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In many situations it is necessary to consider problems in which decisions have to be taken in
a given sequence. For this purpose the lexicographic order of R™ appears to be an appropriate
concept to employ. Therefore, we will study several of its properties in this paper. In a first
step we introduce some definitions and regularity concepts with respect to this type of order.
Secondly, we prove several classical results redesigned for the vectorial setting as well as several
new specific results which are interesting consequences of our approach. Finally, as an applica-
tion, we study min-max control problems with order. We investigate the existence of the value
and we provide results concerning the existence of saddle points for a vectorial cost.
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1. Introduction

We start with a brief presentation of the the lexicographic order of R™. For this
purpose, let us consider two vectors of R", x = (1, ,x,) and y = (Y1, , Yn).
By definition, we say that

xSy if o =yorfor some j <nandalli<j, z; =y and z; < y;.

Moreover, we say that x < y if x < y and x # y. Note that, the lexicographic
order is total but the infimum of a set is not well-defined. The notion of infimum of
a set that we use in this paper was introduced for instance in [13] (see Definition
2.1). In order to formulate our main results we extend several notions such as
lower semicontinuity, convexity and quasi convexity to the vectorial case.

After the above mentioned preliminaries, we focus on the vectorial Ky-Fan’s in-
equality and its applications in the first part of the paper. For the proof of the
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Ky-Fan type inequality in the vectorial case we employ the well known Fan’s
theorem (see e. g. [26, 30]) that we recall, for completeness, in the following.

Theorem 1.1. (Fan) Let Q: X — X be a relation from a convexr subset of a
topological vector space to itself such that the following hold:

(i) The set Q, is closed and x € Q, for all x € X,
(ii) The set Yy = X\Q;1 is convex for ally € X,

(iii) There is at least one point xo € X for which §,, is compact.

Then we have: ﬂ Q. #0.

zeX

We continue with the presentation of some consequences of the Ky-Fan’s inequality
in the vectorial setting. More precisely, the existence of a Nash equilibrium for a
game where each player ¢ has a preference related to the lexicographic order on
some R™ an extension of Von Neumann min-max theorem and two extensions of
Sion’s theorem are presented. For the convenience of the reader, we recall Sion’s
theorem in the following:

Theorem 1.2. (Sion) Let U, 'V be two convex compact subsets of topological
vector spaces, ¢: U XV — R a function which verifies the following assumptions:

(i)  &(-,v) is lower semicontinuous, quasi-conver for allv € V,
(ii) @(u,-) is upper semicontinuous, quasi-concave® for all u € U.

Then we have: inf sup ¢(u,v) =sup inf ¢(u,v).
uel yev veV uel

In the second part of the paper we apply the new results to a min-max vectorial
control problem with order. This kind of problems appear in many situations
whenever it is necessary to deal with decisions which have to be taken in a given
sequence. For this purpose the lexicographic order and the related notions of
infimum and supremum appear appropriate concepts to employ.

There are a lot of works addressing min-max control problems in the last years.
Several first results are presented for instance in [9, 15, 18, 19, 27, 28, 33]. Many
results on differential games are obtained using the notion of viscosity solution.
Some relevant papers on this subject are for instance (2, 3, 4, 5, 7, 10, 12, 16, 17, 29
and the survey paper [14].

In our game, the first player acting on a control u tries to minimize a cost and
the second player acting on a control v tries to maximize the same cost, which is
a function depending on v and v. In this context, two value functions are defined
(the upper and respectively the lower value) depending on which player chooses
first its control. Note that in this paper we do not employ the notion of strategies
(see e. g. [19, 15, 28]) for defining the value functions.

Whenever the two value functions are equal we say that the game has a value.

For obtaining the existence of a value the so-called Isaacs condition has to be

'Recall that a function f: X — R is quasi-convex (resp. quasi-concave) if for any real number
A€ R the set {x € X | f(x) <A} (resp. {x € X | f(x) > A}) is convex.
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satisfied. The existence of a value is a way to modelize the fact that the players
act simultaneously. Results proving the existence of a value can be found for
instance in [6, 8, 9, 10, 11, 14, 15, 16, 18, 29, 31, 34, 35]. Moreover, in all these
papers the Hamilton-Jacobi-Bellman equations are crucial in the proofs.

As mentioned before, in the last section we apply our results for the study of a
vectorial min-max control problem/game. We use the linear formulation from [25]
for the study of the separated dynamics. Linear programming formulations are
considered in various papers for classical deterministic systems (cf. [20], [21], [22]),
reflected systems (cf. [32]), or L* control problems (cf. [23]). The non-vectorial
case was treated in [25]. Note that it is not a surprise that in the vectorial case
additional difficulties appear due to the particularities of the lexicographic order
and it’s associate concepts. We investigate the regularity of the vectorial value
functions and we provide results concerning the existence of saddle points for a
vectorial cost. We would like to underline that these results are due to the second
Sion’s theorem for the vectorial setting.

The paper is organized as follows. In Subsection 2.1, we present the basic notions
and properties on the lexicographic order. We introduce for example the notions
of infimum, semi-continuity, convexity and quasi-convexity in the vectorial setting.
Section 3 is devoted to the vectorial Ky Fan’s theorem. Nash equilibrium results
are presented in Section 4. Two versions of Sion’s theorem are provided in Section
5. Finally we apply the abstract results to the study a min-max control problem
in the vectorial framework in Section 6.1. The linear version of the problem
is described in Subsection 6.3. The existence of the value and saddle points is
presented in Subsection 6.5.

2. Preliminaries

In this section we present several basic notions and properties of the lexicographic
order.

2.1. Infimum of a set and vector lower semicontinuity

We begin by introducing the definitions of the infimim and supremun of a set and
vector lower /upper semi-continuity as well as some of their proprieties. In this
paper, we use the notation I = {1,--- ,n}.

Definition 2.1. Let C be a subset of R". Consider the functions II;: R* — R’
and p;: R™ — R defined by II;(zq,- - -, z,) = (21, - -, 2;) and pi(xq,- -, x,) = @5
for every i € I. We denote by inf C' = (¢;);e; the vector constructed as follows:

Set Cy =C and ¢ = incf 21 and denote by
xeCo

Ci1N\p; H(c;) if there exists T € C;_; such that p;(T) = ¢
Cz’ ==
Ci_1 otherwise

and by ¢; 41 = liminf  p;q(x) for 1 <i<n-—1.
z€C;
IL; (z) —(c1,++,¢4)
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Similarly, sfp C = (¢;)ier is defined by ¢;41 =  limsup  p;1(x) where C; is as
zeC;
() —(c1,m5eq)
%
above and 1 < ¢ < n — 1. By convention we will say that inf C' = —oo if there

_>
exists i € I such that ¢; = —oo, inf ) = 400, sup C' = 400 if there exists i € I
such that ¢; = +o0o and sup ) = —oo. ]

Note that the notion of infimum for sets reduces to the usual definition when
n = 1. Moreover, the vectorial infimum inherits several properties.

Remark 2.2. Let C be a subset of R”. We have the following assertions:
(i) in_%C,Sx,forallxeC,

_>
(ii) Consider A € R" such that A < z, for all x € C. Then we have A < inf C.

Proposition 2.3. Let A C B C R" and let A be a closed set. Then we have that
— —
inf B < inf A.

%
Proof. Note that it is enough to consider the case n=2. We define inf B= (b1, bs)
—
and infA = (a1, as). Then, by definition we have that b; < a;. If by < a; or if

a; = —oo the conclusion follows. If by = aq, the set {(a;,x) € A} is closed. Tt
follows that b = inf x5 < inf 29 and the proof is finished. O
(a1,22)€B (a1,z2)€A

Note that, in the vectorial framework, the closeness of A is the key-point in
order to obtain the previous inequality. Indeed, let us consider for instance A =
{(3,-1), n € N} and B = AU {(0,0)}. A simple calculation implies that

n’

nf A= (0,-1) <nfB = (0,0).

We continue with the presentation of the lower/upper limits and lower/upper
semicontinuity in the vectorial setting.

Definition 2.4. Let X be a metrisable space and ® = (®;);e;: X — R*"U {400}

be a vector valued extended function. We define liminf ®(x) = (¢;);es as follows:
Tr—rTQ

¢ = lirg)inf ®;(x) and
T—>x0

¢ = lim inf O;(z) for 1 <i<n
z—xg, v€C;_1

-1 (®(2))—(c1,¢i-1)

Here Cp = {®(z) | z € X} and C; is defined as in Definition 2.1 for 1 < i < n.

Definition 2.5. Let X beaset, ®: X — R"U{+o00} be a vector valued extended
function. The infimum of ® is defined by inf & = inf {®(x) | z € X}.

Definition 2.6. Let X be a topological space and ®: X — R"U{+o0} be a vector
valued extended function. We say that & is vector level lower-semicontinuous if
the sets {x € X | &(z) < A} are closed, for all A € R™.

We continue by pointing out some features of this class of functions.
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Remark 2.7. We have the following assertions:
(1) If &: X — R™ is vector level lower-semicontinuous, then ®; is lower semi-

continuous but, ®; is not necessary lower-semicontinuous, for ¢ > 1. Indeed, an
example is given by ®: R — R? defined by

(1,0) if @ #£0,
q)(x):{ (0,1) if z=0.

(2) If ®;: X — R is lower semicontinuous for all ¢ € I, then (®;);c; can fail to
be vector level lower semicontinuous. Indeed, an example is given by ®: R s R?

defined by ®(x) = (—|z|,1). We can easily notice that for A = (0,0), the set
{z e R | ®(x) < (0,0)} =R* is not closed.

Definition 2.8. Let X be a metrisable space and ®: X — R"™ U {+occ} be a
vector valued extended function. We say that ® is vector lower-semicontinuous if

—
O (z9) < liminf () for all zp € X.

T—rXQ

Proposition 2.9. Let X be a metrisable space and ®: X — R" U {400} be a
vector valued extended function. If ® is vector level lower-semicontinuous, then ®
is vector lower-semicontinuous.

——
Proof. Let 2y € X. Suppose ®(xg) > liminf ®(z) and consider a vector 5 € R™

Tr—rx0
—_—
with ®(xg) > > liminf ®(z). We observe that the set Cs = {x€ X | ®(x) > [}
T—>XQ
is open because ® is vector lower-semicontinuous. Moreover, by definition we have
that xy € Cs. Therefore, there exists V' a neighborough of zy included in C3. By
the definition of liminf, we deduce that liminf ®(z) = f; which is obviously a

Tr—rx0
contradiction. O

Remark 2.10. If ®;: X — R is lower-semicontinuous for all i € I, then (®;);c;
is vector lower-semicontinuous.
We continue with the study of families of functions with vector values.

Proposition 2.11. Let X be a topological space. We assume that the map
¢/ X — R™ U {+oo} is a vector level lower-semicontinuous function for all
j€J. Then ﬁ@j is vector level lower-semicontinuous.

jeJ
Proof. Consider A € R™. We claim that

{o € X | 50D ¥/(2) S A} = () {z € X | ¥(x) S A}.

jes ;
jedJ
Let z € X be such that sup ®J(x) < A. By applying Remark 2.2(i), we have that
jeJ

I (z) < sup @ (x) < Aforall jeJ.

Jj€J
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Hence, we obtain that

{reX|supd®(z) SAyC[){reX|P(x) <A}

jes jeJd
Conversely, let € X be such that ®/(x) < A for all j € J. By applying Remark
2.2(ii), we obtain that sup ®/(z) < A. Therefore our claim holds and consequently,
jeJ
the level set {z € X | sup ®/(z) < A} is closed. O
jeJ

Proposition 2.12. Let X be a metrisable space and ®: X + R", j € J be a
family of vector lower-semicontinuous functions. Assume that for every x € X
and for every i € I, there exists M;(x) € R such that ®!(x) < M;(x), for all
7€ J. Then s@@j is vector lower-semicontinuous and has values in R™.
jeJ
Proof. We start by observing that sup®’(z) < (M;(x)),e; forallz € X and there-
jed
fore, suﬁcbj has values R™. We continue with the study of the lower-semicontinuity.
jeJ
We note that @{ : X — R is lower-semicontinuous for all j € J and consequently
sup @{ is lower-semicontinuous. Consider x € X and let (y,).eny be a sequence
jed
converging to x such that liminf sup ®(y,) = sup ®(z). Observe that (yn)nen
n—=oo  jcJ jeJ
can be restricted to the constant sequence (x),ecy. We obtain that

@ (x) < liminf & (y,) < liminf sup D (y,,)

because ®’ is vector lower-semicontinuous for all j € J. Hence we obtain the
following inequality , _

sup ®J(z) < liminf sup ®3(y,),

jeJ n—=o0  jej
for all j € J. Finally, we deduce that sup ® is vector lower-semicontinuous by
induction. jes O

Proposition 2.13. Let X be a compact subset of a topological space and assume
P: X — R” to be vector lower-semicontinuous. Then there exist ¥ € X such

that
B(7) = inf D (x).
zeX

Proof. Observe that ®; is lower-semicontinuous because ® is vector lower-semi-
continuous. Then, Weierstrass’ theorem implies that there exists z; € X such
that ®;(z1) = inf,ex P1(x). Moreover, as ®; is lower-semicontinuous, the set of
minimizers X; of ®; is closed. Consequently, X; is compact. From the vector
lower-semicontinuity of ®, it follows that (®;);>2 is vector lower-semicontinuous
on X;. Hence, there exists xo € X; such that ®o(x9) = inf,cx, Po(z).

%
Finally, we have that (®;);—12(z2) = infyex (Pi)iz12(x) and we conclude the
proof by induction. O
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3. Ky-Fan’s theorem
Definition 3.1. Let X be a vector space. We say that ®: X — R" is convez if

O(tr + (1 —t)y) St0(z) + (1 — 1)D(y), V(z,y) € X*, Vt € [0,1],
and ®: X — R" is quasi convex if
O(tr + (1 — t)y) < max(®(z), ®(y)), Y(z,y) € X% VYt €[0,1].
® is concave if —® is convex and quasi concave if —® is quasi convex. O

Note that whenever ® = (®;) is convex, ®; is convex. Moreover, if ®; is strictly
convex then there is no condition on ®; for ¢+ > 2. Conversely, if ®; is convex for
all ¢ € I, then ® is convex.

We also remark that ® beeing convex implies that ® is quasi convex.

The quasi convexity of ® is equivalent to the convexity of level sets i.e. the set
{z € X | ®(x) < A} is convex for all A € R".

In the following we extend the Ky-Fan inequality as formulated in [1] to the
lexicographic order framework.

Theorem 3.2. Let K be a convex compact subset of a topological vector space
and ®: K x K — R" be a function which verifies the following assumptions:
(i)  ®(-,y) is vector level lower-semicontinuous for all y € K,

(ii) ®(x,-) is quasi concave for all v € K,

(i) ®(y,y) <O forally € K.

Then there ezists & € K such that ®(z,y) <0 forally € K.

Proof. We denote by €2 the correspondence from K to K defined by

Q,={r e K|¢(x,y) S0}, forallye K.

Assumption (i) implies that €2, is closed for all y € K. To every x € K we
associate the subset

QO =FK\Q;' ={y € K| 0=<®(z,y)}.

Assumption (ii) implies that ®(ty+(1—t)z) 2 min(®(y), ®(2)) = 0, forall x € K,
y,z € Q, and t € [0,1]. Consequently, % is convex. Moreover, we have that
y € Q,, Yy € K because of (iii). We conclude by applying Theorem 1.1. O

Corollary 3.3. Let U and V be two convex compact subspaces of two topological
vector spaces. Consider that ®: U xV — R" is a function satisfying the following
assumptions:

(i)  ®(-,v) is vector level lower-semicontinuous and convez for allv € V,
(ii) ®(u,-) is vector level upper-semicontinuous and concave for all u € U.
Then the following equality holds:

— —

min max ®(u,v) = max min ®(u,v).

uelU wveV veV ueU
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Proof. For z = (u,v) and y = (v/,v’) we define f: (U x V)? — R™ by
f(x7y) = qb(u, Ul) - ¢<ulv U)‘

Note that the function f(-,y) is vector level lower-semicontinuous for all y € U x V/
and the function f(x,-) is concave for all # € U x V. Moreover, we have that
fly,y) =0, for all y € U x V. By applying the previous theorem we obtain that
there exists (u,v) € U x V such that

o(u,v) — ¢(u,v) S0, for all (u,v) e U x V.
Hence, the following inequality holds
6(iv) < 6@, 9) < 6(u, ), for all (u,0) € U x V.

Remark 2.2 implies that sup ® (@, v) < ®(@,v) and that

veV
jﬁ@uv < @(u, ) s?*fkéuv
uel ey veVuel

Using again Remark 2.2 we have inf ®(u,v) < ®(u,v) < sup ®(u,v) for allu € U

uel veV
and all v € V. Consequently*f} O(u,v) < *f? Sup ®(u,v). It follows that
U vev
Sup 7 O(u,v) < 7 Sup O (u,v)
veV uel u€l yev

Therefore, we have the following equality

min mak O (u,v) = A% min O (u,v) = ¢(u,v)

uelU wveV veV ueU

which concludes the proof. [

4. Nash equilibrium

This subsection is concerned with a compact game G with n players in a topologi-
cal vector space, E. More precisely, every player ¢ € I has a non-empty, compact
set of strategies denoted by X; with X; C E and a preference which is a function
u;: X — R™ with n; € N* and X = [[I_, X.

We continue by introducing several notations and notions that we use in the rest
of the paper. We denote by u: X — RII™ the vector u(z) = (u(2), ..., un(x)),
by X_; = HHéz j=1Xjand by x_; = = (T4, ooy i1, Tig 1y oey Tpy) € X for all iel.

Whenever X; is convexe for all i € I and u;(-,z_;) is quasi concave on X; for all
r_; € X_; we say that the game G = (X, u;)es is quasi concave.

In the following we present a result stating the existence of a Nash equilibrium
i. e. a point € X which satisfies u;(x_;, ;) < ui(x) for all y € X and i € I.
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Theorem 4.1. Consider a compact game G = (X;, w;)ie;. Assume that the func-
tion ® = (®;)icr: X x X — RII™ defined by ®;(x,y) = wi(r_i,y:) — wi(x),
for all i € I, is vector level lower semi-continuous with respect to x. More-
over, assume that the function u: [[;c; X; x [l X; — R defined by
w(z,y) = (wi(x_i,yi))icr i quasi concave with respect to y. Then the game G
admits a Nash equilibrium.

Proof. Note that ® verifies the assumptions of Theorem 3.2. Consequently, there
exists € [[ X; such that ®(z,y) < 0 for all y € [][ X;. The conclusion follows if
we apply the previous inequality to y = (Z_;, y;) i. €. u;(T) Zgrni ui(T_;,y;) for all
1€ 1. [

Note that Theorem 4.1 holds whenever ¢ is vector level lower-semicontinuous.
In case where the continuity hypotheses are made on the preferences wu;, © € I,
the existence of a Nash equilibrium can be derived by using of the Kakutany-
Glicksberg’s fixed point theorem which we recall in the following.

Theorem 4.2. (Kakutany-Glicksberg) Let C' be a non empty convex compact
subset of a locally convexr separated vector space and F be a correspondence from
C to C such that:

(i) F(c) is non empty, convex and compact for all ¢ € C,
(ii) The graph of F is closed.
Then there exists ¢ € C' such that ¢ € F(c).

Theorem 4.3. We assume that E is metrisable and consider the compact quast
concave game G = (X;, u;)ie;. We assume that uf is upper-semicontinuous for all
je{l,--- n;} and the function ul(y;,-) is continuous for all y; € X; and i € I.
Then the game admits a Nash equilibrium.

Proof. Consider the best response correspondence M R;: ] jer Xj — Xi which
satisfies M R;(x) = argmaxy,cx, w;(y;, x—;) for all i € 1.

Let MR(x) = [[;c; M Ri(x_;). Proposition 2.13 implies that M R;(z) is non empty
and convex because u;(-, z_;) is vector upper semi-continuous and quasi concave
for all z € [[,.; X; and i € I.

Let (a:k, yk)keN be a sequence belonging to graph(M R)? converging to some (z,y).

We have that u; (2", y¥) = u;(2*,,y) for every k € N, i € I and for all y € X; by
the definition of M R;. Recall that u; is vector upper-semi-continuous and u;(+, y)
is vector lower semi-continuous for all i € I. Consequently, u;(Z_;, v;) 2 ui(T_;, )
for all i € I. Hence, the graph(M R) is closed. We conclude by applying Theorem
4.2. ]

Note that whenever for each player i, n; = 1 and w; is continuous, we obtain
the usual Nash equilibrium. Moreover, under the assumptions of Theorem 4.1,
M R(z) is convex for all # € [[,.; X;. However, we would like to underline that
this set can be empty and that the graph of the correspondence is not necessarily
closed.

2Here we denote by graph(MR) = {(amy) €L Xj x[Ljer Xjsy € MR(x)}
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5. Sion’s theorem

This section is dedicated to our main results. More precisely, we extend Corollary
3.3 to quasi convex and respectively, quasi concave functions. Note that the case
n = 1 is nothing else that the well known Sion’s theorem.

Theorem 5.1. Let U be a convexr compact subset and V' be a conver subset of
two topological vector spaces and ®: U x V. — R™ a function which satisfies the
following assumptions:

(i) ®(-,v) is vector level lower-semicontinuous and quasi convex for allv € V,

(ii) ®(u,-) is vector level upper-semicontinuous and quasi concave for all u € U.

Then the following equality holds: ﬁ Sup O(u,v) = Sup @ O (u,v).
€

uel ey vEV U

Before proving the previous main result we need to state the following lemma:

Lemma 5.2. Let U be a convex compact subset and V' be a conver subset of
two topological vector spaces and let the assumptions (i) and (ii) of Theorem 5.1
hold. Then, for any finite subset (vj);e; of V and any A € R™ with the property

A=< H max ®(u,v;), there exists v € V verifying A < int ®(u,v).
uelU jeJ uelU

Proof. Note that it is enough consider the case J = {1,2}. Assume that for all
v € V we have A 2 @] ®(u,v) and choose  such that A < § < nf max D (u, vj).
ue

uelU jedJ
Denote by [v1,v5] the segment joining v; and ve. For each y € [v1, v5], we define
two sets by

Cy={uecU|®(u,y) SA}tand C) = {uecU|P(u,y) S B}

We denote by A= C, and B = C,. We observe that C,, C;, A and B are non
empty because of Proposition 2.13. Moreover, they are closed because ®(-,y) is
vector level lower-semicontinuous and A N B = (). The quasi concavity of ®(u,-)
implies that

O(u,y) 2 min (P(u,vy), P(u, v9))

for all w € U, y € [v1,vp]. Therefore we have C; C AU B. As ®(-,y) is quasi
convexe, Cj is convex and consequently connected. Hence C, C C; C A or
Cy, C C;, C B. We continue by defining the two following sets

I'={y € [v1,v) | Cy, C A} and J = {y € [v1,vs] | C, C B}.

We notice that I’ and J’ are non empty and satisfy I'0NJ’ = () and I'UJ’ = [vy, v].
Consider (yx)ren a sequence in I’ converging to some y € [v1,vs]. Moreover, we
have that ®(u,y) S A < 3 for any u € C,. Suppose that ®(u,y;) 2 S for all k.
Then we have ®(u,y) = § because ®(u,-) is vector level upper-semicontinuous.
Hence there exists k such that ®(u,y;) < 8. Consequently, u € C, . We deduce
that C), C A and u € A, since C,, C A. Consequently, we have y € I'. Hence
I’ is closed. Similarly, we can show that the set J' is closed. This contradicts the
connectedness of [vy, vs]. O
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Proof of Theorem 5.1. We start by observing that the following inequality is

obvious:
s?*f@uv <ﬁﬁ@uv

veV uelU uel ey

We continue by proving the reverse inequality. Denote by X, the compact set
{u e U | ®(u,v) < A} for any A < Hg sup ®(u,v) and any v € V and note
veV
that (] X, = 0. Consequently, there exists a finite family (v;);cs in V such that
veV

N X,, = 0. Hence A\ < ﬁ ma&@ (u,v;). Lemma 5.2 implies that there exists

jeJ uelU el

v € V such that A < 1 (ID(u v). Consequently, A\ < Sup nf ®(u,v). Therefore

vGV uel
the following inequality holds: 7 Sup O(u,v) < ﬁ min ®(u,v) O
uel yev veV uel

Note that the level upper and lower vector semi-continuity can be weakened.

Theorem 5.3. Let U be a convexr compact subset, V a convexr subset of two
metrisable vector spaces and ® = (®;);cr: U x V.— R" a function such that ®;
is bounded for all i € I and which verifies the following assumptions:

(i) @(-,v) is quasi convez for allv € V and ®;(-,v) is lower-semicontinuous for

alli eI,

(i) @(u,-) is quasi concave for all u € U and ®;(u,-) is upper-semicontinuous
foralli e 1.

Then the following equality holds: j Sup O (u,v) = = sup 7 O (u,v)

uel ey veV uel

Proof. We begin by noticing that the inequality

s*f)j(l)uv <7}ﬁ®uv

veV ueU U vev
is obvious. We continue by observing that the equality

inf sup 1(u,v) sup. inf 1(u,v) = M

holds by Theorem 5.1.
Next, we consider Ay such that (\;);=12 < ﬁ ﬁ (u,v))i=12 and v € V.

uelU veV
We denote by X, the set {u € U | (®;)iz12(u,v) S (Ai)iz12}. Note that X, is
closed because ®;(-,v) is lower semicontinuous for i=1,2. As [, o, X, = 0, there

exists a finite family (v;);es in V such that () X,, = 0. Hence we obtaln that
jeJ

A =< inf max ((®(u,v))),_, 5)-

uelU jed

Observe that there exist some vj, € (v;);es such that 1n(f]<I> 1(u,vj,) = A1
uc
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Consider that inlf] ®q(u,vj) < Ay for j € J, so that we have
ue

inf (®;(u,v,)),

uelU

< inf (Pilu,vjo));—y o -

1,2 ~ uelU

Similarly with the proof of Lemma 5.2, we will show that there exists v € V
verifying A < H(f; (®;(u,v));=12. By iteration, it is enough to consider J = {1,2}

and mf Q4 (u,v;) = A for j € J. We assume that A 2 j (u,v))i=12 for all

v € V and we choose f = (A1, f2) such that A < 5 < inf max((®;(u,v;))i=1,2)-

uelU jed
For each y € [v1, v5], we define

Cy={ue U (Pi(w,y))iz12 S A}, Cp ={u €U | (Pi(u,y))i=12 S B},

A=C(} and B = (. Note that C,, C}, A and B are non empty, closed because
of the lower-semicontinuity of ®;(-,y) for i = 1,2 and AN B = (). Moreover, the
quasi concavity of ®(u,-) implies that

(Pi(u,y))imy o 2 min ((Pi(w,v1))iy o5 (Pi(w, v2))iz1,2), (1)

for all w € U, y € [ug,uy]. It follows that C;, C AU B. Additionally, C is
convex and consequently connexe because (®;(-,y))i=1.2 is quasi convexe. Hence
Cy,CC,CAorC, CCj, C B. We continue by defining by

={y € [v1,v) | C, C A} and J' = {y € [v1,v9] | C, C B}.

We observe that I’ and J' are non empty, I'NJ" = @ and I' U J = [vy,v9].
Consider (yx)ren @ sequence in I’ converging to some y € [v1,v5]. We have
that (®;(w,y))iz12 S A < B for any u € C,. Consequently ®;(u,y) < A;.
As ®q(u,vy) > Ay and Dq(u,ve) > Ay, (1) 1mphes that ®q(u,v1) = A and
Oy (u,vy) = A. Therefore, ®1(u,z) = A; for all z € [vy,vs] and Py (u,yx) = Ay

for any £ € N because A\; = inf sup ®;(u,v) = sup mf ¢y (u,v) and Pq(u,-) is
uwel yev veVU

quasi concave. Assume that we have (®;(u,y;))iz12 2 5 for all & € N. Then
(®i(u,y))iz12 2 B because ®y(u, -) is upper-semicontinuous. Hence, there exists
k € N such that ®(u,yx) < 5. Consequently, u € Cj, . Since C), C A, we deduce
that C;, C Aand u € A. Therefore, y € I and I is closed. Similarly we can prove
that the set J’ is closed. This contradicts the connectedness of [v1, v5]. Therefore,
we have that

7@ (¢i(u,v)), s*f)_f}

u€l ey veV uel )i- L2

Repeating the same arguments, we conclude that

js_;ﬁbuv sﬁ?fbuv

uwel yev veV uel

and we obtain the desired equality. [
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We finish this section by proving the existence of a saddle point which is very
important for our application to min-max control problems.

Theorem 5.4. Let U, V be two convexr compact subsets of metrisable vector
spaces, ® = (®;)icr: UXV — R™ a function such that ®; is bounded for alli € I
and which verifies the following assumptions:

(i)  ®(-,v) is quasi convex for allv € V, ®;(-,v) is lower-semicontinuous for all

iel,

(ii) D(u,-) is quasi concave for all w € U, ®;(u,-) is upper-semicontinuous for
allie 1.

Then the following equality holds: j Sup O (u,v) = = §up —f) O (u,v)

uel ey veV uel
Moreover, there exist u € U, v € V' such that

d(u *fs—ft)cbuv—s—fajcbuv

uel yey veV wel

Proof. We begin by noticing that the following inequality is obvious:

sﬁjfbuv <7ﬁ@uv

veV uel uel yev

Moreover, we have that suﬁ ®(-,v) is vector lower semicontinuous by Proposition
veV

2.11. Additionally, there exists @ € U such that sup o(a,v) = 7} Sup O (u,v) by

VeV uel yev
Proposition 2.13. Hence, using similar arguments as in the proofs of Theorem 5.3
and Lemma 5.2, we obtain the following equalities:

nf sup ®(u,v) = min max ®(u,v)

uel yey uelU veV
and sup i nf ¢ (u,v) = max min P(u,v).
vey uelU veV  uelU

Consequently, there exist u € U, v € V such that

O(u jﬁ@uv-ﬁﬁ@uv L]

uel ey veV uel

6. Application to vectorial min-max control problems

We start by presenting the setting of min-max control problems.

6.1. The bi-controlled dynamics

In this section, we consider the following bi-controlled system

d to,wo,u __ f (t C(Zto YL, U t) dt,
dyto,ym =g (t yto,yo, Ut) dt, t > to, (2)
xt()’l.(h = c RN7 y:(()):yOv — yo (= RM

to
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We denote by T' > 0 a finite time horizon. Here to € [0, 7], the control u (re-
spectively v) takes its values in a compact, metric space U (respectively V') and
is associated to the first (respectively the second) player. We recall that a con-
trol (u;),,<,<r s Lebesgue-measurable on [tg, 7] and we let U denote the family
of all controls on [0,7]. Similarly, one defines the family of, V-valued control
functions v and let V denote this family. We assume that the coefficient functions

FRXxRY xU — RN and g: R x RM x V — RM satisfy
f and g are bounded and uniformly continuous and
|f (s,2,u) = f (82 u)| < c(e— 2| +[s =), (3)
g (s,y,0) =gty o) < clly—y[+ s —1]),
for all (s,t) € R?, (z,2') € R?Y, (y,y) € R*M  (u,v) € UxV, for some positive real
constant ¢ > 0. Under these assumptions, for every control couple v € U,v € V

and every initial data (¢, zo, yo) € [0,T] x RV the system (2) admits a unique
solution denoted by (zfo-*ow yfo-vo.v)

6.2. Occupation measures

We start by recalling some results obtained in [25]. We fix t; > 0 and z, € RY.

To every t > tg and u € U, one can associate a couple of occupation measures
abaon = (4100 20650 € P (fy, i x RY x U) x P (RY) defined by

{ AP (A X B X C) = e [ Laxsc (5,200, u,) ds,

to,t,x0,u
Y2 = 596:0’107”;

for all Borel sets A C [to,t], B C RY and C C U. Here, §. stands for the Dirac
measure. One can also define (7,0 %) € P ({to} x RN x U) x P (RV)
by setting

to,to,x0,u to,to,xo,u

" = 5150,330,%0 V2 = 5$0'
For every t > ty, one can consider the family of occupational couples

I (to, t,20) = { (N0, "), wel } (4)

as an alternative to controls.

We denote as usual by C’; ! (]R+ x RV ) the class of bounded, differentiable func-
tions ¢: Ry x RY — R for which the first order derivatives are continuous and
bounded. Whenever 1 € C,'* (Ry x RY),

— 1 (o, o) + /¢ (t, ) """ (da) = =) (to, o) + 0 (¢, 2"
RN

_ / (0,10 (5, 2050) 4 (f (s, 2'050) | Dyp (5, 20000} ds

to

_ / (Ot (5,2) + (Do (5,2, f (s, 7, w))) 71250 (dsdlydu)

[to,t] xRN xU
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It follows that T'! (¢, t, 7o) can be embedded into the larger set

v €P ([to, ] x RN x U) x P (RY) : vy € Cp" (Ry x RY)

b (to, 20) + / (8t (5.2) + (D5, 2), (5, 2, u))) (dsddu)

[to,t] xRN xU . (5)

- / (t, 2)a(de)
]RN

O (to,t,x0) =

\

In fact, one can give a more precise relationship between the two sets.
The following result is taken from [23] (see also [24]):

Corollary 6.1. ([23], Corollary 2.5.) The set O (to,t,x¢) is the closed convex
hull of the family of occupational couples T (ty,t, x)

@1 (t07 t 'TO) = co (Fl <t07 t [Eo)) )

forallt > tqg > 0. The operator - designates the closure with respect to the topology
induced by the weak (weak *) convergence of probability measures.

Moreover, from [25] we have that whenever v € ©! (¢, 1, z()
Supp (’Yl) - [tOJt] X K$0,C X U7 Supp (72) C K$O,C'

where K, . = {# € RV : |z| < ¢(1+ |zo|)}. The constant ¢ can be chosen inde-
pendently of ¢y, o, yo, u, v and v, (ds, Ky, X U) = ﬁds. In particular, ©! (¢y,, z)
is compact.

Similarly, for every 0 < t; <t < T and every 3y, € R, one can define the sets of
constraints for the second player by setting

2 (to,t,90) = {(nio’t’yo’v7n§0’t’yo’v) , V€ V} , and (6)
n € P (fto,t] x RM x V) x P (RM) : Vg € Cp' (Ry x RM)

o(to, yo) + / (0u(5,9) + (D(5 1), g(5, 9, v)))m (dsdydv)
02 (to, t, o) = [to,t] xRM x U - (7)

= / o(t, y)n2(dy)

\ RM

As before,

(1) The set ©2 (to,t,90) is the closed convex hull of the family of occupation
couples I'? (g, t, yo).

(2> Whenever n= (7717 772) € @2 (t(), t7 ?JO) )
Supp (m) C [to, 1] X Ky x V, Supp (n2) C Kyyes

where Ky . = {y eRY:fyl <c(l+ |?JO|)} :
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(3) Whenever n = (n1,1m2) € ©3(to,t,90), and if ¢ > ty the marginal measure
satisfies
1

= ds.
t—to

m (ds, Ky x V)

Similarly, for a control couple (u,v) € U XV one introduces an occupation measure
gto,t,m,yom,v — (Go,w:o,yo,u,v7 C;o,t,:voyyoauw) cPpP ([t07 t] % RN+M x U % V) X P (RN+M)
defined by

Cfoyt@OvyOvuvU (A X Bl X BQ X Ol X 02)

1 t

to,zo,u ,,t0,Y0,V

:t t 1A><Bl><BQ><Cl><CQ(S7st 0 7yso v 7u87v8)d57
—to Jy,

Cto’t7zﬂ7y07u7v I 5 ¢ t
= zg,u Y0V
2 gioTon yto Y0y

for all Borel sets A C [tg,t], By x By C R¥™M and C; x Cy, € U x V. The
set of such occupation measures is denoted by T'V2 (to,t, g, yo) . These measures
have as marginals the elements in T (¢o,, 1) , respectively T'? (to,t, o) . One can
embed T2 (tg,t, 20, 90) into a larger convex, compact set OV2 (¢, ¢, zo, o) such
that @1’2 (tg, t, Zo, yo) = EFIQ (to, t, Zo, yo) with

02 (to, t,z0,y0) =
CeP([to,t] X Kype X Kyge XU X V) X P (Kgpe X Kyge) :
Vo € Cpt (Ry x RNTM)
(2810502 D0 0m0) 0200)  rayaa

+{(Dyo (s,2,y),9(s,y,v))
[to,t] xRN+M xUxV

_ / & (t, 2. y) o (dedy) — & (to, 20.y0)

\ RVNxRM

and every such measure ¢ € ©2 (g,t, 79, 9o) has the normal Lebesgue measure
as marginal (whenever ¢ > tp).

6.3. Linearized formulation of the bi-controlled dynamics

Let us fix, for the time being, 0 < t; < T, 79 € RY, yo € RM. Similarly to
the previous subsection, one can imagine a natural way to define a probability
measure whose marginals are elements of © (ty, T, x¢) , respectively ©2 (to, T, o) -

To this purpose, we consider the space M ([to,T] X Ky X U) X M (K, ) of
signed Radon measures endowed with the usual norm

|7|M([tO,T}xKxO,CxU)xM(KmO,C)
7? ([tOv T] X Ky e X U)+v ([toa T] X Kyge X U) + 7;_ (K:vo,0> + 7 (Kxo,C) .9
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We recall that K, . = {z € RY : |z| < ¢ (14 |zo|)}, for a fixed generic constant
¢ > 0. It is known that M ([tg, T x Ky, x U) x M (K, ) can be isometrically
identified with de dual of C' ([tg, T] X Ky X U;R) x C (K, ;R) . Also, this space
is weakly complete and locally convex w.r.t. the weak topology. Whenever we
have v € O (ty, T, zp), the disintegration theorem yields the existence of some

. € L' ([to, T1; P (RN x U))

1
/71,t (dzxdu) dt,
toJa

such that 7 (Adzdu) =

T —1
for all Borel set A C [to, T]. Whenever n € P ([to,T] X Kyyc X V) X P (Ky, ), we
define the measure y®@n € P ([to, T] X Kype X U X Kyy o X V) X P (Kyye X Kyy )
by setting

{ (v @ n); (Adzdudydv) = [, 14 (dedu) m (dtdydv) (10)

(v ®n)y (dedy) = 72 (dz) nz (dy) ,

for all Borel set A C [to,T]. We introduce the sets
’y®®2(t0,T,y0):{”y®77:77€@2(t0,T,y0)}, (11)

Y& T2 (to, T, yo) = {’Y ®n:nel®(t,T, yo)} , whenever v € 0" (t, T, o) .

Proposition 6.2. (cf. [25]) (1) We consider v € © (ty, T, xq) and a sequence
(n™),, C ©*(to, T,yo) that converges weakly to somen € ©2 (to, T, yo) . Then y@n"
converges weakly to v ® n.

(2> Whenever7 S @1 (t(]? TJ IO) , one has ’7®®2 (tOJ T7 yO) =co (’7 ® FQ (t07 T7 yO)) :
(3) Whenevern € ©2 (ty, T, yo) , one has O (ty, T, xo)@n = co (T (to, T, zo) @ 1) .

6.4. Vector cost functional

We are going to consider two bounded, measurable cost functions
h:= (hi,he): RxRYxU x RMxV — R? and [:= (I1,ly): RYN xRM — R2.
Let us now consider the vector cost functional
Jarn) =T =t) [ hsmuy0)©ndsdsUdyy)
[to,T}XRN"'M

+ / I(z,y)(y ®n)2(dzdy)

RN+M

for every to €[0,T], €O (to, T, o) and every n€P ([to, T] x RM x V) x P (RM).
The upper and lower value functions are defined by

—
A+ <t07 IO, yO) = nf’YG@l(to,T,z‘Q)Sﬁne@Q(to,T,yo) J (t()’ 77 77) a‘nd

_ —
A (th Zo, yO) = Sﬁ})neez(to,T,yg)lnfvE(al(tU,T,xO)'] (t07 v, 77) 5

for all 0 < tq < T, and all (x¢,1,) € RV ™M,
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Proposition 6.3. Suppose that the functions h andl are bounded and continuous.
Then the following inequalities are satisfied

W= (to,.f(), ?JO) 5 AT (t[))x07y0) 5 A+ (tO)x07y0) 5 W+ (tU)x07y0) )

where W are the control-against-control value functions for the min-maz control
problem/game

T
—
+ — 3 t b b t b 7 t 71: 7 t 7y 7U

to
T
—
— : t t 3 3 t ,$ bl t kl E
w (tO,ZEO,yO) = SquevlnfUGZx{/ h (S Ly 0:0:H usayso vorw )d5+l ( ot ang vo ) .
to

Proof. One easily sees that A~ (to, o, yo) S AT (o, o, yo). We prove that
AF (to, xmyo) N w <t07 2o, yo) )

the remaining inequality W~ < A~ being similar. Note that for every € = (¢;);=12
with ¢; > 0 there exists v, € T'! (9, T, z) such that

W (to, o, yo) + € = mfvEFl (t0,720)SWDner 1.7y (f0,7,1) + €
ﬁnelﬂ to7T,yo tO? Yes 7])
(T —to) / h (s, 2, u,y,v) vy (dsdzdudydv)

[to,TIXRN xUxRM ><V

:mueve®F2(to,T,yo) + f ;1: y V9 dxdy)

RN+M

and consequently

—
W™ (to, xo, yo) + € = 1nf’y€I‘1(to,T,xo)mneFQ(to,T,yO)J (to,7,m) +¢€
(T — to) i h(s,z,u,y,v)vy (dsdedudydv)

[to,T]xRNXUXRMXV
>~ SUDyceo
? €co(ve®@I?(to,T,yo)) + f [B y Vo dmdy)
RN+M
The last inequality is due to:
W1+ (th Zo, yO) +e= inf sup Jl (t07 v, 77) +€

7€l (t0,T20) ner2(to, T yo)

> sup Jl (tO)’YE?T])
n€r2(to,T,yo)
(T — to) i hy (s, x,u,y,v) vy (dsdxdudydv)

N M
— sup [to, T)XRN xUxRM xV

vEYe®T2(to,T,yo) + [ L(z,y)ve (dzdy)
RN+M
(T —to) / hy (s, z,u,y,v) v (dsdzdudydv)
— sup [to, T] xRN xUxRM x V/
VETB( T2 (t0,Ty0) + [ h(zy)ve(dedy)

RN+M

The proof is completed by Proposition 6.2. 0
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We would like to point out that the inequality can be strict as shown by the
following example.
Example 6.4. We consider the control spaces U = V = {—1,1} and the func-
tions f: R? x U — R? and g: R? x V — R? given by

[ (1, 22,u) = (—uzy, ur1), g (Y1, ¥2,v) = (—vy2,vy1), (12)

To the previous dynamics we associate the following cost:

T
J <t07 -7;07 y07 u, U) = / l <57 xzo,xo,u’ Z/?’yoﬂ)) dS + l (T, $?7x07u7 y’?’hy(}ﬂ)) 5 (13)
t

for all 0 < to < T, and all (2°,9°) € R? x R2. Here, [;: R5 — R is given by

I (t, 21, 2,41, y2) = € arctan ((5U1 - 3/1)2 + (w2 — ?/2)2) ;
for all (zq, z2,y1,92) € R*, I, can be an arbitrary function and h :={
For (2°,4°) = (1,0, 1,0), one easily proves that W™ (0,2° 4°) > 0. On the other

hand, by choosing u = v,

0 > sup inf J (O,xo,yo,u,v) =W" (O,a:o,yo) .

vey ued

6.5. Existence of the value function and saddle points

In this section we generalize to the vector case the main result in [25] showing
that playing constraint against constraint (v against ) leads to a common value
function and, moreover, it guarantees the existence of saddle points. Let us assume

that U is a compact subset of some Euclidean space RN and V is a compact subset
of RM',

Theorem 6.5. We assume that h := (hy,he): Rx RY x U x RM x V — R?
and [ := (I1,1y): RN x RM — R? are bounded and continuous in time uniformly

w.r.t. T,u,y,v and lower-semicontinuous in (xr,u) and upper-semicontinuous in
(y,v). Then:

(1) The sets
O™ (to, 7o, Yo)
={(v",n") €O (to, T, o) x O (to, T, yo) : A* (to, z0,40) = J (to,7",n") },
O~ (to, o, Yo)
={(v",n7) €O (to, T, m9) x O (to, T, yo) : A~ (to,z0,%0) = J (to,7 ,n")}
are nonempty for every (to, zo,yo) € [0,T] x RN M,

(2) The linearized min-mazx control problems/game has a value i.e. A = AT = A~.

Proof. In [25] it is shown that the functions

@1 (to,T, $0) > 7 Ji (t07’7777)
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are convex and lower-semicontinuous for every n € ©2 (t5,T,1y,) and i € 1,2.
Similarly, the functions

@2 (to,T, .CIZ'[)) S = Jz (th’Yﬂ?)

are concave and upper-semicontinuous for every v € O (to, T, zo) and i € 1,2.
Therefore, the function

@1 (t(]?Ta 33'0) > Y = J(t077777>

is convex and lower-semicontinuous for every n € ©2 (ty,T,yo). Similarly, the
function

62 (t(J?Ta :CO) > 08 J(t()’f}/’n)

is concave and upper-semicontinuous for every v € ! (to, T, zy).
We conclude by applying Theorem 5.4. [

For further details on the value of the min-max control problem/game in which
at least one of the players uses relaxed controls, the reader is referred to [2].
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