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Under suitable regularity assumptions, the p-elastic energy of a planar set £ C R? is defined as
Fp(E) = / 1+ |kogplP dH*,
OF

where kyg is the curvature of the boundary OF. In this work we use a varifold approach to inves-
tigate this energy, that can be well defined on varifolds with curvature. First we show new tools
for the study of 1-dimensional curvature varifolds, such as existence and uniform bounds on the
density of varifolds with finite elastic energy. Then we characterize a new notion of L'-relaxation
of this energy by extending the definition of regular sets by an intrinsic varifold perspective, also
comparing this relaxation with the classical one of G. Bellettini and L. Mugnai [Characterization
and representation of the lower semicontinuous envelope of the elastica functional, Ann. Inst.
H. Poincaré, Anal. Non Linéaire 21(6) (2004) 839-880; A warifolds representation of the relaxed
elastica functional, J. Convex Analysis 14(3) (2007) 543-564]. Finally we discuss an application
to the inpainting problem, examples and qualitative properties of sets with finite relaxed energy.
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1. Introduction

Consider p € [1,00). Let us denote by S! the interval [0, 2] with the identification
0 ~ 27. For an immersion v: S' — R? such that v € W??(S') we can define the
functional

2
£,(7) = / e [Pl i, (1)

and the p-elastic energy
Fp(7) = L(v) + &(7), (2)
where L(7) denotes the length of ~.

In this work we want to study the elastic properties of the boundaries of measu-
rable sets in R%2. Our first purpose is to give a new definition of the sets which
are enough regular for having finite p-elastic energy. We want such definition to
be intrinsically dependent on the given set, using immersions of curves only as a
tool for the calculation of the energy.
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In order to study the functionals defined in (1) and (2) one would classically call
reqular a set E with a boundary of class C?, i.e. a set E whose OF is the image
of closed injective immersions v: S — R? of class C?. This would be a possible
definition of set with finite classic p-elastic energy, and it is the definition consi-
dered in [3], [4] and [5] indeed. But with this classical definition it turns out that
sets like that in Fig. 1.1 not only have infinite energy, but they also have infinite
relaxed energy (calculated with respect to the L'-convergence of sets, see [4]).

E oFE

///////

Figure 1.1: A set of finite perimeter £ with boundary OF that can be parametrized
by a smooth non-injective immersion.

However functionals (1) and (2) are very well defined on immersions which are
not necessarily injective. Also for many applications one would like to consider
sets like the one in Fig. 1.1 as regular sets, or at least as sets with finite relaxed
energy (applications will also be discussed below). A good definition of regular
elastic set, i.e. a definition of set with finite energy, comes intrinsically from
the geometric properties of the boundary of sets of finite perimeter studied in
the context of varifolds. In fact by De Giorgi’s Theorem, if F is a set of finite
perimeter in R? then the reduced boundary FE is 1-rectifiable, and therefore the
integer rectifiable varifold Vi = v(FE, 1) is well defined. If a 1-rectifiable varifold
V = v(I',0y) has generalized curvature vector ky, the analogue of the functionals
(1) and (2) in the varifold context are defined by

E(V) = /F kv [P g, (3)

Fo(V) = v (R?) + (V). (4)
So such elastic energies can be calculated on the varifold Vg associated to a set of
finite perimeter F, thus giving elasticity properties to the set E in a pure intrinsic
way. We can introduce the class of elastic varifolds without boundary as the
integer rectifiable varifolds V' = v(I',6y,) such that there exist a finite family of
immersions 7;: S' — R? such that

V=3 (u)(v(sh 1), ()

i=1

where each (7;)#(v(S?, 1)) is the image varifold of S' induced by ;. We shall see
that a representation like (5) is not ambiguous and that the curves appearing in
the formula can be used to compute the F, energy (Lemma 2.7). In this way we
will eventually define that a set E is regular (in the sense that is has finite elastic

energy) if N

V(FE,1) =) (n)(v(S". 1)), (6)

=1
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for some C? immersions 7;: S1 — R?. In such a way the set in Fig. 1.1 is
considered to be regular, and it has finite elastic energy.

We have to mention that a significant attempt in order to give a good defini-
tion of the elastic energy on sets that are not natural limits of smooth sets with
bounded energy is contained in [6] (see also the references therein). Here the au-
thors consider an interesting generalization of the elastic energy functional whose
relaxation is able to take into account the energy of angles and cusps.

Beside the study of the elastic properties of varifolds contained in Section 2, there
are other fundamental motivations for studying this alternative notion of relaxed
energy. We would like to extend this ambient perspective and strategy (at least
starting from the basic definitions) to the study of the relaxation of functionals
depending on the curvature of surfaces in R3, such as the Willmore energy. More-
over this work is the starting point for the study of the gradient flow of the elastic
energy of planar sets using an intrinsic definition of the functional, not completely
relying on immersions covering the boundary of the set; the characterization of
the relaxed energy allows us to define the gradient flow on a huge family of sets
and therefore to try to obtain a generalized flow (for example using a minimizing
movements technique in the spirit of [10], and this will be the reason of some
assumptions we will make in the following). Observe that in particular in a gen-
eralized flow one certainly wants to consider sets like the one in Fig. 1.1, hence a
definition in which its energy is finite is required (see also [15]).

The paper is organized as follows. The first part of the work is devoted to the proof
of some results about curves and varifolds with curvature from an ambient point
of view. We prove a basic inequality concerning the elastic energy of immersed
curves using a varifold perspective (Lemma 2.1), then we show an extension to
1-dimensional varifolds with curvature in R™ together with uniform bounds on
the multiplicity function (Theorem 2.2) and a monotonicity formula for the case
p = 2. This helps us to prove the main structural properties of elastic varifolds,
which are contained in Lemma 2.7 and Lemma 2.8. Such results are stated for
any p € [1,00).

In the second part we focus on the p > 1 case and we give a precise characterization
of the L'-relaxation of the energy JF, starting from our new notion (6) of regular
set. The expression of the relaxed energy F,(E) takes the form of a minimization
problem defined on a class A(E) of elastic varifolds suitably related to the set F
(Theorem 3.2).

The relaxed energy JF, has to be compared with the classical results contained
in [3], [4] and [5], and in Subsection 4.1 we discuss an example of a set E with
finite relaxed energy F, which is strictly less then its relaxed energy in the sense
of [4] (which is still finite however). The last part of the work continues with
an application to a minimization problem arising from the inpainting problem in
image processing ([2], [7]). The relevance of our new definition of relaxed energy
fp is particularly evident in this application. Then we conclude the work with
some comments on the qualitative properties of sets having finite relaxed energy;
here we prove that a set £ with a boundary except that is smooth but at finitely
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many cusps has finite relaxed energy if and only if the number fo such cusps
is even (Theorem 4.6), and we show that polygons always have infinite relaxed
energy (Proposition 4.8).

2. Elastic energy of planar sets
2.1. Notation and definitions

In the following if 7 is any parametrization of a curve, we denote by () its image.
The letter £ will usually denote a measurable set in R2. We recall that F has
finite perimeter in an open set 0 C R? if the characteristic function y restricted
to Q belongs to BV (2), and in such case we denote by P(FE,2) the perimeter of
E in Q. For the theory of sets of finite perimeter we refer to [1].

If E C R? is measurable and  C R? is an open set such that E has finite
perimeter in 2, we denote by Dyg the gradient measure of yg and by |Dxg| the
corresponding total variation measure. Then we denote by

FE = {x € supp|Dxg|NQ | 3 }){%% =: vp(), [vp(z)| = 1}»

and we call FE the reduced boundary of F/, and v is the generalized inner normal
of E. By De Giorgi’s Theorem the set FE is 1-rectifiable and |Dxg| = H!'L FE.

Let G(1,2) be the Cartesian product between R? and the set of 1-dimensional
subspaces in R?. We call G(1,2) the Grassmannian of 1-dimensional spaces in
R% A point (z,v) € G(1,2) (where v € R? with |v| = 1 generates the given
1-dimensional subspace) is identified by the matrix m,, that projects vectors in
T,(R?) onto the subspace spanned by v; therefore G(1,2) obtains a structure
of metric space calculating the distance between two elements as the distance
between the corresponding projection matrices. A 1-dimensional varifold in R? is
a positive finite Radon measure on G(1,2). For the theory of varifolds we refer to
[17], and in this work we will always deal with integer rectifiable varifolds.

For a 1-dimensional varifold V in R? we denote by gy the induced measure in R2.
We recall that a 1-dimensional rectifiable varifold V' = v(T', 6y/) in R? has a gene-

ralized curvature vector ky € L}, (i) and a generalized boundary oy € M?(R?)

if for any X € C!(R?* R?) we have

/(diVszX) duy(x) = —/(X, kv) dpy + /Xdav.

Recall that in such a case the measure oy is singular with respect to py. If
[ suppV — R? is Lipschitz we define the image varifold f;(V) := v(f(T'), ) with
0(y) = > e s-1(ynr Ov(2) for any y € R%.

If E has finite perimeter in R? we denote by Vg the associated varifold Vg =
v(FE,1). If a varifold V' = v(I', fy) has generalized curvature ky, then we define

£,(V) = / Ik (&) dp (<),

while if V' does not admit generalized curvature we then set &,(V) = +o0.
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At some point we will also use for a while some very basic facts about the theory
of currents; for such definitions and results we refer to [17].

Here we recall with proof some basic properties of sets of finite perimeter, together
with the choice of a convention and of the notation. The following observations
actually work for sets of finite perimeter in any dimension. If £ CR? is a measu-
rable set, for any ¢ € [0, 1] we denote by E* the subset of ¢-density points, that is

lilfn M — t}
PO | By(x)]

The essential boundary 9*F is then 0*F := R?\ (E°U E'). Recall that for a set of
perimeter E in R? it holds that FE C E2 C 8*E C OF and HY(8*E \ FE) = 0.

Et .= {$€]R2

(7)

Following [10], since in BV we only consider equivalence classes of functions, for
any set E with yg € BV (R?) we will always assume we have chosen the element,

of the class given by
/ XE>OV,0>0}. (8)
Bp(x)

E = {x € R?
In this way the distance function d(-,0F) is well defined. Assuming (8) we also
have

E=FEL. (9)
In fact E' € E and FE is closed, indeed if x ¢ E then there is py > 0 such
that pro(x) xp = 0 and we can conclude that Bs(z) N E = 0 (so that the
complement of E is open), because if by contradiction there is y € Be (z) N E
then 0 < fB%O(y) xe < pro(x) xe = 0. In this way we have E1 C E. But xg, xm
are in the same equivalence class, that is |[FAE'| = 0; if x € E there exists

x, € E' converging to z, otherwise |E* N B,(x)| = 0 for some p > 0 and by
definition |E N B,(x)| > 0, contradicting that |[EAE"| = 0. Moreover

OE=0E'=0"E = {z € R* | Vp >0 |B,(z)NE| >0, |B,(z)NE‘| > 0}. (10)

In fact if # € O™E then there are sequences x, € E,x; € E° converging to
x, thus x € EN E¢ = 0E. Conversely if € OF = 0E° = E°¢\ E°, since
E¢ ={x:3r > 0s.t. |[EN B.(z)] = 0}, then |[EN B,(z)| = pr(a:) xe > 0 for

any p > 0. But also |[E°N B,(z)| = pr(x) xge > 0 for any p > 0, indeed if by
contradiction there is pg > 0 with [ By (x) XB® = 0, since E° is open we have that
0

E°N B,,(z) = 0, but this is impossible because = € E*.

Finally under assumption (8) we have that if F is a set of finite perimeter in R?,
then the reduced boundary is dense in the boundary of E, that is

FE =0"FE = 0F. (11)

In fact FE C OF and if by contradiction there is 2 € 9™ E'\ FE, then for some
po > 0 we have B, () N FE = and 0 < |E N B,,(x)| < mp2. Hence by relative
isoperimetric inequality in the ball B, (x) we get that P(E, B, (z)) > 0.
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But since B, (z)NFE = () using De Giorgi’s Theorem we also have P(E, B, (x)) =
HY(FE N B,,(x)) =0, which gives a contradiction.

Observe that it also follows that diam FFE = diam 0F.

2.2. Preliminary estimates
Here we prove a fundamental estimate concerning curves in R2.

Lemma 2.1. Let v: S' — R? be a regular curve in W2? for some p € [1,00).
Then 3y X

2m < &i(y) < (&(7))7 (L), (12)
where L(7) denotes the length of the curve. Moreover for p > 1 equality holds if
and only if v parametrizes a circumference of radius 1, while for p = 1 equality
holds if and only if v parametrizes a circumference.

Proof. By approximation it is enough to prove the statement for v € C'**°. Call
o: [0, L] — R? the arclength parametrization of the curve. We want to prove that

L
/ k| > 2r, (13)
0

so that applying Holder inequality on the left, (13) will give the claim. Let
T:[0,L] — S* be the unit tangent vector T'= ¢. The support (o) is compact,
then there are two parallel lines {x = a}, {x = 8} such that (¢) C {a <z < 5}
and (o) touches tangentially the two lines at points ¢(0) = zg,0(b) = 3 (up
to reparametrization). Assume that 7°(0) = (0,1). By continuity there exists

€ (0,b) such that T(a) = (—1,0) and ¢ € ( ,L) such that T'(¢) = (1,0). Now
two cases can occur: T'(b) = (0,1) or T'(b) = (0,—1). If T'(b) = (0,—1), then
St c T([0,L)); if T(b) = (0,1), then S'N {(m y) |y > } C T([0, L]) and for any
v e STN{(xr,y)|y > 0} we have that §7'(v) > 2. Therefore using the area
formula we obtain

/OL kol (s) ds = /OL IT7|(s) ds = /S ST (o) dH (o) > 27

By the above calculations equality holds if and only if ¢ is convex with constant
curvature |k,| and with $7!(v) = 1 for H' almost every v € S'. Hence this
completes the proof. O

We mention that inequality (13) is already present in [8], proved with a different
method in the setting of networks, but in the following we will need the specific
approach used in the proof of Lemma 2.1. Also, we are going to prove that
inequality (12) is true (up to changing the constant) in an analogous sense in the
setting of varifolds as stated in the inequality (15) in Subsection 2.3.

2.3. Monotonicity

Here we develop a monotonicity-type argument that is the direct analogue of
Simon’s Monotonicity Formula ([18]), which is fundamental in the study of the
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Willmore energy, that in some sense is the two-dimensional energy corresponding
to the functional &. This result is of independent interest and it will be sated in
general in R".

Throughout this subsection consider zo € R™, 0 < 0 < p < 400, V =v(I',0y) #0
an integer 1-dimensional rectifiable varifold in R™ with curvature ky such that
E,(V) < 400 for some p € [1,00) (for the moment py is just locally finite on R™).
Also we are assuming that oy = 0.

Consider the field X (z) = (m—— — 1) ., where ()1 denotes the nonnegative

lz—xols P
part and |- |, = max{[ - [,o}. For any set E let £, = EN B,, E, = EN B,
E,, = E,\ B,. Then the tangential divergence of X is

% o % on F0'7
diver X (z) = le—eo) 21 o1
lz—zo3 P e

Theorem 2.2. Under the above assumptions it holds that

B B
lim sup 1 (Bo(20)) < lim inf Hv (By(20)) + / |ky | dpy (). (14)
o\0 o P/ P B, (x0)

If also py (R™) < +o0, then
2 < &(V) < uy (RMVE(V)7, (15)

and we have the following bounds on the multiplicity function:

p>1 = 6Oy(x) < =&(V) VreR", (16)

N[ —

p=1 = ev(ﬂi) <

< %Sl(V) for H'-ae x € R™. (17)

If also py (R™) < +o00 and T is essentially bounded, i.e. H'(T'\ Br(0)) =0 for R
large enough, then

= _ T = < —_
p=1 = Elll\r‘ré oy Oy (z) 251(V) Ve e R" (18)

Proof. Integrating the divergence divyrX above with respect to py and using
the first variation formula we get

v (Bo(ay) | 1 [ i+ | =) Py = o)

o o |z — 20/?
By (z0) By(0)\Bo(x0)

:M+% [ s ane— | <kv,|§:—%>duv<x>.

p
By(xo) Byp(x0)\Bo (o)
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Dropping the positive term on the left we obtain

M_f_l/( )(kv,x—$o>dﬂv($)§

o o
B,(x r—x Tr—x
é M +/ <kV7 0 _ 0 XBp(xo)\Bg(ivo)> d/jv(ﬂ?)
P By(zo) P |z — o

Since

1 v 5

— / <k‘v, xTr — $0> d/uLV(.f) S (/ |kV|p d,uv) (MV(Bg(xO)) P > 07

0 J By (o) Bo(z0) o0

T — 2o T — X9

X By (z0)\Bo (z0) a—>

and el
=0 |z — x|

m XBp(CEO) in Lp/(uv), lettlng 2 \, 0 and

then p 7 oo we get the inequalities

B
o\,0 o
B 1 1
< liminfw—i-/ <kv, (—— )(x—x0)>d,uv(x) <
P10 p By (x0) p |z — ol
B _
P/ P By (o)

B
< liminfw—i-/ |ky | dpy ().
e P By (o)

that is (14). Suppose from now on that py (R™) < +o0, then (14) gives

lim sup —MV(BU (z0))

<& (V). (20)
a\0 o

Equation (20) gives us the pointwise bounds on the multiplicity function 6y as
follows. If p>1 we know that the density lim,\ o %{:(m) exists at any p and can

be used as multiplicity function 6y for V' ([17], p. 86). So, in the case (20) we get

w(Bo(p) %51(\/) Vrerl. (21)

v (w) = ?{% 20

Instead in the p = 1 case we can say the following. Since I" has generalized tangent
space at H'-ae point we have that

Oy (z) = (lfl{% W < %Sl(V) for H'-ae x € T. (22)

Therefore, since 0y (xz) > 1 at some point x, for any p € [1,00) we can state
inequality (15).
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Now assume p = 1 and without loss of generality I' C Bg,(0) is bounded, then we

pv (Bo(zo
g

want to show that the limit lim,\ g ) does exist for any ro € R™. In fact

in Equation (19) we have

1
—/ (kv,z — xo) dpy(z)| = 0 as 0 — 0,
Bo(z0)

o

1 R

'_/ U, @ = o) dyoy () S_0/ \kv|dpy — 0  as p — oo,
p By (o) 1% BRO(QUO)

T — X T — Xy . 1 n

‘i[) _ on‘XBp(xO)\BJ(xO) — m in L (]R 7,uV)7

where the last statement follows by Dominated Convergence. Therefore there
exists the limit

. T — Ty
lim <kV; MXBP(zO)\BU(mo)>dNV(I)7

o\0, p, oo
which is also finite. Hence (19) implies that
o [ & =20 7 () < oo, (23)
0,0>0 J B, (20)\ B (20) |z — xo[?
thus by monotonicity the limit
(@ — o)

lim

——duy(x
a\0, p, oo Bp(20)\Bo (z0) |Cl'f — 33()|3 MV( )

exists finite. Since lim, M — 0 as p — 0, Equation (19) implies that
B,
i B @) Ly e R, (24)
o\0 o
which completes the proof. O

We mention that inequality (15) is probably not sharp, but still new in the context
of 1-dimensional varifolds. After the conclusion of the work the author became
aware of the fact that Theorem 2.2 also follows from Corollary 4.8 in [13].

We conclude with a monotonicity statement concerning the p = 2 case.

Remark 2.3. Let p =2. For r > 0 let

a0 = (5 + HurtBte) + 1 [ v+ 5 [ vl du.

2 r
By (z0) By (zo)
Then . )
Tr—x 2 1 Tr— T
Aw)+ [ (=2 G+ 22 Y o) = 400 29
B,(20)\Bo(z0) \ |7 — Tol 2 |z — o]

in particular r — A(r) is nondecreasing. Indeed to prove (25) just insert the
e . 2 (2 .
1dent1ty <kv, m> = %(‘]{V + |:1:_|‘ - ’k‘vP — 1) m (19)
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Moreover if we additionally require that uy (R™) < +o0, then

}% ) dpy () =
E / (ky,x — xo) duy (x )+% / (kv,x — o) duy (z) <
Br(x0)\Br(x0)
1
/ (vsz =) du(@)+ ([ IP) (o (Batoo)\ Bifan))
Br(:lro Br(z0)\Br(zo)

for any r < R. So letting first R — oo and then r — oo we get that
1

= / (ky,x — xo) duy(x) — 0

Br(zo)
as R — oo. And thus we obtain, for any choice of o € R", that
1
lim A(r) = (MR") + 52(V)). (26)

r—00

2.4. Elastic varifolds

Here we prove some important remarks about varifolds defined through immer-
sions of elastic curves. The first of the next definitions comes from [4].

Definition 2.4. Given a family of regular C' curves a;: (—a;,a;) — R? for i =

., N and a point p € R? such that «;(t;) = p for some times ¢; and the curves
{a;} are tangent at p. Let v € S' such that /(¢;) and v are parallel for any i. We
say that R,(p) is a nice rectangle at p for the curves {a;} with side parameters

a,b> 0 if
Ry(p) ={>€R* : [(z=pv)| <a, |{(z—p,vT)| <b},
N M

and Ry(p) 0 (UM) — U graph()),

for distinct C! functions f;: [—a, a] — (—b,b), where graph(f;) denotes the graph
of f; constructed on the lower side of the rectangle.

Definition 2.5. Let V = v(U;cr(7i),0y) be a varifold defined by the C' N W?2»
immersions 7; : S — R? and assume that F,(V) < 400, 6y < C' < 400.

For any p € Uier(7;) and any v € S denote by g1, ..., gr : [—¢,¢] = R? arclength
parametrized injective arcs such that: ¢;(0) = p, §;(0) = v, g;([—¢, 0]) # g;([—¢,0])
or g;([0, ) # g;([0,¢]) for i # j, and Uj_(g:) N B,(p) = Uier(7:) N Bo(p).
Observe that for any such p,v and p small enough, the arcs g; are well defined.
We say that V verifies the fluzx property if: Vp € Uijer(7;), Yo € St and p small
enough there exists a nice rectangle R, (p) C B,(p) for the family of arcs {g;} such
that

Vel <a: > Oy (z) = M,

zeU;_y (9:){y | (y—p,v)=c}

for a constant M € N with M < 6y (p).
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Roughly speaking, Definition 2.5 requires that the “incoming” total amount of
multiplicity at p in direction v equals the “outcoming” total amount of multiplicity
at p in direction v.

Observe that if V' = Y. ;(7:):(v(S', 1)) with »; € C' N W?? immersions and
Fp(V) < 400, 0y < C < +00, then V verifies the flux property.

Remark 2.6. Let E be a set of finite perimeter in R?, and let I' = UY., (v;) with

v; € C1(SY; R?) regular for any 7. Assume that
N

Ve = VFE, 1) = 3 ((v(8", 1))

Then H'(OF \ FE) = 0, and we can equivalently write Vi = v(0E,1).

By assumption H!-almost every point p € I is contained in FE, suppVg = I, and
[' = suppVg = supp(H' L FE) = OF. Therefore 0 = H'(T'\ FE) = H'(OE\ FE).

Lemma 2.7. Assume p > 1. If an integer rectifiable varifold V- = v(I',0y) is
such that V =Y""  (7:):(v(S", 1)) for some regular curves ~; € W*P(S'; R?) and

F,(V) < 400, then V has generalz'zed curvature

Z Z k., (t) at H'-aep €T, (27)

i= 1t6’y )

the generalized boundary oy = 0, and ZE Vi) (28)

In particular, since ky is unique, the value E,(V') is mdependent of the choice of
the family of curves {7;} defining V.

Proof. In fact suppose first that N = 1, and then call 74 = +. Up to rescaling,
assume without loss of generality that v is an arclength parametrization. By
assumption v € CY® for o < 1/p/, and clearly I’ = () and

py =0y H L () = (H'LSY)

(by the arclength parametrization assumption). If X € C}(R?; R?) is a vector field,
using the area formula and the fact that 6y, > 1 H!-ae on I', we have

[t eX din o) = [divr, o) X LS m) = [ /0, (9000 0) dt =

= / <'Y/7 (X O7)’> dt = _/ <’y//(t)7X(’y(t))>dt _
51 .
- _//1( )<7"<t)aX(v(t))> dHO dH' LT (p) =

- —/<X(p),/7_1(p) ey () d%0>2§§; dH'LT(p) =

{0 5, o

tE'y—l (»
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If now N > 1, by linearity of the first variation we get

[ dieni Xty 2 / (xw P D) R Glp) =

tev; ' (p)

L > (p) dH' L (UL, (7)) =

% > d,uV

Now we want to prove (28). Let us consider the set W = {p € I'| 0 (p) > 1}. Up
to redefining some ~; on another circumference, we can suppose from now on that
v; is an arclength parametrization. We can write W =T U X UY U Z, with

T = {p e W3, j,t,7: v(t) =) =p, 7(t) # Oz’)/j,-(T) Va € R},
X ={peWN\T|3i,t: v(t)=p, tis not a Lebesgue point of 7/},
Y = {p eWN\(TUX)|Vi,j,t,7: %(t) =) =p = 7 (t) = ’yj/.’(T)},
Z={peW\(TUX)|3i,j,t,7: 7%(t) =(7) =p 2% {t) # (1)}
We are going to prove that T, Z are at most countable, then since H'(X) = 0 we
will get that H(W) = H1(Y). Hence by (27) one immediately gets (28).

Let p € T and C € N such that 0y < C . Let vi(p),...,vx(p) € S' with k =
k(p) < C such that if ;(t) = p then ~/(¢) is proportional to some v;. For any
i=1,....k let R,,(p) be a nice rectangle at p for the curves {a;};cs) which are
suitable restrictions of the curves {y;}. Then let f{, ..., fi with [ = (i) be C!
functions f: [—a;,a;] — (=bs, b;) given by the definition of nice rectangle.

i= 1t€’y

the

Let ¢ € Ul_,graph(f?), and assume q € T. If a; is chosen sufficiently small, the
fact that ¢ belongs to 7" means that the transversal intersection happens between
some of the curves {a;};c ). This means that there is some 6, > 0, z4 € (—a;, a;),
r,s € {1,...,1} such that

fi(wg) = filzg), (g, f1(24)) = 4,
graph(-fﬂ(xq_‘sqvxq'*‘aq)) A graph(f;|($q_5qvl’q+5q)) = {Q}
Letting A; = {x € (—a;,a;)| f' # fi}, which is open, we see that z, belongs

to the boundary of some connected component of A;. This implies that the set
TN (U_, graph(f?)) is countable, and this is true for any i = 1, ..., k(p).

For any p € T take a ball B,,)(p) C ﬂfipl)Rvi(p) (p) for suitable rectangles R, ) (p)
as above. Then T'N B, (p) is countable. Since I' is compact, taking a finite cover
of such balls B,,,)(p1); ..., Br(p,)(pr), we conclude that 7" is countable.

Consider now ¢ € UL_,graph(f?), and assume q € Z. If a; is chosen sufficiently
small; the fact that ¢ belongs to Z means that the tangential intersection happens
between some of the curves {o;};csq)-
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Hence at some z, € (—a;, a;) for some r, s € {1,...,{} we find that x, is a Lebesgue
point for (f!)” and (f!)”, and

fi(gjq) = fsi(xq)v (2, fﬁ(mq)) = (g, (ff)”(ﬁq) # (fsi)”(ajq)-

This implies that there exists ¢ > 0 such that for any 0 < [t| < ¢ we have
(fY(zy+t) # (fI)(x,+t). By continuity of the first derivative we have that,
for example, (f2)(z, +1t) > (f)(xy +t) for any 0 < [t| < &, and therefore
fixg+1t) > fizy+t) for any 0 < |t| < . So we find that z, belongs to the
boundary of a connected component of an A; defined as above as in the case of
the set T'. Arguing as before we eventually get that Z is countable. [

Lemma 2.8. Let vy, ...,yn: St — R? be Lipschitz curves and let V = v (T, 0y) =
SN (0):(v(SY,1)). Assume that H'({x |6y (z) > 1}) = 0, and define

N
> Ind,,(p)
i=1

Then V = Vg :=v(FE,1), and E is uniquely determined by V, i.e. if

E:{peRQ\F:

is odd} url. (29)

N M

V= (0s(v(S1, 1) = > (00)s(v(S", 1))

i=1 i=1
then the corresponding set E defined using (29) with the family {~;} is the same
set defined using (29) with the family {o;}.
Proof. The set E is closed and bounded, with
E={peR\T : |2V, Ind,(p)| is odd}
and OF =T, hence F is a set of finite perimeter. Let us first check that if
V= 58 ((v(81, 1)) = S (o), (v (ST, 1),

then the definition of E by (29) is independent of the choice of the family of
curves. The fact that a point p € R*\T belongs to F depends on the residue class

(élndw (p)) mod 2, or (élndzﬂ (p)) mod 2.

Without loss of generality we think that p = 0. Since the curves {7;}, {o;} define
the same varifold, for H'-ae point ¢ € {(z,y) € R? |z + y* = 1} we have that

M

o) w=2e(gy) o

i=1 i=1

In the following we denote by deg( f,y) the degree of a map f at y and by degs(f,y)
the degree mod 2 of f at y (we refer to [14]). Since the curves are Lipschitz almost
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(o)

every point q € {(x,y) € R*|2? + y* = 1} is a regular value for |:’/—?|, o and we

can perform the calculation

<§:Indm(P)) mod 2 = (ﬁ:deg(gﬁ',q)) nod 9 —
= (San(20)) o2 = (3o() 0 o 2) o2

that together with the same expression using the curves o;, implies that E is
uniquely defined by (30). Now we prove that V = V. Let

X={peTl|0v(p) =1, %(t) =p = ~; is differentiable at ¢}.

We want to prove that H'(FEAX) =0, (31)

which implies V' = Vg. If ~;(t) = p € X, then there is € > 0 such that
Yi((t—e,t+e)) C {6y =1} CT =9E.

By Rademacher we therefore have that H'(X Nv;((t —e,t+¢)) \ FE) = 0. Hence
HY X\ FE)=0.

Now let p € FE, we want to prove that H'(FE \ X) = 0, and this will complete
the claim (31). If Oy (p) = 1 only a curve passes (once) trough p, say 71(t1) = p,
and since p € FFE such a curve has to be differentiable at ¢;. Conversely, if
p = 7i(t;) for some {i,t;}’s, assuming that each ~; is differentiable at ¢;, we want
to prove that 0y (p) = 1. Suppose by contradiction that 6y (p) > 1, then there are
a, f: (—e,e) — T Lipschitz different arcs such that «(0) = 5(0) = p and «, 3 are
differentiable at time 0; moreover the hypothesis H!({z | 6y (x) > 1}) = 0 implies
that #'((@) N (8)) = 0. Therefore H'-ae point p € (a) U (B) is contained in X,
and thus H'-ae point p € (a) U (83) is contained in FE, since we already know
that H'(X \ FE) = 0. So for any & > 0 there is r > 0 such that

1 ([(@) U ()] N B (p)) = (2—)2r,
and thus — H(FE N B,(p)) = H([(a) U ()] N B,(p) = (2 — 2)2r,

which is a contradiction with the fact that any point in FE has one dimensional
density equal to 1. So we have proved that a point p € FFE verifies that: if
Ov(p) = 1 then p € X, and if any curve passing through p at some time is
differentiable at that time then p € X. In any case we conclude that H!-almost
every point in FE belongs to X, and then H!(FE \ X) = 0. O

3. Relaxation

3.1. Setting and results

From now on and for the rest of Section 3 let p > 1 be fixed and for any set of
finite perimeter £ assume (8).
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For any measurable set £ C R? we define the energy

pvy(R?) + E,(Ve) if Ve=3,.;(7):(v(S', 1)), where
Fp(E) = 7o ST — R? C%-immersion, #I < oo, (32)

+00 otherwise.

We write F,(F) understanding that F,, is defined on the set of equivalence classes
of characteristic functions endowed with L' norm. We want to calculate the
relaxed functional Tp with respect to the L! sense of convergence of characteristic
functions. By Remark 2.6 and Lemma 2.7, if 7,(E) < oo, we have

H(OE\FE) =0,  F(Vp)=> Fpln),
iel
if Vg =3 ,c;(7):(v(S',1)). Also up to renaming E* into E, we can suppose that
E is bounded. If £ C R? is measurable, we define

( )

V:v(F,Qv):Z(%)ﬁ(V(Sl, 1) |7 St = R* C'NW?P-immersion,
icl
ALE) =\ #1 < +oo, Y F(ri) < +o0, OECT, Vg <V, ,

iel

| FE C {x € R?*|0y(z) is odd}, H'({z |0y (z) is odd} \ FE) =0

Vs

Remark 3.1. Observe that if V' € A(E), then F,(V) < 400, and then the limit
Oy (x) = lim\ o(pyv (B,(x))/2p exists and is uniformly bounded on I'. Moreover,
the condition OF C I' and the bound on the energy of the curves imply that
H'(OF) < oo, and then F is a set of finite perimeter.

The main result of the section is the following.

Theorem 3.2. For any measurable set £ C R? we have

Fo(E) = {"‘OO if A(E)=0 or E is ess. unbounded, (33)

F
g min {F,(V) |V EA(E)} otherwise,

where we say that a set E is essentially unbounded if |E\B,(0)| >0 for any r>0.

The proof of Theorem 3.2 will be completed in Subsection 3.3.

Remark 3.3. Choosing for a measurable set £ the L! representative defined in
(8), then the set E is essentially unbounded if and only if it is unbounded. So
in the statement of Theorem 3.2 one can actually write unbounded in place of
essentially unbounded.

Remark 3.4. The characterization of ]?p given by Theorem 3.2 immediately im-
plies the stability property that

Fp(E) < 400 = Fo(E) = F,(E) < +oo0. (34)



860 M. Pozzetta / A Varifold Perspective ...

In fact if F,(E) < +oo, then Vp € A(E). Consider any W = v([',0y) €
A(E) \ {Vg}, then by definition we have that Vg < V in the sense of measures
and FE C {z|0w(z) is odd}, and this implies that H'(FE \ T') = 0. Therefore
pw(R?) > HYFE) = py,(R?), and also E,(W) > &,(Vg) by locality of the
generalized curvature ([9]).

We conclude this part showing some properties of varifolds V' € A(F) (in the
following remember the assumption (8)).

Lemma 3.5. Let E C R? be a bounded set of finite perimeter. Furthermore, let
V = v([,0y) = SN (3)s(v(SY, 1) with y1,...,yn: S* — R? Lipschitz curves.
Suppose that FE C T and H'(FEA{x | 0y (x) is odd}) = 0.

Then E:{pERZ\F:

)| s odd} ur.

Proof. Fix p € R*\T. In the following we suppose without loss of generality that

p = 0. By hypotheses and by the calculations in the proof of Lemma 2.8, there

exists a vector v € R?\ {0} such that the ray L = {p + tv|t € [0,00)} satisfies

the properties:

(i) L intersects I' at points y such that for any i = 1,..., N if v;(¢) = y then ~;
is differentiable at t,

(ii) L intersects FE a finite number M € N of times at points z in FE N
{z | Oy (x) is odd} where vg(z),v are independent,

(iii) L intersects I'\ FE a finite number of times at points w in {z | 0y (z) is even}
where «/(t),v are independent whenever ~;(t) = w,

(iv) (é Ind%.(p)) mod 2 = <Z 3 (’% ) (%) mod 2) mod 2 =

=1 yeLN(v;)

(Z > (0) <|§‘|) o 2) 2 (35)

=1 yeLN(v;)NFE

where in (iv) the second inequality follows from (ii) and (iii).

Now if p € E, since F is bounded the number M has to be odd, and then
(Zf\il Ind.,, (p)) mod 2 = 1. Conversely if p € E° then M is even, and then
(ZZ]L Ind,, (p)) mod 2 = 0. O

Remark 3.6. We observe that Lemma 3.5 applies to couples E, V with V € A(E).

Lemma 3.7. Let V=v(I',0y) € A(E) for some measurable set E and 3 := I'\OF
If X # 0 then for any x € X NOE at least one of the following holds:

(i) JyeXTnNoE, If:[0,T] - R>C'NnW?2P T >0, f reqular curve from x to
y with (f) C T,
(ii) = is not isolated in XN OE.

The alternative above is not exclusive.
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Proof. Write V = Z?;l(ai)ﬁ(v(sl, 1)). Assume X # (), which is equivalent to
'\ OF =: S # (. Suppose x € X NJFE is isolated in X N IE, then we want to
prove that condition (i) in Lemma 3.7 holds true. There exists 9 > 0 such that
B, (x) N ¥ NIE = {z} for any r < ry. Up to reparametrization we can say that
O1l(=ee): (—€,€) = By, (x) passes through z at time 0. Up to reparametrize oy (t)
into oy(—t), we can say that there exists a time 7" > 0 such that o¢|r) C S and
y = o01(T) € 05 = XN OFE, looking at S as topological subspace of ¥; in fact
otherwise x would not be isolated in 0S = ¥ N JE. Defining f(t) = o4(t) for
t € [0,T] gives alternative (i) in Lemma 3.7. O

3.2. Necessary conditions

Here we prove that a set F C R? with F,(E) < +oc has the necessary properties
that inspire formula (33).

Let E, be any sequence of sets such that F,(E,) < C and xg, — xr in L'(R?).
Let us adopt the notation Vg, = >7.c; (7in)s(v(S',1)) = v(I'y, 0y, ), so that
FolEn) = >icr, H (Yim) + Ep(Yim). Using also (12) we have for any i,n that
0<c<HY (yin) <O <oo. Also E(Vin) > ¢ > 0 for any 4, n, thus §1,, < +oo for
large n and then we can suppose that I,, = I for any n. Also we can choose F,
bounded and by L' convergence we have that |F| < +oc.

Moreover we observe that in order to calculate the relaxation of JF, we can suppose
that the sequence FE, is actually uniformly bounded, hence getting that FE is
bounded. Indeed if (up to subsequence) we have that for example v, ,NB,,(0)¢ # (),
then by boundedness of the length we have v;,, C (B,—.(0))¢ for any n for some c.
Let A, be the connected component of U;c;(7;) containing (7;). The component
A, is equal to some union Ujey, (7j,). Up to relabeling we can suppose that
J, = J for any n. Since the length of each curve is uniformly bounded, then there
exist open sets U,, such that A,, C U,,, U,N (UieI\J(fyi,n)) =, and U,NBg, (0) =0
for some sequence R,, — oo. Therefore the set E! := E, \ U, still converges to F
in L'(R?), and F,(E},) < Fp(E,).

Using the above notation we have the following result.

Lemma 3.8. Suppose E C R? wverifies that F,(E) < +oo. Let E, C R? be
uniformly bounded such that xg, — xg in L*(R?) with F,(E,) < C. Suppose
that for any n the set {p|6y, (p) > 1} is finite, then any subsequence of Vg,
converging in the sense of varifolds converge to an element of A(E).

Proof. The arclength parametrizations o;, corresponding to ;, are uniformly
bounded in WP for any i € I,, = I and for any n. Therefore, since the sequence
is uniformly bounded in R? up to subsequence o;,, — o; strongly in C** for

some a < - and weakly in W??(R?) for any ¢ € I. Each o; is then a closed

curve parametrized by arclength, and we call ; the parametrization on S* with
constant velocity.

Hence the varifolds Vg, converge to some limit integer rectifiable varifold V' =
v(I',0y) in the sense of varifolds, and V' = ", ;(v)s(v(S',1)). The multiplicity
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function 6y is upper semicontinuous and pointwise bounded by the discussion
in Subsection 2.3. Also the sets F, converge to E weakly* in BV (R?), that is
XE, — X and DXEn X Dyg, thus E is a set of finite perimeter. Observe that
DX, = b, = 1y

From now on we call I' = Ujef(0;), X =T\ 0E, S=T\0E.
Let z € OF, so that for any p > 0 we have

lim x5, >0,  lim Xz > 0. (36)

" JBp(2) " JBp(2)

Then for p > 0 there is n(p) such that there exist &, € E,,NB,(x), n, € ESNB,(z)
for any n > n(p) and thus there exists w,, € 0E, N B,(x) for any n > n(p). Taking
some sequence pi \, 0, we find a sequence w,, converging to z. Therefore, also by
density (11), we have proved that FE C OF C {y |y = lim, Y, yn € FEn} =TI
In particular OF is 1-rectifiable.

Now we prove that FE C {z | fy(z) is odd}. So let p € FFE, and let {7 |j =
1,..,N,i=1,..,n;} be distinct curves which are suitable disjoint restrictions of
the 7;’s such that (v]) C (v;) for any k (up to relabeling the v;’s) and

B = ().
jik
Without loss of generality we can write vi(ti) = p. It is our aim to prove that

Z;V:l nj=0y(p) is odd. Since p€ FE thereis g€ ENB,,(p) such that the segment

p—q
s(t)=q+ t, tel0,2]p—qll,

lp —q
is such that ‘<u7 (Vi)/(ﬁc)>

>0, 37
lp—q| (37)

and sljop—q) € E, 8|(p—ql2pp—q] C E°. Also since ~;, — 7; strongly in C**, by
(37) we get that s intersects transversely =, ,, for any ¢ for n big enough, and the
number of such intersections is 6y (p). Also denote b := s(2|p — ¢|). Moreover we
can write that B, (¢) C E, and B,,(b) C E¢ for n sufficiently big.

We know that for any € > 0 there is a. € ES*, where (-)* will always denote the
unbounded connected component of (), such that

‘ a. —b
m—m . —b]| =
Vin Ae _‘b
E Ind,, (b) mod 2 = E ﬁ( ) <—) mod 2.
i |'71n| |a6—b|

el i€l

Hence up to a small C*° deformation which is different from the identity only
on {z + tﬁ\ z € By, (b),t € Rso} \ By, (b) we can suppose that for M > 0
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sufficiently big it holds that

ag:=b+ ML € B, {b + R (;q> } N (U(%n)) C FE,,
!p CJ\ lp—dl et
P)/ln - Qo — b )
Ind,. (b) mod 2 = _ mod 2. 38
2 I Se(pe) (255 .

Taking into account Lemma 2.8, by construction we have that the quantity in
(38) is 0 mod 2. Moreover we have

1 mod2= Z Ind,,  (¢g) mod 2= <0V(p) + Z Ind%n(b)) mod 2,

iel iel
and then 6y (p) is odd. It remains to prove that H!({z | 6y (z) odd} \ FE) = 0.

We observe that in the sense of currents we have the convergence [|E,|] — [|E]]
and thus

012 = 7(U(eia). 1.6 ) = 9[E]
iel

in the sense of currents where &, is the positive orientation of the boundaries with
respect to R%. We can write 9[|E,|] = Y oo (in)s([|S*]]) for countably many
Lipschitz parametrizations «;, ordered so that L(aji1,) < L(w;,) for any ¢, n.
Such immersions positively orient the boundary OE! of E', where E' is one of the
open connected components of En, which are at most Countable The length of
each o, is uniformly bounded, then we can assume that the parametrizations «; ,,
are L-Lipschitz with constant L independent of ¢,n. Since the parametrizations
0;.n converge strongly in C'', the immersions o ,, uniformly converge to L-Lipschitz
curves a;: S — R? as n — oo. We can also reparametrize each «; by constant
velocity almost everywhere (in the sense of metric derivatives). In the sense of
currents we have that

Z(ai,n>ﬁ([‘51”) =B, = 9[|E|] = 7(FE,1,&).
Let us define T := Z a;)([|S7] 1

Let ¢ be fixed. Up to relabeling we can assume that (a;,) is contained in (o, )
for a fixed 7o for large n. If dy is the Hausdorff distance, we can estimate

d?—t((ai,n)a (Oéi,m)) S dH((Oéi,n>7 (Uio,m)) S dH(<Jio,n)7 (Uio,m)) =
= max { sup inf |Tio () = Oigum ()], sup inf |5 m(t) — Jio’n(8)|} <
t t S
< nllealx Slilp ‘am t) — ai,m(t)|.

Hence for any € > 0 there is n. such that dy((e,), (o)) < € for any n > n..
Since an equivalent definition of Hausdorff distance is



864 M. Pozzetta / A Varifold Perspective ...

dy(A,B) =inf{e >0 | ACN.(B), BCN.(A)}
where MV.(X) = {z | d(z, X) < ¢}, we have that
Ve > 03dn, : dH( Ui (ain), Uz-(ozz-)) <e n > ne. (39)

Thus U;(e;,,) converges in Hausdorff distance to the set U;(c;). By hypothesis
the set {p | Oy, > 1} is finite, hence U;(a;,) = O, is closed, bounded, and has
finitely many connected components for any n. The connected components of
OF, are at most §/ < 400, thus applying Golab Lower Semicontinuity Theorem
on each component, we have that U;(«;) is closed as well. Moreover

It is easy to see that I' D U;(«;), and if by contradlctlon
then by (39) there is r > 0 such that § = B,(p)N (U; ()
for any n big enough, that is impossible.

Let x € R*\ T. By (39) and (40) we have that there is p > 0 such that
Bp(l') N (Ui (Oé,) U UZ‘(OZZ‘JL)) = @

for any n large. Then there exists n, such that for any ¢ the index Ind,, ,(z) is
the same for any n > n,.

I' 2 Ui(o) = Ui(ai),
= BT(p ﬁ( iel ('Vi,n )

In fact suppose now by contradiction for any n there is ,, Ni, Ny > n with
1 =Indg,, v, (¥) # Indg,, , (z) = 0 and 4, — oo without loss of generality. Then
Lo, n,) > C(p) for a constant C(p) > 0 depending only on p by isoperimetric
inequality. Since L(cit1.,) < L(a;,) for any i,n and i, — oo, this implies P(E,,)
is arbitrarily big that for n large enough.

Now let € R*\I" such that there exists lim,, x g, (). Since xg, () =Y, Ind,, , ()
for n big such that B,(z) N (U; (o) UU;(in)) = 0 for some p > 0, from the above
discussion we have that

limZInd%n (#)=1 & Vn>nedi: Ind,,  (2)=1

& Jilz)Vn>ne Indy,, ,(v)=1 < Ji(z): Ind,,, (z) =1

Hence rel & limZIndam(:c) =1
& Ji(z) : Indy,,(v) =1 & Zlnd
In particular E={zeR’\T | Zlnd =1}
= {xGRQ\F 1‘18 odd}, (41)
i€l

up to L£%-negligible sets, where the second equality follows by the uniform con-
vergence of the finitely many curves o;i,n. Also for any ¢ # j it holds that
{z e R?\ (o) | Indg,(z) =1} N{z € R*\ (o)) | Indg, (z) = 1}| = 0, because the

inequality holds for any n for «; ., @; .
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Therefore we have

Z/ (W, Tin) :/ dw —>/ dw =
i (@i,n) En n { >0 Indai(x)zl}
= dw = / <CL), Ti>7
;/{Indaiw):l} Z ()

for any 1-form w on R2. This means that

o0

> (i) (15*) = Ol En]] = T = Z a)y([|SM]) = O[N] = 7(FE,1,&), (42)

1=0

in the sense of currents. In particular we can write the multiplicity function of

the current 0| E|] as
Z Z S(y (43)

yEa L)

for H'-ae © € R?, where S(y) = +1 if d(;), preserves the orientation and the
opposite in the —1 case. Note that since 0y is bounded, I' = U;(«a;), and 0y (p) >
>t (p), then the series in (43) is actually a finite sum.

Also observe that since E' is a set of finite perimeter, by Gauss-Green formula the
multiplicity function m is equal to 1 H'-ae on FE, H'({x |m(z)>1}\ FE) =0,
and m = 0 H'-ae on R? \ FE.

Now since I' = U;(a;) and H' (o ({t : Ad)(t)})) = 0, then
H'({pel | 3t,i: ) =p, Bai(t)}) =0. (44)

So let p € ' be such that if «;(t) = p then Jaj(t). We want to check that
Oy (p) and >, fa; ' (p) have the same parity. In fact if without loss of generality
Ov(p) > >, fa; ' (p), taking into account (41), following a segment s intersecting
I" only at p and transversally (as in the first part of the proof) we have that:

(i) s passes from E to E° if and only if 6y (p) is odd, or equivalently if and only
if 3. fa; " (p) is odd;

(ii) s passes from E to FE if and only if 6y (p) is even, or equivalently if and only
if . fa; ' (p) is even.

Hence by (43) we conclude that 6(p) is odd if and only if alternative (i) above

holds, if and only if the summands in (43) are odd, if and only if m(p) is odd.

By (44) this holds for H'-ae point in T'. Therefore
H ({x |m(x) is odd}A{z| Oy (z) is odd}) = 0.
So finally since H!({z | m(x) = 1} \ FE) = 0, then
0=H'({z|m(z) odd} \ {z|m(z) = 1})
=H'({z|0y(z) odd} \ {z |m(x) = 1}) = H'({x | Ov(x) is odd} \ FE),
which completes the proof. [
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3.3. Proof of Theorem 3.2

First we want to prove the following approximation result.

Proposition 3.9. Let E C R? be measurable and bounded with A(E) # (0. Then
for any V€ A(FE) there exists a sequence E, of uniformly bounded sets such that
Fp(E,) < 400, XE, = x& in LY(R?), Vg, — V as varifolds, and

lim F,(E,) = Fp(V). (45)
Moreover for any n we have that Vg, = .8 (7)s(v(S', 1)) = v([y, 0y, ) and
{p|Ovg, (p) > 1} s finite.
Proof. Let V = 32 (7:):(v(S', 1)) € A(F) with v; € W?? regular. For any i

let {7in}nen be a sequence of analytic regular immersions such that +;, — 7; in
W?2P as n — oo. Hence the set

{z €R*|Fi, gt #7: %(t) =(7)} (46)
is finite. Let V,, = Zﬁil(%n)ﬁ(v(sl, 1)). By (46) we can define F, as in Lemma
2.8, so that V,, = V. Moreover we have that

Fp(Ern) < +oo, ILm Fp(Ve,) = le Fo(En) = Fp(V), Vg, = V.

By uniform convergence of v; , we get that for any € > 0 there is n. such that

N N
JGin) € I (U(%)) Vn > n,,
i=1 i=1
where It denotes the § open tubolar neighborhood. Hence up to passing to a
subsequence by Riesz-Fréchet-Kolmogorov we have that y g, converges strongly in
L*(R?), and then in L'(R?) and pointwise almost everywhere to the characteristic
function of a closed set F. Using the definition of F, and Lemma 3.5 together

with Remark 3.6 we have that F' = E, and the proof is completed. Il

Corollary 3.10. Let E C R? be measurable and bounded with A(E) # (. Then
I min {F,(V) | V € A(E)}.
Proof. Let Vi be a minimizing sequence in A(FE). Up to subsequence we can as-
sume that V, — V in the sense of varifolds and the supports suppV}, are uniformly
bounded. By Proposition 3.9 using a diagonal argument we find a sequence of
uniformly bounded sets Ej, such that
XE, — xg in L'(R?), F,(E,) <C < +oo, Vg, — V as varifolds,

lim Fy(Ev) = lim Fy(Vi) = inf F, = Fy(V)

and {p| Ovi, (p) > 1} is finite. Hence Ej, is a possible approximating sequence of
E by regular sets, i.e. a competitor in the calculation of the relaxation F,(E).
Then by Lemma 3.8 we get that V' € A(FE), and therefore V' minimizes F, on
A(E). O

Now Proposition 3.9 together with Corollary 3.10 readily imply Theorem 3.2.
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3.4. Comment on the p =1 case

The characterization of the relaxed energy given by Theorem 3.2 fails in the p = 1
case. As stated in Section 1, many estimates used in the p > 1 case have an
analogous formulation in case p = 1. However, if I C R is a bounded interval,
functions u € W*(I) do not have good compactness properties. In fact even if
u € W2(I) implies that ' € WH(I) = AC(I) and hence u € O, the immersion
W2Y(I) < C*(I) is not continuous.

Since WI(I) — W'P(I) for any p € [1,00), we have that W*!(I) compactly
embeds only in C%*(I) for any a € (0,1). This implies that the convergence of
the curves defining the boundary of sets FE, with F(F,) < C is much weaker
than in the p > 1 case.

One of the main differences is the following. As we will show in Subsection 4.3
the F, energy of polygons is infinite if p > 1. Instead if £ is a regular polygon,
i.e. aset £ C R? whose boundary is the image of an injective piecewise C? closed
curve, it can happen that F;(F) < +oo. For instance, consider a square @ in
the plane: in small neighborhoods of the four vertices the boundary 0@ can be
approximated by a piece of circumference of radius converging to 0 with finite
bounded energy converging to 7. This is ultimately due to the invariance of the
energy J, under rescaling, a property that is absent if p > 1. This implies that a
possible limit varifold does not verify the flux property (because of the arguments

in the proof of Proposition 4.8).

We believe that the presence of vertices in the boundary of the limit set is the
main difference with the p > 1 case and that sets E with F;(E) < C have at
most countably many vertices, each of them giving an additional contribution to
the energy equal to the angle described by the vertex.

4. Remarks and applications
4.1. Comparison with [4], [5]

In these works Bellettini and Mugnai develop a characterization of the following
relaxed functional. For simplicity we reduce ourselves to the case p = 2. Let
E C R? be measurable and define the energy

1+ lkop|?dH' E is of class C?,
G(E) = {faE lhor 1 (47)

+00 otherwise.

Then the functional G is the L'-relaxation of G. Clearly

G(E) < +00 = F(E)=G(E), F(E)<GE) VE.

The precise characterization of G is discussed in [4] and [5]; here we just want to
point out that

JE: FK(E) < G(E) < +oo.
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In fact an example is the set Ey in Fig.4.1 described in the Example 4.4 in [5].
Let 71,72 be as in Fig.4.1. In [5] it is proved that

G(E) > Fa(m) + Fa(12)-

Figure 4.1: Picture of the set Fy in Example 4.4 of [5]. The curve v; parametrizes
the left and the right components, while 7, parametrizes the upper and lower
components. The varifold (y1);(v(S*, 1)) + (71):(v(S*, 1)) belongs to A(E)p), and
it has multiplicity equal to 1 on dF, and equal to 2 on the cross in the middle of
the picture.

Here we want to prove that Fo(E) = Fa(y1) + Falya). (48)
Observe that vq,7, carry inside B(0) a F, energy equal to 8.

Since F5(Fy) < +0o there exists a varifold V = SN (71)s(v(S',1)) € A(E). Up
to renaming and reparametrization assume v;(0) = (1,0), 74(0) = —(1,0), and
7 |[=T,0] joins (0,1) and (0, 1) having support contained in FEy \ B1(0). Since
v1 is C! and closed, by the above discussion there exists a first time 7 > 0 such
that v, (7) € {(1,0),(0,1),(—1,0), (0, —1)}. We distinguish two cases.

(1) If % (7) € {(0,1),(0,—1)}, arguing like in the proof of inequality (12) one has

NI
=

< [L(’Y1|(o,r))} [52(’71|(0,7))} < %(L(’M(o,r)) +52(’71\(0,T)))7

T
2

then ]:2(’)/1|(077—)) > > 2.
(2) If y1(7) = (1,0) by an analogous argument one gets Fa(v1|(0,)) > 27 > 2.

Hence in any case it is convenient for the curve v to pass first through the point
(—1,0). By the characterization of Theorem 3.2 equality (48) follows.

In this sense we can look at the relaxation F, as a generalization of the energy
G, in the sense that F, admits a wider class of regular objects, i.e. sets E with
Fp(E) < 400, and this implies that the relaxed energy fp is naturally strictly
less than G on some sets.
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4.2. Inpainting

Here we describe a simple but significant application of the relaxed functional Tp
given by Theorem 3.2. Such application arises from the inpainting problem that
roughly speaking consists in the reconstruction of a part of an image, knowing
how the remaining part of the picture looks like. This problem as stated is quite
involved ([7]). Assuming the only two colours of the image are black and white,
as already pointed out for example in [2], one can think that the black shape
contained in lost part of the image is consistent with the shape minimizing a
suitable functional depending on length and curvature of its boundary. In such
a setting the known part of the image plays the role of the boundary conditions.
On different scales one can ask for the optimal unknown shape to minimize a
weighted functional like (50), where one can give more importance to the length
or to the curvature term.

Now we formalize the problem and we give a variational result.

Fix p € (1,00). In R? consider the set H defined as follows. Let Q, Q- be the
squares Q1 = {(z,y) : 0 < z,y < 10}, Q2 = {(z,y) : =10 < z,y < 0}, modify
the squares in small neighborhoods of the vertices into convex sets Q1, Q, with
smooth boundary. Finally let

H=(Q1UQs) \ Bi(0). (49)

Let A € (0,00) and F), be the functional

)\MVE (R2)+5P(VE) if VE - Zie[(’)/i)ti(v(sla 1>>’
Fop(E) = vi: St — R? C%-immersion, #I < +o00,  (50)

400 otherwise.

Analogous to the functional F,, we have a well defined characterization of the
L'-relaxed functional Fy,. We want to solve the minimization problem

P = min {F,(E) | E C R* measurable s.t. E\ B;(0) = H}, (51)

under the hypothesis of A\ suitably small. The heuristic idea is that a good candi-
date minimizer is given by the set

Eo = [(Q1UQ2) N B:1(0)] UH, (52)

which has finite ), energy. For a qualitative picture see Fig. 4.2.

Remark 4.1. Observe that if G is the relaxed functional defined in [5] recalled
in Subsection 4.1, then G(Ey) = 400, and hence Ey will never be detected by a
minimization problem (51) analogously defined with the functional G.

We have the following result.

Proposition 4.2. There exists \g € (0, %) such that for any X € (0, ) the set

Ey is the unique minimizer of problem ‘.
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Figure 4.2: Qualitative pictures of the datum H and the minimizer Ej.

Proof. Let E, be a minimizing sequence of problem ‘3. By Theorem 3.2 and
Lemma 2.7 we can write F ,(E,) = > icr, Fap(Yin) for some curves ;.. Up to
subsequence I, = I and the curves converge strongly in C! and weakly in WP
to curves ;. In particular E,, — F in the L' sense, and

J—'}\’p<E) S 111fq3 S ]:NP(EO) == ,F)\’p(E()). (53)
by lower semicontinuity. Moreover by C?! strong convergence we have that

Vi VPE ((7@) N aBl(O)) \ {(17 0)7 (07 1>7 (_1? 0)7 (07 _1)}
= () is tangent to 0B;(0) at p.

Observe that Ey carries inside B1(0) a Fy, energy equal to 8.

Arguing in the same way as in Subsection 4.1, since F) ,(E) < 400, there exists a

varifold V = SN (71)4(v(S', 1)) € A(E). Up to renaming and reparametrization
assume 71 (0) = (1,0), 1(0) = —(1,0), and y|[-T, 0] joins (0,1) and (1, 0) having
support contained in FH \ B;(0). Since v, is C' and closed, by the above discus-
sion there exists a first time 7 > 0 such that 7; intersects transversally 0B (0).
Also such transversal intersection can take place only at one of the points in

{(1,0),(0,1),(—1,0), (0,—1)}. We distinguish two cases.

(1) If v1(7) € {(~1,0), (0, —1)} there is C' > 0 depending only on the problem
such that L(v;) < C for any 4. Then arguing like in (12) we get

™

w1
Frp(nlom) > W2+ — > AMW24 —= > 2\,
2 L(71|(0,r))”' 2C

where the last inequality holds choosing Ay small enough.

(2) If y1(7) = (1,0), then by the same argument leading to (12) one has

Lvilos) & .
T S (71|(0: )) + p(fyll(oy )) (54)

4 P
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If \p' > 1, then 7 < Fyp(7o,). If instead A\p’ < 1, then also (A\p'/p) < 1,
and multiplying (54) by Ap’ one has A\p'm < Fy ,(710,+))- So we can write that
Fap(1l,r) = min{1, \p'}r. Choosing Ay < § then 7 > 2, and since p’ > 1 > %
then \p'm > 2X; hence in any case

Frp(1ilom) > 2A.

By inequality (53) we conclude that v,(7) = (—1,0) and dE, C UY,(v;). Hence
again by the same inequality we have that FF = E,, and thus 3 has a unique

minimizer, that is Ej. [

4.3. Examples and qualitative properties

In this subsection we fix p € (1,00) and we collect some remarks about the
qualitative properties of sets E having F,(E) < +o0.

First we want to prove a result that is completely analogous to the Theorem 6.5
in [3]. To this aim we need some definitions.

Definition 4.3. Let £ C R? be closed measurable. A point p € OF is called
(simple) cusp if there is r > 0 such that up to rotation and translation the set
B,(p) N OF is the union of the graphs of two functions fi, fo: [0,a] — R of class
CtNW?2? with f;(0) = f/(0) =0, fi(z) < folx), and fi(z) = fo(x) if and only if
x = 0.

Also, we shall need the following definitions in the context of planar graphs.

Definition 4.4. Let G C R? be a planar finite graph, i.e. a set given by the
union of finitely many embeddings of [0,1] of class C' N W?P called edges of
G, possibly meeting only at the endpoints, called vertices of G. The symbols
E¢, Vi respectively denote the set of edges of G and the set of vertices of G.
Together with the topology of a graph G, it is assigned a multiplicity function
m: Eqg — N. For any vertex v € Vg there is r, > 0 such that for 0 < r < r, the
set H := G N B,(v) is a finite connected graph whose edges only meet at v and
with multiplicity inherited from G. In this notation, the local density of G at v is
the number pg(v) = > m(e).

ecEy

Now assume also that for any v € Vi and 0 < r < r,, if f; are regular parametriza-
tions of the edges e; of the graph H = G N B,.(v) with f;(1) = v, then for any i
there is j such that the arclength derivatives f;, fj satisfy fz(l) = — f](l) Under
this assumption, we denote by wi(v), ..., wy, (v) unit norm vectors identifying the
possible tangent directions given by {f;(1)};. Hence w;(v)* is the counterclockwise
rotation of w;(v) of an angle equal to 7/2. Finally we define

I (w;(v) = {e;€ Ey | fi(1) = £w;(v), (fi(1),w;(v)) is a negative basis of R*},
I~ (w;(v)) = {e;€ Ey | £i(1) = £w;(v), (fi(1),w;(v)) is a positive basis of R*},
ad  ppw@) = Y mle), pg )= 3 mle).
e;eIt (w;(v)) ei €1~ (w;(v))
The graph G is said to be regular if for any v € Viz and for any w;(v) it holds that
p& (v, wi(v)) = pg (v, wi(v)).
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Remark 4.5. Let V = Zﬁl(%)ﬁ(v(sl, 1)) be a varifold in A(F) for some set
E. Suppose that I' = U(y;) is a finite planar graph Gr. To any edge e of G we
assign the multiplicity function mr(e) = 0y (p) for any p € e that is not a vertex.
By the flux property (Definition 2.5), the graph Gr with the multiplicity mr is
regular.

We are ready to prove the following result about the energy of sets which are
smooth out of finitely many cusp points. The strategy follows ideas from [3], but
it is different in the technical parts.

Theorem 4.6. Let E C R? be a closed set whose boundary is Ct N W?2P smooth
at every point but at finitely many ones which are simple cusps q, ..., qx. Then

F(E) < 400 & k is even. (55)

Proof. If k is even, Theorem 6.4 in [3] implies that the relaxed energy G(E)
studied in [3] is finite. Since F, < G, we have one implication.
Now suppose that F,(E) is finite, i.e. A(E) # 0. Let

V=v(l.0v) = TL (0)(v (', 1)) € A(E).
We will construct a set E satisfying the hypotheses of the theorem and having the
same unknown number of cusps of E, together with a varifold V=v(T', ;) € A(E)
with the additional property that I is a finite graph Gt with multiplicity as given
in Remark 4.5. Once the support of a varifold in A(E) is a finite graph, we can
prove that the number of cusps is even.

Step 1. Now we construct £ and I' as claimed. Let C(I') be the set of points
p € I' such that in any neighborhood of p it is impossible to write I" as a single
graph, i.e. pis a crossing or a branching point of two pieces of some curves ;, ;.
Call K the set of accumulation points of C(I'). Observe that K is compact.

Also, observe that if a sequence p,, € C(I') converges to p, p, = vi(tn) = v;(7n)
with ¢, = t~,7, = 7~ or t, > t7,7, = 71 and t # 7, then ;(t) = +7;(7).

Now fix ¢ << 1 and let ¢ € K. Let vi(q),...,vn,(q) be unit vectors identifying
the tangent directions at g of the curves passing through ¢. For j = 1,..., N,
let of, ...703\4” be suitable restrictions of the curves {+;} on disjoint intervals
I = domain(o?) such that each o7 passes through ¢ with tangent parallel to v;(q).

Also, for i = 1,..., N, let R;(¢) be open rectangles with two sides parallel to v;(q).

Up to restriction we assume that each o7 is contained in R;(q) with endpoints on
the boundary of the rectangle. We can assume the following properties:

(i) eachrectangle contains at most one cusp and cusps do not lie on the boundary

of any rectangle. Also if ¢ € '\ OF, then R;(q) NOE = {;

(ii) R;(¢) NOE is homeomorphic to a closed segment such that: if no cusps lie in
R;i(q) then R;(q) N OF is the graph of a C' N W?? function, if a cusp lies in
Ri(q) then R;(q) NFE is the union of the graphs of two C'' N W2 functions
as in the definition of simple cusp;
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(iii) each _Uf can be parametrized as graph inside R;(q), and |67 (-) + v;(q)] < ¢
or |67(-) — ()] < &

(iv) o intersects 0R;j(q) only on the sides perpendicular to v;(¢) and transversely,
and o7 intersects o}, only in the open set R;(q) U R;(q) \ (OR;(q) UORk(q));

(v) if a € OI b € 0T} and ol (a) = o¥(b), then &/ (a) = £ (b);

(vi) if'ag(a) € FE, then 9\/(05(@)) = #{k | qi passes through qf(a)} is odd; if
ol(a) € I'\ OF, then Oy (o] (a)) = #{k | o1 passes through o/(a)} is even.

Property (v) follows by the fact that transverse crossings of two curves are at most
countable (as proved in Lemma 2.7), and property (vi) follows from the fact that
V € A(E) and thus 6y is odd (resp. even) at H'-ae point of FE (resp. I'\ OF).

Since the set K is compact, we can extract a finite covering of rectangles corre-
sponding to points qi, ..., qr. By Theorem 2.2 the numbers N,, of the rectangles
of ¢; are uniformly bounded in terms of the energy, which is finite. Hence we
can add to the cover the possibly remaining rectangles corresponding to each ¢;,
yielding a covering that is still finite. For any j =1,..., Land i =1,..., N, we are

going to modify the curves ag in a finite number of steps. We start from the fam-

ily {a%}?iqf’l corresponding to R;(q1), then one modifies the curves corresponding
to Ry(q1) and so on up to Ry, (q1), then one changes the curves of the families
corresponding to ¢o and so on up to q. Since the procedure is the same at any

step, let us describe only the case of the family ~{al~1}?iqf’l corresponding to R1(q1).
In the end we will end up with the desired E,T".

We modify a o} as follows, depending on the cases ¢, € '\ OF, or ¢ € FE, or ¢
is a cusp.

(1) Suppose ¢; € I'\OF. Fix ¢} and split it into the two pieces divided by ¢;. Let
us say that one such piece of o} is parametrized as graph by f: [0,a] — R with
f(0) = f’(0) = 0 corresponding to ¢;. Let u} be the solution of

u(r) = od + pr? + ve + w,
u(0) = u/(0) =0, (56)
u(a) = fla), w(a)= f(a),

for the suitable constants A, j1, v, w. Doing the same with the other piece of o}, we
substitute each o} with the graphs of the obtained functions u} (such modification
is then a change in one of the original curves 7;’s). Observe that by properties
v), vi) one obtains a new varifold still in the class A(E), in fact graphs of finitely
many polynomials meet in at most finitely many points.

(2) Suppose now that ¢ € FE. By construction, for example R;(q;) contains some
curves with endpoints on F ENOR;(q;). In this case we modify the curves exactly
as before following the system (56); moreover we declare that the boundary FFE
is modified inside R;(q;) following the new modified curves having endpoints on
FE N OR(q1). This leads to a new set which we already call E satisfying the



874 M. Pozzetta / A Varifold Perspective ...

hypotheses of the theorem and having the same number of cusps of F, together
with a new varifold already called V' in the class A(E) (as before by properties
(v), (vi), together with the fact that the new curves are graphs of polynomials).

(3) Finally suppose ¢; is a cusp of OF. In this case we modify the curves (and
the set E) exactly in the same way of the case 2). This preserves the cusp in the

new set F.

After performing these modifications in any R;(¢;) we end up with a varifold 1%
given by curves 7; such that the set C (f) of the points p € T such that in any
neighborhood of p it is impossible to write I as a single graph is finite. In fact the
points of this type belonging to the union of the closure of the rectangles R;(g;)
are finite. So, if by contradiction there are points of C(I') accumulating to some
limit point ¢, this would be outside the union of the rectangles R;(g;), and ¢ would
be a limit of a sequence in C(I'). Hence ¢ would be in K, and thus in the interior
of some rectangle R;(g;), that is a contradiction.

Step 2. Now we show that, in general, if a set F is as in the hypotheses of the
theorem and if V' = v(I',0y) € A(FE) is such that ' is a finite graph, then the
number of cusps of E is even. Together with Step 1, this gives the conclusion.
Here we essentially generalize the strategy of [3].

Call Gr the finite graph given by I' with multiplicity mr as described in Remark
4.5 (recall that G is regular). Let us construct a new graph G with multiplicity
m as follows. If e € Eg,., then define the multiplicity

mr(e) .
m(e) = o 1 if mr(e) even,
me@=lif mp(e) odd,

with the convention that if m(e) = 0, then the edge e does not appear in G. Now
let y € Vg. We want to evaluate the parity of pe(y) dividing some cases.

(a) Suppose y ZIE. Then any edge e of G with endpoint at y has p& (y, w(y)) =
Pap (Y, wi(y)) even for any w;(y). Hence by definition we have that pg(y) is even.

(b) Suppose y € FE. Then exactly two edges e, €5 of Gt having an endpoint at y
have odd multiplicity: mr(e;) = 2k;+1 for i = 1,2. Up to relabeling suppose that
e; € I't(wi(y)) and ey € I~ (w1(y)). Every other edge of Gr having an endpoint
at y has even multiplicity. Since Gr is regular we have that

2k + 14 2a7 = pb (Y, w1(y)) = po,. (y, wiy)) = 2k2 + 1 + 2ay,

and similarly 2a;” = p& (v, wi(y)) = pg, (y, wi(y)) = 2a; , for any possible 7 > 2.

Then pa(y) = k1 +af + ko +ay + Za? +a; = Q(kl +af +Za?) is even.
i>2 i>2

(c¢) Finally suppose that y is a cusp of OE. Then exactly two edges e, es of Gr

having an endpoint at y have odd multiplicity: mr(e;) = 2k; + 1 for ¢ = 1,2. Up

to relabeling suppose that ey, es € I (wy(y)). Every other edge of Gt having an
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endpoint at y has even multiplicity. Since Gr is regular we have that
2k1 + 1+ 2ky + 14 2a7 = pf, (y,w1(y)) = pe, (v, wi(y)) = 20y,
and similarly 2a; = p¢_(y,wi(y)) = pg, (v, wi(y)) = 2a; , for any possible i > 2.
Then pg(y) = k1+k2+af+a1—+z af+a;:2(k1+k2+af)+1+22aj is odd.
i>2 i>2

It follows that the cusps of OF coincides with the vertices y of G having odd local
density pg(y). By Theorem 1.2.1 in [16], the vertices of a finite graph with odd
local density are even. Hence the cusps are even and the proof is completed. [

Now we turn our attention to another class of sets. Let us give the following
definition.

Definition 4.7. A closed measurable set £ C R? is a p-polygon if OF = (v) for
a curve 7v: [0,27]/. ~ S — R? such that:

(i) ~ is injective,

(ii) there exist finitely many times t; < to < ... < tx such that v|q, 4. ) € WP
for i = 1,..., K (with tx1 = t1), and 7/(¢; ), (t]) are linearly independent
fori=1,.. K.

Proposition 4.8. Let E be a p-polygon, then F,(E) = +o0.

Proof. Let v be as in the definition of p-polygon. Without loss of generality we
can assume that 0 = (0) is such that 4/(07) and 7/(0%) are linearly independent.
Suppose by contradiction that there is a varifold

V=v(l,0y) =20, ():(v(h, 1) € A(E).
Let v = 4/(07), then since V verifies the flux property we find a nice rectangle
R,(p) at p with side parameters a,b for the curves {g;}}_, given by the definition

of flux property. We can suppose that g|i—c0) C FE, g1l C I' \ OF, and that
(g;)) NOE = {0} for i = 2,...,r. Hence

T

9ilj—=0) C {6y odd}, H1<(U(gi) U gl((O,a])> \ {0 even}) = 0.

i=2
Then there exists ¢; € (—a,0) such that
2eUr_, (9N {y | (y—pv)=c1}
with M; odd, and there exists ¢ € (0,a) such that
2€Ul_, (9:){y | (y—pw)=ca}

with My even. But by the flux property M; and Ms should be equal, thus we
have a contradiction. O
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Remark 4.9. More generally it follows from the proof of Proposition 4.8 that
roughly speaking F,(E) = +o0o whenever the boundary 0F has an angle (in the
same sense of the definition of polygon).

With the strategy in the proof of Proposition 4.8 we can construct an example
of a set £ C R? such that E is a set of finite perimeter such that the associated
varifold Vg verifies

OVeg = 07 kVE € L2(:U’VE>7 but E(E> = +oo.

Such a set is discussed in the next example.

Example 4.10. Consider a positive angle § > 0 which will be taken very small
and the vectors in the plane identified by the complex numbers

6719’ 64297 pi(=m+0) : pi(=m+20) (57)

The sum of these vectors gives the point (0, —2(sin(6) + sin(26))). Now let ¢ > 0
be another positive angle and consider the vectors

e, e!(m=¢), (58)
so that the sum of these last vectors gives the point (0, 2sin(y)). Then for § — 0,

since sin(f) + sin(20) = 360 + 0(6?) there exists ¢ = 30 + 0(6?) such that the sum
of the vectors in (57) and (58) is zero.

Given these vectors we can define a set £ as in Fig. 4.3 whose boundary is the
image of three smooth closed immersions o; of the interval [0, 1] having ¢;(0) =
0;(1) = 0 with derivative ¢7(0),0%(1) proportional to the vectors in (57), (58).
In such a way the varifold Vg clearly verifies that oy, = 0 and ky,, € L*(uy,).
However arguing as in the proof of Proposition 4.8 and assuming F,(FE) < +oo,
one immediately gets a contradiction. Hence JF,(E) = +oo0.

20

Figure 4.3: Picture describing the set E of Example 4.10. The set is symmetric
with respect to the reflection about the vertical axis.

Finally we give a simple example showing that there are sets E with F,(FE) < oo,
but such that H*(OF \ FE) > 0 and JF is the support of a C* immersion o.

Example 4.11. We construct a set E such that OF = (v) for a C°° immersion
v: St = R?%, HYOE\ FE) > 0, and F,(FE) < 4o0.
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Figure 4.4: An example of a set of finite perimeter E such that F,(E) = F,(V) <
+oo for any p € [1,00), where V € A(FE) is the varifold induced by a smooth
immersion v parametrizing OF. Here 0F = FE U {x,y} and the strict inclusions

FE C{x | Oy(x)isodd} = FEU{y} C JF occur.

Let {gn}n>1 = QN 0, 1] be an enumeration of the rationals in [0, 1], and define
K =10,1]\Up>1(q, — 2772, q, — 27"72). The set K is compact and

o0

1
1 > _ —n—1:_
L) =1-Y 2 .

n=1

Consider a C*° nonincreasing function ¢: [0,00) — [0, 1] such that ¢(0) = 1,
o(t) =0for t > 1 and let

fla)y=>" %w(%) va € [0,1].

By construction we have that K = f~(0). Moreover f € C*([0,1]), in fact
¢ < 1and |p®| < ¢, for any k > 1 for some ¢, > 0, so that both the series
f and the series of the derivatives totally converge. Then we can define a C'*°
parametrization o: [0,4] — R? such that o(t) = (¢, f(t)) for ¢t € [0,1], o(t) =
(3 —=t,—f(t) for t € [2,3], while 0|19 and 0|34 parametrize two drops with
vertices respectively at (1,0) and (0,0). Therefore o parametrizes the boundary
of a bounded set F which is the planar surface enclosed by the two drops and
lying between the graphs of f and —f.

Figure 4.5: An example of a set E with finite relaxed energy such that OE \ FE
is a singleton. A sequence of sets F, converging to E with uniformly bounded
energy is for example made of sets like in the one on the left in the picture; the
dashed line represents the corresponding ghost line given by the collapsing of the
right part of the sets E,,.

By construction F = (o) and FE = (o) \ K, hence H'(OE \ FE) > 3. However
approximating f with f,(z) = f(z) + 2¢(z), where v € C>([0,1]; [0, 1]) is such
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that 1(0) = ¢(1) =0, ¥[(0,1) > 0, and defining o, in analogy with o, we conclude
that F,(E) < +oo.

Figure 4.6: An example of a set F with finite relaxed energy such that, by Lemma
3.7, the multiplicity 6y is not locally constant on connected components of FE.
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