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27(1) (2020) 363–382]. We consider smoothness of a set in a special sense called “bodily smooth-
ness” and split this smoothness property of a set S into two properties: weak convexity of S
and weak convexity of the closure of the complementary to S. We obtain sufficient conditions
for bodily smoothness of the image of the Cartesian product of two sets S × U , wherein S is
bodily smooth and U is strongly convex. We apply this result for nonlinear differential games
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1. Introduction

The foundations of the theory of zero sum differential games were laid by Isaacs
[7], Pontryagin [16, 17] and others. Typically algorithms to construct optimal (or
suboptimal) control strategies in pursuit-evasion games provide some methods
to calculate the game reachable sets and then use these sets for construction of
the strategies. In this context convexity or smoothness of the game reachable
sets are very important properties, which make possible to apply less or more
complicated methods to approximate the game reachable sets and to construct the
strategies. If the dynamics of the differential game is linear and the game target
set is convex and compact, then the game reachable sets are convex too and may
be determined as Pontryagin’s alternating sums using operations of Minkowski
sum and difference.
It is known that strong and weak convexity are very useful properties in the
theory and numerical algorithms for optimal control and differential games. In
particular in [14] it was shown that convergence of the alternating sums to the
alternating integral has the second order rate provided that the differential game is
linear and the admissible control set of the pursuer is strongly convex. In [13] the
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alternative theorem for a linear differential game with strongly convex admissible
control sets and a smooth target set is obtained. The alternative theorem states
that the program (open-loop) strategies are optimal for such a game. Theory
and applications of strongly and weakly convex sets and akin classes of sets are
presented in [1, 2, 3, 5, 6, 10, 15, 19].
As shown in [4] the game reachable sets and the control strategies for nonlin-
ear differential games can be calculated based on the Minkowski operators which
generalize the Minkowski operations to nonlinear case. So, the questions about
convexity, weak convexity and smoothness of the images of the Minkowski op-
erators arise. We consider smoothness of a set in a special sense called “bodily
smoothness”, which means that the set is the closure of its interior and the unit
normal vector to the set is Lipschitz continuous. This smoothness property of a
set S can be splitted into two properties: weak convexity of S and weak convexity
of the closure of the complementary to S. Using sufficient conditions for weak
convexity of the nonlinear image [11] we obtain sufficient conditions for smooth-
ness of the image f(S, U) of the Cartesian product S × U of two sets S and U ,
where S is a bodily smooth and U is strongly convex. Applying this result for
the Minkowski operators, which can be expressed in terms of the image f(S, U),
we obtain sufficient conditions for the images of the Minkowski operators to be
smooth. Using this result we obtain sufficient conditions for the game reachable
sets to be smooth that allows the effective approximation algorithms to be used
in such problems.

2. Auxiliary notions and results
We use Br(c) to denote the closed ball in a Banach space X with center c ∈ X
and radius r ≥ 0:

Br(c) = {x ∈ X : ∥x− c∥ ≤ r}.
Let X and Y be Banach spaces. For a mapping f : X → Y and a set S ⊂ X we
use lip(f, S) to denote the Lipschitz constant of f on S, i.e. the infimum of L > 0
such that

∥f(x1)− f(x2)∥ ≤ L∥x1 − x2∥ ∀x1, x2 ∈ S.

As usual, the infimum of the empty set is defined as +∞.
A mapping f : X → Y is called co-Lipschitz on S ⊂ X if there exists β > 0 such
that

∥f(x1)− f(x2)∥ ≥ β∥x1 − x2∥ ∀x1, x2 ∈ S.

Denote by colip(f, S) the supremum of such β > 0. If no such β > 0 exists, set
colip(f, S) = 0.
If a mapping f : X → Y is Lipschitz continuous and co-Lipschitz on S ⊂ X, it is
called bi-Lipschitz on S.
A mapping f : X → Y is called covering (open at a linear rate) on S ⊂ X if there
exists σ > 0 such that for every x ∈ S and every t > 0, with Bt(x) ⊂ S, we have

Bσt(f(x)) ⊂ f(Bt(x)).

Denote by sur(f, S) the supremum of such σ > 0. If no such σ > 0 exists, set
sur(f, S) = 0.
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Denote by L(X,Y ) the Banach space of all linear continuous operators from X
to Y equipped with the operator norm. Given an open set V ⊂ X, a function
f : V → Y and a point x0 ∈ V , we denote by Df(x0) ∈ L(X,Y ) the Fréchet
derivative of f at x0. Let S ⊂ X. A mapping f : S → Y is called Fréchet
differentiable if it can be extended on an open subset V ⊂ X with S ⊂ V such
that the extension f̃ : V → Y is Fréchet differentiable on S. We use Df(x0) to
define the Fréchet derivative Df̃(x0) of the extension f̃ : V → Y at the point
x0 ∈ S. Denote C1,1(S, Y ) the class of Fréchet differentiable functions f : S → Y
such that the Fréchet derivative Df : S → L(X,Y ) satisfies the Lipschitz condition

∥Df(x1)−Df(x2)∥ ≤ γ∥x1 − x2∥ ∀x1, x2 ∈ S.

Denote by lip(Df, S) the infimum of such γ.
Recall that the Fréchet normal cone of a set S⊂X at a point x0∈S is defined as

N(x0, S) = {x∗ ∈ X∗ : ∀ε > 0 ∃δ > 0: ∀x∈S ∩Bδ(x0) ⟨x∗, x− x0⟩ ≤ ε∥x− x0∥},

where ⟨x∗, x− x0⟩ is the value of the functional x∗ ∈ X∗ at x− x0.
We shall use the following proposition which follows immediately from the defini-
tions.
Proposition 2.1. Let x0∈S⊂X and f :S → Y be a diffeomorphism between S
and f(S). Then N(x0, S) = (Df(x0))

∗N(f(x0), f(S)), where (Df(x0))
∗ :Y ∗→X∗

is the adjoint operator to Df(x0).

Let H be a Hilbert space. We identify H with its dual and use ⟨x, y⟩ to denote
the inner product of x, y ∈ H. As usual, we consider H as a Banach space with
the norm induced by the inner product. For a set S ⊂ H by intS, S and ∂S we
denote the interior, the closure and the boundary of S respectively.
Let r > 0. A set S ⊂ H is called strongly convex with radius r if it can be
represented as an intersection of closed balls with radius r, i.e. there exists C ⊂ H
such that

S =
⋂
c∈C

Br(c).

Denote by R+(S) the infimum of such r > 0.
A closed set S ⊂ H is called weakly convex with radius r > 0 if for any x0 ∈ S and
p ∈ N(x0, S) with ∥p∥ = 1 one has S ∩ intBr(x0 + rp) = ∅. Denote by R−(S) the
supremum of such r > 0. If no such r > 0 exists, set R−(S) = 0.

Remark 2.2. For any c ∈ H and r > 0 the set S = H \ intBr(c) is weakly convex
with radius r.

A set S ⊂ H is called weakly convex in the sense of Efimov–Stechkin (ES-weakly
convex) with radius r > 0 if for any x ∈ H \ S there exists c ∈ H such that
x ∈ intBr(c) ⊂ H \ S. Denote by R−

ES(S) the supremum of such r > 0. If no
such r > 0 exists, set R−

ES(S) = 0.

Proposition 2.3. ([8, Theorem 7.1]). If S ⊂ H is closed, then R−(S) ≤ R−
ES(S).
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Example 2.4. Fix some ε > 0. Consider H = R2 and Sε = S+
ε ∩ S−

ε , where

S+
ε ={(x, y)∈R2 : (x+1)2+y2 ≥ 1+ε2}, S−

ε ={(x, y)∈R2 : (x−1)2+y2 ≥ 1+ε2}.

One can see that R−(S) = ε <
√
1 + ε2 = R−

ES(S). This shows that R−(S) and
R−

ES(S) may be different.

Proposition 2.5. ([8, Lemma 3.5]). Let Sα ⊂ H for all α ∈ A and S =
⋂

α∈A Sα.

Then R−
ES

( ⋂
α∈A

Sα

)
≥ inf

α∈A
R−

ES(Sα).

Remark 2.6. In general the inequality R− (⋂
α∈A Sα

)
≥ inf

α∈A
R−(Sα) is invalid.

This can be seen from Example 2.4.

We say that S ⊂ H is weakly convex-concave with positive constants R and R̂
and write S ∈ WCC(R, R̂;H) if S is a proper subset of H, S = intS, S is weakly
convex with radius R and H \ intS is weakly convex with radius R̂.

Remark 2.7. If S ∈ WCC(R, R̂;H), then (H \ intS) ∈ WCC(R̂, R;H).

We say that a closed proper set S ⊂ H is bodily smooth with constant L > 0 if
S = intS and

∥p1 − p2∥ ≤ L∥a1 − a2∥ ∀a1, a2 ∈ S, ∀pi ∈ N(ai, S) : ∥pi∥ = 1, i = 1, 2.

Proposition 2.8. ([8, Lemma 7.2]). If S ∈ WCC(R, R̂;H), then for any x ∈ ∂S
there exists p ∈ H, ∥p∥ = 1 such that

BR̂(x− R̂p) ⊂ S, S ∩ intBR(x+Rp) = ∅.

Proposition 2.9. ([8, Theorem 7.2]). Let S ⊂ H be a proper closed set, R and
R̂ be positive constants. Then the following assertions are equivalent:
(i) S ∈ WCC(R, R̂;H);
(ii) S = intS, R−

ES(S) ≥ R and R−
ES(H \ intS) ≥ R̂.

Proposition 2.10. ([9, Theorem 3], [10, Section 1.12]). Let S ⊂ H be a proper
closed set and R > 0. Then the following assertions are equivalent:
(i) S is bodily smooth with constant 1/R;
(ii) S ∈ WCC(R,R;H).

Proposition 2.11. ([11, Theorem 5.1] Let X and Y be Hilbert spaces and S ⊂ X
be a closed and weakly convex set. Assume that mapping f ∈ C1,1(convS, Y ) is
bi-Lipschitz on convS. Then f(S) is closed and weakly convex, wherein

R−(f(S)) ≥ R−(S) · colip2(f, S)

lip(f, convS) +R−(S) · lip(Df, convS)
.
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Proposition 2.12. ([11, Theorem 5.2] Let X, Y and Z be Hilbert spaces; let
S ⊂ X be a weakly convex set and U ⊂ Y be a strongly convex set. Assume that
f ∈ C1,1(convS × U,Z) is such that for all u ∈ U mapping f(·, u) is bi-Lipschitz
on convS and for all x ∈ S mapping f(x, ·) is covering on U . Let

R−(S) > 0, R+(U) > 0, inf
x∈S

sur(f(x, ·), U) > R+(U) · lip(Df, convS × U),

ϱx =
R−(S) · inf

u∈U
colip2(f(·, u), S)

sup
u∈U

lip(f(·, u), convS) +R−(S) · lip(Df, convS × U)
,

ϱu =

R+(U) · sup
x∈S

lip2(f(x, ·), U)

inf
x∈convS

sur(f(x, ·), U)−R+(U) · lip(Df, convS × U)
.

ϱ = ϱx − ϱu > 0.

Then f(S, U) is closed and weakly convex with R−(f(S, U)) ≥ ϱ.

3. Smoothness of the image

Lemma 3.1. Let X and Y be Hilbert spaces. Let S ⊂ X be ES-weakly convex.
Let f ∈ C1,1(X,Y ) be a bi-Lipschitz bijection. Then f(S) is ES-weakly convex
with

R−
ES(f(S)) ≥ ϱ :=

R−
ES(S) · colip

2(f,X)

lip(f,X) +R−
ES(S) · lip(Df,X)

.

Proof. Fix any positive r < R−
ES(S). Fix any y ∈ Y \f(S). Since f is a bijection,

one can find x ∈ X \ S such that y = f(x). Since S is ES-weakly convex with
radius r, there exists c ∈ X such that x ∈ intBr(c) ⊂ X \S. According to Remark
2.2 the set X \ intBr(c) is weakly convex with radius r. Hence, by Proposition
2.11 the set A := f(X \ intBr(c)) is weakly convex with

R−(A) ≥ ϱ′ :=
r · colip2(f,X)

lip(f,X) + r · lip(Df,X)
.

Proposition 2.3 implies that R−
ES(A) ≥ R−(A) ≥ ϱ′. Hence, A is ES-weakly

convex with any radius ϱ′′ < ϱ′. Since y = f(x) ̸∈ A there exists z ∈ Y such
that y ∈ intBϱ′′(z) ⊂ Y \ A. In view of the inclusion intBr(c) ⊂ X \ S we
have S ⊂ X \ intBr(c). Consequently, f(S) ⊂ f(X \ intBr(c)) = A and hence
y ∈ intBϱ′′(z) ⊂ Y \A ⊂ Y \ f(S). It means that f(S) is ES-weakly convex with
any radius ϱ′′ < ϱ′. So, R−

ES(f(S)) ≥ ϱ′. Passing to the limit as r → R−
ES(S), we

obtain R−
ES(f(S)) ≥ ϱ.

Lemma 3.2. Let X and Z be Hilbert spaces. Let S ⊂ X be such that X \ intS be
ES-weakly convex and U be an arbitrary set. Assume that f : X ×U → Z is such
that for any u ∈ U the mapping f(·, u) is of class C1,1(X,Z) and is a bi-Lipschitz
bijection from X to Z. Then Z \ f(intS, U) is ES-weakly convex with
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R−
ES(Z \ f(intS, U)) ≥ ϱ :=

R−
ES(X \ intS) · inf

u∈U
colip2(f(·, u), X)

sup
u∈U

lip(f(·, u), X)+R−
ES(X \ intS)·lip(Df,X × U)

.

Proof. Lemma 3.1 implies that the set Fu := Z \ f(intS, u) = f(X \ intS, u) is
ES-weakly convex with R−

ES(Fu) ≥ ϱ for any u ∈ U . Since

Z \ f(intS, U) =
⋂
u∈U

Z \ f(intS, u) =
⋂
u∈U

Fu,

then by Proposition 2.5 we have

R−
ES(Z \ f(intS, U)) ≥ inf

u∈U
R−

ES(Fu) ≥ ϱ.

Lemma 3.3. Suppose in addition to the assumptions of Proposition 2.12 that
S = intS and for all u ∈ U the mapping f(·, u) is a bi-Lipschitz bijection from X
to Z. Then F = f(S, U) satisfies the equation F = intF .
Proof. Fix any f0 ∈ F . One can find u0 ∈ U , x0 ∈ S such that f0 = f(x0, u0).
Since x0 ∈ S = intS there exists a sequence {xk} in intS such that xk → x0.
By continuity of f we have f(xk, u0) → f(x0, u0) = f0. Since xk ∈ intS and the
mapping f(·, u0) is a bi-Lipschitz bijection from X to Z, it follows that f(xk, u0) ∈
int f(S, u0) ⊂ intF for all k ∈ N. Consequently f0 ∈ intF . So, F ⊂ intF .
On the other hand, according to Proposition 2.12 F is closed. Consequently,
intF ⊂ F = F .

Theorem 3.4. Let X, Y and Z be Hilbert spaces; let S ∈ WCC(rS, r̂S;X) and
U ⊂ Y be strongly convex. Assume that f ∈ C1,1(X × U,Z) is such that for all
u ∈ U the mapping f(·, u) is a bi-Lipschitz bijection from X to Z and for all
x ∈ X the mapping f(x, ·) is a covering bijection from U to f(x, U). Let

inf
x∈X

sur(f(x, ·), U) > R+(U) · lip(Df,X × U),

ϱu =

R+(U) · sup
x∈X

lip2(f(x, ·), U)

inf
x∈X

sur(f(x, ·), U)−R+(U) · lip(Df,X × U)
,

ϱx =
rS · inf

u∈U
colip2(f(·, u), X)

sup
u∈U

lip(f(·, u), X) + rS · lip(Df,X × U)
,

ϱ̂x =
r̂S · inf

u∈U
colip2(f(·, u), X)

sup
u∈U

lip(f(·, u), X) + r̂S · lip(Df,X × U)
.

Assume that ϱu < ϱx.

Then int f(S, U) = f(intS, U) and f(S, U) ∈ WCC(ϱx − ϱu, ϱ̂x;Z).

Proof. We first define Lx = supu∈U lip(f(·, u), X), Lu = supx∈X lip(f(x, ·), U),
σx = infu∈U colip(f(·, u), X), σu = infx∈X sur(f(x, ·), U), γ = lip(Df,X × U),
rU = R+(U), F = f(S, U), and prove that

intF = f(intS, U). (1)
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Since f(·, u) is a homeomorphism for any u ∈ U , it follows that f(intS, u) is open
for all u ∈ U and, hence, f(intS, U) =

⋃
u∈U f(intS, u) is open. Consequently,

f(intS, U) ⊂ intF . Let us prove the converse inclusion.
Fix any f0 ∈ intF . One can find x0 ∈ S, u0 ∈ U such that f0 = f(x0, u0). To
conclude the proof of (1) it suffices to show that

f0 ∈ f(intS, U). (2)

If x0 ∈ intS, then (2) is proved. Assume that x0 ∈ ∂S. According to Proposition
2.8 there exists ℓ ∈ X, ∥ℓ∥ = 1 such that

Br̂S(x0 − r̂Sℓ) ⊂ S. (3)

and S ∩ intBrS(x0 + rSℓ) = ∅. (4)

The last relation implies that ℓ ∈ N(x0, S). Let Dxf(x0, u0) be the Fréchet deriva-
tive of the mapping f(·, u0) at x0 and Duf(x0, u0) be the Fréchet derivative of the
mapping f(x0, ·) at u0. By Proposition 2.1 there exists q ∈ N(f0, f(S, u0)) such
that ℓ = (Dxf(x0, u0))

∗q. Denote p = (Duf(x0, u0))
∗q, p1 = p

∥p∥ , q1 = q
∥q∥ . By the

definitions of σu and Lx we have ∥p∥ ≥ σu∥q∥, 1 = ∥ℓ∥ ≤ Lx∥q∥.
Assume that q ∈ N(f0, f(x0, U)). Proposition 2.1 implies that p ∈ N(u0, U).
According to [11, Proposition 3.1] and by (4) we obtain

∥u0 − rUp1 − u∥ ≤ rU ∀u ∈ U, and ∥x0 + rSℓ− x∥ ≥ rS ∀x ∈ S.

This can equivalently be rewritten as
2rU⟨p, u− u0⟩ ≤ −∥p∥ · ∥u− u0∥2 ∀u ∈ U, (5)

2rS⟨ℓ, x− x0⟩ ≤ ∥x− x0∥2 ∀x ∈ S. (6)

Using [18, Lemma 2.7] we get for any x ∈ S, u ∈ U and f = f(x, u)

⟨q1, f − f0⟩ ≤
1

∥q∥
⟨q,Duf(x0, u0)[u− u0] +Dxf(x0, u0)[x− x0]⟩

+
γ

2
(∥x− x0∥2 + ∥u− u0∥2)

=
⟨p, u− u0⟩

∥q∥
+

⟨ℓ, x− x0⟩
∥q∥

+
γ

2
(∥x− x0∥2 + ∥u− u0∥2).

Hence by (5), (6) we obtain

⟨q1, f − f0⟩ ≤ −
( σu

2rU
− γ

2

)
∥u− u0∥2 +

( Lx

2rS
+

γ

2

)
∥x− x0∥2

= − L2
u

2ϱu
∥u− u0∥2 +

σ2
x

2ϱx
∥x− x0∥2.

According to the definitions of Lu and σx we have
σx∥x− x0∥ ≤ ∥f(x, u0)− f(x0, u0)∥ ≤ ∥f − f0∥+ ∥f(x, u)− f(x, u0)∥

≤ ∥f − f0∥+ Lu∥u− u0∥.
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Consequently,

⟨q1, f − f0⟩ ≤ − L2
u

2ϱu
∥u− u0∥2 +

σ2
x

2ϱx

(
∥f − f0∥+ Lu∥u− u0∥

σx

)2

= −L2
u(ϱx − ϱu)

2ϱuϱx
∥u− u0∥2 +

Lu

ϱx
∥u− u0∥ · ∥f − f0∥+

∥f − f0∥2

2ϱx

= −L2
u(ϱx − ϱu)

2ϱuϱx

(
∥u− u0∥ −

ϱu
Lu(ϱx − ϱu)

∥f − f0∥
)2

+

(
1

2ϱx
+

ϱu
2ϱx(ϱx − ϱu)

)
∥f − f0∥2 ≤

∥f − f0∥2

2(ϱx − ϱu)
.

So, ⟨q1, f − f0⟩ ≤
∥f − f0∥2

2ϱ
∀f ∈ F. (7)

with ϱ = ϱx − ϱu > 0. Since f0 ∈ intF it follows that f0 + tq1 ∈ F for sufficiently
small t > 0. This contradicts (7). Consequently, q ̸∈ N(f0, f(x0, U)).
Proposition 2.1 implies that p ̸∈ N(u0, U). Since U is convex there exists u1 ∈ U
such that

⟨p, u1 − u0⟩ > 0. (8)
For any t ∈ (0, 1) denote ut = u0 + t(u1 − u0). In view of convexity of U we have
ut ∈ U for all t ∈ (0, 1). Using Lipschitz continuity we have

∥f(x0, ut)− f(x0, u0)∥ ≤ Lu∥ut − u0∥ = Lu∥u1 − u0∥t.

Denoting δt =
Lu∥u1−u0∥

σx
t we get from the definition of σx and by [11, Prop. 2.1]

f0 ∈ Bσxδt(f(x0, ut)) ⊂ f(Bδt(x0), ut).

Hence there exists xt ∈ Bδt(x0) such that
f0 = f(xt, ut). (9)

Since ∥ut − u0∥ = O(t) and ∥xt − x0∥ = O(t) as t → +0 it follows that
f0 = f(xt, ut) = f0 +Dxf(x0, u0)[xt − x0] +Duf(x0, u0)[ut − u0] + o(t), t → +0.

Consequently, ⟨q,Dxf(x0, u0)[xt − x0] +Duf(x0, u0)[ut − u0]⟩ = o(t) for t → +0,
and hence ⟨ℓ, xt − x0⟩+ ⟨p, ut − u0⟩ = o(t), t → +0. (10)
Denote ε = 1

2
⟨p, u1 − u0⟩. In view of (8) we have ε > 0. According to (10) there

exists t0 > 0 such that for all t ∈ (0, t0)

⟨ℓ, xt − x0⟩ < −⟨p, ut − u0⟩+ εt = −2εt+ εt = −εt.

Hence there exists t > 0 such that 2r̂S⟨ℓ, xt − x0⟩ + ∥xt − x0∥2 < 0, i.e. xt ∈
intBr̂S(x0 − r̂Sℓ). Using (3) we get xt ∈ intS. According to (9) we obtain
f0 = f(xt, ut) ∈ f(xt, U) ⊂ f(intS, U). So, (2) and (1) are proved.
Propositions 2.3 and 2.12 imply that R−

ES(F ) ≥ R−(F ) ≥ ϱx − ϱu. Lemma 3.3
says that F = intF . By Lemma 3.2 we see that R−

ES(Z \ f(intS, U)) ≥ ϱ̂x. In
view of (1) it means that R−

ES(Z \ intF ) ≥ ϱ̂x. So, according to Proposition 2.9
we obtain that F ∈ WCC(ϱx − ϱu, ϱ̂x;Z).
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4. Minkowski operators

Let X be a linear space. The Minkowski operations (sum and difference) for
A,C ⊂ X are

A+ C = {a+ c : a ∈ A, c ∈ C}, A ∗− C = {x ∈ X : x+ C ⊂ A}.

The Minkowski operators of the first and the second kinds for a set-valued mapping
G : X ⇒ X and a subset S ⊂ X are defined as (see [4, 12])

M1,G(S) =
⋃
x∈S

(x+G(x)) , M2,G(S) = X \M1,G(X \ S).

Remark 4.1. If set-valued mapping G : X ⇒ X is defined as G(x) = g(x, U) for
all x ∈ X, where g : X×U → X, then for any S ⊂ X we have M1,G(S) = f(S, U)
with f(x, u) = g(x, u) + x for all x ∈ X, u ∈ U .

Remark 4.2. If set-valued mapping G : X ⇒ X is constant G(x) = G0 for all
x ∈ X, then for any S ⊂ X the values of the Minkowski operators coincide with
the Minkowski sum and difference, respectively:

M1,G(S) = S +G0, M2,G(S) = S ∗− (−G0).

Theorem 4.3. Let X and Y be Hilbert spaces. Let S0 ∈ WCC(rS, r̂S;X), U ⊂ Y
be strongly convex and let G(x) = g(x, U) for all x ∈ X. Suppose that g ∈
C1,1(X × U,X) is such that for all x ∈ X the mapping g(x, ·) is a covering
bijection from U to f(x, U). Let

sup
u∈U

lip(g(·, u), X) < 1, inf
x∈X

sur(g(x, ·), U) > R+(U) · lip(Dg,X × U),

ϱu =

R+(U) · sup
x∈X

lip2(g(x, ·), U)

inf
x∈X

sur(g(x, ·), U)−R+(U) · lip(Dg,X × U)
,

ϱx =

rS ·
(
1− sup

u∈U
lip(g(·, u), X)

)2

1 + sup
u∈U

lip(g(·, u), X) + rS · lip(Dg,X × U)
,

ϱ̂x =

r̂S ·
(
1− sup

u∈U
lip(g(·, u), X)

)2

1 + sup
u∈U

lip(g(·, u), X) + r̂S · lip(Dg,X × U)
.

(i) If ϱu < ϱx, then
intM1,G(S0) = M1,G(intS0) and M1,G(S0) ∈ WCC(ϱx − ϱu, ϱ̂x;X).

(ii) If ϱu < ϱ̂x, then
intM2,G(S0) = M2,G(intS0) and M2,G(S0) ∈ WCC(ϱx, ϱ̂x − ϱu;X).
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Proof. Observe that the function f(x, u) = g(x, u) + x, x ∈ X, u ∈ U is of class
C1,1(X × U,X), and for all x ∈ X, u ∈ U we have lip(g(x, ·), U) = lip(f(x, ·), U),
sur(f(x, ·), U) = sur(g(x, ·), U), lip(f(·, u), X) ≤ 1 + lip(g(·, u), X), and

colip(f(·, u), X) ≥ 1− lip(g(·, u), X), lip(Df,X × U) = lip(Dg,X × U).

Moreover, for any u ∈ U the mapping f(·, u) is a bijection from X to X.
Applying Theorem 3.4 for S = S0, we obtain assertion (i).
We prove assertion (ii): Assume that ϱu < ϱ̂x. We take S = X\intS0, apply Theo-
rem 3.4 and get intM1,G(S) = M1,G(intS) and M1,G(S)∈WCC(ϱ̂x− ϱu, ϱx;X).
Hence, M1,G(S) = intM1,G(S) = M1,G(intS).
Substituting X \ intS0 for S, we get M1,G(X \ intS0) = M1,G(X \ S0).
Consequently, M2,G(intS0)=intM2,G(S0). Since M1,G(S)∈WCC(ϱ̂x−ϱu, ϱx;X)
it follows by Remark 2.7 that (X \ intM1,G(S)) ∈WCC(ϱx, ϱ̂x − ϱu;X), that is
M2,G(S0)∈WCC(ϱx, ϱ̂x − ϱu;X). So, assertion (ii) is proved as well.

Theorem 4.3 improves the results of [12]. In view of Remark 4.2 Theorem 4.3
imply the following result, obtained previously in [9].
Corollary 4.4. Let S ∈ WCC(rS, r̂S;X) and U ⊂ X be strongly convex with
radius rU .
(i) If rU < rS, then

S + U ∈ WCC(rS − rU , r̂S;X) and int(S + U) = (intS) + U .
(ii) If rU < r̂S, then

S ∗− U ∈ WCC(rS, r̂S − rU ;X) and int(S ∗− U) = (intS) ∗− U .

5. Application in nonlinear differential games

Consider the following nonlinear differential game

dx

dt
= a(t, x(t), u(t)) + b(t, x(t), v(t)) (11)

on a fixed time segment t ∈ [0, T ] with initial position x(0) = x0 and the target
set M ⊂ Rn, where x(t) ∈ Rn is the phase vector of the system, u(t) ∈ Rm is the
control of the pursuer, and v(t) ∈ Rk is the control of the evader. The controls of
the players obey the geometric constraints

u(t) ∈ U, v(t) ∈ V ∀t ∈ [0, T ], (12)

where U ⊂ Rm and V ⊂ Rk are given sets, a : [0, T ]×Rn×U → Rn and b : [0, T ]×
Rn × V → Rn are given functions. The goal of the pursuer is to bring the phase
vector into the target set at a final time instant: x(T ) ∈ M . The goal of the
evader is the opposite: x(T ) ̸∈ M . If the condition x(T ) ∈ M is satisfied in some
realization of the game, then we say that a capture has occurred. Otherwise, we
say that an evasion has occurred.
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We assume that M ∈ WCC(RM , R̂M ;Rn) with some positive RM and R̂M ; U is
rU -strongly convex and V is rV -strongly convex; functions a : [0, T ]×Rn×U → Rn

and b : [0, T ]× Rn × V → Rn are bounded and satisfy the Lipschitz conditions

∥a(t1, x1, u1)− a(t2, x2, u2)∥ ≤ Lt
a|t1 − t2|+ Lx

a∥x1 − x2∥+ Lu
a∥u1 − u2∥,

∥b(t1, x1, u1)− b(t2, x2, u2)∥ ≤ Lt
b|t1 − t2|+ Lx

b∥x1 − x2∥+ Lv
b∥v1 − v2∥

for all t1, t2 ∈ [0, T ], x1, x2 ∈ Rn, u1, u2 ∈ U and v1, v2 ∈ V . Suppose also

a(t, ·, ·) ∈ C1,1(Rn × U,Rn), b(t, ·, ·) ∈ C1,1(Rn × V,Rn) ∀t ∈ [0, T ].

Denote

γa = sup
t∈[0,T ]

lip(Da(t, ·, ·),Rn × U), γb = sup
t∈[0,T ]

lip(Db(t, ·, ·),Rn × V ),

σa = inf
t∈[0,T ]

inf
x∈Rn

sur(a(t, x, ·), U), σb = inf
t∈[0,T ]

inf
x∈Rn

sur(b(t, x, ·), V ).

We assume further that σa > rUγa, and σb > rV γb and define

αu =
rU(L

u
a)

2

σa − rUγa
, αv =

rV (L
v
b)

2

σb − rV γb
.

Consider a uniform partition {τi}Ii=0 of [0, T ], where τi = τ · i, i∈{0, ..., I}, τ = T
I
.

Define Ca = sup
t∈[0,T ], x∈Rn, u∈U

∥a(t, x, u∥, Cb = sup
t∈[0,T ], x∈Rn, v∈V

∥b(t, x, v∥,

C = Ca + Cb, L = Lx
a + Lx

b , γ = γa + γb,

∆u =

(
23Lx

aCa(1 + Lx
b τ) +

1

2
(LC + Lt

a + Lt
b) + Lx

bC

)
τ 2, (13)

∆v =

(
23Lx

bCb(1 + Lx
aτ) +

1

2
(LC + Lt

a + Lt
b) + Lx

aC

)
τ 2.

Pontryagin [16, 17] proposed an algorithm to construct optimal control strate-
gies for linear differential games based on alternating integral. As shown in [4]
the suboptimal strategies of the players can be constructed based on the game’s
reachable sets Mu

i , M v
i determined by the following backward procedures:

Mu
I = M +Bε(0), Mu

i = M1,Ga
i
M2,Gb

i
(Mu

i+1
∗− B∆u(0)), i∈{I−1, ..., 0}, (14)

M v
I = M, M v

i = M2,Gb
i
M1,Ga

i
(M v

i+1 +B∆v(0)), i∈{I−1, ..., 0}, (15)

where Ga
i (x) = −τa(τi, x, U), Gb

i(x) = −τb(τi, x, V ), x ∈ Rn. (16)

In [4] the backward procedures are written considering the errors caused by the
approximation of sets. For the sake of simplicity, we do not take these errors into
account. The positive real number ε should be chosen such that M v

0 ⊂Mu
0 (see [4]).
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Lemma 5.1. ∀ ϱ1 > 0, ∀ ϱ2 > ϱ1 ∃ β > 0 ∃ I0 ∈ N such that ∀ I ∈ N with
I ≥ I0, ∀ i∈{0, ..., I−1}, ∀R, R̂ ∈ [ϱ1, ϱ2]:

if Mu
i+1∈WCC(R, R̂;Rn)

then Mu
i ∈WCC(R− α(R)τ − βτ 2, R̂− α̂(R̂)τ − βτ 2;Rn), (17)

where α(R) = αu + 3LR + γR2, α̂(R̂) = αv + 3LR̂ + γR̂2. (18)

Proof. In view of (13) we have ∆u < ϱ1 for sufficiently large I (i.e. for suffi-
ciently small τ). Hence R̂ − ∆u ≥ ϱ1 − ∆u > 0. By Corollary 4.4(ii) we have
Mu

i+1
∗− B∆u(0) ∈ WCC(R, R̂ − ∆u;Rn). According to Theorem 4.3(ii) we get

M2,Gb
i
(Mu

i+1
∗− B∆u(0)) ∈ WCC(R1, R̂1;Rn) with

R1 =
R(1− Lx

b τ)
2

1 + Lx
b τ +Rγbτ

, R̂1 =
(R̂−∆u)(1− Lx

b τ)
2

1 + Lx
b τ + (R̂−∆u)γbτ

− αvτ,

where τ > 0 should be sufficiently small such that R̂1 > 0. In view of Theorem
4.3(i) and relation (14) we obtain Mu

i ∈ WCC(R2, R̂2;Rn) with

R2 =
R1(1− Lx

aτ)
2

1 + Lx
aτ +R1γaτ

− αuτ, R̂2 =
R̂1(1− Lx

aτ)
2

1 + Lx
aτ + R̂1γaτ

,

where τ > 0 should be sufficiently small such that R2 > 0. By Taylor’s theorem
there exists β > 0, which depends only on ϱ1 and ϱ2 and does not depend on τ ,
R and R̂ such that R2 ≥ R − α(R)τ − βτ 2 > 0 and R̂2 ≥ R̂ − α̂(R̂)τ − βτ 2 > 0
for sufficiently small τ > 0. Therefore

Mu
i ∈ WCC(R2, R̂2;Rn) ⊂ WCC(R−α(R)τ−βτ 2, R̂−α̂(R̂)τ−βτ 2;Rn).

Theorem 5.2. Let the length of the time segment is sufficiently small, namely
T < min{T0, T̂0}, where

T0 =

∫ RM

0

dR

αu + 3LR + γR2
, T̂0 =

∫ R̂M

0

dR

αv + 3LR + γR2
.

Then for sufficiently small mesh of the time segment partition {τi}Ii=0 and suffi-
ciently small ε > 0 the game reachable sets Mu

i and M v
i are bodily smooth for all

i ∈ 0, I.

Proof. Let the functions α(·) and α̂(·) be defined as in (18). Since

T < min

{∫ RM

0

dR

α(R)
,

∫ R̂M

0

dR

α̂(R)

}

there exists ϱ1 ∈
(
0, 1

2
min{RM , R̂M}

)
such that
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T < min

{∫ RM

2δ1

dR

α(R)
,

∫ R̂M

2δ1

dR

α̂(R)

}
.

Let r : [0, T ] → R and r̂ : [0, T ] → R be the solutions of the differential equations

dr

dt
= α(r(t)),

dr̂

dt
= α̂(r̂(t)), t ∈ [0, T ] (19)

with the initial conditions r(T ) = RM , r̂(T ) = R̂M . Solving the differential
equation, we have dr

α(r(t))
= dt. In consequence,

∫ RM

r(t)

dr

α(r)
= T − t ≤ T <

∫ RM

2δ1

dR

α(R)
.

Hence, r(t) ∈ [2ϱ1, RM ] for all t ∈ [0, T ]. Similarly, r̂(t) ∈ [2ϱ1, RM ] for all
t ∈ [0, T ]. According to Lemma 5.1 there exists β > 0 and I0 ∈ N such that for
all I ≥ I0, i∈{0, ..., I−1} and R, R̂ ∈ [ϱ1, RM + 1] we have (17). We define real
numbers ri and r̂i for i∈{I, ..., 0} by the following backward procedure:

rI = RM − ε, ri = ri+1 − α(ri+1)τ − βτ 2, i∈{I−1, ..., 0},

r̂I = R̂M , r̂i = r̂i+1 − α̂(r̂i+1)τ − βτ 2, i∈{I−1, ..., 0}.

It follows from (19) that

max
i∈0,I

|ri − r(τi)| → 0, max
i∈0,I

|r̂i − r̂(τi)| → 0 as τ → +0, ε → +0.

Consequently, for sufficiently small τ and ε one has ri, r̂i ∈ [ϱ1, RM + 1] for all
i∈{0, ..., I}. According to Lemma 5.1 for all i∈{0, ..., I−1}

Mu
i+1 ∈ WCC(ri+1, r̂i+1,Rn) ⇒ Mu

i ∈ WCC(ri, r̂i,Rn).

In view of Corollary 4.4(i) we get Mu
I ∈ WCC(RM−ε, R̂M ,Rn) = WCC(rI , r̂I ,Rn).

By induction we obtain Mu
i ∈ WCC(ri, r̂i,Rn) for all i ∈ {0, ..., I}. Proposition

2.10 implies that the reachable sets of the game Mu
i (and similarly M v

i ) are bodily
smooth for all i∈{0, ..., I}.
Smoothness of the game reachable sets stated in Theorem 5.2 allows the effective
numerical approximation algorithms to be used.

References
[1] F. Bernard, L. Thibault, N. Zlateva: Characterizations of prox-regular sets in uni-

formly convex Banach spaces, J. Convex Analysis 13 (2006) 525–559.
[2] F. Bernard, L. Thibault, N. Zlateva: Prox-regular sets and epigraphs in uniformly

convex Banach spaces: Various regularities and other properties, Trans. Amer.
Math. Soc. 363 (2011) 2211–2247.



1136 G. E. Ivanov / Nonlinear Images of Sets II ...

[3] F. H. Clarke, R. J. Stern, P. R. Wolenski: Proximal smoothness and lower-C2 prop-
erty, J. Convex Analysis 2 (1995) 117–144.

[4] P. E. Dvurechensky, G. E. Ivanov: Algorithms for computing Minkowski operators
and their application in differential games, Comp. Math. Math. Physics 54(2)
(2014) 235–264.

[5] H. Federer: Curvature measures, Trans. Amer. Math. Soc. 93 (1959) 418–491.
[6] V. V. Goncharov, G. E. Ivanov: Strong and weak convexity of closed sets in a Hilbert

space, Operations Res. Eng. Cyber Security 113 (2017) 259–297.
[7] R. Isaacs: Differential Games, Wiley, New York (1965).
[8] G. E. Ivanov: Weak convexity in the senses of Vial and Efimov-Stechkin, Izv. RAN

Ser. Mat. 69 (2005) 35–60.
[9] G. E. Ivanov: Weakly convex sets and their properties, Math. Notes 79(1) (2006)

55–78.
[10] G. E. Ivanov: Weakly Convex Sets and Functions. Theory and Applications (Rus-

sian), Fizmatlit, Moscow (2006).
[11] G. E. Ivanov: Nonlinear images of sets. I: Strong and weak convexity, J. Convex

Analysis 27(1) (2020) 363–382.
[12] G. E. Ivanov, M. O. Golubev: Strong and weak convexity in nonlinear differential

games, IFAC PapersOnLine 51(32) (2018) 13–18.
[13] G. E. Ivanov, M. O. Golubev: Alternative theorem for differential games with

strongly convex admissible control sets, in: Communications in Computer and
Information Science 974, Optimization and Applications, 9th Int. Conference, OP-
TIMA 2018, revised selected papers (2019) 321–335.

[14] G. E. Ivanov, E. S. Polovinkin: On strongly convex linear differential games, Dif-
ferential Equations 31(10) (1995) 1641–1648.

[15] R. A. Poliquin, R. T. Rockafellar, L. Thibault: Local differentiability of distance
functions, Trans. Amer. Math. Soc. 352 (2000) 5231–5249.

[16] L. S. Pontryagin: On linear differential games, Proc. USSR Acad. Sciences 175(4)
(1967) 764–766.

[17] L. S. Pontryagin: Linear differential games of pursuit, Math. USSR Sbornik 40(3)
(1981) 285–303.

[18] A. Uderzo: On the Polyak convexity principle and its application to variational
analysis, Nonlinear Analysis 91 (2013) 60–71.

[19] J.-P. Vial: Strong and weak convexity of sets and functions, Math. Oper. Res. 8
(1983) 231–259.


