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1. Introduction

In 1960 Opial [14] proved the inequality

[ rorola<t [|rof )

where f € C10,h], f(0) = f(h) =0, and f > 0 on (0,h) (the constant h/4 is the
best possible) and in the same year Olech [13] proved that if f(0) = 0, then

[ rorwlas<y [|ro

The discrete analogy of the (1) was proved in [11] and the discrete analogy of (2)
was proved in [3, Theorem 5.2.2].

. (2)
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In 1995, S. Saitoh [15] proved for a real-valued function f € C1[0,1] with f(0) =
and fol f'(z)*dz < 1, we have

/01 ((%))2 (1 - /01 f’(:c)de) (1 —2)%dz < /01 F(x)2dz.  (3)

Inequality (3) gives another relation between the function and its derivative and
to see the connection between (2) and (3) we refer the reader to Theorem 3.1
(see also Remark 3.5, Theorem 3.9 and Corollary 3.15) in this paper. Dynamic
inequalities of Opial type on time scales T was considered in the literature; see
[2, Chapter 3] and the references cited therein. The cases when the time scale is
equal to the reals or to the integers represent the classical theories of integral and
of discrete inequalities.

In this paper, we prove some new dynamic inequalities and their converses on
time scales using properties of geometrically convex and concave functions. In
particular, we prove some inequalities of the form

/ (G o @) |£2 (@) 1 )P Ang(/b |fA(a:)|p_1Ax>’
(G o F)2(x))" o (F2(x))"

and their converse on time scales. As a special case, we obtain some inequalities
of Saitoh type and of Opial type. The paper is organized as follows. In Section
2, we present some concepts related to time scales and some basic definitions and
lemmas. In Section 3, we prove the main results.

2. Preliminaries on Time Scales

In this section, for completeness, we recall the following concepts related to the
notion of time scales and the basic lemmas that will be used in the proof of the
main results; for more details of time scale analysis we refer the reader to the
books by Bohner and Peterson [6], [7]. A time scale T is an arbitrary non-empty
closed subset of the real numbers R.

Without loss of generality, we assume that sup T = oo, and define the time scale
interval [a,b]T by [a,b]r := [a,0] N'T. The forward jump operator is defined by
o(t) :=inf{s € T: s > t}. The graininess function p for a time scale T is defined
by u(t) := o(t) —t. A point t € T is said to be right-dense, right-scattered, if
o(t) =t, o(t) > t, respectively. The backward jump operator p: T — T is defined
by p(t) :=sup{s € T:s < t}. Apointt € T is said to be left-dense, left-scattered,
if p(t) =t, p(t) < t, respectively. A function f: T — R is said to be right-dense
continuous (rd-continuous) provided f is continuous at right-dense points and at
left-dense points in T, left hand limits exist and are finite. The set of all such
rd-continuous functions is denoted by C,4(T).

For any function f: T — R the notation f7(t) denotes f(o(t)). We will refer to
the (delta) integral which we define as follows: If F2(t) = f(t), then the Cauchy
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(delta) integral of f is defined by f(f f(s)As := F(t) — F(a). It was shown (see [6])
that if f € C.4(T), then the Cauchy integral F(t) := fti f(s)As, ty € T, exists
and satisfies F2(t) = f(t), t € T. An infinite integral is defined as

0 b
/a f(t)At:banog/a f(t)At.

The integration by parts formula is given by

/ W(E ()AL = [u(t)o(t)]! / A (D07 (H) At (@)

and Holder’s inequality, see [6, Theorem 6.13], on time scales is given by

1
v

/ab|f(t)g(t)]At < Uab’f(t)mtr [/abyg(ﬂmt] | -

where a, b € T and f, g € C4([a,b]T,R),y>1and 1/y+1/v=1.Let f: R - R
be continuously differentiable and suppose g: T — R is delta differentiable. Then
fog: T — R is delta differentiable and the chain rule

Fon*0={ [ 1 @@+ @ @) info* 0. )
holds. A special case of (6) is
[ (1] = A /O B + (1— h)u™ " u (¢) dh.

Throughout the paper, we assume (sometimes without mentioning) that the func-
tions are rd-continuous (and differentiable where appropriate) and the integrals
are assumed to exist (and are finite).

For a given 0 < L < oo, let T'Y be the class of all functions G € C'(—L, L)
satisfying the following assumptions:

(a0) G(0) =0,

(bo) |G'(z)] < G'(|z|) for all z € (—L, L) (so in particular G'(|z|) > 0),
where G'(u) = dG/du, and G'(y) > 0 for y € (0, L),

(co) G'(z) < (G'(y)* (G'(2)' " if x < y*z'~2, for a € [0, 1], and
0<x,y, z2<L.

For a given 0 < L < oo, let Q% be the class of all functions G € C'(—L, L)
satisfying the following assumptions:

(@) G(0) =0,
(Bo) |G'(x)| > G'(|x]) for all z € (—L, L) and G'(y) > 0 for y € (0, L),

() G'(z) > (G'(y)* (G'(2)) " if & < y*z'=2, for a € [0, 1], and
0<x, vy, z2<L.
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Remark 2.1. The function G in the class 'Y that satisfies condition (cg) is called
a geometrically convex function and the function G in the class Q9 that satisfies
condition (7o) is called a geometrically concave function; for more details we refer
the reader to [12, 17].

For a given 0 < L < oo, let I'} be the class of all functions G € C'(0, L) satisfying
the following assumption:

G'(z) <G'(y) if z<y for 0<z,y<L. (7)

For a given 0 < L < 0o, let Q] be the class of all functions G € C*(0, L) satisfying
the following assumption:

G'(z) >G'(y) if <y for 0<z, y<L. (8)

For a given 0 < L < oo, let T'? be the class of all functions G € C'(0, L) satisfying
the following assumptions:

(a2) G(0) =0,

(be) |G'(x)| < G'(|z]) for all x € (0, L), and G'(y) > 0 for y € (0, L),

(co) G'(z) < (G'(y)* (G'(2))if & < y*2'~, for a € [0,1], and
O<uz vy, z2<L.

For a given 0 < L < oo, let I'} be the class of all functions G € C*(0, L) satisfying
the following assumptions:

(a3) G<O) = 07

(bs) |G'(x)| < G'(Jz|) for all z € [0, L), and G'(y) > 0 for y € (0, L),

(c3) G'(z) < (G'()* (G'(2))""if & < y*2'~, for a € [0,1], and
0<x,y,z2<L.

For a given 0 < L < oo, let 'Y be the class of all functions G € C'(—L, L)
satisfying the following assumptions:

(@) G0)=0,

(by) |G'(2)] < G'(|z|) for all z € (—L,0), and G'(y) > 0 for y € (0, L),

(ca) G'(2) < (G'()"(G'(2)) " if & < y2'7e, for a € [0,1], and
O<uz vy, z<L.

For a given 0 < L < oo, let T'Y be the class of all functions G € C'(—L, L)
satisfying the following assumptions:

(as) G(0) =0,

(bs) |G'(z)] < G'(|z|) for all z € (—L,0], and G'(y) > 0 for y € (0, L),

(c5) G'(z) < (G'(y)* (G'(2)' " if z < y*2'~°, for a € [0, 1], and
0<x, vy, z2<L.

Remark 2.2. Similarly we could create Q2, Q3 Q7 and Q3.

In the following, we prove two basic lemmas which will be used in the proofs of
the main results.
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Lemma 2.3. Let G € Ty (for a given L) and assume that F is a nonnegative
rd-continuous and A—differentiable function. Assume F? is either always non-
positive or nonnegative with F°(x) < L for v € T if FA(x) > 0 for x € T and
F(z) < L for x €T if F*(x) <0 for x € T. Then

FA@)(G o F)(@) < (Go F)*() < FA@)(G'o F)(z), s € T.  (9)
Proof. From the chain rule (6) for h € (0,1) and = € T, we see that
(G o F)*(x) = {/O G’ (hF° () + (1 — h)F (z)) dh} FA(z).

First assume that F2(z) > 0 for x € T. Then, we see that F°(z) > F(x) so for
h € (0,1) we have
hE () 4+ (1 —=h)F () <hF’ (x)+ (1 —h)F (x) < hF? (z)+ (1 — h)F° (z).

Now apply the condition (7) of the class '} twice and we see that

FA@) (G o F)(z) = {/0 G (hF (z) + (1 — h)F (2)) dh} FA (z)

IN

{/01 G’ (hF° (z) + (1 — h)F (2)) dh} FA (2)

= (GoF)*(z) < {/0 G' (hF7 () + (1 — h)F° ((ﬂ))dh} FA (z)
= F%@)(G o Fo)(z).

which is (9). Next, assume that F2(z) < 0 for 2 € T. In this case we see that
F7(z) < F(x) and then using the condition (7) of the class I'} twice we have

{/01 G (hF (z) + (1 —h)F(:p))dh} > {/01 G (hF° () + (1 —h)F(x))dh}
> {/01 G (hF° (x) + (1 — h)F° (x))dh}.
Multiply by F2(z) (note that F2(z) < 0) and we get
{/01 G’ (hF (z) 4+ (1 — h)F (z)) dh} FA2(x)
< F2(2) {/01 G' (hF7 (z)+ (1 — h)F(x))dh}

< F2(2) {/0 G' (hF° (x) + (1 — h)F° (:z:))dh}.
This gives us that
F2(@)(G"o F)(x) < (G o F)*(z) < F2(2)(G" o F)(x),
which is (9). The proof is complete. O
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Lemma 2.4. Let G € Q} (for a given L) and assume that F is a nonnegative
rd-continuous and A—differentiable function. Assume F? is either always non-
positive or nonnegative with F°(x) < L for v € T if FA(x) > 0 for x € T and
F(z) < L forx € T if F*(x) <0 for x € T. Then

FA(x)(G' o F)(z) > (G o F)*(z) > F2(z)(G' o F7)(x), = € T. (10)
Proof. From the chain rule (6) for h € (0,1) and x € T, we see that

(GoF)” {/ G’ (hF7 (z) + (1 h)F(:c))dh} FA (2).

First assume that F2(x) > 0 for z € T. Then, we see that F°(z) > F(z) and
then using (8) twice we see that

FA(z)(G' o F)(x) = {/ G'(hF (z) + (1 — h)F(x))dh} FA (z)

v

{/O G' (hF? (x)+ (1= h)F (z ))dh}FA(:v)
= (GoF)~? { G’ (hF° (z) + (1 — h)F° (x))dh} FA ()

= F2)(G' o F)(x),

o\»

which is (10). Next, assume that F2(z) < 0 for x € T. In this case, we see that
F?(x) < F(z) and then using (8) twice we have

{/OlG'(hF(x)+(1—h)F(:c))dh} < {/1gf(hFU($)+(1_h>F(x))dh}

0

< {/01 G (hF° (z) + (1 — h)F° (x))dh}.

Multiply by F2(z) (note that F2(x) < 0) and we get
{/ & (hF (2 h)F(x))dh} FA(2)
> P >{/ & (hF” ( >+<1—h>F<x>>dh}

> FA(z) {/01 G/ (WF° () + (1 — h)F° (2)) dh} .

This gives us that
F2(x)(G" o F)(z) 2 (G o F)*(x) = F(2)(G" 0 F)(x),

which again is (9). The proof is complete. O
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3. Main results

In this section, we present the main results. We will assume that there exists a
function ® € C,4([a, o(b)]r, R) with

®(a) =0, ®2(t) >0 for te(a,o(b))r,and ®°(z) < L for x€(a,b)r,

for a given 0 < L < oo.

Theorem 3.1. Assume that G € TY (for a given L) and f € Crq([a,o(b)]r, R).
If fla)=0, p>1 and

F°(xz) <L for x€(a,b)r where F(x) :/x(i)];(%l_l

(G0 @) |2 ()] bR
then / Go(I) W AxSG(/a (@A(x))p_le : (12)

Proof. Let z € (a,b)r. Since f(a) =0, we have

x T A
A y)Ay] < [1rwls= [ M(@A@)l%y. (13)

P (y))'

At, (1)

Apply Hélder’s inequality on the term

T A
/a (qli(g))l‘/—q (@)™ A,

with indices p and ¢ such that 1/p+ 1/¢g = 1, and we have

T A p 1/p T 1/q
S| < ( / %Ay) ([ #*wa) (14)
B x |fA(y)|p )l/p ot Ve _ a, ( z {fA(y”p )1/:0
_(/ T R / @y )

From the condition (c) of the class 'Y, note for z € (a,b)r that 0 < ®(z) <

o7 (z) < L,
T AW 2|
o< | <<I>A<y>>P—IAy§/a @yl

and so 0 < |f(z)| < L), we have

. AP 1/p
G5 < (@ (@) (G’ ( / %At» -
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Thus  (G(|f(@)]) < (G(@@)"" ¢ (/ (’f ())’ At)
(

— (@) (/ (g;( ))’ At). (15)

Also from Lemma 2.3 (note ®7(z) < L for = € (a,b)r and G'(z) >0 for z€ (0, L))
we have (G o ®)2(z) > G'(®(x))@>(x) > 0. Multiply both sides of (15) by

|2 @)]" ) ((Go @)A(x))p_l, and using |G'(y)| < G'(Jy|) (here y = f(x) so that
€ (=L, L)), and we have
U@ @] @U@ [Ae)
«GO¢)(DP1 -~ ((Go )())

(G'(®( pl(fA \fA
< (C (/ ) SO (16)

G |4 1\p§<a'< pl\fAz: G(/ Ol
((Go@) (2))” (Go)2(2)) ‘

As above from Lemma 2.3, (G o ®)2(z) > G'(®(x))®>(z) > 0, so from (17), we
obtain

CUDPIPLL  (CE) ) " 1w
«GO¢)()V1 ~ (@ (() pl@A

2 @) !f )\
= @3yt </ (@3(y))" 1Ay>'

Now applying Lemma 2.3 (note F'7(z) < L for x € (a,b)r) on the right hand side
of the last inequality with

el
F(x)—/a ((I)A(y))pq

since F%(z }f A( |p /(®2(x))P~t > 0, we obtain that
G (F DI |2 @) G( S Ea )l N )r
ey = 9\ )| 8

Integrate both sides of (18) from a to b and we have
@D A [G ( © rrwl ) ’
| Gee s = Lo\ s

b |fA(x)|p > ( b ‘fA(x)}p )
= |G — Az | -G =G Ax |,
[ (/a (@A(x))p_l (©) /a (@A(:L‘))p_l

which is (12). The proof is complete. ]

Ax
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From the proof above we see that if f is monotonic, we obtain the following results.

Theorem 3.2. (a) Assume that G € T2 (for a given L), f € Cr4([a,c(b)]r,R),
f(a) =0, p>1 and (11) holds. Suppose f2>(x) >0 for x € (a,b)r. Then

/ e nwr [fA<x>]pAa: <G </ e ) : (19)
o [(Go®)A(x)™ - o (@2(x))

(b) Assume that G € T3 (for a given L), f € Crq([a,o(b)]r,R), f(a) =0, p>1
and (11) holds. Suppose f>(x) >0 for x € (a,b)r. Then

/ e NOPLWN < </ Sl Asc) : (20)
o [(Go@)r(@) T e (@)

(c) Assume that G € T'} (for a given L), f € Crq([a,a(b)]T,R), f(a) =0, p > 1
and (11) holds. Suppose f>(x) < 0 for x € (a,b)r. Then

(G @) | f2 (@) GOl
[ s <o ([ s

(d) Assume that G € T (for a given L), f € Crq([a,a(b)]r,R), f(a) =0, p>1
and (11) holds. Suppose f>(x) <0 for x € (a,b)r. Then

(G e N |12 @) o PGl
[t o[ A

Remark 3.3. Suppose the assumptions in Theorem 3.2 are satisfied and in ad-
dition assume there is a constant M > 0 with (G’ o f7)(x) < M (G’ o f)(z) for

€ (a,b)r. Then from Lemma 2.3 (note an argument similar to (14) guarantees
that f7(z) < L for x € (a,b)r) we have

(G o f)*(z) < fA@)(G 0 f7)(x) < M f2(2)(G o f)(x)

for x € (a,b)r; so (19) gives

/b (ConPa) Az < MPG (/ B Ll A:l?> - (23)
o (God)A(x)H ~ o (2(x))

Note that [(G"o f)(z)|" |f/(z)]" = [(G o f)' (z)|". Hence, if T = R then Theorem
3.1 reduces to the following result. For our result let ® € C([a, b]g, R) with

®(a) =0, d'(t) >0 for te(a,b)g, and ®(z) < L for z€(a,b)g,

for a given 0 < L < oo.



1082 D. O’Regan et al. / Opial and Saitoh Type Inequalities ...

Theorem 3.4. Assume that G € T (for a given L) and f € C'([a,b]r,R). If
fla)=0,p>1 and

@
()"

o " (G @) SFA(COl
" IRk <q(f @@y ) (#5)

Remark 3.5. Let G(z) =z/(1 —z), P(z) =z, p=2,a=0and L =1 < o0 in
Theorem 3.4. Note G'(z) = 1/(1 — x)?, G"(z) = 2/(1 — z)® and it is easy to see
(consider the cases w € [0,1) and w € (—1,0) separately) that |G'(w)| < G'(|w])
for w € (—1,1) and G'(z) < (G'(y))* (G'(2))' " if < y*2'~*, for a € [0,1], and
0 <=z, vy, z <1 (note using Young’s inequality twice that

F(z) < L, for x€(a,b)g where F(x)= /x ( 7 dt, (24)

L-y*1-2)"" < all-y+(1-a)l-2)
= l-Jay+(1—-a)z]<1—y2"*<1—2z

o(1—)2>(1-1y)?(1— 2)20-9), Using this in Theorem 3.4 and assuming
f(0) =0 and fol |f/(t)|* dt < 1, we obtain Saitoh’s inequality:

el (@ T (17 @) d)
/0(1—x) (1—f(x)) dx<(1_(f @) de))

Remark 3.6. Let T=N, &(z) =2, p=2,a=0and b= N + 1 (here N € N)
in Theorem 3.1. Let L = N + 1 + € (here ¢ > 0) and G(z) = z/(L — x). Note
G'(z) = L/(L — x)? and a similar argument to the above shows that G' € T'n 1.

b ) N ) o(b) ) N+1 )
Note / A A= |Af(n)] and/ A A= |Af(n).
a n=0 a n=0

Also note that ®*(n) = 1, and for z € (a,b)r = (0, N + 1)r = {1,..., N} we have
®7(z) =x+1< L =N +1+e Finally note

(Go®)?(n) = AG(n)=G(n+1)—G(n)
n+1 n L

L—(n+1) L-n [L—(m+1)]L-n]

From Theorem 3.1 we have if f(0) =0 and """ |Af(n)]> < N + 1+ ¢, then

i(N+1+e—n)(N+e—n) N+1+e¢

N+1+e¢ (N+1+4¢€) — f(n)
> oo |Af ()]
TN Lo = [Af )

Af ()]
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: Y N+1+e¢ 9
ie. ;%(N+1+e—n)(]\7+e—n) (ST (Af(n))

S IAf ()
T (N+1+e) =S AP

which is a new discrete inequality. Note that we can let ¢ — 0% if we wish.

In the following theorem, we will prove a new inequality using properties of geo-
metrically concave functions. Again we assume ® € C,4([a, o(b)]r, R) with

®(a) = 0, ®2(t) > 0 for t € (a,0(b))r, and ®?(z) < L for x € (a,b)r,
for a given 0 < L < cc.

Theorem 3.7. Assume that G € QY (for a given L), f € Crq([a,o(b)]1,R),
fla) =0, p>1 and (11 ) holds. Then

(G0 f) (@) }fA )| GOl
/ G . <I> W Ax > G </a (@A(x))p_le> . (26)

Proof. Let z € (a,b)r. Since f(a) = 0, we have

soar < [Crrwlan= [ % (@) AL (1)

Apply Holder’s inequality on the right hand side, with indices p and g such that
1/p+1/q =1, and we have

1/p
A A Y
< / (L%))L/qm) ( / o (t)At>
p 1/p
g ([ 120
_ 9 ()(/a wsa™) (28)

From the condition (7p) of the class Q% we have that

T A P 1/10
(| f(@)]) > (G (@(x))"* (G/ ( / %At)) ,

adso  (G(f@)) = (E (@) ¢ ( /(VL;AQ

)| =

/()]

IN

(29)

Il
—~
Q
(S
S~—
S~—
S~—
i
Q
VR
2\2
e
=
el
~~ |~
~— | T~
S—— | ~—
SlT=
AR

~
~

From Lemma 2.4 (note ®?(z) < L for z € (a,b)r and G'(z) > 0 for z € (0, L)) we
have (G o ®)2(x) > G'(®7(z))®>(z) > 0.
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Multiply both sides of (29) by | f2(2)|" / (G0 ®)2(x))"™", and we have

@U@ @] (@ @@y 2@l ( / IOl At),

(Go@)2@)™  — <<Go<1>> ()" (@5 (1))

Now using the condition (7p) of the class Q% (with y = f(x) soy € (=L, L)) we
see that
G FE @] (G @D 2@
<<Go <1>> @ T (Go®a()y

and thus

|G/ |p‘fA 1‘19 . (G/( p 1‘fA 1 ‘ o </;c UA(t)‘iAt). (30)
KGO¢)()V «GO¢)(DP a (22(1)°

Also from Lemma 2.4, (G o ®)2(x) < G'(®(x))P>(x), so from (30) we have

G (@) |2 1|p 2 @) & </:c |fA(t)|p1At>.
((GO@) ()P~ (@2 ()" o (PA(1))"

Now applying Lemma 2.4 (note F?(z) < L for x € (a,b)r) with

o rror
zwx)_ L s

since F2(z) = | f2(x)[" / (@A(x))p_l > 0, we see that
G(fE)P |2 1}10 5 o (/a: ’fA(t)’:At> | (31)
«GO@P@WP a (D2(1))

Integrate both sides of (31) from a to b, and we have

‘G, ‘P |fA |p b A x ‘fA(t)’p
/ G — Az > /a G /a (@A(t))p_l At || Az
b ‘fA ‘p
=G —A:U :
(A (®4(x))” )
which is (26). The proof is complete. ]

Remark 3.8. If F' is monotonic then we can obtain results using the obvious
spaces Q3, Q3 Q7 and Q3.

In the following, we derive some Opial type inequalities. For simplicity, we assume
that the constant L in the above theorems is infinity (i.e. G € ['y, or G € Q).
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Theorem 3.9. Assume that s is a nonnegative function on (a,b)r and r is a
positive function on (a,o(b))r, p> 1 and faa(b) r~V/eD(z)Ar < .

Let ®(z) = [Tr=YP=D(t)At, G € T and suppose that f satisfies the conditions
in Theorem 3.1 (with L = o0). Then

/a @ o H@I @) ) Ar < K (G [ / b |fﬂ<x>|pr<xm}>q/p, (32)

where 1/p+1/v=1/q, v > 0 and

1/~

K = [ / b (G o @) (x)]" 717 sv/q(x)m] < 0.

Proof. The integral on the left-hand side of (32) can be written as

[ 16 0 p@ 72" stw)da

"G N@I @ ¢ o 1A s As
/a (G o ®)2(x))" [(Go@)(@)]" s(x)Ax,

where o = q(p — 1)/p. Apply Hoélder’s inequality with p/q (note p/q > 1 since
1/p=1/q—1/y < 1/q) and 7/q, and we have

[0 e nar i< ([ 1C DB, )

([ LG owp@] ™ sy Ax)

a

1/~

Let K= { / b (G o F)A(a)]"" P sv/q(x)Ax}

Note that ®2(t) > 0 for t € (a,o(b))r since r is a positive function on (a, o (b))r
and ®7(z) < oo for x € (a,b)r since faa(b) r~/®P=Y(z)Ax < co. Therefore, apply-

ing Theorem 3.1 we have

/! "o F)@)|* | f2()]" s( Ax<Kq</| px‘l)t;le)Q/p
< K1 (G (/j%m«))wm (G (/ab|fA($)|pT(x)A$))q/p,

which is (32). The proof is complete. O
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The proof of the following theorem is similar to the proof of Theorem 3.9 (apply
Theorem 3.7).

Theorem 3.10. Assume that s is a nonnegative function on (a,b)y and r is a
positive function on (a,0(b))r, p>1 and fo(b Ve D(z)Ar < .

Let ®(z) = [Tr VP D()At, G € Qu and suppose that the function f satisfies
the condztzons in Theorem 3.7 (with L = o). Then

[/! "o (@) [ £ (@)|" s( Ax] >M( [/ 2@l AxD p’
where 1/p+1/y=1/q, v >0 and (33)

1/v

M = [ / ’ (G o ®)2 ()] 17 SW/Q(J;)M} < 0.

As a special case of Theorem 3.9 when T = R, we have the following result.

Corollary 3.11. Assume that s is a nonnegative function on (a,b)g and r is a
positive function on (a,b)g, p>1 and fj r~ V=D (z)dr < .

Let ®(z) = [Tr=Y/®=D(t)dt, G € T, and suppose that the function f satisfies
the condztzons in Theorem 3.4 (with L = cc). Then

[/ab|<Gof>'<x>|qs<x>dx] <x(a [/ Pl r(adis] ) R

where 1/p+1/y=1/q, v > 0 and

K= { / ’ [E cp)’(@r(“/ & SW/Q(x)da;} 7

Corollary 3.12. Assume that s is a nonnegative function on (a,b)g and r is a
positive function on (a,b)g, p>1 and fj r~ V=Y (z)dr < .

Let ®(z) = [Tr=Y/®=D(t)dt, and suppose that the function f satisfies the condi-
tions in Theorem 3.4 (with L = o0c0). Then

pTq

/ab [f@)P1f (@) s(z)de < M (/ab'r’(x) | ()P dx) " (35)

where

(- (P T m%(t)dt pilr_“*/p(a:)swq(a:)drx l/j (36)
<q+p) <Q> / Ua rl/e=1) }

where 1/p+1/v=1/q and v > 0.
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Proof. Since 1/p + 1/v = 1/q we have p > ¢, and therefore (p + ¢)/q > 2. Let
G(u) = [u|"r/7, For u € (0,00), G'(u) = (%) ui, for u € (—o0,0),

G'(u) = — (?) (—u)s, G(0)=0
and G ()] = G'(|u]) = (?) lul% for u e (—o0,00).

Also if z < y@2z'=@ for a € [0,1], and 0 < z, y, 2 < 1 then

ot = (259 < (259) g
B (Z%> () (%) (5) = @w e

Thus G € I'.. Apply Corollary 3.11, and note the left side of (34) is

{ / (G o sV @) S(x)dx] " { / e L s(@dx} »
- 2 { / r@p |f’(a:)|qs(x)dx] "

and the right hand side of (34) is

(U F @) VZ)WKl(/:f’@)pr@)dx)(””/”,

K

[y

where

r M ~v(1=1/p) 1

K, = /ab ({ / ~1/(- U()dtr/q) s(x)"/dz

¥(1-1/p) Yl

_ / ’ -g ( / " )dt) v rl/(pl)(x)] /1) da

_ (g)l_”p [ / ’ [ / C D)y )dtr_l r—v/p(m)sv/q(x)dx] "

s [P < ([ o)

where M is given in (36). The proof is complete. O]
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Remark 3.13. In (35), if we applied Holder’s inequality on the right hand side
with indices (p + ¢)/p and (p + q)/q, we see that

ptaq bTgq

([rorere)” = ([ P rera)
< ([ @i ([ e wa) )
-(/ @) @ w)(f br@)dm)g .

Thus we have the following result.

Corollary 3.14. Assume that s is a nonnegative function on (a,b)g and r is a
positive function on (a,b)r, p > 1 and fab r= /=Y (g)dr < .

Let ®(x) = [T~/ ®=V(t)dt, and suppose that the function f satisfies the condi-
tions in Theorem 3.4 (with L = c0). Then

/ab |f (@) [f'(2)]" s(z)dz < M, (/j?“(:zc) (@) da:) | (37)

where

b= (o O o) [ [ ] o]

where 1/p+1/v=1/q and v > 0.

Corollary 3.15. Assume that s is a nonnegative function on (a,b)g and r is a
positive function on (a,b)r, p > 1 and fab =V (g)dx < oco.

Let ®(z) = [Tr=V/®=V(t)dt, and suppose that the function f satisfies the condi-
tions in Theorem 3.4 (with L = o0). Then

[ @i @i < [r@if@ra e

Mlz(%) [ / ’ { / zr”“’”(t)dtr1r”/”(x)sv/Q(x)der, (39)

1/p+1/y=1/q, and v > 0.

where

hSES

Proof. Note since 1/p + 1/y = 1/¢ then p > ¢ (i.e. p/qg > 1). Let G(u) = |ul"/".
Note that G € I's and |G'(u)| = £ |u|a ™! for u € (—o0, 00).



D. O’Regan et al. / Opial and Saitoh Type Inequalities ... 1089

Apply Corollary 3.11, and note that the left side of (34) is

ar q 1/q P b 1/q
[ Errmwro)] swa| = 2| [ir@rir@rsea
and the right hand side of (34) is
b 1/q
K (/ |f’(m)]pr(a:)da:> ,
where
[T 1 7(1=1/p) 1
b T p/q
K = / ({/ A’ )dt} ) s(x)dz
[ W[ e pla-1 2(1-1/p) 1
- / p ( / 1)y )dt) T—l/(p—l)(x)] /() da
a q a
p 1-1/p b x p—1 el
= (_) [/ [/ A’ )dt] r_V/p(x)qu(x)dx]
q a a
b b
s [ @@ s@de <My [ 17 @) s
where M, is defined as in (39). The proof is complete. O

In Corollary 3.15, let p =2, ¢ = 1 and r(z) = s(x) = 1. Then ®(z) = = and it is
easy see that v =2 and

Mlz%(/ab(x—a)dx)é: (b;a).

Then we have an Opial type inequality.
Corollary 3.16. If f € C'([a,b]g,R) and f(a) =0, then

/ |f(@)||f(x)] da < @/ |f'(2)]? da.
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