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Multiplicative convex functions have been mimicking the behavior of convex functions, but
focusing on geometric average, instead of arithmetic average. In the present note we propose
a different definition which focuses on the arithmetic operations taking part and we study the
resulting functions. A characterization is also provided.
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1. Introduction

The theory of convex functions keeps playing a central role in operator theory,
in real analysis and in some realms of applied mathematics, such as management
science or optimization theory (we refer the interested reader to [4, 2, 1] for app-
lications of the property of convexity). Since the beginning of their study by
Jensen, they have been thoroughly described and many of their properties have
been unveiled.

We recall that a function f: V' — R (where V is a vector space over R) is called
convez if, whenever z, y € V and 0 < A\ <1, we have

fOz 4+ (1= Ny) < Af(2) + (1 =N f(y).
*Supported by Grant PGC2018-097286-B-100.
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The study of convex functions has extended to the consideration of other inequa-
lities. In this direction, Niculescu proposed the following definition (see [5]):

Let I C (0,00) be an interval. A function f: I — (0,00) is called multiplicative
convez if, for every z,y € I and X € [0, 1], we have

@) < fla) ) (1)

Functions satisfying inequality (1) are also known as GG-convez functions, since
they are supposed to substitute the arithmetic mean in the inequality that defines
the convex functions by the geometric mean. Yet, the definition of the multi-
plicative convex functions could be regarded as a way of upgrading the operations
that take part in the definition of convex functions. In this direction, we see that
the addition operation turns into multiplication operation, and the multiplication
operation turns into power operation.

If we adopt this point of view, the upgrade is yet not complete. A and p = 1— M\ are
related by A + p = 1. If we keep in mind that addition turns into multiplication,
then the exponents A and p should be related by A - p = 1. Following that
idea, we propose the following variation for the definition of multiplicative convex
functions:

Definition 1.1. Let f: (0,00) — [0,00) be such that f(1) = 1. We will say that
f is multiplicative conver if, for every p > 0 and z,y > 0 we have

Flary'm) < fla)"f(y)t . (2)

In particular, by setting u = 1, we obtain f(zy) < f(x)f(y) for every z,y > 0.

The aim of this paper is to study the properties that the multiplicative convex
functions, in the setting of definition 1.1, verify. In fact, we will be able to com-
pletely describe what those functions look like.

2. Characterizing multiplicative convex functions

We will start by studying some of the features that the inequality introduced in
Definition 1.1 enjoys. The first result tells us about the increasing/decreasing
behavior of such functions.

Theorem 2.1. Let f be a multiplicative convex function. Then, f is either mono-
tone or it decreases until x = 1 and then increases (for simplicity, we will call the
functions of the third kind increasing-decreasing functions).

Proof. Assume there is 0 < 6 < 1 so that f(f) < 1. Let us show that in that
case f(10) <1 for every 0 < ¢ < 1. Having shown that, we will have also proved
that if there is 0 < 6 < 1 so that f(6) > 1, then f(¢) > 1 for every 0 < ¢ < 1
(otherwise it contradicts the previous statement). Indeed, let 0 < ¢» < 6%, Then,
we can find 1 < p so that ¢ = #+/# and, hence,

F) = f(0"0Y7) < F(O)F(O)/" < 1.
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Next, let 02 < 1) < 6. We can find 1 < p < 2 with 1) = 6# and, therefore,

F) = f(O" 1R < FOFF(1)MH < 1.

Finally, if # < 1) < 1, then there is > 1 so that 1 = §'/# and hence

F) = f(1"0Mm) < f(O)" < 1.

Assume then that < y. We can write

ﬂ@zf(m%)éf@ﬁ(f>§f@)

Y

and hence f is increasing.

Let us define g(x) = f(1/x). Then, g is also a multiplicative convex function.
Furthermore, if there is x > 1 so that f(z) < 1, then g(1/z) <1 with 2 <1 and
hence g is increasing (and therefore f is decreasing).

If, on the contrary, there is z > 1 with f(z) > 1, then we would have that f(z) > 1
for every x > 1 (again, using the function g, which has to be higher than 1 over
(0,1)). Hence, if 1 < 2 < y, then we can find 0 < g < 1 so that z = y* and
therefore

flx) = fly"1V/m) < fy)* < fly),

so that f is increasing on (1,00). Via another argument involving the function
g(x), we would conclude that f is decreasing on (0, 1). O

The following Lemma will be crucial in the theorems to come.
Lemma 2.2. Let f be a multiplicative convex function and ¢ € QF. Then,

f@?) = f(a)?

Proof. Assume, first, that ¢ € N.
Since f(zy) < f(z)f(y), we obtain f(z?) < f(x)?. On the other hand,

fla) = f(@)Y9) < fa)af1)e = fa)Ve,
so that f(x)? < f(a%) < f(2)".
If now ¢ is of the form %, with n € N, we obtain, similarly,
F@my < fla)m = fa)tn,

being f multiplicative convex. Conversely, f(z) = f((z'/")") < f(z¥/™)", from
which f(z'/™) > f(z)'/".

For the general case, f(z?) = f(2™™) = f(zV/™)" = f(z)"/™. O
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Theorem 2.3. Let f be a multiplicative convex function. Then, f is continuous.

Proof. We claim first that f is continuous at = 1. Indeed, otherwise we can
find a sequence {z,}>°; and a number M > 0 so that either x,, 1 1 or z,, | 1, and
|f(x,) — 1| > M for every n € N.

Assume that f is increasing. If we are in the case x,, T 1, then M < 1— f(z,) < 1,
so that f(x,) <1—M < 1.

Let n € N. Then, we can find m,, € N so that z; <z, . Then,
fla) < flay,) = flam,)" =0 asn— o0

and hence f(z1) = 0. On the other hand,

and we reach a contradiction.

If we are in the case where z,, | 1, then f(x,)—1 > M for every n, so that we have
f(z,) > M +1 > 1. Since f is increasing, we can also deduce that f(y) > M + 1
for every y > 1.

On the other hand, if ¥y > 1, we can find x > 1 so that f(y)'/# < M + 1. Let
z < 1 so that z#y'/* > 1. Then,

M+1< fla"y"") < fla)"f(y)/" < M +1

(let us recall that f(z) < 1 for every z < 1 if f is an increasing multiplicative
convex function), reaching a contradiction.

Assume next that f is decreasing. Then, we just need to apply the previous study
to the function g(z) = f(%).

xT

Assume finally that f is increasing-decreasing. Since, in that case, g is also an
increasing-decreasing multiplicative convex function, we may assume, w.l.o.g.,
that we can find a sequence x, T 1 and M > 0 so that f(x,) > M + 1, for
every n € N. Again, for n € N, we can find m,, € N so that z, > ;. Then,

f(x1) > flay, ) = f(@m,)" > (M +1)" =00 asn — o0,

and the claim is proved also for this case.

We will prove continuity in the general case. Let 2 € (0,00) and € > 0. Since f is
continuous at 1, we can find 0 < § < 1 so that, if [L—(| < 4, then |1— f(()| < ﬁ

Let us assume first that f is increasing (which will also cover the case of f being

decreasing, via the use of the function g(z) = f(1)) and let y > 0 such that we

have |z —y| < & < 2. If y < z, then

_ Sz
Yy Yy b)



P. Jiménez-Rodriguez et al. / Describing Multiplicative ... 939

so that 0 < f(%) —-1< ﬁ On the other hand,

0<ﬂ@—f@%:f@§>—ﬂw

< () {f (g) - 1} < (@) {f (g) 1

In the case where f is decreasing-increasing, we may reproduce the argument for
f increasing and x < y to show that f is right continuous. We can conclude the
situation for y < z using the function g(z) = f(1). O

< €.

With Theorem 2.3, we can extend Lemma 2.2 to positive exponents:

Lemma 2.4. Let f be a multiplicative convex function. Then, f(z') = f(x)" for
every t > 0.

Proof. If t > 0, we can find a sequence {¢,}>2; C QT so that ¢, — t as n — oo.
Using the fact that f is continuous,

Flat) = f (o) = tim fa®) = lim f(2)" = ()" s

n—oo
We are now ready to describe the way the multiplicative convex functions are, as
in Definition 1.1.

Theorem 2.5. Let f: (0,00) = [0,00). Then, f is a multiplicative convex func-
tion if and only if it can be written in the form

fa) = {bloga@) if0<z<1,

o b log.s (z) fo > 1,

(3)

where a,b,a’ and b satisfy the following conditions:

(1) 0<a<1landd >1.

(2)  Ifb< 1, then log,(t') <log,(a') < 0 (which, in particular, implies b’ > 1).
(3)  Ifb>1, then log,(b') > log,(a’).

Proof. Assume first f is multiplicative convex. Let us fix 0 < xg < 1 and x; > 1.

If 0 <z <1, we can find p > 0 so that x = xf. More specifically, we can write
p = log, (x) > 0. Therefore,

f(@) = faf) = f(wo)" = f(wo) =,
Similarly, writing f(z) = f(z1)*®=@ for z > 1, we can identify a =z, € (0,1),
b= f(zg), d =z > 1,V = f(x1).
Notice now that we can find p# > 1 so that xf)‘wi/“ < 1. Then,

Flahai’™) = flao) ol

= [f(xo)ngo(xo)]“ [f(xo)logm(:cl)} Yk

1/u

= Flao)* [ £lx)=o)|
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Figure 2.1: The functions are defined as in Equation (2) by using the following
constants: ay = 0.27, by = 1.8, a, = 2.35, b}y = 2.25, a, = 0.45, b, = 3.45,
ay = 2.62, by = 0.75, ap, = 0.18, b, = 0.45, aj, = 1.86, and b, = 2.4

On the other hand, f(z/z\") < f(o)"f(x1)"/". Therefore, f(xq)°%0@) < f(z;)
and hence

<108 (f(21)) i f20) > 1,
1Ogr0 (‘Tl) .
> 108 () (f (x1)) i f(w0) < 1.
Conversely, let f(z) be defined as Equation (2), with a, ', b and ¥’ satisfying the
corresponding conditions. Assume first b < 1 (so that log,(b') < log,(a’)).

Let 2, > 0 and g > 0 so that ##y*/* > 1 (we may assume, w.l.o.g., that y > 1).
Then,

a1y — b iomea ) _ [ilokae] [yton] e

If x > 1, we obtain trivially f(azty'/*) < f(z)*f(y)Y/* .

If < 1, then we need to show that b''°8«(®) < ploga(®) which is equivalent to show
log, () logy (V') > log, (), (4)
since b < 1. Now, having that a’ > 1, we obtain that log, () < 0 and therefore

log, ()
log,, (a')

log,(x) log, (V') = log, (b') > log, (x),

as desired. Assume next that we are in the situation of z#y*/#* < 1 (so that,
w.l.o.g., x < 1). Then,

f(a:“yl/") _ [bloga(w)]“ [bloga(y)}l/“
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and we only need to show that, if y > 1, then b'°8«() < p/1°8r®) which is equivalent
to show that

log,(y) > log, (y) log, (t).
On the other hand, notice that a,b < 1, so log,(y), log,(a’) < 0 and hence

log,, (V') /
— 1 / 1 b .
loga<(l/) 0g, (y) Ogb( )

log,(y) > log,(y)

If now b > 1 (so log, (V') > log,(a’)) we have that the conditions 1,2,3 imply

1
1c())gg:((§’)) log, (0') = log, (z)log,(b") <log,(z) forevery 0 <z < 1,
1
ljgg:((g?) logy (1) = log (1) logy (V) > log,(y) for every y > 1.
log, (V/
Notice again that log,(a’) < 0 and therefore og,(f) <1. O
log, (a’)

The previous theorem characterizes the multiplicative convex functions and allows
us, through the use of appropriate values of the constants, to graphically show
different types of multiplicative convex functions (see Figure 2.1).

In Definition 1.1 we assumed f(1)=1. But since f(1)=f(1-1) < f(1)?, we can
deduce that f(1) > 1. On the other hand, if C' > 1 and f is multiplicative convex,
then C'f satisfies (2). Then, we wonder if every function that verifies (2) can be
set as C'f with C' a constant higher than 1 and f a function as in Theorem 2.5.
That is, if a function f satisfies (2), would we have that g(x) = f(z)/f(1) verifies
(2)? We can state, by a negative answer, that the condition f(1) = 1 is essential
in Theorem 2.5.

Remark 2.6. The function f(z) = x + 1 is multiplicative convex (condition (2))
but g(z) = f(x)/2 is not. Indeed, we have to see that for every > 0 and z,y > 0
we have

syt 1 < (x 4+ )"y + 1)1/“.

If p=1,then (x+1)(y+1)=2y+ax+y+1>zy+1. Next,if p > 1 (it will be
analogous for u < 1) we will have that

(4 Dy + DV > (2 + 1)y + 1)
Then, if y > 1 we have that 1 < y'/* < (y + 1)Y/# so,
(m“ + 1)(y + 1)1/u > (m“ + 1)y1/u — xuyl/n + yl/u > xuyl/u +1
And, if y < 1, we have that y*/* <1 < (y + 1)"*, so

(' + D)y + D) > (e + D)1=t +1 >y P+ 1
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Therefore f(z) = x + 1 satisfies condition (2).

Next, let us see that g(z) does not satisfy (2). Taking z =y = % and p = 10, we
have that, on the one hand,

x“yl/”—i— 1 _ <%)10+1/10

2 2

~ 0.50045,

and, on the other hand,

1\~ 1 1/ 3 1041/10
(x;‘:> (9%;_> _ (Z) ~ 0.05471,

and we are done, since we have just showed that, for this previous choice of z,y,
and p we actually have

gla"y'™) > g(z)"g(y)/*.
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