y < ¢; < ... < ¢, = a of the interval

T such that on each interval [c;—1,¢;[, 1 < i <mn, each function x(-) € U has
oscillation not greater than €.

The following theorem is a paraphrase of Theorem 2.2.

Theorem 2.3. LetU C V. .(T, H). Then, the following statements are equivalent:
(a) the set U is precompact;

(b) the set U(t) C H, t € T is relatively compact and the family U is unilaterally
equicontinuous.

Theorems 2.2 and 2.3 follow from Theorems 1.2 and 1.2* of [16] since the closure
of aset U C V. (T, H) in the topology of uniform convergence on 7' is a subset of
the space 11 (T, H).

Corollary 2.4. If a set U C V. (T,H) is precompact, then the set U(T) =
{z(t); t €T, x(-) € U} C H is relatively compact.

Corollary 2.5. Let a set U C V. (T, H) be precompact. Then, for any ¢ > 0
the set of all points t € T at which at least one of the functions z(-) € U has
oscillation greater than € is finite. The set of all points t € T at which at least
one of the functions x(-) € U has a jump is alt most countable.

Theorem 2.6. A function x: T — H is an element of the space 11, (T, H) if and
only if there exists a sequence of functions x,,(-) € Sy (T, H) uniformly converging
to z(-).
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Corollaries 2.4 and 2.5 and Theorem 2.6 follow from Corollaries 1.2, 1.4 and
Theorem 1.5 in [16].

Theorem 2.7. LetU C V.(T, H). Then, the following statements are equivalent:
(a) the set U is compact;
(b) the set U is closed in V. (T, H) and precompact.

Since any compact set in a metric space is closed, Theorem 2.7 follows from the
definition of precompactness.

We call a family U of functions of bounded variation from T to H uniformly
bounded in variation if there exists a constant M > 0 such that the variation
Vi(x) on T of each function z(-) € U satisfies the inequality

Vo'(z) < M. (2.2)

If inequality (2.2) holds for the norms ||z(-)|| of functions from U, then we call the
family U uniformly bounded in norm.

Lemma 2.8. If a set U C V.(T,H) is precompact and uniformly bounded in
variation, then it is relatively compact subset of the space V.(T,H), i.e. any
sequence x,(-) € U, n > 1 contains a subsequence x,,(-), k > 1, uniformly
converging to some function x(-) € V.(T, H).

Proof. From Corollary 2.4 we infer that the set U is uniformly bounded in
norm. Using Theorem 2.1 of [8, Chapter 0] we deduce that any sequence x,(-) €
V. (T,H), n > 1 contains a subsequence yx(-) = z,,(:), kK > 1, converging point-
wise in the weak topology of the space H to some function z: T'— H of bounded
variation. In view of the precompactness of U the sequence yx(-), k > 1 con-
verges in H to z(-) pointwise. Then, from the definition of precompactness it
follows that there exists a subsequence yg, (), [ > 1 of the sequence yi(-), k > 1
uniformly converging to the function x(-). Therefore, z(-) € V,.(T, H). O

Corollary 2.9. On each unilaterally equicontinuous and uniformly bounded in
variation set U C V. (T, H) the topologies of pointwise and uniform convergences
coincide.

If a sequence z,(-) € U, n > 1 converges pointwise, then for each ¢ € T the
set {Ux,(t); n > 1} is relatively compact. Hence, in view of Theorem 2.3 the
sequence is a precompact set. Now the corollary follows from Lemma 2.8.

Let CV(T, H) be the space of continuous functions of bounded variation. It is
a dense subspace of the space C(T, H) of all continuous functions from 7" to H
with the topology of uniform convergence. If we consider a set U C CV (T, H)
as a subset of the space V (T, H), then Theorems 2.2 and 2.3 for the set U
are theorems on relative compactness of sets U in the space C(T, H). They are
classical Arzela—Ascoli theorems for sets U C CV(T, H).
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3. Radon measures

In this section, we recall several properties of Radon measures. Some of them can
be found in [5, 15]. However, for the reader’s convenience and simplicity of the
proofs of the main results we present these properties below.

Let B be the g-algebra of all Borel sets from 7. Both scalar and vector measures
defined on the o-algebra B are called Stieltjes measures [9, p.358]. Since each
positive scalar Stieltjes measure is regular 9, p.358] it is a Radon measure [8].
In what follows, by positive Radon measures we mean scalar positive measures
defined on the o-algebra B.

In the rest of the paper, A is the Lebesgue measure. The variation |m|: B — R*
of a measure m: B — H is defined as follows:

m|(A) =sup Y _[Im(A)], A€B, (3.1)
el
where the supremum is taken over all finite families (A;), ¢ € I mutually disjoint
sets A; € B, Y A; = A [9, proposition 2, p. 32]. If |m|(T) < oo, the measure m
S

is called a measure with bounded variation. In this case, the variation |m|(-) of a
measure m(-) is a positive Radon measure. We call a positive Radon measure v
absolutely continuous with respect to a positive Radon measure y, if from pu(A) =
0, A € B it follows that v(A) = 0. If the converse also holds, then the measures
1 and v are called absolutely continuously equivalent.

We call a Stieltjes measure m absolutely continuous with respect to a positive
Radon measure p(-), if the measure |m| is absolutely continuous with respect to
the measure p(-). For a positive Radon measure v on T by L.(T, H) we denote
the space of equivalence classes of all ¥ measurable mappings g: 7" — H such that
lg(+)|| belongs to the space LL(T,R™).

If a Stieltjes measure m with bounded variation is absolutely continuous with
respect to a positive Radon measure p, then according to the Radon-Nikodym
theorem there exists a function 7 € L (T, H) such that

m(A) = /ATh(T) du(t), Ae€B.

the function m(t) is called the density of the measure m with respect to the Radon
measure /.

Let T(t,r)=TN[t—rt+r], r>0teT.

Lemma 3.1. [8] For any positive Radon measures v and ji we have:
d T(t

ap T T )

(with the convention that % = 0) ewists for each t € T and is finite for u

(1) the limit (3.2)

almost every t € T. The function t — g—;(t) is Borel from T to R' and is

called the derivative of the measure v with respect to the measure p.
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(2) the measure v is absolutely continuous with respect to the measure p if and
only if g—:(t) is the density of the measure v with respect to the measure y,
i.e. if and only if the following equality hold:
dv

uMﬁiA@ﬁMMﬂ,AeB (3.3)

The statement of the lemma follows from Theorem 2.12 and Corollary 2.14 in [8].

We will use the following properties of the variation (see [4]) when ¢ <t < d:
Vi (u+w) <VEu) + Vi (w), Vi (u) = Vi(w) + Vi (u). (3:4)
For a function of bounded variation w: 7" — H let

Bu)(t) = Vg (u). (3.5)

The function B(u)(t) is increasing from 7' to R*, §(0) = 0 and it is left (right)
continuous at each point ¢t € T, where the function u has the same property. For
the function f(u)(t) we have the following equality for s < t, s,t € T"

Bu)(t) = Blu)(s) + Vi (u). (3.6)

Theorem 3.2. If a function of bounded variation w: T — H is right continuous,
then there exists a unique Stieltjes measure m: B — H such that for0 < c<d < a
the following equalities hold:

m([e,d]) = u(d) —u(c—0), m(ec,d]) =u(d) — u(c). (3.7)

The statements of Theorem 3.2 are contained in Theorem 1 of [9, p. 358].

In different terminology [5, 10, 15] and others, the measure m(-) is called the
differential measure generated by the function v and is denoted by du.

From (3.7) we infer that u(t) = u(s) + / du, (3.8)
Jst]
and u(t) =u(s—0)+ / du, s<t, s, teT. (3.9)
[s.t]

Let B(u)(t) be the function defined by equality (3.5). If the function w: T"— H
has bounded variation and is right continuous, then the function f(u)(t), as an
increasing function, has bounded variation and is right continuous. Hence, for the
differential measure df of the function g the equality

Bu)(t) = Bu)(s) + / ap (3.10)
Js,t]

holds. The measure df is a positive Radon measure.
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It is known [12, Chapter V, p. 43, Theorem 1] that if a Radon measure v is abso-
lutely continuous with respect to a Radon measure v, then a mapping u: T' — H
is v integrable if and only if the mapping ¢ — 4(?) ZV (t) is 7 integrable. In this

case, the following equality holds:

i = [ang oo, (3.11)

We denote singletons by {t}. If instead of v the measure A is taken, then two
cases are possible: v({0}) = 0, y({0}) # 0. In the second case we have %(0) = 0.

Hence, from (3.11) it follows that

/a(t) dA(t) /u( )Zi( Vdy(t), teT. (3.12)
10,¢] ]Ot]

If a() € Ly(T, H) and u(t) = u(0) + fOt T)dv(r), t € T, then the function

u(t) is a right continuous function of bounded variation. Then, du is absolutely
continuous with respect to v and 4(-) is the density of the measure du with respect
to the measure v, i.e.

du

d—y(t) =au(t) v ae. (3.13)
In this case [9], for the variation |du| of the measure du the equality
|dul(]s, t]) / |la(7)||dv(T), s<t (3.14)
Is,t]

holds. Let T (t,r) = [t—r, t]NT, TT(t,r) = [t,t+r]NT, T°(t,r) = (Jt—r,t] N T,
r>0,teT. According to [12] and [3, equality (2.12)] we have the relations

o du o du(T(tr)) L du(TH(Lr))
u(t) = 5@) = 11}&]1 —V(T(t,r)) = lim —V(T+(t,r)) =
= lim dulT”(t,1)) = lim M v a.e. (3.15)

rlo v(T=(t,r)) rio v(TOt, 7))

Lemma 3.3. Letu: T — H be a right continuous function of bounded variation,
B(u): T — R be the function defined by equality (3.5) whose differential measure
dp is a positive Radon measure. Then, the following equalities hold:

|dul(Js, t]) = dB(s,t]), s<t, (3.16)
|du|([s,t]) = dB([s,t]), s<t, s teT. (3.17)

Proof. Let [s,t] € T, s < t. From (3.1), (3.5), (3.6), (3.8) it follows that
Bu)(t) — B(u)(s) < |du|(]s,t]). From this inequality and (3.10) we obtain

dB(u)(]s, t]) < |dul(]s, 1)), dB(u)({0}) =0, s<t. (3.18)
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According to [9, p. 361]: |du|(A) < dB(u)(A), A€ B.
This inequality and (3.18) imply the equality
dB(u)(s,t]) = [dul(]s,t]), |du|({0}) = 0. (3.19)
From equality (3.19) and the properties of measures we infer that
df(u)({s}) = |du|({s}), seT. (3.20)
Hence, equality (3.17) follows from (3.20) and (3.19). The lemma is proven. [

Lemma 3.4. Let v, a, 8 be positive Radon measures and
v(]s,t]) < al]s, t]) + B(s,t]), s<t, seT, (3.21)
v({0}) < a({0}) + B({0}). (3.22)

If o and B are absolutely continuous with respect to a positive Radon measure p,
then the measure v is absolutely continuous with respect to the measure pu.

Proof. Since {t} ={Ns,t];s 1 t}, t >0, t €T, [s,t] = {s}U]s, 1],
|s,t[ ={Uls' t'];8" L s, ' 1t, s <t st €ls t[},
from (3.21) and the properties of measures it follows that
v(]s,t]) < a(st]) + B(]s,t]), s <t, s,t €T. (3.23)

Let By be the collection of all open sets G CJ0,al. Since any open set G C By is
the union of at most countable number of mutually disjoint sets of the form |s, ¢],
from (3.23) we infer that

v(G) < a(G) + B(G), G € B, (3.24)

Since the measures v, «, 5 are regular [4], for any A € B, A C]0, a[ the equality [9,
proposition 17, p. 313]

v(A) =inf{v(G); AC G, G € By} (3.25)

holds. Analogous equalities hold also for a(A) and (A). If the measures o and
[ are absolutely continuous with respect to p, from p(A) = 0,A € B, A C|0,q|
we see that a(A) = 0 and B(A) = 0. Then, from (3.24), (3.25) it follows that
v(A) = 0.

If 4({0}) = 0, then the equality v({0}) = 0 follows from (3.22). Directly from

(3.21) we deduce that
v({a}) < a({a}) + B({a}).
Hence, if p({a}) = 0, then a({a}) = 0, 8({a}) = 0 and, consequently, v({a}) = 0.

Since any set A € B can be represented in the form
A=({0}nA)u(]0,a[nA)U ({a} N A),

the lemma is proven. O
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Theorem 3.5. Let u,v: T — H be two right continuous functions of bounded
variation and their differential measures du and dv be absolutely continuous with
respect to a positive Radon measure v. Then, the function w = u + v is a
right continuous function of bounded variation, its differential measure dw is

absolutely continuous with respect to v and for the densities 22(t), %(t), (1) of

the measures dw, du, dv with respect to v the following equality hold:

dw du dv
d_y(t) = E(t) + @(t) va.e. (3.26)

Proof. The right continuity of the function w is evident. The boundedness of
the variation follows from (3.4). Let B(w)(t), B(u)(t), B(v)(t) be the functions
defined by equality (3.5). Using (3.6) and (3.4) we obtain

Alw)(t) = B(w)(s) < Bu)(t) = B(u)(s) + A(v)(t) — Bv)(s), s <t

From this inequality and (3.10) we infer that

dp(w)(s,t]) < dB(u)(s,1]) + dB(v)(]s, 1])-
Then, according to (3.7), (3.20) we have
|dw|([s, t]) < |dul([s,t]) + |dv|([s,t]), s<t, s, teT.

Since the measures du and dv are absolutely continuous with respect to the mea-
sure v, according to Lemma 3.4 the measure |dw| is absolutely continuous with
respect to the measure v. Then, the measure dw is absolutely continuous with
respect to the measure v. From (3.15) it follows that for the density 22(¢) of the
measure dw with respect to the measure v the equality

d_w(t) = lim —dw(TO(t, ) = lim —dU(TO(t’ r)
dv rlo v(TO(t,r)) ri0 v(TO(t,7))

_du(T(t,r))  dv du
—Hqggm = @( )+ E(t) va.e.

holds — and the theorem is proven. O

4. Auxiliary results

In this section, we consider the differential inclusion
—dw € N(C(t);w(t)) + a(t) dA (4.1)

with () € LY (T, H), w(0) = ug € C(0). We prove the existence of a solution to
(4.1) and we study the dependence of solutions on 4(-). Though these results have
an auxiliary character, they are nevertheless new and are of independent interest.
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Proposition 4.1. Let m(-) € L3(T,R"), z: T — R" be a right continuous func-
tion of bounded variation. If

1
§x _—c +/m d\(s), teT, c>0, (4.2)

then ) <c+ /m YdA(s), teT. (4.3)

Proposition 4.1 is a counterpart for a continuous function z(¢) of Lemma A5 in
[3]. The proof of this proposition repeats verbatim that of Lemma A5 [3].

Proposition 4.2. Let v be a positive Radon measure, u: T — H be a right con-
tinuous function of bounded variation whose differential measure du is absolutely
continuous with respect to v and fli:(t) be the density of the measure du with respect
to the measure . Then, the function t — ||u(t)||? is a right continuous function
of bounded variation and

Hu<2t>n - Hu(20>l\ N / <u(7),%(r)>dy, teT. (4.4)
10,t]

Proposition 4.2 follows from Proposition 3.3 in [15].
Let 7#(-) € L3(T,RY), r(t) = ro +f0t T)dN(T), t € T, 1o > |luol|, uo € C(0),
and dr be the differential measure generated by the function r(t). The measure

dr is a positive Radon measure which is absolutely continuous with respect to the
measure \, 4(-) € L} (T, H),

la@®)| <7(t) Mae. (4.5)
Let u(t) = /f/,(T) d\(1), teT. (4.6)
10,¢]

Then, u(t) is a right continuous function of bounded variation, the differential
measure du of this function is absolutely continuous with respect to the measure
A and according to (3.8), (3.14) and (4.5) the inequality

lu(t) = u(s)ll < [dul()s, ) < dr(s, 1), s<t, steT (4.7)
holds. In what follows, v is the positive Radon measure defined by the equality
v=p+dr+ A\ (4.8)

The measure A is absolutely continuous with respect to v, and the measures v and
[+ A are absolutely continuously equivalent. Hence, the measure du is absolutely
continuous with respect to v. Using (4.6) and (3.12) we obtain

ut) = [aryare) = [ 4P @ i),

10,¢] 10,¢]
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From this equality it follows that the derivative 9%(¢) of the measure du with

dv
respect to the measure v satisfies the equality

du Lo dA
E(t) = U(T)E(t) v a.e. (4.9)
Let Cu(t) = C(t) + u(t). (4.10)

From (1.1), (4.7), and (4.8) we infer that
exc (Cu(s), Cu(t)) <wv(s,t]), s<t. (4.11)

Note that N'(C(t), x) is the subdifferential of the indicator function of the set C(t)
at the point x € C(t). Therefore [17],

y € N(Cult),z) = y € N(C(t), z — u(t)). (4.12)

Theorem 4.3. Let inequality (1.1) hold. Then, for any u(t) satisfying inequa-
lity (4.5) there exists a unique solution w(w)(t) of inclusion (4.1) satisfying the
inequality

lw(@)(t) —w(@)(s)|| < v(s,t]) +dr(ls,t]), s <t (4.13)

Proof. Let u(t) satisfy inequality (4.5) and the function u(¢) be defined by equal-
ity (4.6). From (4.10), (4.11) and Corollary 4.4 [15] (see also [11]) it follows that
there exists a unique function v: T'— H with the properties:

(1) v(0) = uo € C(0), v(t) € Cult), teT; (4.14)

(2) function v(t) is a right continuous function of bounded variation;

(3) the differential measure dv generated by v is absolutely continuous with re-

spect to v and the derivative %(t) of the measure dv with respect to the
measure v satisfies the inclusion
dv
_E(t) € N(Cy(t);v(t)) vae. (4.15)
(4) the inequality lo(t) —v(s)|| < v(s,t]), s<t, steT (4.16)
holds. Let w(u)(t) = v(t) — u(t). (4.17)
Then, w()(0) = ug € C(0), w(a)(t) € C(t). (4.18)

From Theorem 3.5 and (4.9) it follows that the function w(@)(t) is a right continu-
ous function of bounded variation, the differential measure dw(@) of the function
w(w) is absolutely continuous with respect to the measure v and for the den-
sity dlfl—f,ﬂ)(t) of the differential measure dw(u) with respect to the measure v the
following equality holds:

dw(u), . dv du,, dv N2
o (t) = E(t) — E(t) = E(t) — u(t)a(t) v a.e. (4.19)
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Using (4.12), (4.15), and (4.19) we obtain

- dfl(ya) () - 7:‘(’5)% € N(C(1), w(@)(t) v ae. (4.20)

Recall that the measure v(-) is absolutely uniformly equivalent to the measure
i+ A. Consequently, from (4.18), (4.20) it follows that w(u) is a solution of
inclusion (4.1).

The uniqueness of the solution w(a) for a fixed @ directly follows from (4.20)
and Proposition 4.2. We obtain inequality (4.13) from (4.16), (4.17), (4.7). The
theorem is proven. O

Denote by S(7) the set of all a(-) € Li(T, H) satisfying inequality (4.5). Let
Rs(up) be the collection of all solutions w(w) of inclusion (4.1) corresponding to
u(-) € S(r).
Theorem 4.4. Let inequality (1.1) hold. Then, the following statements are true:
(a) the set Rs(ug) is not empty;
(b) the inequality — |lw(@)(t) —w(@)(s)| < w(]s,t]) + dr(]s,t]); (4.21)
s<t, s,t €T, ueS() holds;

(c) the solution w(w) is unique and for any Uy, Us € S(7) the inequality

[[w (@) () — wliz) (@) < / [a1(7) — aa(7)|[dA(7), t €T (4.22)

10,%]

holds;
(d) the set Rs(ug) is uniformly bounded in norm and in variation;

(e) the set Rs(ug) is unilaterally equicontinuous.

Proof. For u(-) # 0 the existence of a solution to inclusion (4.1) was proved in
Theorem 4.1. According to (1.1) and (4.8)

exc(C(s),C(t) < u(]s,t]) <wv(ls,t]), s<t, s,teT.

Then, from Corollary 4.4 [3] it follows that there exists a unique function w(f),
w(0)(0) = up, w(f)(t) € C(t) such that w(f) is a right continuous function of
bounded variation, the differential measure dw(#) is absolutely continuous with

respect to v and for the density dlg—,(f)(t) of the measure dw(6) with respect to v
the inclusion
—dl:h(f) (t) e N(C(t); w(0)(t)) v ae. (4.23)
holds. In this case, we have
[w(®)(t) —w((s)| <v(s,t]), s <t, s,t €T (4.24)

Hence, according to (4.20) and (4.23) the function w(#) is a solution of inclusion
(4.1) for u(-) = 0. Consequently, w(f) € Rs(ug) and the statement a) is proven.
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Statement (b) follows from (4.13) and (4.24).

Let w(u,) and w(us) be two solutions corresponding to #; and s, respectively.
Making use of (4.20) and Proposition 4.2 we obtain

1

slw(@)®) —wli)@)* < (4.25)
7 - N . dA
< /m ()~ (i) ia(r) — () I, LT (120

Since the function t — (w(4y)(7) — w(de)(7), U2(7) — U1 (7)) is A-integrable, from
(3.12) and (4.26) we infer that

() () — w(as) ()] <
< [ Jwti)(r) = w(@) ()] is(r) = aa(r)dA(r), € .
10,¢]

This inequality and Proposition 4.1 imply inequality (4.22).

The uniqueness of the solution w() for each 4 € S(7) is established in Theorem
4.3. The statement (c) is proven. Let

M = sup{||w(0)(t)|, t € T} (4.27)
Then, from (4.22) and (4.5) we obtain
Jw(@) (@) < M+ /]Ot]f(r)d)\(T), teT, u(-) € S(r). (4.28)

Now the uniform boundedness of the family Rg(ug) in norm and in variation
follows from (4.24), (4.28).

The equicontinuity of the set R (ug) from the right at each point ¢ € [0, a[ follows
directly from (4.24). The equicontinuity of the set Rg(ug) from the left at each
point ¢ € (0, a] follows from the inequality

|lw(@)(t —0) —w(a)(s)] <v(s, t]) +dr(s,t]), s<t, s,t €T.

This inequality follows from (4.24) and the properties of measures. The theorem
is proven. O

5. Main results
In this section, we prove the main results.

In the rest of the paper, w — L} (T, H) is the space of M-integrable functions from
T to H endowed with the weak topology. By the symbol w — S, S C L}(T, H)
we denote the set S endowed with the topology induced from w — L} (T, H).

Let 7(t) be the solution of the differential equation
7(t) = m(t) + n(t)r(t), r(0) =M, t €T, (5.1)

where M is the constant (4.27), which exists and is unique.
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Lemma 5.1. If a function w € V.(T, H) satisfies the inequality

[w(@®)] < M + /}Ot](m(T) +n(r)[[w(r)[DdA(T), t € T, (5-2)
then lw@)|| <r(t),teT. (5.3)
Proof. Let I(t) =M + /}Oﬂ(m(T) + n(7)||w(T)|)d\(T), t € T. (5.4)

Since the Lebesgue measure \ of singletons is equal to zero, equality (5.4) is valid
also for ¢t = 0. Hence, [() is an absolutely continuous function whose derivative
[(t) satisfies the following equality almost everywhere

i(t) = m(t) + n(t)|lw(t)]
From this equality and (5.2), (5.4) it follows that
I(t) — n(t)I(t) < mf(t).
Multiply the left-hand side of the last inequality by e~ Jo n(s)ds Then, we obtain

d

E <l(t) e fot n(s)ds) <e fot n(s)dsm(t).

Integrating this inequality from 0 to ¢ we see that

t
1(t) < elom@ds(pr 4 / e s (1) dr). (5.5)
0

It is well-known that the right-hand side of inequality (5.5) is the solution r(t) of
equality (5.1). Therefore,
1(t) <r(t), teT.

From this inequality and (5.2), (5.4) we deduce inequality (5.3). The lemma is
proven. L]

Lemma 5.2. Let Hypotheses H(Fy) hold. Then, for any function w € V.(T, H)
the mapping _
t = F(t,w(t)) N (m(t) +n(t)|w?)])B

has a A-integrable selector.

Proof. Let U(t,z) = F(t,z) N (m(t) + n(t)|z]) B. (5.6)

From Hypotheses H,(F) 1), 2) it follows that the values of the mapping U (¢, x)
are nonempty convex compact sets, the mapping « — U(¢,x) has a measurable
selector for A almost every t € T .

Let w(-) € Vo(T, H). According to Theorem 2.6 there exists a sequence w,(-) €
S.(T,H),n > 1, converging uniformly to w(-). Then, for each function w,(-),
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n > 1, there exists a measurable function v, (-) satisfying the following inclusion

almost everywhere
vn(t) € U(t,wy(t)), n > 1. (5.7)

Since the set w(-) U (Uw,(-);n > 1) is compact in the space Vi (T, H), from
Corollary 2.4 we conclude that there exists a compact set C' C H such that
w(t) U (Uw,(t);n>1)CcC, teT.

From Hypothesis H;(F') 3) we deduce that the values of the multivalued mapping
t — coU (t,C) are convex compact sets and

U(t,x) CcoU(t,C), z€C, teT, (5.8)

va(t) € coU(t,C) C (m(t) +n(t)||C|)B (5.9)
A almost everywhere, n > 1, where co stands for the closed convex hull of a set.

From (5.8) it follows that the restriction of the mapping x — U(¢,x),t € T to the
set C' is upper semicontinuous. From inclusion (5.9) we infer that the sequence
vn(+),n > 1 is a relatively compact set in the space w — L} (T, H). Since the space
Li(T, H) is separable, any compact set in the space w — L (T, H) is metrizable in
the topology of this space.

Therefore, from the sequence v, (), n > 1 one can extract a subsequence v, (-), k >
1 weakly converging to some function v(-) € Li(T, H). To avoid introducing new
notations, without loss of generality, we can assume that the sequence v, (-),n > 1
itself weakly converges to v(-). Then, from (5.7), the upper semicontinuity of the
mapping z — U(¢,x) on C and Mazur’s lemma on weakly convergent sequences
we obtain A a.e.

v(t) € Np>1C0 Uy U(t, we(t)) C U(t, w(t)). (5.10)

Therefore, v(t) is a M-integrable selector of the mapping ¢ — F(t,w(t)) N (m(t) +
n(t)[|w(t)]|) B, and the lemma is proven. O

Remark 5.3. The mapping t — F(t,x) N (m(t) + n(t)||z||)B, * € H has a
measurable selector if for every x € H the mapping t — F'(t,z) is measurable [6].

Let r(t) be the solution of equation (5.1) and
S={a¢c Ly(T;H); ||lat)] <) X ae.}. (5.11)

Setting 7(t) = 7(t) and using (4.28) we deduce that the inequality

lw(a) ()] < M + /}Ot] r(T)ds(t) =r(t), teT, (5.12)

holds for any solution w(a) of inclusion (4.1) with @ € S.

The set S is convex compact and metrizable in the space w — L} (T, H).
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Let 7: S — V.(T,H) be the operator which with each u € S associates the
unique solution of inclusion (4.1), i.e. w(a) =T (4), u € S. Let

T(S) = {T(a); ae Sy, TS)t)={T(@);aecs) teT.  (513)

From (5.12) we obtain
| T(S)(@®)| <r(t), teT. (5.14)

According to (5.14) and Hypothesis H,(F) 3) the set
F(t, T(S)(#) N (m(t) +n@)IT(S)(®))B
is relatively compact for A a.e. t € T. Let
F(T(8)(t)) = @ (F(t, T(S)(t) N (m(t) + n(t)[|T(S)(B)I)B. (5.15)

Then, F*(7(S)(t)) is a multivalued mapping with convex compact values for A
a.e. t € T. From Lemma 5.2 it follows that for any 7 (@), @ € S the mapping

t— F(t, T (@)(t) N (m(t) + n@)lIT(@)()])B
has a A-integrable selector. From (5.14), (5.15) we infer that
|E*(T(S) ()| < m(t) +n(t)r(t) =7(t) X ae. (5.16)
Hence, the set
Sp- ={a € L)\(T, H), a(t) € F*(T(9)(t)) A a.e.} (5.17)
is a nonempty convex metrizable compact subset of the space w — LA(T, H).
Lemma 5.4. Let Hypotheses Hi(F') hold. Then, the operator T is continuous
from w — Sp« to V. (T, H).
Proof. From (5.11), (5.16), (5.17) it follows that
Sps C 8. (5.18)

Let a sequence w, € Sp+, n > 1 weakly converges to 4 € Sp+. From (5.18) and
Theorem 4.4 we infer that the set {UT (4,);n > 1}UT () is uniformly bounded in
norm and in variation and it is unilaterally equicontinuous. According to Theorem
2.1 in [8, Chapter 0] there exists a subsequence 7T (4, ),k > 1 of the sequence
T (i,),n > 1, converging pointwise in the weak topology of the space H to some
function w of bounded variation. From Proposition 4.2 and (4.20) it follows that

5 1T, () = T <

; oy o A
: A,ﬂﬁ'(unk)(ﬂ = T(@)(7), &(7) =, (7)) (T)dv (7).
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Since the functions (7 (ty,, )(7) — T (@)(7), 4(T) — Uy, (7)), k > 1 are M-integrable,
similarly to (4.26) we obtain

5 IT () () — w(@) ()] <
< /] (Tl ) = TG 7))~ (7007,
Since the function w is A-integrable, we rewrite the last inequality in the form
5 1T, ) () = @O < (5.19)

< /] (}T(ﬁnk,)(T) — w(T), &(T) = 1, (7))dA(T) + /} <}w(7)>ﬁ(7) — i, (7))dA(7).
0.t 0,t

The fact that ,, € Sp-,k > 1, implies that for A almost every ¢t € T' the set

U(t, (t) — a(t);r > 1) € H is relatively compact.

Since the sequence T (ty,, )(7) — w(7),k > 1,7 € T is bounded, the sequence of
functions h — (T (U, (7) — w(7),h),k > 1 is equicontinuous. It is known that
on each equicontinuous set the topology of pointwise convergence coincides with
that of uniform convergence on compact sets. Hence,

]}LIEO<T(ﬁnk)(T) —w(T),0(T) = Up, (7)) =0 X ae.

Therefore, from (5.14), (5.18) and Lebesgue’s dominated convergence theorem it
follows that

lim (T (U, ) (1) — w(T), 0(T) — U, (7))dN(T) =0, t € T.

k—o0 }07t}

The second integral in (5.19) converges to zero since the sequence ,,,k > 1
weakly converges to ug. Consequently, from (5.19) we infer that the sequence
T (Gn,)(t), k > 1 for each ¢t € T converges to T (@)(t) in the space H. Then, from
Corollary 2.9 we see that the sequence T (4, ),k > 1 converges to 7 (u) in the
space Vo .(T, H).

We have thus proved than if a sequence 4, € Sp«,n > 1 weakly converges to
U € Sp-, then there exists a subsequence 1,,, k > 1 of the sequence ,, n > 1
such that the sequence T (4y, ),k > 1 converges to T () in Vi .(T, H).

Suppose that the sequence T (4,), n > 1 does not converge to 7 (@) in the
space Vi (T, H). Then, there exists a subsequence T (i, ), kK > 1 of the sequence
T (4y,),n > 1 such that any subsequence of the sequence T (4, ),k > 1 does not
converge to T (u) in the space Vi (T, H). Repeating the reasoning above to the
sequence T (4, ),k > 1 and taking into account the fact that inclusion (4.1) with
ug has a unique solution, we arrive at a contradiction.

Therefore, if a sequence u, € Sp+,n > 1 weakly converges to u € Sg, then the
sequence T (t,),n > 1 converges to 7 (@) in the space Vi (7T, H). The lemma is
proven. L]
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Proof of Theorem 1.2.

Let w € Sp+ and U(t,z) be the mapping defined by equality (5.6). According to
Lemma 5.2 the mapping ¢t — U(t, T (4)(t)) has a A-integrable selector. Denote by
Sy (T (@) the multivalued mapping from Sg- to L} (T, H) defined by the rule

Su(T (@) = {v € LN(T, H); v(t) € U(t, T(0)(t)) \ae), @€ Sp-.

From (5.16) we see that the values of the mapping Sy(7 (¢)) are nonempty convex
compact sets of the space w — L} (T, H). From (5.18) and (5.13) it follows that
T(Sp+) C T(S). Hence,

SU(T(@)) C SF*, U € Sp+. (520)

Let the sequence 1, € Sp«,n > 1 weakly converges to u € Sg«. Then, in view of
Lemma 5.4 the sequence T (u,),n > 1 converges to T (u) in the space V. (T, H).
Since

U(t, T (i) (t) € F*(t) \ ae.

and the values of the mapping F*(t) are compact sets, similarly to the proof of
Lemma 5.2 we obtain

(N |J U T(@) @) cUET@)() A ae. (5.21)

n>1 k>n

Let a sequence v,, € Sy (T (@y,)),n > 1 weakly converge to v. Then, from (5.21) we
infer that v € Sy (7 (4)). Consequently, the mapping @ — Sy(7 (4)), @ € Sg+ has
a weakly closed graph. Then, in accordance with (5.20) from the convexity and
compactness of the set Sp+« in the space w — L} (T, H) it follows that the mapping
u — Sy(T(w)),u € S is an upper semicontinuous mapping from w — Sg« to
w — Sp+ with convex compact values. According to Theorem 1 of [7], if K is
a convex compact set of a linear topological space and a multivalued mapping
W:.: K — K with convex compact values is upper semicontinuous, then there
exists a fixed point of this mapping. Therefore, the mapping @ — S,(7 (1)),
u € Sr has a fixed point u,, i.e.

Uy € Sy(T ()).
Hence, for w(u,) = T (u.) we have
i (t) € U, T (0)(8) = F(t,w(@)(t) N (m(t) + n()w(@)@®1)B.  (5.22)

Since w(t,) = T (u.) is a solution of inclusion (4.1), from (5.22) we see that w(a.)
is a solution of inclusion (1.2), and the proof is complete. Il

Proof of Theorem 1.3.

Let hypotheses Hy(F') hold. Then, from Theorem 1.2 it follows that the set R (ug)
of solutions of inclusion (1.2) is not empty. Let w(a) € R(ug). Then,

u(t) € F(T,w(a)(t)) X a.e. (5.23)
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Using (4.22) and (1.5) we obtain

[w(@)(t) —w(@) ()] < / (m(7) + n(7)[[w(@)(r)|)dA(7).

10,]
Then,
[w(@) @) < M+/ (m(7) + n(7)lw(@)(7)[])dA(T),

10,t]
where the constant M is defined by equality (4.27).

From Lemma 5.1 and inequality (1.5) we infer that
|lw(@) (@) < r(t), t €T, (5.24)

[a(®)] < m(t) +n(t)rt) = 7(t). (5.25)

From (5.24) it follows that the set R(uo)(t) = {w(a)(t); w(u) € R(ug)} is
bounded for each ¢ € T. Then, from (1.5) and Hypothesis Hy(F) 2) we see that
the values of the mapping ¢t — F*(t) = coF(t, R(up)(t)) are convex compact sets
and according to (1.5), (5.25)

1E7(t, R(uo) ()| < m(t) + n(@)r(t) = 7(t) A a.e.
From this inequality it follows that the set
Spe = {0 € L3(T,H); a(t) € F*(t,R(uo)(t)) X a.e.}

is a convex metrizable compact subset of the space w — L} (T, H). Then, according
to Lemma 5.4 the mapping ¢ — T (u) = w(a) is continuous from w — Sp« to
Vi(T, H). Since for any w(u) € R(up) the inclusion @ € Sg+ holds, the set R(uy)
is a relatively compact subset of the space V. (T, H). Show that the set R(ug) is
closed in V(T H).

Let Sp(T () = {v e L3(T, H); v(t) € F(t, T(2)(t)) X a.e.} (5.26)
As it was shown, the mapping @ — Sp(7T (1)), 4 € Sp+ considered as a mapping
from w — Sp« to w — L3 (T, H) has a weakly closed graph.

Let the sequence w(u,) € R(ug),n > 1 converge uniformly on 7" to a function w.
Then, w € V (T, H). Since 4, € Sp~,n > 1, there exists a subsequence ,,, k > 1
of the sequence ,,n > 1, weakly converging to 4 € Sp-. Taking into account the
continuity of the mapping 7 on w — Sg« we obtain

w="T(a). (5.27)

On the other hand, a,, € Sp(T (t,,)) for k> 1.
Passing to the limit in this inclusion we obtain @ € Sp(7(4)).

From (5.26) it follows that «(t) € F(t,w(t)) X a.e., and equality (5.27) says
that w is a solution of inclusion (1.2). Hence, w(a) € R(ug) and the set R(ug)



A. A. Tolstonogov / Compactness of BV Solutions ... 695

is compact. The properties of the set R(ug) stated in the theorem follow from
Corollary 2.5. The theorem is proven. [

When the measure p is absolutely continuous with respect to the measure A, the
measures A and v are absolutely equivalent. In this case, we arrive at inclusion
(1.7) whose solutions are absolutely continuous functions. We do not state para-
phrases of Theorem 1.2 and 1.3 applied to solutions of inclusion (1.7) as they are

evident.
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