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1. Introduction and main notations

Suppose that F is a real reflexive Banach space and F = F(FE) is the set of all
nonempty closed convex bounded subsets of the space E.

The Plis metric ([5, 8]) is defined as follows

p(A1, Az) = sup h(Ai(p),A2(p)), VA1, Ay €F, (1)

lpll«=1

where  h(A;, Ay) = max{ sup dist (a, Az), sup dist (b, A) }

a€A beAz

=inf{r >0] A C Ay + B,(0), Ay C A + B,(0)}

is the standard Hausdorff metric and dist (x, A) = inf,c4 |z — a|| for z € E. For
a subset A € F and p € E* with ||p|. =1

Ap) = {z € 4| () = sup(p.0)}.

acA

The Pli§ metric is important for extremal problems and set-valued analysis. It
realizes the Lipschitz stability for solutions of a wide class of extremal problems
with respect to the set in the case of a real Hilbert space [1, 2]. The Lipschitz
stability of the metric projection of a point on elements from F(#) is the base for
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the mentioned result. Namely, we have the estimate for metric projections P4y, z,
i = 1,2: for the real Hilbert space H, for any subsets A;, Ay € F(H) and any
point © € ‘H

”PAlx_PAsz < Cp<A17A2)> (2>

where C' = 1. We want to admit, that in the case of the Hausdorff metric the
metric projection is not Lipschitz continuous with respect to the set even on
the plane R?. Moreover, there is no Lipschitz (or even uniformly continuous)
selector f: F(H) — H in the Hilbert space. The latter means that there is no
such a Lipschitz (or uniformly) continuous function satisfying f(A) € A for any
A € F(H), see [7, Corollary 5]. It was proved in [1, 2| that the Pli§ metric is the
unique (to a certain degree) metric in H with the Lipschitz property of the metric
projection in the sense of Formula (2).

In the present paper we want to clarify the situation with the Lipschitz property
of the metric projection on F(F) in a real Banach space E. The question under
consideration is the following: when does formula (2) take place in a Banach space
with some positive constant C'7

Let H be a real Hilbert space with the inner product (-,-), F be a real Banach
space and E* its dual. For z € E and p € E* denote by (p,z) the value of
functional p at the point z. Put B,.(a) = {z € E||jlz — a|| < r}. We denote
by F = F(E) the set of all nonempty closed convex bounded subsets from E.
The distance from the point z € E to the set A C F is defined by the formula
dist (z, A) = ;gﬁ ||z — al|. Denote the metric projection of the point x € E on the

set AC E as
Py(x) ={a € A| ||z —al =dist (x, A)}.

By the separation theorem for any closed convex bounded subsets Ay, Ay, C E we
get
h(A1, As) = sup |s(p, A1) — s(p, A2)|, (3)

lIpll«=1

where s(p, A) = sup,c4(p, =) is the supporting function of the set A. From For-
mula (3) it is easy to see that h(A;, As) < p(Ay, Ay) for any Ay, A € F(E).

For any vector p € H and any A € F denote by A(p) ={zx € A | (p,z) = s(p,A)}
the subdifferential of the supporting function s(-, A) at the point p.

For a set A € F and a point a € A define the normal cone as follows
N(A,a) ={p e E|(p,a) = s(p,A)}.

Put diam A = sup, ,c 4 |7 — y||. Denote the segment with the endpoints a,b € £
by |a, b].

For the points a,b € E we shall define by [a,b; = {a+t(b—a)|t > 0} the ray
with the vertex a and the directing vector b — a.

We shall denote the convex hull of the set A C E by co A.

We define by int A, A the interior and the boundary of the set A, respectively.
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The function d: [0,2] — [0, 1]

. 1
o(e) = inf {1~ e+l | ell = Il =1, o =l > ¢}

is called the modulus of convezity for the space E ([6]). The space E is called
uniformly convez if §(g) > 0 for all € > 0.

The function g: [0, +00) — [0, 4+00)

1 1
o(r) = sup {3lle =yl + 3llo+ ol =1| el =1, ol =7}

is called the modulus of smoothness for the space E ([6]). The space E is called

uniformly smooth if lim oan) — .
T—=+0 T

Several times we will need the next Kade¢ theorem [6, Remark, p. 58]. Let
e = £(d) be the least upper bound of the diameters of sets cut off from the unit
sphere 0B;(0) C E by hyperplanes determined by norm 1 functionals at distance
1—d from the origin. Then the function inverse to £(d) is the modulus of convexity
d(e) of E.

2. The property of three perpendiculars (P3P property)
We shall call a closed subspace of codimension 1 hyperplane.

Definition 2.1. Let E be a strictly convex Banach space. Suppose that there
exists such C' > 0 that for any hyperplane H C E and any hyperplane Hy C H
(i.e. codimension of Hy in E equals 2) for any « ¢ H, z = Pyx, a = Pg,z,
b = Py,z we have the inequality

Iz —all < Cllz = b

Then we shall say that the space E has the property of three perpendiculars, or,
simply, the P3P property.

Note that the Hilbert space has the P3P property with constant C' =1 and a =b
(in notations of Definition 2.1).

Theorem 2.2. Let E be a uniformly convexr Banach space with the P3P property.
Then the metric projection operator of a point x € E on a set from the class F(E)
is Lipschitz continuous with respect to the set in the Plis metric.

Proof. Without loss of generality assume that z = 0. Let A; € F(E), a; = P4,0,
here and below ¢ = 1,2. Define r; = ||a;|| and assume that r; < ro. Let [|pi]|« =1
be such vectors that (p;,a;) = ||a;||. Put H; = {x € E|(p;,x) = (pi,a;)}.

If dist (ag, Hy) > 71, then, by (3), from the estimate dist (az, H1) < h = h(A;, As)
we get r;1 < h and by the inequality ro —r; < h

lar — az|| < |lay|| + |laz|| = r1 + 72 < 3h < 3p(Ay, A). (4)
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In the case a; = 0 we have 1o < h and formula (4) is valid.
Further consider the situation when dist (as, H;) < r1 and a; # 0.

Denote H = {x € E|(p1,z) = (p1,a2)}. Let Hy = HN Hy. h(Hy,H) < Iy
z={Aay | A >0} N H. It is easy to see that z = Pg0.

By (3) we have the inequality dist (ag, H) < h and |la; — z|| < h.

From similarity arguments we may assume that ||az|| = 1. Let u = [0, z;ﬂaBl(O),
note that (py,u) = 1.

For d € [0, 1] define Hy={r € E| (p,z)=1—d)(p1,u)}, Sq= B1(0) N Hy, in
particular Hy = {x € E|(p1,z) = (p1,u) = 1}.

Due to the continuity of d — Sy ([3, Theorem 3.1]) we can choose dy > 0 such
that diam Sy < % for all d € [0,dp]. Note that dy does not depend on the position
of the point u on the unit sphere.

We shall associate d € [0, 1] with the distance ||z —u||. Otherwise, points {z,b, as}
belong to H .

We prove that for all d € [dy, 1] (note that {z,as} C Hg, d = ||z — u||) we have
the Lipschitz property of the metric projection in the Pli§ metric.

Choose y € Ay(—p1) (note that a; € Ay(—p1)) such that,
lax =yl < p = p(Ar, As) (5)
We want to admit that
ye{ze El(pr,z) > (pr,a2)} N{z € E| (p2,2) > (p2,02)}-
From the triangle Ozy
Iz =yl = llyll = [lz[[ = 1 = (1 = d) = do.

By the Kade¢ theorem ||z — ay|| < 671(d) and

lar = az|| < llar = 2l + ||z = az|| < [lu— 2] + ||z — aof| < d +67'(d).  (6)
We have p(A1, Az) 2 [lar —yll = [z = yll = [z — aa]. (7)
Note that ||z — a1]| < h.

If h>% then p>h>% and

2 2
d+67(d) < - (d+067"(d)) p < = (T+071(1)) p(As, Ay). (8)
0 0
If h < %, then by (7)
do
p(Ar, Ag) > ||z —yll = |z —arl| > do — h > )

and we again obtain estimate (8).



M. V. Balashov / The Lipschitz Condition ... 927
2
Thus, by (6) llar — as|| < T (14+671(1)) p(Ar, A).
0

Now consider the case d € [0,dy]. Analogously with the point as (by (3))
dist (y, H1) < h and hence dist (y, H) < dist (H, H;) + dist (y, H;) < 2h.
Put ¢ = Pyy and b = Ppg, 2.

Consider in Sy = Hy N By1(0) radius [0,a3]: |las|| = 1 and the segment [0, a3] is
parallel to the segment [z, as]. The polygon Oazasz is the trapeze with the large
base [0, as), ||as|| = 1, and the small base [z, as], ||z — asf < 3.

Let a4 € [0, as3] be such that ||as|| = ||z — az||. Then Oagasz is a parallelogram and
the segment [0, 2] is parallel to the segment [as, a4]. Hence ay = Pgay.

We claim that ||z — b|] < ||z — ¢/||. The last inequality takes place because the
points 3’ and z in H are separated by the plane H,. Indeed,

{2, lag, as]} € B1(0) C {x € E|(p2,7) < (P2, a2)}, az € Hy,

as,y’ € H, vectors ay — az, y — ¢y are aligned and y € {x € F| (p2,z) > (p2,a2)}.
Thus [y7y/] C {J] S E|(p2,l’) > <p27a2)}'

We have lar — aof| < flay — 2]l + ||z — az|| < h + |z — az. (9)
By the P3P property we get
|z = as|| < Cllz = bl < Cllz = ¥/]|. (10)
From Formulae (9, 10) we have
lar — as|] < b+ Cllz = ¥/]. (11)
From the previous estimates we obtain that
Iz =yl < llz = aull + [lar — gl + Iy — ¥/ll,
where ||z — ai[| < b, [lar = yll < p, [ly — /|| < 2h. Thus
l|lar —as]| < h+Cp+3Ch < (4C+1)p(Ay, Ag). O

Theorem 2.3. Let E be a uniformly smooth and strictly convex Banach space
without the P3P property. Then the metric projection operator of a point x € K
on sets from the class F(E) is not Lipschitz continuous with respect to the set in
the Plis metric.

Proof. Fix arbitrarily C' > 3. Suppose that there exist a hyperplane H and a
hyperplane (in H) Hy, codim Hy = 2, such that for ay = Pg,0, z = Py0, b = Py, =
we have

Iz = azl| > Cl[z = b]|. (12)

Note that ||z]| < ||az|| < [|0]|. Let a; € [O,Z; and |la1]| = ||z
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By similarity arguments we may assume that ||a;|| = 1. Define the sets Ay =
co{b,as} and A; = co{a;,w}, where w = a; + (ag — b). It’s easy to see (12) that
2\|a1]] = 2 > ||z — ao| > C|lz = b, thus ||z — b|| < 2/C and ||z —b|]| — 0 as
C' — +o00. We claim that

Iz = ar] <l = 0] (13)
for sufficiently large C. Indeed, put ¢ = a; + (b — z). Consider the function
f from segment of length 2 from the affine hull aff {a,c} with centerpoint a;
to R = aff{z,a;} (positive direction of R along vector z — a;) with the graph
OB, (0)N{(cv, B) | € aff {ay,c}, B € R, B <0}, f(ar) = a;. From the uniform
smoothness of the space F we have f'(a;) = 0 and

f(e) = flar) +o([lar = cl]) = flar) + of[|z = 0l]),

ie. Iz — a1l = f(c) = fla1) = o(llz = bll)
(here o(t) is o-small function with tliIJIrlO @ = 0). We want to admit that o(]|z—b||)
—

does not depend on position of the point a; (and positions of other points) by
uniform smoothness. Thus (13) takes place.

We have the next estimates

lax = bl < flax = 2]l + [z = bl} < 2|z =], (14)
lag = bl = flaz = 2]l = ||z = bl = (€' = 1)[|z = b]|. (15)
By Formula (15)
lar = as|| = flaz = bl = [lar = b]
> (C =Dz =b] =z = bl = [laz = ]|
=(C=2)llz = bl = llar = 2] = (C = 3)[|z = b]. (16)

By Formula (14) the distance between parallel segments A; and A, in the Haus-
dorff=Pli$ sense equals ||a; — b|| < 2||z — b||. From (16) we see that the distance
between the metric projections of zero on the sets A; and A, is greater than
(C —3)||z —b||. Hence

lax —asf _ llax —asf € =3
p(Ar, Az)  lar =0l = 2
The Lipschitz condition for the metric projection does not hold. Il

So, the Lipschitz property for the metric projection in the Pli§ metric is equivalent
to the P3P property for a uniformly smooth and uniformly convex space.

3. Uniform skewness (US) of the ball and regular spaces

Consider a real uniformly convex and uniformly smooth Banach space E. Let
lle]l = 1 and ||p||« = 1 be such that (p,e) = 1. For d € [0,1) put Hy = Hy(e) =
{r € E|(p,x) =1—d} and S; = Sq(e) = HyN B1(0). Note that Sy = {e}. Let
z = Hy(e) N [0,e].
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Definition 3.1. If the value

hm SU_p Sup{”Z — a’” | ||CI,|| = ]-7 a G Hd(e)}
d—+0 o =1 Inf{[[z — w| | |[w]| =1, w € Hy(e)}

is finite, then we shall say that the ball in the space E has uniform skewness, or
the ball is uniformly skewed.

Note that if d > dy > 0, then sup ... from Definition 3.1 is bound from above.
[lell=1

Indeed, by the Kade¢ theorem diam Sy(e) < 67!(d) and hence (in notations of
Definition 3.1) ||z —al] < §7!(d). From the triangle Ozw ||z —w]|| > [Jw| —||z|| = d.

sup{[|2 —all [ llal =1, a € Ha(e)} _ 07'(d) _ 0~ (do)
inf{[|z —w| [lwl| =1, we Hole)} = d = do

(the function ?fd) decreases, see [3, Lemma 2.1]).

From the definition of uniform skewness we have the P3P property. If the converse
implication (US<= P3P) holds we shall say that the space FE is regular.

Lemma 3.2. Let A C R? be a convex compact set with Ct-smooth boundary 0A
and 0 € int A. Consider two points a,w € 0A, r; = dist (0,w), ro = dist (0, a).
Then we can find a point b € 0A with

)

1
tga > —1In
2T

where « is the angle between vector b and the outer normal to the curve OA at the
point b.

Proof. For the polar angle ¢ € [0,27) define the ray R, with the directing
vector (cosp,sing). The ray R, has exactly one intersection with A at the

point (z(¢),y(¢)). Denote r(p) = \/2*(¢) + y*(¢). Note that (2'(¢),y'(¢)) is

the tangent vector to the curve 0A at the point (z(p),y(p)). The points w and a
have polar coordinates (71, 1) and (r, o) respectively.

Let (cost(p),sint(p)) be the outer normal vector to the curve 0A at the point

(#(¢), y()). Then
2’ cosp + ¢ siny = 0. (17)

The angle between tangent line and normal line to the curve 0A at the point
(2(),y(p)) equals a(p) = ¢ — ¥(p). From the equalities

2’ =1 cosp —rsing, y = 7r'sinp + rcosp
and Formula (17) we obtain that ' cos(p — 1) — rsin(p — ¢) = 0, and hence

tga(p) = (Inr(p)).



930 M. V. Balashov / The Lipschitz Condition ...
By the mean value theorem there exists g € [¢1, p2] such that

| —1 1
(nr) |, = Br2=lon g 1, -
Y2 — V1 2r rg

It follows from Lemma 3.2 that uniformly convex and uniformly smooth finite
dimensional space with the P3P property has US ball and thus regular. The
result follows from equivalence of norms in a finite dimensional space.

4. Local moduli of convexity and smoothness

Consider a real uniformly convex and uniformly smooth Banach space E. By the
Kade¢ theorem (in notations of paragraph 3)

sup diam Sy(a) = 6~ *(d)

llall=1
where §71(+) is the inverse function for the modulus of convexity 4(-), that means,
57 1(d(e)) = € for e € [0,2).

For |la|]| = 1 consider the function
£q(d) = diam Sy(a).

Note that €,(d) < e(d) for all ||a|| = 1. Let’s show that the function £,(-) is con-
tinuous and strictly monotone. The continuity of £,(-) follows from the definition,
the equality Syq(a) = Hy(a) N B;1(0), the continuity of the mapping d — Hy(a) and
[3, Theorem 3.1].

Suppose that 0 < dy < dy < 1, b; € Hy, (a) N 9B;1(0), here and below i = 1,2.
Then there exist points ¢; € Hy(a) NOB1(0) with [c1, co]||[b1, be] and ||c; — cof| = 2.

Define a; = Hg,(a) N [¢;,b;]. The polygon bicicabs is a trapeze with larger base
[c1, c2] and thus
a1 — aal| > [|by — b2,

Continue the segment [a;, @z to the segment [ay, as] where a; € Hy,(a) N OB1(0).
Then a1 — as|[ > [|br — bel

and moreover ||¢; — a;|| <2 — (dy — dy), ||a; — bi|]| > d2 — dy. Then by [4, Lemma
1.1] there exists @ = «a(dy,d2) > 0 (o does not depend on ay,as) such that
B, (a;) C B1(0) or in other words

”(11 — CL2|| Z 200 + ||b1 — bQH

This means that e,(d2) > 2a + €,(dy), i.e. &, is a strictly monotone function.

The function ¢,(+) has the inverse function d,(-).

Definition 4.1. We shall call the function d, the local modulus of convexity at
the point a € 0B1(0).
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Definition 4.2. For a point a € 9B;(0) the local modulus of smoothness g, is
defined as follows

a+vy a—y
our) = sup { 1Pl Sy

a t a
We claim that for any 0 <t < s: ¢ t( ) < € (S) (18)
s
The proof is analogous to the proof for the modulus of smoothness. Choose
lall = llyll = 1. Define [p[l. = flgl. = 1 with (p,a + ty) = [la + ty[| and

(¢,a —ty) = |la — ty||. Then

lottyll +la—tyl =2 _ (p+a0) =2, (p-aw) _,
ot ot 2 '

From the inequality (p + ¢,a) < 2 we have

(r+ga)—2_(+tga) -2

2t - %5
and AS(p+Q7a)_2+(p_QJy):(p7a+8y)+<q7a_sy)_2
2s 2 9
< lla+ syl +lla — syl -2
N 2s :

From the last estimate we obtain Formula (18).

Note that o(7) = sup 0,(7) and hence o~ *(d) < 0, (d) for all ||a|| = 1 and d > 0.
llall=1

5. Conditions for the Lipschitz continuity of the metric projection in
the Pli$§ metric

Theorem 5.1. Let E be a real uniformly convex and uniformly smooth Banach

space. Denote 01(d)
a

fd) =t =D )

(1) If lideir%ff(d) = A > 0 then the ball in E is US and the space E is reqular.
—>

(2) If lideirr(l)ff(d) = 0 then the ball in E is not US and the space E is not regular.
—

Proof. Fix |ja|| =1, d € [0,1). Let z = Hy(a) N0, al.

Fix ay € Hy(a), ||as]] = 1. By Definition 4.1 ||z — as|| < e4(d). Let also ag
be such a point that ie,(d) < |laz — z||. The reason for the last restriction is
that sup| =1, zem, |z — 2] is realized in such points ay. Finally, we consider
as € Hy(a) N 0B;1(0) such that

Lea(d) < [laz = 2| < £a(d). (20)
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Consider ||w|| = 1, w € Hy(a) and the point v = [w, ziﬂ@Bl(O), u # w. Without
loss of generality we may assume that ||u — z|| > ||z — w||, otherwise we replace
u <> w. By Definition 4.2 we have g,(||z — w||) < d because

oulll= — wll) < 5dlist (w, Hola)) + st (u, Hola)).

Let v = [0, w ) NHy(a). From the similarity of the triangles 0zw and Oav we obtain

EERANE!
_ - =~} > =
oulla—ol) = (E=21) 2 20

(=g (50) <l wl < o @), 1)

(1) Let liminfy ¢ f(d) = A > 0. Note that we should consider sufficiently small
d > 0, say d € (0,3). By the right inequality in (20) and the left inequality in
(21) we get

el el

Iz = wl = (1 —d)ez* (3d)

2

Repeating speculations about the monotonicity of the function ,(-) we obtain
that £,(d) < 2e, (3d) and

|2 —asll _ 224 (59)
—_— _ 1 .
Iz —wl| = (1-d)o;* (d)

2

The last fraction is bounded from above due to condition 1). Thus the ball is US
and the space F is regular.

(2) Let lideir%ff(d) = 0. Then there exist sequences {ay} C 9B1(0) and dy — 0
—

with
-1 d
tim %)
k—oo Eay, (dk)
Choosing a% € H, (dy) N 0B;(0) that satisfies the left inequality in (20) and
wy, € H,, (di) N0B;(0) that satisfies the right inequality in (21) we have

|2 —will _ ga(d)

< —0, k— oc.
Iz = a5l ~ 3ea,(di)

Hence the ball is not US and the space E is not regular. [

Corollary 5.2. Let E be a uniformly convex and uniformly smooth Banach space.
If dim E < oo then conditions (1) and (2) of the above theorem give conditions
for the fulfillment of the P3P property. Namely, in the case (1) the P3P property
is fulfilled, whereas in the case (2) it is not.

The proof of Corollary 5.2 follows from Lemma 3.2 and Theorem 5.1.
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Corollary 5.3. Let E be a uniformly convex and uniformly smooth Banach space.
If moduli of uniform convexity and uniform smoothness are of the second order
(i.e. 6(t) < t? and o(t) < t* as t — +0) then the P3P property is fulfilled.

Proof. For any ||a|| = 1 we have the inequalities &,(d) < 67(d), 0, (d) > 07 (d).

. (d) _ o'(d) _ Civd _
ea(d) T 071d) T CyVd

By Theorem 5.1,(1), the space E is regular and the P3P property is valid. O

Then > C3>0, d—0.

We consider some examples.
Example 5.4. (1) Suppose that the ball in R? coincides with the graph of the

4

function f(z1,72) = x? + x5 in the vicinity of the origin. The Lebesgue set
{(z1,22) | f(z1,22) < t} is ellipse-like with points ay(t,0) and w(t2,0) on its
boundary. By Corollary 5.2 the P3P property does not fulfill in 3-dimensional
space with this ball.

(2) Suppose that the ball in R? coincides with the graph of the function f (1, z2) =
|z1]|* + |22|*, @ > 2, in the vicinity of the origin (ball of a-norm). Similar to (1)
this ball has not the P3P property. Indeed, take a point (¢,0,0), ¢ > 0. Then

(t+x)* —t* ~at* oz — 40, 2§ +t* —t* = 2%,

Thus, our shift from the point (¢,0,0) along the vector (0,0,1) on the distance
h > 0 leads to the shift =< h along the axis z; and =< h'/® along the axis z5. By

Corollary 5.2 the P3P property does not valid in 3-dimensional space with this
ball. =

What will be in a uniformly convex and uniformly smooth space with moduli
of different order: §(t) = o(o(t)), t — 07 We have not clear answer in this
case, because we have only estimate from below of local moduli via global as in
Corollary 5.3. We have the next

Conjecture 5.5. If in a real uniformly convex and uniformly smooth Banach
space E 6(t) = o(o(t)), t — 0, then the P3P property does not hold in E.
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