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1. Introduction

In control theory, the regularity of a set S C R”™ plays an important role in the
study of the regularity of the minimal time function associated with S (called
target set). In fact, if S satisfies the uniform interior sphere condition then the
minimal time function associated with S becomes semiconcave as Cannarsa and
Sinestrari proved in [3], see also [4]. Recall that S satisfies the uniform interior
sphere condition if there exists a positive constant p such that for any boundary
point s of S, one can find a closed ball in S of radius p containing s. The results of
[3] are generalized by Cannarsa and Frankowska in [2] and Sinestrari in [22] for the
cases where the uniform interior sphere condition is satisfied by the dynamic and
not by the target set S. More general results in this direction can be also found in
Colombo, Marigonda and Wolenski [9] and Colombo and Nguyen [10]. Another
important use of the interior sphere condition is the regularity study of functions
with hypographs satisfying this property. These functions turned out to enjoy
some properties of concave functions, in particular a.e. twice differentiability. For
more information, we invite the reader to see [11, 14]. See also [13, 16] where the
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equivalence between the uniform interior sphere condition and the union of closed
balls property is studied.

In [12], Nour, Saoud and Takche provided for a given nonempty and closed subset
S of R™, conditions under which S can be approximated by sets S. C S satisfying
the interior sphere condition with continuous variable radius p. The fact that their
approximation sets satisfy an interior sphere condition with variable radius, allows
them to approach any corner and to use the Pompeiu-Hausdorff convergence even
if the set S is unbounded. To guarantee the existence of such approximation,
Nour, Saoud and Takche assumed the nonemptiness of the interior of S*, the star
of S (see [12, Theorem 3.1]). We recall that the set S* is defined by

S* :={s € S : the interval [s,z] C S for all x € S}.

This assumption can be seen as the following: There is a fixed closed ball By in .S
such that each point in S is the vertex of a circular convex cone in .S having By as
base. Nour, Saoud and Takche generalized this result in [12, Theorem 3.3] where
the closed balls bases are allowed to be different but are moving tangentially on
the boundary of a set A C S. The existence of such balls is guaranteed by the
po-convexity (or proximal smoothness) assumption of A.

The goal of this paper is to generalize the main result of [12], [12, Theorem 3.3],
to cover more sets S. The main idea is to replace the circular convex cones used
in [12] by curved ones. More precisely, we will replace the existence of the -
convex set A with the properties mentioned above by the existence of a family of
curves that cover the set S in a special geometric and topological way. Our new
assumptions will be more general compared to the assumptions of [12], as we will
prove in Section 3.

The layout of this paper is as follows. In the next section we present our notations,
some definitions and basic results from nonsmooth analysis. We present our new
hypotheses and compare them to the hypotheses of [12] in Section 3. Section 4 is
devoted to our main result.

2. Preliminaries

We begin this section by providing our notations. We denote by || - ||, (-,-), B,
B and S”, the Euclidean norm, the usual inner product, the open unit ball, the
closed unit ball and the unit sphere, respectively. For p > 0 and = € R", we set
B(z; p) := x + pB and B(x; p) := x + pB. The segment joining two points = and
y in R™ is denoted by [x,y], that is,

2,y == {(1 = Na+Ay: Ae0,1]}.

We also denote, for A C R" and B C R", by [A, B] the set of all segments joining
a point in A to a point in B, that is,

[A, B] :={]a,b] :a € Aand b € B}.
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For a set S C R", S° intS, S and clS are the complement (with respect to
R™), the interior, the boundary and the closure of S, respectively. The distance
from a point x to a set S is denoted by dg(x). We also denote by proj g(x) the
set of closest points in S to x, that is, the set of points s € S which satisfy

ds(z) = ||s — z||. The Pompeiu-Hausdorff distance between two sets A and B will
be denoted by dy (A, B).

We proceed to give some definitions and results from nonsmooth analysis. Our
general reference for these constructs is Clarke et al. [5]; see also Penot [18] and
Rockafellar and Wets [21]. Let S be a nonempty and closed subset of R™. For
x € S, avector ( € R" is said to be proximal normal to S at x provided that there
exists 0 = o(z, ) > 0 such that

(C,s—z)<o|s—z|?* VseS. (1)

The relation (1) is commonly referred to as the prozimal normal inequality. No
nonzero ( satisfying (1) exists if € int .S, but this may also occur for x € 95,
as is the case when S is the epigraph of the function f(z) = —|z| and = = (0,0).
For such a point, the only proximal normal is ( = 0. In view of (1), the set of all
proximal normals to S at z is a convex cone, and we denote it by N (z). Now
let z € 05,0 # ¢ € R"” and r > 0 be such that

¢
B S ns=o.
(x+rH<”,r) N 0 (2)

Then ( is a proximal normal to S at x and we say that ( is realized by an r-sphere.
Note that ¢ is then also realized by an r’-sphere for any 0 < ' < r. One can
show that ¢ being realized by an r-sphere is equivalent to the proximal normal
inequality holding with o = 1/2r; that is,

1
<ﬁ75—x> g—THs—xHQ Vs e S. (3)

We terminate this section by introducing a well-known regularity property for
a nonempty and closed subset S of R™: the #-interior sphere condition. For

more information about this property, we invite the reader to see the papers
[13, 14, 15, 16].

Definition 2.1. A nonempty and closed set S C R" is said to satisfy the 8-
interior sphere condition if and only if there exists a continuous function #: 95 —
[0, 400 such that for all z € S one can find a point y, € S satisfying:

(i) 1’6?(%#@» C S,iff(x) > 0.
(i) z€ B(x+t(y, —x);t) C S forall t > 0, if §(x) = 0.
If 6(-) = 6 a positive constant, then the fy-interior sphere condition coincides with

the well known condition in control theory, the uniform interior sphere condition.
This condition is important in deriving regularity properties of the minimal time
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function; see e.g. Cannarsa and Frankowska [2], Cannarsa and Sinestrari [2, 3]
and Sinestrari [22]. In [15, Theorem 3.1], Nour, Stern and Takche proved that
there is an equivalence between the #-interior sphere condition and the -union
of closed ball property. Let us recall the definition of this property.

Definition 2.2. A nonempty and closed set S C R" is said to be the ¢ -union of
closed balls if and only if there exists a function ¢: S — [0, 400[ such that:
(i) % is upper semicontinuous on S and continuous on 95.

(ii) For all x € S there exists y, € S such that:
(a) € B (ym; #(x)) c S, if ¢(x) > 0.
(b) * € B(z +t(y, — x);t) C S for all t > 0, if ¥(x) = 0.

If 1 = 1)y is a positive constant then the 1y-union of closed balls property coincides
with the well-know union of closed balls property (with radius ﬁ)

3. Hypotheses

The goal of this section it to present the hypotheses that will be used in the next
section to prove our main result. We will also discuss the relation between these
new hypotheses and the hypotheses used in [12]. More precisely, we will prove
that our new hypotheses are in fact weaker. For a family of smooth and natural
(or parametrized by arc length) curves (7;);e; defined on [0, 00[, we denote by C'
the set of the initial points of (7;)cs, that is, C := {;(0) : i € I}.

Definition 3.1. Let S C R" be a nonempty and closed set. We say that S has
an LCC-cover (Lipschitz curved cone cover) if there exist K > 0, p > 0 and a
family of smooth and natural curves (7;);e; defined on [0, oo such that

(H1) For all z € S\ C, there is a unique i, € I and a unique ¢, > 0 such that
x =, (t:) and 7, (t) € int S\ C for all ¢ €]0,t,][.

(H2) Forall z,y € S\ C,if x — y then v;,(t) — 74, (t) for all £ > 0.

(H3) For all 2, y € S we have |t, — t,| < K|z —y]|.*

(H4) We have B(v;(0);p) C S for alli € I and

E(m;p(l—%—f))cs Vz e S\ C, (4)

lx

where T; := min{t > 0 : v,;(t) € 9S}.2

The following proposition gives a sufficient condition for a set S to have a Lip-
schitz curved cone cover. This sufficient condition is the hypothesis under which
Nour, Saoud and Takche proved in [12, Theorem 3.1] the existence of an inner
approximation of S by sets satisfying the interior sphere condition.

4y,:=0forxeC.
2If the curve ; does not intersect the boundary of S, then T; is considered to be oo. In this
case the condition (4) becomes B(z;p) C S.
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Proposition 3.2. Let S be a nonempty and closed subset of R™ and assume that
int S* £ (0. Then S has an LCC-cover.

Proof. Since int S* # () there exist p > 0 and sy € S* such that B(sq;p) C S*.
For each unit vector u, we define the family of curves v, on [0, co[ by

Yu(t) := 8o+ tu VYt € [0,00].

We claim that conditions (H1)—-(H4) are satisfied by the family (7,)uesn for the
constant p and K = 1. Indeed, for (H1) it is sufficient to take t, = ||z — 59| and
Uy = 2=20- and remark (using B(so;p) C S*) that

llz—soll

B (’yuz(t);p (1 — ti)) C S Vte|0,t,l.

xT

Condition (H2) follows directly from the definition of =, (-). For (H3), remark
that t, = ||x — so|| and t, = ||y — so|| and then

te — ty| = [llz = soll = lly — solll < [|z —yl|.
To prove (H4), let so # = € S and let u, = ==

llz—soll *
Case 1: The curve v, intersects 0S.
Then T, is finite and sy + T, u, € 0S. Since B(so; p) C S* we get that

E(so—i-tuw;p <1 - TL)> CS Vte|0,Ty,]

Clearly t, < T,, (since 7,(t) € int S for all ¢ € [0,¢,[). Then for ¢ = ¢, in the
preceding inclusion, we get that

— ty
p(onli- )

Case 2: The curve v,, does not intersect 95.
Then T,, = oo and sy + tu, € S for all t > 0. Hence, B(so; p) C S* implies

_ t,
B (so+txux;p (1 - ?>) CcS Vt>t,.

Taking ¢ — oo in the preceding inclusion we get that B(z;p) C S. This termi-
nates the proof of the proposition. O

We proceed to study the relation between our new hypothesis, the existence of a
Lipschitz curved cone cover, and the hypothesis used by Nour, Saoud and Takche
to prove the general main result of [12] in which, the existence of an inner ap-
proximation of S by sets satisfying the interior sphere condition is given, see [12,
Theorem 3.3]. First we introduce a well-known regularity property for a nonempty
and closed subset S of R": the ¢-convexity. For more information about this prop-
erty, we invite the reader to see [1, 8, 14].
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Definition 3.3. A nonempty and closed set S C R” is said to be @-convez if
and only if there exists a continuous function ¢: S — [0, +o0o[ such that for all
x € 05 and for all 0 # ¢ € N¥(z) we have

(i)  ( is realized by a ﬁ(:ﬁ)—sphere, if p(z) #0,
(ii) ¢ is realized by an r-sphere for all r > 0, if ¢(x) = 0.

If (-) = o a positive constant, then the py-convexity coincides with the positive
reach property and the prozimal smoothness property defined in Federer [7] and
Clarke et al. [6], respectively. More precisely, a set S is pp-convex if and only if it
is ﬁ—proximal smooth (or has positive reach with radius ﬁ) We also refer the
reader to Poliquin and Rockafellar [19], Poliquin, Rockafellar and Thibault [20],
Rockafellar and Wets [21] for investigations and applications of related properties
such as prox-reqularity. Another needed geometric property is the following one
introduced in [12] and studied in depth in [17].

Definition 3.4. Let A and S be two nonempty sets in R” such that A is closed
and A C S. We say that A is S-convez if and only if

s—ag N¥(a) or s—a g NY(a') foralls€ SN A®and a #d € A.

Remark 3.5. One can easily prove that if A is S-convex then each point in S
has a unique projection on A. The converse is not necessarily true as it is proved
in [12, Remark 3.4]. O

In the following proposition we will show that under the hypothesis of [12, Theo-
rem 3.3], a special subset of S has a Lipschitz curved cone cover. This proposition
will be used in the next section to prove that [12, Theorem 3.3] is a direct conse-
quence of the main result of this paper. Note that for a point z € R™ and a vector
¢ € R", the directional distance from x to a closed set S C R" in the direction ¢,
denoted by dg(z, (), is defined by

ds(x,¢) :==min{t > 0: x4+t € S},

(if x +t¢ ¢ S for all t > 0 then dg(z, () is taken to be oco0). We also denote, for
A C R" a closed set and r > 0, by A, the set

A ={x eR":d(z,A) <r} = A+ B(0;r).
Proposition 3.6. Let S C R"™ be a nonempty and closed set satisfying the fol-
lowing: there exists a closed set A C int .S such that
(1) A is S-conver,
(2) A is pg-conver,
(3) Forse A°NS, a € proj,(s) and ¢ := =%, we have

~ ls=all”
() s € [Ba+Gok), a+dasla)¢| C 8, if dos(a, ) < 0.
(i) s € [E(anL 1 Qﬁ) : a+t§} C S forallt >0, if dgs(a, () = oco.

20

Then S4 =S\ A has an LCC-cover.
£0
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Proof. Since A is pg-convex, we have that for all a € A and for all 0 # ¢ €
N¥(a), ¢ is realized by a ﬁ—sphere, that is,

1 ¢ 1>
Bla+ —7—— | NA=0.
(“ 200 1]’ 20

1 ¢ 1 )
Then Bla+——=—|NA. =0. 5

( 20 €] 4o T4 (5)
We define the set Ny by N := {(a,¢) : a € A and ¢ € N¥(a) is unit}.

Since A is gp-convex, each point in JA is a projection of at least one point in
A°N S. Then by (5) and 3(i)-3(ii) we have

B< g 4—%) CintSA Y(a, () € Ny (6)

For each (a, () € Ny, we consider the following two smooth curves:
o  Yuc: [0,00[— R" by v,¢(t) =a+ (—+t>§for all t > 0.
® Yo [0,00[— R" by 7, (t) =a+ <— — t) ¢ for all t > 0.

We claim that the conditions (H1)—(H4) are satisfied for S4 := S\ A1 by the
family of curves (7a,¢)(a,0)ens U Fac)(@0)ens for p = m and K = 1. We begln by
(H1). Let z € S4\ C. Since C' = {a + ﬁ(’ 2 (a,(Q) € NA}, two cases need to be

considered.

1
Case 1: da(z) > —.
A() 2¢0

Let a, € proj 4(z), ¢, = 22 andtz:||ax—x||—ﬁ. Clearly we have v, ¢, (t;) =x.

[le—as|]
Moreover, the S-convexity of A and conditions 3(i)-3(ii) give that 7,, ¢, and ¢,
are unique and that v,, ¢, (t) € int S\ C for all ¢ €]0,,].

1 1
Case 2. — < dy4 < —
4o (@) 200
Let az €proj,(z), G = =ay o and £y = 10—||ax—1'||. Again we have 7y, . (t,)=m.

Moreover, the S-convexity of A and (6) give that 7, . and t, are unique and that
Voo, (t) € int SA\ C for all ¢ €]0,t,[. So (HL) follows. Condition (H2) follows
directly from the continuity of the function z + a, on S4. For (H3), let x, y € S4.

We need to prove that |t, —t,| < |z — y||. We can easily prove this inequality if
da(x) and d4(y) are bothgreater than or equal or both less than or equal to ﬁ.
If da(x) < ﬁ and da(y) > ﬁ then
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o=t Sta+ty = 5 = llag =l +llay — 9l = 5
20 20
< Mllaz = 2 = llay = ylll = |da(z) — da(y)| < ||z = yl|
We proceed to prove (H4). Using (6) we deduce that

B (a+ 2—;(}(; 4—300) c S* V(a,() € Ny.
Now let z € S4\ C.
Case 1: dy(z) > ﬁ.
By the S-convexity of A, we have that T(,, ¢,) = dos(az, () — ﬁ (we assume for
instance that dgs(a,, (;) is finite). Then
- t —r 1 laz — x| — 5
B<I; p<1 - T(az,éz)>> - B<I; 4o (1  dos(0a, C:) i >>

1
2¢0

C [B(a:c + 2—;0@; 4%0() , 0y + das(ag, ;) Cr] CS.

Since da(z) > ﬁ we have B(z;p(1 — 7 tz( ))) NAL = () and then
ag,Cx P0

— t
B(z;p(l— ud )) c St
T(azzgz)
If dyps(as, () = oo then by 3(ii) and as above, we have that

Bleo(i-p)es

for all ¢ sufficiently large. Taking ¢ — oo we conclude that B (z;p) C S. Since
da(z) > ﬁ we have that B (z;p) N Al = (0 and this gives us B (z;p) C S4.
©0

Case 2: ;- < da(z) < 5.

0o —

Then T(4, ¢c,) = ﬁ (follows from the @g-convexity of A). Hence

1
— tm _ 1 5 — ||y — T
B(W’(l_ )) :B<x; (1_ - _Hl H))
T(“oc:(a:) 4800

4o

_ 1 _ 1 1
:B(x; Ay — T ——)CB(@I—F—I;—)CSA.
| | 4o QSOOC 4o

This terminates the proof of (H4) and then the proof of Proposition 3.6. O

4. Main result

The goal of this section is to present our main result in which we prove that any
set with a Lipschitz curved cone cover can be approximated from inside by sets
satisfying the interior sphere condition. We also prove, using the results of Section
3, that the main results of [12] are direct consequences of our new main result.
The following is our main result.
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Theorem 4.1. Let S C R" be a nonempty and closed set and assume that S has
an LCC-cover. Then for all € > 0 small, there exists a nonempty and closed set
S. C S such that

(1) S. is the 1p-union of closed balls; (2) dp(S.,S) <e.
Proof. Since S has a Lipschitz curved cone cover, there exist K > 0, p > 0 and
a family of smooth and natural curves (7;);e; defined on [0, oo[ such that

(H1) For all x € S\ C, there is a unique i, € I and a unique ¢, > 0 such that
x =, (t;) and v;, (t) € int S\ C for all ¢ €]0,¢,].

(H2) Forall z,y € S\ C,if x — y then v;, (1) — 74, (¢) for all £ > 0.

(H3) For all z, y € S we have |t, —t,| < K||z —y]|.

(H4) We have B(v;(0);p) C S foralli € I and for all x € S\ C,
B(x,p(l - ’_ZT>> C S, where T; := min{t > 0 : v(t) € 0S}.

1z

We define over S the function r(-) by

g x e,
() =
o 5(1—;—9 e

Claim 1: The function r(-) is continuous on S.

Before giving the proof of this claim, we note that since B(;(0);p) C S for all
1 € I, we notice T; > p for all ¢ € I. Let x,,, € S be a sequence that converges to
a point zo € S. We need to prove that r(x,,) — 7(zo).

Case 1: r(xg) = &. Hence for all m we have

p Tm € C,

r(@m) = (o) = |rl@m) = 5] = 4 o 1,
T;

NI @

= Tm & C.

Tm

Case 1.1: x5 € C. Then t,, = 0 and, if z,,, € C' we have T;, > p, hence

|T($m)—r(xo)|§7m:’ . ol Hx2 zo|

Tm

Vm

This gives us r(x,,) — r(xg).

Case 1.2: zy ¢ C (that is, T3, = 00).
1

By (7) it is sufficient to prove that — 0 for z,, ¢ C. By contradiction,

T;
—~ 0 then there exist g > 0 and a subsequence of z,, & C (we

Tm

assume that T‘l

trm

dot not relabel) such that

!
v
S

Tem
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Let sp, == v, (15, ) € 0S. We have

1
lsm = @oll < llsm = @l + llom = @oll < T, + llwm = 20l < — + [l — o]
0

Tm

Since x,, — xy, we get that s, is bounded and then it can be assumed to be
convergent. Let so € S be its limit. We have

80 = Yig, (i) = lim i, (T,)) = lim i, (Ti) =i, (Ti,,)-

mM——>00 m—>00

This gives that v;, (T, ) € S and then the desired contradiction.

S0

Case 2: r(xy) =2 <1 — tz—o) # £ (that is, o ¢ C' and T;, < 00).

= 5 Tizo o

Since t,, — t,, we can assume that x,, ¢ C for all m (if not, then ¢,, = 0 and
then r(xg) = £). Then we have

t
r(Tm) = g (1 - vam > Ym.

Tm

Since ty,, —> ts, it is sufficient to prove that T;, ~— T;, . Assume by contra-
diction that T;, ~— T;, . Then, there exist £g > 0 and a subsequence of z,, (we
do not relabel) such that |T;, —Ti, | > & for all m.

Case 2.1: There exists a subsequence of x,, (we do not relabel) such that

frz._

Tom, 7;10

> ¢y Vm (see Figure 4.1).

Then T;, < T;,, which gives that v;, (7i, ) € intS. Hence

0o

_ T,
B(%wm (T%);p(l — Ti)) CS.

T,
But 7, (Th,) € 95, then [, (Th,) = i, (To )l 2 p (1= 722).

tTm

Yiy ©)

Figure 4.1: Case 2.1
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Using the fact that T;, > 1;,, + o, we conclude that

PEo
+ Eo’

nyizo (ﬂzo) — Yz, (EIO)H > p<1 — —Ego) =

iz iz

which contradicts the convergence of v, (Ti, ) to Vi, (15, )-

Case 2.2: There exists a subsequence of x,, (we do not relabel) such that

T, =1, >e& Vm.

z( Tm

Then T;, < T, which gives that v;, (7, ) € intS. Hence

— T
B (7 (Tixm);p( — —’")) C S.
0 Ezg

Proceeding as above, we get that

T; - T'z PEo0
0 LI S . 8
T ) r )

0

T..
e (T ) = i (Th, )l = 1 (1 B T_) = (

z0
Now let s,, := 7, (T3, ) € 0S. We have

ig, = iay and T, =T, =1,

sm m*

On the other hand,

I5m = 20ll < llsm = Tll + 2 — oll < Toy,, + o — ol < T, + 12 — ol

Tm

o

Since x,, — xg, we get that s, is bounded and then it can be assumed to be
convergent. Let so € 95 be its limit. We have so = v;, (T},,) = 7., (ts,) and for
allt >0

Vi, (1) = lim 7, (t) = lim v, () =, ().

m—r0o0 m—r0o0

Hence i, = i,,. Using (8) we get

PEO . .
T < i, (B,) = i ()l = Jim s =2, (T,

= lm {lsm =7, (sl = llso = 7, () [ = 0.

m—>00

Contradiction. This terminates the proof of Claim 1.

Now let 0 < e < ﬁ% We denote by

. I :={i € I : v(-) does not intersect 0S5},
] IQ =1 \ Il.
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We also define the set

U E(w(t);%) U U Beu@sr(n).

i€l1,t>0 iEIQ,tE[O,Ti—E]

Claim 2: S. C S and dy (S, S) < e.

By (H4) and the definition of r(-) we have S. C S. To prove that dy(S.,S) < ¢
it is sufficient to prove that d(x,S.) < e for all z € S.

Let z € S\ S (if z € S. then nothing to prove). Since x ¢ S. we have that i, € I
and T; —e <t, <T; . Then
|z =7, (Ti, —e)l| < ta — (I, —€) = (ta = Ti,) +e < e

But v, (T3, —

iz

) € S., therefore d(z, S.) < e. The Claim 2 follows.
Claim 3: S, is the %(')—union of closed balls.

Let z € S.. We need to find y, € S. such that
r € B(yy;r(z)) C S.. 9)

Case 1: T;, = oo.
Then i, € I and r(x) = &. For y, = 2 we have

€ B(ya;r(z)) = B (7 (ta); g) C S..

Case 2: T;, < oo and x € B(v;(to); 5) with iy € I;.

By the definition of r(-), we have r(z) < £. Then the existence of y, € S
satisfying (9) follows directly from

v €B <%o(t0); g) C S..

Case 3: T, < oo and & € B(;,(to); (71, (t0))) with ig € I and to € [0, T;, — €].
Three subcases need to be considered.
Case 3.1: t, <T; —e.
Then for y, = = we have that x € B(y,,r(x)) = B(v, (tz), r(7, (t2)) C S..
Case 3.2: t, >T; —cand z € B (v, (T;, —¢);r(v, (T;, —¢)).
)-

Since t, > T;, —e we get that r(z) < r(v,,(T;, —¢)
satisfying (9) follows directly from

Then the existence of y,, € S.

x € B (v, (T;, —€);r(7i,(T;, —€)) C S..

Case 3.3: t, >T;, —cand z & B (v, (T3, — ¢);7(7, (T3, — €)) (See Figure 4.2).
We claim that r(z) < r(v;,(to)). If not, then

2 T.,) 2 T,
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Figure 4.2: Case 3.3

Hence T, t, < T, to. But T;, —tg >¢c and T;, —t, < e —r(y,(T;, —¢)).
Then (to + e)ta < Thgte < Tiyto < (te + & — 7(7i, (Ti, — €)))to,
which leads to et, < ety — r(v;, (T;, — €))to, and hence

r(vi,(Ti, — €))to < e(to — ta) < €K7 (to) — ]| (due to (H3))

< eKr(73(to))  (since @ € B(ig(to); (Vi (t0))))
< eKr(z) (by the contradiction assumption)

<eKr(y, (T, —¢))-
Therefore tg < e K and then

1730 (0) = i (i)l < 10 (0) = i (o) Il + 173 (o) — l| + [l — i, (T2

<to+1(Vi(to)) + (T, —t2) <eK +7r(x) +¢
p_p ., p
— K+ 42l
B+ +5<5+5=p
But this gives that v;, (7;,) € B(7,(0); p) C int .S (due to (H4)) which contradicts
the fact that ~; (7;,) € 0S. Therefore r(x) < r(v;,(to)). Now the existence of
Y € Se satisfying (9) follows directly from

z € By, (to); (70 (t0))) C Se.
The proof of our main result is complete. Il

Remark 4.2. The Lipschitz assumption (H3) cannot be replaced by a continuity
one, that is, by
xli%nw t,=t, Yyes. (10)

Indeed, in Figure 4.3 let S be the hypograph of the upper curve f(s) and let
(7i)ier be the family of vertical semi-straight lines starting from a point on the
lower curve g(s) (which is the set C'). One can easily verify that (H1), (H2) and
(H4) are satisfied by S and (7;);e;. Moreover, (10) is also satisfied but (H3) does
not hold. In fact, we have
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. For all  below the curve g(s), T;, = oo and r(z) = §.

. For all x = (s,t) € S above the curve g(s), T;, = f(s) — g(s), t. =t — g(s)
and

Figure 4.3: Remark 4.2

The set S. is the hypograph of the blue curve. The center = of the red circle has
the following properties

. The point x is in S. since it belongs to the blue circle whose center is at a
distance ¢ from 05S.

. The radius r(z) of the red circle is large because z is close to the starting
point ¢, = 7;,(0).

e  We cannot find in S. a ball of radius r(x) containing x.

Note that for any smaller ¢, the blue curve moves up, and the point = with the
previous properties moves right to a smaller blue circle. Il

In the following two corollaries, we will prove that the main results of [12] are
direct consequences of Theorem 4.1.

Corollary 4.3. ([12, Theorem 3.1]) Let S be a nonempty and closed subset of R™
and assume that int S* # (). Then for all € > 0 small, there exists a nonempty
and closed set S, C S such that

. S satisfies the 0-interior sphere condition,

e dy(S..S)<e.

Proof. Follows directly from Proposition 3.2 and Theorem 4.1. O
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Corollary 4.4. ([12, Theorem 3.3]) Let S C R™ be a nonempty and closed set
satisfying the following: there exists a closed set A C int .S such that

(1) A s S-conver,
(2) A is pg-conver,
(3) Forse S\ A, a€projy(s) and ¢ := ==2%, we have

lls—all’
() s € [B(a+55Gok ), a+dasa)¢| C 8, if dos(a, ) < .
(i) s € |B(a+ 35G35 ), a+ic] €S forallt 0, if dys(a,¢) = oo.

2¢0

Then for all € > 0 small, there exists a nonempty and closed set S. C S such that

. S, satisfies the O-interior sphere condition,

e dy(S.,S) <e.

Proof. By Proposition 3.6 we get that S4 = S\ A% has an LCC-cover. Then
©0

for € small (in fact less than and by Theorem 4.1 there exists a nonempty

o)
and closed set S# C S, such that
o S#4is the ¢-union of closed balls,

d dH(S?, S) S E.
Now taking S, := SA U (A +B <O; €+ ﬁ)), one can easily prove that

o S, satisfies the f-interior sphere condition,
. dH(SE, S) <e. O
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