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We obtain an important generalization of the inverse weighted Fermat-Torricelli problem for
tetrahedra in R3 by assigning to the corresponding weighted Fermat-Torricelli point a remaining
positive number (residual weight). As a consequence, we derive a new plasticity principle of
weighted Fermat-Torricelli trees of degree five for boundary closed hexahedra in R? by applying
a geometric plasticity principle which lead to the plasticity of mass transportation networks of
degree five in R3. We also derive a complete solution for an important generalization of the
inverse weighted Fermat-Torricelli problem for three non-collinear points and a new plasticity
principle of mass networks of degree four for boundary convex quadrilaterals in R?. The plasticity
of mass transportation networks provides some first evidence for a creation of a new field that
we may call Mathematical Botany in the future.
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1. Introduction

Let A;AyA3A,A5 be a closed hexahedron in R?, B; be a non-negative number
(weight) which corresponds to each vertex A;, Ay be a point in R* and a;; be the
Euclidean distance of the linear segment A;A;, for ¢, 7 =0, 1,2, 3,4, 5 respectively.

The weighted Fermat-Torricelli problem for a closed hexahedron A;A; A3A4 A5 in
R3 can be stated as:

Problem 1.1. Find a point Ag which minimizes the sum of the lengths of the
linear segments that connect every vertex A; with Ay multiplied by the positive
weight B;: 5
Z B;ag; = minimum.

i=1

For By =By= B3 and B,= Bs= 0 we solve the classical Fermat-Torricelli problem
which has been introduced by Fermat in 1643. After that Torricelli discovered the
first geometrical construction in R?. In 1877, Engelbrecht [3] extended Torricelli’s

construction to the weighted case. In 2014, Uteshev [8] succeeded in finding an
elegant algebraic solution of the weighted Fermat-Torricelli problem in R2.
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A detailed history of the weighted Fermat-Torricelli problem is given in [2], [5]
and [7] and a classical study for convex polyhedra in R? is given in [1].

In 1997, Y. Kupitz and H. Martini gave a complete study concerning the existence,
uniqueness and a characterization of the weighted Fermat-Torricelli point for n
non-collinear points in R™ in [7] (see also in [2, Theorem 18.37, p. 250]).

Theorem 1.2. Let n non-collinear points in R™ be given with corresponding

positive weights By, By, ..., B,.

(i) Then the weighted Fermat-Torricelli point Ay of {A1A2A;s... A} exists and
1S UNique.

(i) If 1207, Bya(As, A7) > By, i # 4, fori,j =1,2,...,n, then

(a) the weighted Fermat-Torricelli point does not belong to {A1AxAs... A}
(Weighted Floating Case).

(b) S°F, Biil(Ag, A;) = 0 (Weighted Floating Case).
(ili) If there is some i with ||3°7_, Bju(Ai, Aj)|| < By, i # j, ford, j=1,2,...,n,
then the weighted Fermat-Torricelli point is the vertex A; (Weighted Absorbed

Case), where 1u(A;, Aj) is the unit vector with direction from A; to A;, for
1,7 =0,1,2,3,..,n and i # j.

The inverse weighted Fermat-Torricelli problem for tetrahedra in R? states that:

Problem 1.3. Given a point Ay which belongs to the interior of A1AsAsAy, in
R3, does there exist a unique set of positive weights B;, such that

B+ By + By + By = ¢ = const,
for which Ay minimizes f(Aq) = S+, Biag; ?

By letting B, = 0 and ¢ = 1 in the inverse weighted Fermat-Torricelli problem for
tetrahedra we obtain the (normalized) inverse weighted Fermat-Torricelli problem
for three non-collinear points in R2. In 2002, S. Gueron and R. Tessler introduce
the normalized inverse weighted Fermat-Torriceli problem for three non-collinear
points in R? who also gave a positive answer in [5].

In 2009, a positive answer with respect to the inverse weighted Fermat-Torricelli
problem for tetrahedra is given in [10] and recently, Uteshev also obtain a positive
answer in [8] by using the Cartesian coordinates of the four non-collinear and non-
coplanar fixed vertices. In 2011, a negative answer with respect to the inverse
weighted Fermat-Torricelli problem for tetragonal pyramids in R? is derived in
[11]. This negative answer lead to an important dependence of the five variable
weights, such that the corresponding weighted Fermat-Torricelli point remains the
same, which we call a plasticity principle of closed hexahedra. In 2013, we prove a
plasticity principle of closed hexahedra in R? and a plasticity principle for convex
quadrilaterals in [12] and [13], respectively. The equations of dynamic plasticity
of convex quadrilaterals in R? are given in [9].

In this paper, we consider an important generalization of the inverse weighted
Fermat-Torricelli problem for boundary tetrahedra in R?® which is derived as an
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application of the geometric plasticity of weighted Fermat-Torricelli trees of degree
four for boundary tetrahedra in a two-way communication network (Section 3,
Prop. 3). This new evolutionary approach gives a new type of plasticity of mass
transportation networks of degree four for boundary tetrahedra and of degree
five for boundary closed hexahedra in R? (Section 3, Theorem 2, Prop. 4). As
a corollary, we also derive an important generalization of the inverse weighted
Fermat-Torricelli problem for three non-collinear points and a new type of plasti-
city for mass transportation networks of degree four for boundary weighted quadri-
laterals in R? (Section 4, Theorem 3, Prop. 5, Theorem 4). It is worth mentioning
that this method provides a unified approach to deal with the inverse weighted
Fermat-Torricelli problem for boundary triangle invented by Gueron and Tessler
which also includes the weighted absorbed case (Theorem 1(iii) for n = 3).

2. The dependence of the angles of a weighted Fermat-Torricelli tree
having degree at most four and at most five

We shall start with the definitions of a tree topology, a Fermat-Torricelli tree
topology, the degree of a boundary vertex in R3 and the degree of the weighted
Fermat-Torricelli point which is located at the interior of the convex hull of a
closed hexahedron or tetrahedron, in order to describe the structure of a weighted
Fermat-Torricelli tree of a boundary closed hexahedron or a boundary tetrahedron
in R3.

Definition 2.1. [4] A tree topology is a connection matrix specifying which pairs

of points from the list Ay, As, ..., A, Ao, Ao, -, Aom—2 have a connecting linear
segment (edge).

Definition 2.2. [6] The degree of a vertex corresponds to the number of connec-
tions of the vertex with linear segments.

Definition 2.3. [4] A Fermat-Torricelli tree topology of degree at most five is a
tree topology with all boundary vertices of a closed hexahedron and one mobile
vertex having at most degree five.

Definition 2.4. A tree of minimum length with a Fermat-Torricelli tree topology
of degree at most five is called a Fermat-Torricelli tree.

Definition 2.5. A Fermat-Torricelli tree of weighted minimum length with a
Fermat-Torricelli tree topology of degree at most five is called a weighted Fermat-
Torricelli tree of degree at most five.

Definition 2.6. A Fermat-Torricelli tree of weighted minimum length of degree
at most five having one zero weight is called a weighted Fermat-Torricelli tree of
degree at most four.

Definition 2.7. A unique solution of the weighted Fermat-Torricelli problem for
closed hexahedra is a unique weighted Fermat-Torricelli tree of degree at most five.

Definition 2.8. A unique solution of the weighted Fermat-Torricelli problem for
tetrahedra is a unique weighted Fermat-Torricelli tree (weighted Fermat-Torricelli
network) of degree at most four.
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By following the methodology given in [12, Lemmas 1, 2 pp. 15-17] and [10, So-
lution of Problem 2, pp. 119-120], we shall show that the position of a weighted
Fermat-Torricelli tree w.r. to a boundary tetrahedron is determined by five given
angles.

We denote by ayo; = £A;AgA; and o jor, the angle which is formed by the linear
segment that connects Ay with the trace of the orthogonal projection of A; to the
plane A;AgAy with ag;, for 4, j,k,1 =1,2,3,4, and @ # j # k # 1.

Proposition 2.9. The angles o om depend on exactly five given angles o,
103, 104, Q03 and Qioog, for i k,m =1,2,3,4, and i # k # m.

Proof of Lemma 2.9: We shall use the same expressions used in [10, Solution
of Problem 2, pp. 119-120] for the unit vectors a; in terms of spherical coordinates,
for i = 1,2,3,4. We denote by

a; = (1,0,0)

(COS(Oél()g), Sin(algg), O)

—

a2
az = (cos(as,102) cos(ws,102), cos(a 102) sin(ws 102), sin(as 102))
ay = (COS(a4,102) COS(W4,102), COS(044,102) Siﬂ(w4,1o2), sin(a4,102))

such that: |a;| = 1. The angles ag 102, 4102, are calculated by the following two
relations in [10, formulas (10), (11), p. 120]:

cos?(aup3) + cos?(ap3) — 2 cos(angs) cos(ags) cos(ayng) 1)
sin?(a02) ’
cos?(augoq) + cos?(a1os) — 2 cos(angy) cos(aigs) cos(aygs)
sin?(avy02)

cos? (a3102) =

(2)

COS2 (064’102) =

The inner product of a;, a; is given by:  a; - d; = cos(ao;)- (3)

By replacing (1) and (2) in (3), by eliminating ws 102 and wg 102 and by squaring
both parts of the derived equation, we obtain a quadratic equation with respect
to cos agp4 :

[— oS ar103 COS (14 + COS Qg4 — (— COS (V102 COS o3 + COS (lg03)
(— cos (102 COS (ryg4 + COS iy ) €sc 2arge]?® = (1 — cos? as102)(1 — cos? Qg102).  (4)
By solving (4) with respect to cos asgy, we get:
COS (ig04 = _21; [2b 4 4 cos 102 (COS (r104 COS Qigpz + COS (V103 COS igny ) —
— 4 (cos 103 COS Qg4 + COS Qi3 COS iy )] csc 2arygg,  OF (5)
COS Qrg04 = }1[4 oS (r103(COS Qrygg — COS (U1g COS Qigpy )+

+ 2 (b + 2 cos g3 (— €OS (1 COS Qigy + COS Ainpy) )] €SC 2t10n (6)

b= H (14+cos (2a102) +c0s (2a107) +cos (2ai20;) —4 cOS a2 COS (1; COS iy ).
i=3
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Therefore, azgs depends exactly on aqg2, a3, o4, Q203 and aipy.

By projecting the vector a; w.r. to the plane defined by AA;AgA3 or AA;AgAs
or NA1AgAy or NAsAgA, or ANA3AgA,, we get:

sin? (Qkom ) —08%(Umo; ) —cos? (ki) +2 cos(umoi ) cos(ako; ) cos(rom )

Sinz (akOm)

cos? (i kom) =

Hence, taking into account this equality and (5) or (6) we derive that o gom
depends on @192, (103, G104, Q203 and s O

Proposition 2.10. The angles o pom depend on exactly seven given angles oz,
(103, (104, (105, 203, Qooa and Ques, for i, k,m =1,2,3,4,5 and i # k # m.

Proof. We consider the directions of five unit vectors which meet a fixed point

Ap. For instance, we get:
= (1,0,0)

a3 = (cos(anz), sin(aigz), 0)

13 = (cos(as,102) cos(ws102), cos(ag 102) sin(ws 102), sin(as 102))
13 = (cos(au,102) cOS(wa,102), c0s(a 102) Sin(wy 102), sin(ag 102))
15 = (cos(as,102) cOS(Ws,102), COS(s,102) SiN(wWs 102), sin(as 102) )
such that: |a;| = 1. The inner product of a;, a; is: a; - a; = cos(ao,). (7)

By arguing in a similar way as in the proof of Proposition 2.9, we obtain that
cos(z04), cos(asps) and cos(ayes) derived by (7) are given by the following six
relations which depend on exactly seven angles aig2, 103, 104, 105, 203, 204
and a5 :

COS (X3p4 = —i [26304 + 4 cos 102 (COS (X104 COS (o3 + COS (Y103 COS Oé204) —

— 4 (cos ar1g3 COS (g4 + COS (rgg3 COS Qrggy)] csc 2aiygg,  OF (8)

COS (304 = %‘[4 COS (103 (COS Q4 — COS (r1p2 COS (ragy )+

4 2 (bgos + 2 OS (rgp3 (— €OS arigg €OS vy + COS argoy) )] sc 2arign (9)
where
4
b3os = H (1 4+ cos (2a102) + cos (2ai0;) + cos (2a0;) — 4 cos 102 COS (r1g; COS 205 ),
i=3
1
cos (305 = —[2b305 + 4 cos 102 (€OS Qr1g5 COS Qi3 + COS (1g3 COS Cigps) —
— 4 (cos aryg3 COS (ryg5 -+ COS Qrgp3 COS Qi3 )] csc 2aygg,  OF (10)

COS Qrz05 = ;11[4 oS (r103(COS Qryg5 — COS (V12 COS (g5 )+

42 (bgos + 2 oS (rgp3 (— €OS iy €OS arygs + €OS arggs) )] esc 2anga, (11)
where

5
b3os = H (1 + cos (2a102) + cos (2ai10;) + cos (2ai20;) — 4 €os a2 COS r1; COS (ap;)

i=3,i#4
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and COS Qg5 = —i[26405 + 4 cos ary2 (€OS (15 COS (ragy + COS (14 COS (iag5) —
— 4 (oS ry04 COS r05 - COS Qrapg COS Qrps)] s 2aryng (12)
or COS Q05 = %[4 €O (r104(COS (r195 — COS (ry2 COS (gp5)+

42 (byos + 2 oS qrgp4 (— €OS iy €OS gz + €OS aiggs))] esc 2ange (13)

where

5
b305 = \J H (1+COS (20&102) +cos (20&10i)+COS (20[201') —4 cos Q1092 COS (X103 COS Oég()i). J
=4

Remark 2.11. We note that the calculations of formulas of cosagpy, cos asos,
and cos aygs, which are derived in [12, Lemma 1, p. 16] are corrected and replaced
by (8), (9), (10), (11), (12) and (13).

3. A generalization of the inverse weighted Fermat-Torricelli problem
in R3.

In this section, we consider mass transportation networks which deal with weighted
Fermat-Torricelli networks of degree at most four (or five), in which the weights
correspond to an instantaneous collection of images of masses and satisfy some
specific conditions.

We denote by hg ;i the length of the height of AAyA; Ay from Ay with respect to
A;A;, by Ag;; the intersection of hg,;; with A;A;, and by hg ;i the distance of Ay
from the plane defined by AA; A; A,

We denote by «, the dihedral angle which is formed between the planes defined
by AA;AAs and AA; Az Ay, with oy, the dihedral angle which is formed by the
planes defined by AA; Ay A; and AA; Ay Ay, and by o 05 the angle which is formed
by ag; and the linear segment which connects Ay with the trace from the orthogonal
projection of ag; to the plane defined by AAgA, A, for i, k,[,m,r,s =0,1,2,3,4,5.

We proceed by mentioning a fundamental result which we call a geometric plas-
ticity principle of mass transportation networks for boundary closed hexahedra
and it is proved in [11, Appendix A.II] for closed polyhedra in R3.

Proposition 3.1. [11, Appendix A.II] Suppose that there is a closed polyhe-
dron A1 Ay AsA4As in R® and each vertex A; has a non-negative weight B; for
i =1,2,3,4,5. Assume that the floating case of the generalized weighted Fermat-
Torricelli point Ay point is valid:

5
||Z B]l_[(AZ,A])H > B, 1 7é 7, fO’f’ each Al S {AI,AQ,Ag,A4,A5}.

i=1

If Ay is connected with every vertex A; fori =1,2,3,4,5, and a point A} is selected
with a non-negative weight B; of the line that is defined by the linear segment Ay A;

and a closed hexahedron A} A,...Al is constructed such that:
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5
1> Byi( A, Al > Biyi # .
j=1

Then the generalized weighted Fermat-Torricelli point Aj is identical with Ay
(geometric plasticity principle).

The geometric plasticity principle of closed hexahedra connects the weighted
Fermat-Torricelli problem for closed hexahedra with the modified weighted Fermat-
Torricelli problem for boundary closed hexahedra by allowing a mass flow continu-
ity for the weights, such that the corresponding weighted Fermat-Torricelli point
remains invariant in R3.

The modified weighted Fermat-Torricelli problem for closed hexahedra reads:

Problem 3.2. (Modified weighted Fermat-Torricelli problem)

Let AjAyAsALAs be a closed hexahedron in R, B; be a non-negative number
(weight) which corresponds to each linear segment AgA;, respectively. Find a
point Ay which minimizes the sum of the lengths of the linear segments that
connect every vertex A; with Ay multiplied by the positive weight B;:

5
Z B;ag; = minimum. (14)

i=1

By letting Bi = B;, for i = 1,2, 3,4, 5 the weighted Fermat-Torricelli problem for
closed hexahedra (Problem 1.1) and the corresponding modified weighted Fermat-
Torricelli problem (Problem 3.2) are equivalent by collecting instantaneous images
of the weighted Fermat-Torricelli network via the geometric plasticity principle.

We note that various generalizations of the modified Fermat-Torricelli problem
for weighted minimal networks of degree at most three in the sense of the Steiner
tree Problem are given in the classical work of A. Ivanov and A. Tuzhilin in [6].

We introduce a mixed weighted Fermat-Torricelli problem in R?® which may give
some new fundamental results in molecular structures and mass transportation
networks in a new field that we may call in the future Mathematical Botany and
possible applications in the geometry of drug design.

We state the mixed Fermat-Torricelli problem for closed hexahedra in R?, consid-
ering a two way communication weighted network.

Problem 3.3. Given a boundary closed hexahedron A, AyAsA As in R? having
one interior weighted mobile vertex Ay with remaining positive weight By find a
connected weighted system of linear segments of shortest total weighted length such
that any two of the points of the network can be joined by a polygon consisting of
linear segments:

f(X) = Blal + Bza2 + B_sag + B4a4 + B5a5 = minimum,
where B; + B; = B;
under the condition: Bi+ Bj+ By + B, = By + By,

fori, g k1 =1,2,3,4,5andi # j # k # .
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The invariance of the mixed weighted Fermat-Torricelli tree of degree at most five
is obtained by the inverse mixed weighted Fermat-Torricelli problem for closed
hexahedra in R :

Problem 3.4. (Inverse mized weighted Fermat-Torricelli problem for closed hez-
ahedra). Given a point Ay which belongs to the interior of A1AyA3A4As in R3,
does there exist a unique set of positive weights B;, such that

Bl+l§2+l§3+l§4+g5:c:const,

for which Ay minimizes f(Ag) = Z?:1 Biagi and B; + B; = B; under the
following condition for the weights:

Bi+ Bj+ By + B, = By + By,
fori, 5,k lm=1,23,4,5, andi#j#k#lF#m?
Letting B; = 0 in Problem 3.4 we obtain the inverse mixed weighted Fermat-

Torricelli problem for tetrahedra.

Theorem 3.5. Given the mized weighted Fermat-Torricelli point Ag to be an
interior point of the tetrahedron A1 Ay As3Ay with the vertices lie on four prescribed
rays that meet at Ag and from the five given values of aqg2, 103, Q104 203, 204,
the positive real weights B; given by the formulas

_ i — B

B = (o) ot (15)
S111 (Y1 203 2

_ i - B

By = (S%DOZ4,103> & 07 (16)
S111 (¢ 103 2

_ i _B

By — (S%H 064,102) c 0 (17)
S111 (Y3 102 2
-8B

and B, = ‘ 5 0 (18)

give a negative answer w.r. to the inverse mixed weighted Fermat-Torricelli prob-
lem for tetrahedra for i,j,k,m =1,2,3,4 and i # j # k # m.

Proof. We denote by B; a mass flow which is transferred from A; to A, for
1t = 1,2,3 by By a residual weight which remains at Ag and by B, a mass flow
which is transferred from Ag to Ay.

We denote by B; a mass flow which is transferred from Ag to A; for i = 1,2,3
by By a residual weight which remains at Ay and by Bs a mass flow which is
transferred from A, to Ap.

Hence, we get: B, + By + Bs = By + By (19)
and Bl + BQ + Bg + B~0 = 34. (20)
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By adding (19) and (20) and by letting By = By — By we get:
By + By + By = By + By (21)
such that: B+ By+ B;+ By =c, (22)

where ¢ is a positive real number. Hence the objective function takes the form:

4 4
Z B;ag; + Z Biag; = minimum, (23)
i=1 i=1
4
which yields Z B;ag; = minimum. (24)
i=1

We start by expressing the lengths ag;, w.r. to aoj, aok, ao-

For instance, the lengths ag3 and agy are expressed with respect to agy, age and
the dihedral angle « taking into account the two formulas given in [10, Formulas
(2.14), (2.20) p. 116]:

2 _ 2 2 /2 2 ;
gz = gy + A5z — 2a93[4/agy — R§ 15 cOS aiaz + ho 12 8in 93 COS @ (25)

and
2 _ 2 2 / 2 2 :
gy = gy + A5y — 2a94[y/ ady — R 15 COS Qiag + ho 12 80 Qg4 cOS(ry, — )] (26)

By eliminating « from (25) and (26) we get:

2 2 2 2 2
ag, = Qg + a3, — 2a94[y/ ads — h§ 12 cOS Qa4
2 1.2 2
agptass—ags \ /.2 _ 12

h0,12 SN (rj23

+ h0,12 sin a124(cos g,

2 2 2
< ago1+0a33—ag3

2 2

)] (27)

-+ sin (yg, Sin arccos -
h0,12 S (Y123

By differentiating (27) with respect to agi, ag2 and ags, we obtain:

8(104 sin 0647203 8@04 sin &47103 8@04 sin a4,102

(28)

. ) — T . ) - . .
8@01 S1I (Y1 203 8@02 S (Y2 103 8@03 S (Y3 102

By differentiating (24) with respect to ag1, ag2 and ags, and taking into account
(28), we obtain:

By sin Q4. 203 B, sin 04103 Bs sin Q4102

. ) - 5 ; .
B, sinaggez By sinagioes B,  sinagioe
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By following a similar process and by expressing ag; as a function w.r. to ag;, ao
and agy, for 4,5, k, 1 =1,2,3,4 and i # j # k # [, we get:

Bi _ sin O@km (3())

Bj sin Q5 k0l

By subtracting (21) from (22) we obtain (18).

By replacing (18) in (29) and taking into account Lemma 2.9 we derive (15), (16)
and (17). Therefore, the weights B; depend on the residual weight By and the
five giVGIl angles Qa102, (X103, X104, (X203 and Q204 U]

Corollary 3.6. If a2 = Qi3 = Qios = Qiges = Qigeq = arccos (—3) , By = 5 and

B_1+B2+B3+B_4:1, thenBlzB_ngSg:li:i

Proof. By lettlng Q102 =— (1p3 — (1p4 — Qg3 — (Y9pg — arCCos (—%)

derive that cos a304 = —% or cos aggy = 1 which yields agyy = — arccos(
replacing By = £ in (15)—(18) we derive B; = By = B3 = B, =

.

~—

Corollary 3.7. For

- 2
BO =c|l— sin « g sin 3 sin « : <31>
1 + 4,203 4 4,103 4 4,102

sin 1,203 sin a2,103 sin 3,102

we derive the unique solution

B c (32)
t 1 + sinozi’j()k sin Q5 501 sinaiykm :
sin ag ok sin g jor sin o kog

fori, g, k1l =1,2,3,4 and i # j # k # |, which coincides with the unique solution
of the inverse weighted Fermat-Torricelli problem for tetrahedra.

Proof. By replacing (31) in (15), (16), (17) and (18) we obtain (50), which yields
a positive answer to the inverse weighted Fermat-Torricelli problem for tetrahedra
in R3. [

We proceed by generalizing the equations of (dy{lamic) plasticity for closed hexa-
hedra, taking into account the residual weight By which exist at the knot Ay, by
following the method used in [12, Proposition 1, p. 17].

+1, if A; is upper from the plane A;AyA; |
We set sgn; jor = {0, if A; belongs to the plane A;AyAg,
—1, if A; is under the plane A;A¢Ay ,
with respect to an outward normal vector Njoy, for 4,7,k =1,2,3,4,5, 1 # j # k.

We remind that the position of an arbitrary directed plane is determined by the
outward normal and the distance from the weighted Fermat-Torricelli point Ag.
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Proposition 3.8. The following equations express a new plasticity of mized weigh-

ted closed hexahedra with respect to the non-negative variable weights (B;)12345 in
R3:

B,y §g74,203 Bl S$g15,203 B_5 3_4
=21 — (2208 L ST (2 — 33
(B4)12345 89711,203)(34)1234( + P (84)12345(35)2345) (33)

B2 §g74,103 32 S$g75,103 B5 54
) = (S0 (2 L2 — 34
(B4)12345 Sgn2,103)(B4)1234( + P—— (B4)12345(B5)1345) (34)

53 5914.102 B3 S$g1N5.102 55 B4
=3 — (202N TS et (=2 — 35
(34)12345 Sgn37102)(B4)1234( + P (B4)12345(B5)1245) (35)
under the conditions By + By + B3 + By + Bs = ¢ = constant (36)
and B1 + BQ + Bg + B5 = Bo + B4 (37)

where the weight (B;)12345 corresponds to the vertex that lies on the ray AgA;, for

i =1,2,3,4,5, and the weight (B;)um corresponds to the vertex A; that lies in
the ray AgA; regarding the tetrahedron A; Ay AiAy,, for j,k,l,m =1,2,3,4,5 and

J#kFLFm.
Proof. By eliminating B, Bs, Bs and Bs from (36) and (38) we get:
- Cc — BO

By =55 (38)

We assume that the residual weight By can be split at the mixed weighted Fer-
mat-Torricelli trees of degree four at Ay, such that the residual weights By 2345 and
BO,1345, and BO,1245, Correspond to the boundary tetrahedra A2A3A4A5, A1A3A4A5
and A1A2A4A5.

We select five initial (given) values (B;)12345(0) concerning the weights (B;)12345
for : = 1,2, 3,4,5 such that the mixed weighted Fermat-Torricelli point Ay exists
and it is located at the interior of A; Ay A3 A3As.

By applying the method used in the proof of Theorem 3.5, the length of the linear
segments agy, ags can be expressed as functions of ag;, age and agz for i = 4, 5:

2 _ 2 2 T/.2 12 .
Ap; = Qg + Ao — 2az;] Qg2 h0,12 COS (124

2 2 2
apat+a33—ags |\ 2 12

+ ho 12 sin ay2;(cos oy, +

ho,lz S1Il (Y123

2 142 g2
(%) — 4 /a(%Q — h(2)712 COS (X123 )] (39)

h0,12 SN (v123

+ sin ag, sin arccos

From (39), we get:

Biag1 + Baagz + Bsags + Baaos(aot, aos, aos) + Bsaos(ao1, a2, aps) = minimum. (40)
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By differentiating (40) with respect to agi, age and ags we get:

8&04 8&05

B B B = 0. 41

vt 48Cl01 * 53@01 ( )
6 = 8@05

By, + B B =0. 42

2 48 o2 + 53@()2 ( )
daps daps

B B B =0. 43

i 486lo3 * 58@03 ( )

By differentiating (39) with respect to apz and by replacing 3 8“01 for i = 4,5 in
(43), we obtain:

Bs
B,

Bs

(39n4,102 sin(au 102)
B,

59N 102 Sin(a 102)
sgns 102 sin(ag 102) '

5g14,102 SiH(Oé4,102)

(&

1+ (=

) 12345 — ) 12345 (44>

Taking into account the solution of the inverse mixed weighted Fermat-Torricelli
problem for boundary tetrahedra we derive (35). Following a similar evolutionary
process, we derive (34) and (33). O

From Lemma 2. 9 the variable WelghtS (31)12345, <B2)123457 and (Bg)12345, depend
on the weight (B5)12345 the residual weight B, and the seven given angles aqgs,

103, 104, 105, (203, (204 and Qigps.

Remark 3.9. We note that numerical examples of the plasticity of tetragonal
pyramids are given in [11, Examples 3.4, 3.7, p. 844-847].

4. A generalization of the inverse weighted Fermat-Torricelli problem
in R?

The inverse mixed weighted Fermat-Torricelli problem for three non-collinear
points in R? states that:

Problem 4.1. (Inverse mized weighted Fermat-Torricelli problem for three non-
collinear points) Given a point Ag which belongs to the interior of AAyAAsz in
R2, does there exist a unique set of positive weights B;, such that

By + By + By = ¢ = const, (45)

for which Ay minimizes f(Ag) = Zle Biagi, and B;+B; = B; under the condition
for the weights:

forijk=1,23andi#j#k?
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Theorem 4.2. Given the mixed weighted Fermat-Torricelli point Ag to be an
interior point of the triangle NAyAsAs with the vertices lie on three prescribed
rays that meet at Ag and from the two given values of aio2, (o3, the positive real
weights B; given by the formulas

_B_l _ (Sin(&log + a102)> C — BO _B_2 _ (sin 05103) C — BD (47)

sin 102 2 ’ sin 102 2 ’
and By = (c — By)/2 (48)

give a negative answer with respect to the inverse mized weighted Fermat-Torricelli
problem for three non-collinear points in R2.

Proof. Eliminating B, and B, from (45) and (46) we get (48). By setting a,, = a
in (25), we derive that ap3 = aog(a()l,aog). By differentiating ap3 = CL03<CL0176L02>

w.r. to ag; and by replacing gﬁ‘% for i = 1,2 and setting B4 = 0 in (24) we obtain

(47). O
Corollary 4.3. If aipe = a3 = 1207, By = % and By + By + Bs = 1, then
B =B, =B;=DB)=3.

Proof. By letting aypo = a3 = 120° we have: «gp3 = 27 — aijpe — o3 = 120°.
By replacing By = 3 and ¢ = 1 in (47)—(48) we derive By = By = B3 = 5. O

Corollary 4.4. For
2

By=c|1- , . (49)
1 <Sln(04103+04102)) + (Sina]_og)
sin a102 sin a102
_ c
we derive the unique solution B; = — . ) (50)
+ SN <504 SN k04
Sinaijk sinoszk

fori,5,k=1,2,3, and i # j # k, which coincides with the unique solution of the
inverse weighted Fermat-Torricelli problem for three non-collinear points.

Proof. By replacing (49) in (47)-(48) we obtain (50), which yields a positive
answer to the inverse weighted Fermat-Torricelli problem for three non-collinear
points in R2. [

Proposition 4.5. Let AA;AyAs be a triangle in R%. If
]|Blﬁ(A3,A1) + Bgﬁ(Ag,Ag)H < By (51)

and By + By = B3 + By holds, then the solution with respect to the inverse mized
weighted Fermat-Torricelli problem for three non-collinear points in R? for the
weighted absorbed case is not unique.

Proof. Suppose that we choose three initial weights B;(0) = B;, such that (51)
holds. From Theorem 1.2 the weighted absorbed case occurs and the mixed
weighted Fermat-Torricelli point Ay = As. Hence, if we select a new weight Bs+ B,
which remains at the knot As, then (51) also holds and the corresponding mixed
weighted Fermat-Torricelli point remains the same Aj = As. [
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Remark 4.6. Proposition 4.5 generalizes the inverse weighted Fermat-Torricelli
problem for three non-collinear points in the weighted absorbed case. [

Setting a condition with respect to the specific dihedral angles oy, = ag4, = «
we obtain quadrilaterals as a limiting case of tetrahedra on the plane defined by
A A1 AgAs. These equations are important, in order to derive a new plasticity for
weighted quadrilaterals in R?, where the weighted floating case of Theorem 1.2
occurs.

Theorem 4.7. If oy, = oy, = « then the following four equations point out the
mized dynamic plasticity of convex quadrilaterals in R? :

By By By, B

(5)1234 = (5)123[1 — (5)1234(374)134], (52)
B?: B?, B4 B_l
(5)1234 = (E)ms[l - (5)1234(54)124], (53)
(B1)1234 + (Ba)1234 + (Bs)1231 + (Bua)1234 = ¢ = constant (54)
and (Bi)1231 + (Ba)1234 + (B3)1231 = (Bi)1231 + (Bo)1234- (55)
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