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1. Introduction

The foundations of the theory of zero sum differential games were laid by Isaacs
[7], Pontryagin [16, 17] and others. Typically algorithms to construct optimal (or
suboptimal) control strategies in pursuit-evasion games provide some methods
to calculate the game reachable sets and then use these sets for construction of
the strategies. In this context convexity or smoothness of the game reachable
sets are very important properties, which make possible to apply less or more
complicated methods to approximate the game reachable sets and to construct the
strategies. If the dynamics of the differential game is linear and the game target
set is convex and compact, then the game reachable sets are convex too and may
be determined as Pontryagin’s alternating sums using operations of Minkowski
sum and difference.

It is known that strong and weak convexity are very useful properties in the
theory and numerical algorithms for optimal control and differential games. In
particular in [14] it was shown that convergence of the alternating sums to the
alternating integral has the second order rate provided that the differential game is
linear and the admissible control set of the pursuer is strongly convex. In [13] the
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alternative theorem for a linear differential game with strongly convex admissible
control sets and a smooth target set is obtained. The alternative theorem states
that the program (open-loop) strategies are optimal for such a game. Theory
and applications of strongly and weakly convex sets and akin classes of sets are
presented in [1, 2, 3, 5, 6, 10, 15, 19].

As shown in [4] the game reachable sets and the control strategies for nonlin-
ear differential games can be calculated based on the Minkowski operators which
generalize the Minkowski operations to nonlinear case. So, the questions about
convexity, weak convexity and smoothness of the images of the Minkowski op-
erators arise. We consider smoothness of a set in a special sense called “bodily
smoothness”, which means that the set is the closure of its interior and the unit
normal vector to the set is Lipschitz continuous. This smoothness property of a
set S can be splitted into two properties: weak convexity of S and weak convexity
of the closure of the complementary to S. Using sufficient conditions for weak
convexity of the nonlinear image [11] we obtain sufficient conditions for smooth-
ness of the image f(S,U) of the Cartesian product S x U of two sets S and U,
where S is a bodily smooth and U is strongly convex. Applying this result for
the Minkowski operators, which can be expressed in terms of the image f(S,U),
we obtain sufficient conditions for the images of the Minkowski operators to be
smooth. Using this result we obtain sufficient conditions for the game reachable
sets to be smooth that allows the effective approximation algorithms to be used
in such problems.

2. Auxiliary notions and results

We use B,(c) to denote the closed ball in a Banach space X with center ¢ € X
and radius r» > 0:

Bo)={zeX: |z—c| <7}

Let X and Y be Banach spaces. For a mapping f: X — Y and a set S C X we
use lip(f, S) to denote the Lipschitz constant of f on S, i.e. the infimum of L > 0

such that
| f(x1) = f(@2)|| < L|a1 — 22| Vay,z2 € S.

As usual, the infimum of the empty set is defined as +o00.
A mapping f: X — Y is called co-Lipschitz on S C X if there exists 5 > 0 such

that
| f(z1) — f(22)]| > Blw1 — 22| Vi, x5 € S.

Denote by colip(f,.S) the supremum of such 5 > 0. If no such 8 > 0 exists, set
colip(f,S) = 0.

If a mapping f: X — Y is Lipschitz continuous and co-Lipschitz on S C X, it is
called bi-Lipschitz on S.

A mapping f: X — Y is called covering (open at a linear rate) on S C X if there
exists o > 0 such that for every z € S and every t > 0, with B,(z) C S, we have

Bot(f(x)) C f(Bi(x)).

Denote by sur(f,S) the supremum of such ¢ > 0. If no such o > 0 exists, set
sur(f,S) =0.
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Denote by £(X,Y) the Banach space of all linear continuous operators from X
to Y equipped with the operator norm. Given an open set V' C X, a function
f:V = Y and a point xy € V, we denote by Df(zg) € L(X,Y) the Fréchet
derivative of f at xg. Let S C X. A mapping f: S — Y is called Fréchet
differentiable if it can be extended on an open subset V C X with S C V such
that the extension f: V — Y is Fréchet differentiable on S. We use Df(zq) to
define the Fréchet derivative Df (o) of the extension f:V = Y at the point
rg € S. Denote C1(S,Y) the class of Fréchet differentiable functions f: S — Y
such that the Fréchet derivative Df: S — L(X,Y) satisfies the Lipschitz condition

IDf(x1) = Df(z2)l| < oy = 22| Vay, 25 € 5.

Denote by lip(Df, S) the infimum of such ~.
Recall that the Fréchet normal cone of a set S C X at a point xo€.S is defined as

N(zg,S) ={z" € X*: Ve >030 > 0:Vere SN Bs(xy) (2", x—z9) <elx—ux0|},

where (x*, 2 — x¢) is the value of the functional z* € X* at z — x.

We shall use the following proposition which follows immediately from the defini-
tions.

Proposition 2.1. Let xo€ SCX and f:S — Y be a diffeomorphism between S
and f(S). Then N(zo,S) = (Df(x0))*N(f(x0), f(S)), where (Df(zo))*: Y*— X*
is the adjoint operator to Df(xg).

Let H be a Hilbert space. We identify H with its dual and use (z,y) to denote
the inner product of x,y € H. As usual, we consider H as a Banach space with
the norm induced by the inner product. For a set S C H by int S, S and 95 we
denote the interior, the closure and the boundary of .S respectively.

Let r > 0. A set S C H is called strongly conver with radius r if it can be
represented as an intersection of closed balls with radius r, i.e. there exists C' C H

such that
S=(B.(0).

ceC
Denote by R*(S) the infimum of such r > 0.

A closed set S C H is called weakly convex with radius r > 0 if for any zy € S and
p € N(xg,S) with ||p|| = 1 one has S Nint B,.(zg + rp) = 0. Denote by R~(.S) the
supremum of such 7 > 0. If no such r > 0 exists, set R™(S) = 0.

Remark 2.2. For any ¢ € H and r > 0 the set S = H \int B,(c) is weakly convex
with radius r.

A set S C H is called weakly convex in the sense of Efimov-Stechkin (ES-weakly
conver) with radius r > 0 if for any x € H \ S there exists ¢ € H such that
r € int B,(¢) C H\ S. Denote by R;4(S) the supremum of such » > 0. If no
such r > 0 exists, set R¢(S) = 0.

Proposition 2.3. ([8, Theorem 7.1]). IfS C H is closed, then R~ (S) < Rys(S).
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Example 2.4. Fix some ¢ > 0. Consider H = R? and S. = SF N S, where
St={(z,y)€R?: (z+1)*+y* > 1+&}, ST ={(v,y) €R?: (x—1)*+y* > 1+*}.

One can see that R™(S) = ¢ < V142 = Ry4(S). This shows that R (S) and
R zg(S) may be different.

Proposition 2.5. ([8, Lemma 3.5]). Let S C H foralla € A and S = (1,4 Sa-

Then R;JS( N Sa) > inf Rig(Sa).

acA

Remark 2.6. In general the inequality R~ ((\,c4 Sa) > inf R7(S,) is invalid.

acA e/ = acA
This can be seen from Example 2.4.

We say that S C H is weakly convezr-concave with positive constants R and R
and write S € WCC(R, R; H) if S is a proper subset of H, S = int S, S is weakly

convex with radius R and H \ int S is weakly convex with radius R.
Remark 2.7. If S € WCC(R, R; H), then (H \ int S) € WCC(R, R; H).

We say that a closed proper set S C H is bodily smooth with constant L > 0 if
S =intS and

lp1 — po|| < Ll|ay — az|| Vai,as € S, Vp; € N(a;,S): |psll =1, i =1,2.

Proposition 2.8. ([8, Lemma 7.2]). If S € WCC(R, R: H), then for any x € 95
there exists p € H, ||p|| = 1 such that

Bi(x — Rp) € S, S nint Br(x + Rp) = 0.

Proposition 2.9. ([8, Theorem 7.2]). Let S C H be a proper closed set, R and
R be positive constants. Then the following assertions are equivalent:

(i) SeWCC(R,R;H);

(i) S=MtS, Ry¢(S) > R and Ryg(H \ int S) > R.

Proposition 2.10. ([9, Theorem 3|, [10, Section 1.12]). Let S C H be a proper
closed set and R > 0. Then the following assertions are equivalent:

(i) S s bodily smooth with constant 1/R;

(i) S e WCC(R,R;H).

Proposition 2.11. ([11, Theorem 5.1] Let X and Y be Hilbert spaces and S C X
be a closed and weakly convex set. Assume that mapping f € CY'(conv S|Y) is
bi-Lipschitz on conv S. Then f(S) is closed and weakly convex, wherein

) R(S) - coliv?(£, 5)
R (f(S)) > hp(f, conv S) + R—(S’) . hp(Df, conv S)




G. E. Ivanov / Nonlinear Images of Sets II ... 1127

Proposition 2.12. ([11, Theorem 5.2] Let X, Y and Z be Hilbert spaces; let
S C X be a weakly convex set and U C'Y be a strongly convex set. Assume that
feCh(conv S x U, Z) is such that for all w € U mapping f(-,u) is bi-Lipschitz
on conv S and for all x € S mapping f(x,-) is covering on U. Let

R(S)>0, RT(U)>0, mf sur( (2,-),U) > RY(U) -lip(Df,conv S x U),
R=(S) - mf cohpz(f( u),S)

B suplip(f(-,u),conVS) +R (S) - lip(Df,conv S x U)’

uclU
R+(U) * Sup hp2(f($7 ')7 U)
o z€S
fu= Ginf Ssur(f(x, ), U) = RH(U) -lip(Df,conv S x U)

0= 0z — 0u>0.

Then f(S,U) is closed and weakly convex with R~ (f(S,U)) > o

3. Smoothness of the image

Lemma 3.1. Let X and Y be Hilbert spaces. Let S C X be ES-weakly convex.
Let f € CYYX,Y) be a bi-Lipschitz bijection. Then f(S) is ES-weakly convex

with
Ry5(S) - colip?(f, X)

RJ_ES(f(S)) > 0= lip(f,X) +RES(S) -lip(DﬁX)'

Proof. Fix any positive r < Ry4(5). Fixany y € Y'\ f(.5). Since f is a bijection,
one can find x € X \ S such that y = f(z). Since S is ES-weakly convex with
radius r, there exists ¢ € X such that z € int B,(¢) C X\ S. According to Remark
2.2 the set X \ int B,(c) is weakly convex with radius r. Hence, by Proposition
2.11 the set A := f(X \ int B,(c)) is weakly convex with

r-colin(f,X)
lip(f, X)+r-lip(Df, X)

R (A) >0 =

Proposition 2.3 implies that R;q(A) > R (A) > ¢. Hence, A is ES-weakly
convex with any radius ¢” < ¢'. Since y = f(z) ¢ A there exists z € Y such
that y € int By(z) C Y \ A. In view of the inclusion int B,(c¢) C X \ S we
have S C X \ int B,(c). Consequently, f(S) C f(X \ int B,(c)) = A and hence
yeint By (z) CY\NACY\ f(S). It means that f(S) is ES-weakly convex with
any radius ¢” < ¢'. So, Rzs(f(S)) > ¢'. Passing to the limit as r — R;4(.5), we
obtain R,4(f(S)) > o. O

Lemma 3.2. Let X and Z be Hilbert spaces. Let S C X be such that X \int S be
ES-weakly convex and U be an arbitrary set. Assume that f: X x U — Z is such
that for any u € U the mapping f(-,u) is of class CYY(X, Z) and is a bi-Lipschitz
bijection from X to Z. Then Z \ f(int S,U) is ES-weakly convex with
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Rpg(X \int S) - in(f}colin(f(-,u),X)
ue

Res A TS 00) 2 € G R (), X)+ Rips (X i ) Hp(DF, X  U)'
uelU

Proof. Lemma 3.1 implies that the set F, := Z \ f(int S,u) = f(X \ int S, u) is
ES-weakly convex with R¢(F,) > o for any v € U. Since

Z\ fint S,U) = () Z\ f(int S,u) = (] Fo,

€U eU
then by Proposition 2.5 we have ! ‘

Rips(Z\ [t 8,U)) > inf Rigg(F) > o 0

Lemma 3.3. Suppose in addition to the assumptions of Proposition 2.12 that
S =int S and for all w € U the mapping f(-,u) is a bi-Lipschitz bijection from X
to Z. Then F = f(S,U) satisfies the equation F = int F'.

Proof. Fix any fy € F. One can find ug € U, zg € S such that fo = f(zo,uo).
Since zy € S = int S there exists a sequence {xj} in int .S such that z;, — .
By continuity of f we have f(zx,uo) = f(xo,u) = fo. Since xj € int S and the
mapping f(+, uo) is a bi-Lipschitz bijection from X to Z, it follows that f(zy,uo) €
int f(S,u) C int F for all k € N. Consequently f; € int F. So, F C int F.
On the other hand, according to Proposition 2.12 F' is closed. Consequently,
intFCF=F. O

Theorem 3.4. Let X, Y and Z be Hilbert spaces; let S € WCC(rg,Ts; X) and
U CY be strongly convex. Assume that f € CY1 (X x U, Z) is such that for all
u € U the mapping f(-,u) is a bi-Lipschitz bijection from X to Z and for all
x € X the mapping f(z,-) is a covering bijection from U to f(x,U). Let

mf sur(f(z,-),U) >R (U) - lip(Df, X x U),
R+<U> ) Slel)g lipz(f<$, ')7 U)
inf sur(f(z,-),U) — R (U)-lip(Df, X x U)’

zeX
X)

Df, X xU)’

Ou =

rs - inf colip?(f (-,

= ST ), X) +7s - lip
uelU

w),

(
P+ inf colip?(f(-,u), X)

3161511p(f(-,u),X) +7s-lip(Df, X xU)

Assume that Oy < 0z
Then int f(S,U) = f(int S,U) and f(S,U) € WCC(0y — 0u, 0x; Z).

Proof. We first define L, = sup,.y lip(f(-,u), X), L, = sup,ex lip(f(z,-),U),
o, = infuepcolip(f(-,u), X), o, = infexsur(f(z,),U), v = lip(Df, X x U),
v=R"(U), F=f(S,U), and prove that

int F' = f(int S,U). (1)
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Since f(-,u) is a homeomorphism for any u € U, it follows that f(int .S, u) is open
for all u € U and, hence, f(intS,U) = |J,y f(int S,u) is open. Consequently,
f(int S,U) C int F. Let us prove the converse inclusion.

Fix any fo € int F. One can find ¢y € S, up € U such that fo = f(xo,ug). To
conclude the proof of (1) it suffices to show that

fo € f(int S, U). (2)

If 2y € int S, then (2) is proved. Assume that zo € 0S. According to Proposition
2.8 there exists £ € X, ||¢|| = 1 such that

B?S (iL‘O - ?Sf) CS. (3)
and S Nint B,y (xg + rsl) = 0. (4)
The last relation implies that ¢ € N(xg,.S). Let D, f(xo, uo) be the Fréchet deriva-
tive of the mapping f(-,ug) at xo and D, f(xq, ug) be the Fréchet derivative of the

mapping f(zo,) at ug. By Proposition 2.1 there exists ¢ € N(fo, f(5,ug)) such

that £ = (D, f(xo,u0))"q. Denote p = (Duf (w0, u0))"q, pr = by, 1 = 7fp- By the
definitions of o, and L, we have [|p|| > ou|lq|l, 1 = ||¢]] < L.||q||-

Assume that ¢ € N(fo, f(xo,U)). Proposition 2.1 implies that p € N(up,U).
According to [11, Proposition 3.1] and by (4) we obtain

luo —rupr —ul| <rg YueU, and |jzg+rsl —z|| >rs Vo €S.
This can equivalently be rewritten as
2ry(p,u —uo) < —pll - lu —wol*  VueU, (5)
2rg{l, x — 1) < ||z — 0])? Vo € S. (6)

Using [18, Lemma 2.7] we get for any x € S, w € U and f = f(z,u)

<QI7 f - f0> < ﬁ«], Duf(x(), UO)[U - Uo] + D$f(I0,U0)[ZE — (L'()D
+ 2 (e = ol + u = o)
_ (p,u—u0> <€>$_x0> z . 2 . 2
- Hq” + ||€I|| + 2(“'17 xOH + Hu uOH )

Hence by (5), (6) we obtain

(o = 1) < = (2= = DYl — ol + (2= + L) e —ol?

2y 2 2rg
2 2
= =5l =l + %ux—xou?

According to the definitions of L, and o, we have

Oallz — @ol| < |[f(z,u0) — f(zo, wo)l| < [[f = foll + [[f (2, u) — f(z,uo)l
< |If = foll + Lullu — uo]|.
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Consequently,
(@, f = fo) < —QL—iHu — u|* + % (Hf —fl +ofUHU - u0”)2
Sl )y L a1 - g+ L P
e (R e Ry M)
1 ’ o
* (@ - 2@(@5 — Qu)) 1= foll” < H'
So. a f — o) < % VfeF )

with o = o, — 0, > 0. Since fy € int F' it follows that fo + tq; € F for sufficiently
small ¢ > 0. This contradicts (7). Consequently, ¢ € N(fo, f(z0,U)).

Proposition 2.1 implies that p € N(ug, U). Since U is convex there exists u; € U
such that

(p,uy — ug) > 0. (8)
For any t € (0,1) denote u; = ug + t(u1 — up). In view of convexity of U we have
u, € U for all t € (0,1). Using Lipschitz continuity we have

1/ (2o, ue) = f (o, wo)[| < Lullur — uoll = Lullur — uoll2.
Denoting ; = %;uou t we get from the definition of o, and by [11, Prop. 2.1]
Jo € Boys,(f(xo, ) C f(Bs. (o), w)-

Hence there exists x; € By, (%) such that

fo = f(ze,uy). 9)
Since ||uy — uo|| = O(t) and ||z: — zo]| = O(t) as t — +0 it follows that
fo = f(ze,u) = fo+ Duf(xo, up) s — 0] + Duf (20, wo)[ur — ug) + o(t), t — 0.
Consequently, (g, D, f(xo, uo)[x: — xo] + Do f(x0, uo)[us — o)) = o(t) for t — +0,
and hence (U, 2 — o) + (p,ur — ug) = o(t), t— +0. (10)

Denote e = $(p,u; — up). In view of (8) we have e > 0. According to (10) there
exists ty > 0 such that for all ¢ € (0, tp)

<€7 Ty — IO> < _<p, Ut — U0> + €t = —25‘1’; _|_ 5t — _6t

Hence there exists ¢ > 0 such that 2rs((,z; — x) + ||z — zo||* < 0, ie. = €
int By, (xg — 7sl). Using (3) we get ; € intS. According to (9) we obtain
fo=f(zy,up) € fz, U) C f(int S,U). So, (2) and (1) are proved.

Propositions 2.3 and 2.12 imply that R;q(F) > R~ (F) > 0, — 0u. Lemma 3.3
says that F' = int F. By Lemma 3.2 we see that R;4(Z \ f(int S,U)) > 2,. In
view of (1) it means that R;¢(Z \ int F) > p,. So, according to Proposition 2.9
we obtain that F' € WCC(0, — 0u, 0x; Z)- ]
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4. Minkowski operators

Let X be a linear space. The Minkowski operations (sum and difference) for
A, C C X are

A+C={a+c: a€A ceC}, AXC={reX: z+CCA}L

The Minkowski operators of the first and the second kinds for a set-valued mapping
G: X = X and a subset S C X are defined as (see [4, 12])

Mic(S) =] (@+G(@), Maa(S) =X\ Mia(X\S).

€S

Remark 4.1. If set-valued mapping G: X = X is defined as G(x) = g(z,U) for
all z € X, where g: X xU — X, then for any S C X we have M, ¢(S) = f(S,U)
with f(z,u) = g(z,u) +z forallz € X, u e U.

Remark 4.2. If set-valued mapping G: X = X is constant G(z) = Gy for all
x € X, then for any S C X the values of the Minkowski operators coincide with
the Minkowski sum and difference, respectively:

Mia(S) =S5+ Go, Mya(S) =5 *(=Gy).

Theorem 4.3. Let X andY be Hilbert spaces. Let Sy € WCC(rg,75; X), U CY
be strongly conver and let G(x) = g(z,U) for all x € X. Suppose that g €
CY (X x U, X) is such that for all x € X the mapping g(x,-) is a covering
bijection from U to f(x,U). Let

suplip(g(-,u), X) <1, inf sur(g(x,-),U) > RT(U) -lip(Dg, X x U),

wel zeX
RH(U) - sup lip*(g(z, -), U)
- zeX
7 i sur(g(e, ), U) = R¥(U) - 1ip(Dg, X x U)’

rs - (1 —suplip(g(-, u),X))2

o uelU
=17 suplip(g(-,u), X) +rg - lip(Dg, X x U)’
uelU
2
Ts - (1 — sup lip(g(, u),X))
~ uelU
“ T T suplip(g(, ), X) + 75 - ip(Dg, X x U)

uelU
(i) If ou < 0, then
int M1,c(So) = Mig(int Sp) and M1 (Sy) € WCC(0r — 0u, 05 X).

(i) 1f 00 < B, then
int Mo (So) = Mo (int Sy) and My (Sy) € WCC(0s, 0z — 0u; X).
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Proof. Observe that the function f(x,u) = g(z,u)+z, x € X, u € U is of class
CYY X x U, X), and for all z € X, u € U we have lip(g(z,-),U) = lip(f(z,-),U),
sur(f(z,-),U) = sur(g(z,-),U), lip(f(-,u), X) <14 lip(g(-,u), X), and

colip(f(-,u), X) >1—lip(g(-,u), X), lip(Df,X x U) =lip(Dg, X x U).

Moreover, for any u € U the mapping f(-,u) is a bijection from X to X.
Applying Theorem 3.4 for S = Sy, we obtain assertion (i).

We prove assertion (ii): Assume that o, < 9,. We take S = X \int Sy, apply Theo-
rem 3.4 and get int My (S) = M ¢(int ) and M, ¢(S) e WCC (05 — 0u, 023 X).
Hence, M ¢(S) = int My 5(S) = My ¢(int S).

Substituting X \ int Sy for S, we get M o(X \ int Sp) = My.a(X \ Sp).

Consequently, Mj ¢ (int Sp) =int My (Sp). Since My ¢(S) € WCC (03— 0u, 023 X)
it follows by Remark 2.7 that (X \int M, ¢(S5)) € WCC (04, 0x — 0u; X), that is
Mo c(So) e WCC (02, 02 — 0u; X). So, assertion (ii) is proved as well. ]

Theorem 4.3 improves the results of [12]. In view of Remark 4.2 Theorem 4.3
imply the following result, obtained previously in [9].

Corollary 4.4. Let S € WCC(rg,7s; X) and U C X be strongly conver with
radius 1.
(i) Ifry <rg, then
S+UeWCC(rs —ry,7s; X) and int(S+U) = (intS) + U.
(ii) If ry <Tg, then
S 2 UeWCC(rs,rs —ry; X) and int(S * U) = (int S) * U.

5. Application in nonlinear differential games

Consider the following nonlinear differential game

dz
o = alt, (1), u(0)) + blt, 2(1), () (1)
on a fixed time segment t € [0, 7] with initial position x(0) = x, and the target
set M C R™, where x(t) € R" is the phase vector of the system, u(t) € R™ is the
control of the pursuer, and v(t) € R is the control of the evader. The controls of
the players obey the geometric constraints

u(t) e U, wo(t)eV Vtel0,T], (12)

where U C R™ and V' C R¥ are given sets, a: [0, 7] x R"x U — R™ and b: [0, 7] x
R™ x V' — R™ are given functions. The goal of the pursuer is to bring the phase
vector into the target set at a final time instant: z(7) € M. The goal of the
evader is the opposite: z(T") ¢ M. If the condition =(T") € M is satisfied in some
realization of the game, then we say that a capture has occurred. Otherwise, we
say that an evasion has occurred.
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We assume that M € WCC(Ry, ﬁM;R") with some positive R,; and }?M; U is
ry-strongly convex and V' is ry-strongly convex; functions a: [0, 7] xR"xU — R”
and b: [0,7] x R" x V' — R™ are bounded and satisfy the Lipschitz conditions

la(ty, @1, w1) = alts, v2,us)|| < Lolts — tof + Lgllzn — 22|l + Ly [lur — ua|),

16(t 1, 1, u1) = b(ta, w2, us) || < Lylty — tof + L [|x1 — || + Lillvr — va]]
for all t;,ty € [0,T], 21,22 € R™, uy,us € U and vy,v2 € V. Suppose also

a(t,-,-) € CH'(R" x U,R™), b(t,-,-) € CVHR" x V,R") V¢t € [0,7].
Denote

Ya = SUp hp(Da<t7 ) )7Rn X U)a Yo = Sup hp(Db(ta g )7Rn X V)7
te[0,T] te[0,T]

o, = inf inf sur(a(t,z,-),U), op,= inf inf sur(b(t,z,-),V).
te[0,T] x€R™ te0,T] zeR™

We assume further that o, > ryv,, and o, > ry7y, and define

_ ru(Ly)’ o = (L)

0o = TUYa Oh =TV
Consider a uniform partition {7;}._ of [0, T], where 7, = 7-i,i€{0,..., I}, 7 = L.

Define Co = sup lla(t,z,ul|, C,= sup |b(t, x,v]|,
t€[0,T], z€R™, uelU te[0,T], zeR™, veV

C=CatCh L=Li+L v="+%

1
A, = (23L§Ca(1 + LiT) + 5(Lc + LY+ LY + Lf(}) 2, (13)

1
A, = (23L§C,,(1 + LE7) + §(LC + LL+ L) + ijc) 72

Pontryagin [16, 17] proposed an algorithm to construct optimal control strate-
gies for linear differential games based on alternating integral. As shown in [4]
the suboptimal strategies of the players can be constructed based on the game’s
reachable sets M}, M determined by the following backward procedures:

M} =M + B.(0), M;' = My ge My (M * Ba,(0)), i€{I—1,..,0}, (14)
M}] = M7 sz :MQ,GQ’MLG?<M;1|—1+BAU(O))7 iE{I—l,...70}, (15)
where G4(z) = —Ta(r,z,U), Gi(x) = —7b(r;,2,V), x€R™ (16)

In [4] the backward procedures are written considering the errors caused by the
approximation of sets. For the sake of simplicity, we donot take these errors into
account. The positive real number e should be chosen such that M§ C M{' (see [4]).
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Lemma 5.1. Vo, > 0, Vo2 > 01 38 > 0 31y € N such that VI € N with
I Z ]0, VZE{O,,]—l}, VR,R € [Ql,gg}:

if M, eWCC(R, R;R")

then M*eWCC(R — a(R)T — B7%, R — a(R)T — B R"), (17)

where a(R) = o, + 3LR + vR?, &(ﬁb) = a, + 3LR + R (18)

Proof. In view of (13) we have A, < g; for sufficiently large I (i.e. for suffi-
ciently small 7). Hence R—A, > o — A, > 0. By Corollary 4.4(ii) we have
M, * Ba,(0) € WCC(R,R — Ay;R"). According to Theorem 4.3(ii) we get
My (M, £ Ba,(0)) € WCC(Ry, Ry; R") with

R(1— Lir)* 5o (B A= Li7)

Rl = ) 1 — ~
14+ LT+ Ryt 1+ LT+ (R— Ay

— QyT,

where 7 > 0 should be sufficiently small such that El > 0. In view of Theorem
4.3(i) and relation (14) we obtain M} € WCC(R2, R2; R™) with

Ri(1 — Lo7)? S~ R(1-LEr)

Ry = — T, Ry = = )
14 LT 4 Ry7y,T

1+ LT 4 Ry7y,T

where 7 > 0 should be sufficiently small such that Ry, > 0. By Taylor’s theorem
there exists 5 > 0, which depends only on g; and g2 and does not depend on T,
R and R such that Ry > R — «(R)T — 872 > 0 and Ry, > R — a(R)T — 87% > 0
for sufficiently small 7 > 0. Therefore

M € WCOC(Ry, Ry: R") € WCC(R—a(R)T—B7%, R—Q(R)T—Ar%R"). O

Theorem 5.2. Let the length of the time segment is sufficiently small, namely
T < min{Ty, To}, where

_ /RM dR - /EM dR
°~ ), au+3LR+~R? °" ), a,+3LR+~R*

Then for sufficiently small mesh of the time segment partition {7;}!_, and suffi-
ciently small € > 0 the game reachable sets M and M} are bodily smooth for all
i€0,1.

Proof. Let the functions «(-) and a(-) be defined as in (18). Since

T < m{ [ /jM %}

there exists o; € (O, 5 min{ Ry, EM}> such that
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N Ry )
201 Oé(R)’ 201 &(R) '

Let 7:[0,7] — R and 7:]0,7] — R be the solutions of the differential equations

dr dr PN
e a(r(t)), i a(r(t), tel0,T] (19)

with the initial conditions r(T) = Ry, 7(T) = Ry. Solving the differential

equation, we have % = dt. In consequence,

RM RM
/ A oo / _oR
rt) & (r) 25, O (R)

Hence, r(t) € [201,Ruy] for all ¢t € [0,7]. Similarly, 7(t) € [201, Ry for all
t € [0,T]. According to Lemma 5.1 there exists § > 0 and I, € N such that for

all I > I, i€{0,...,1—1} and R, R € [y, Rys + 1] we have (17). We define real
numbers r; and 7; for i€ {1, ...,0} by the following backward procedure:

rr = Ry — &, 7 = Tip1 — ori)T — B3, ie{l—1,..,0},

?IZEM, i =1 — a(Fi)7T — 872, ie{l—1,...,0}.
It follows from (19) that

max |r; — ()| = 0, max|r; —7(%)] -0 as 7— +0, ¢ = +0.
i€0,1 i€0,1

Consequently, for sufficiently small 7 and ¢ one has 7;,7; € [01, Ry + 1] for all
i€{0,...,I}. According to Lemma 5.1 for all :€{0,...,I—1}

M, e WCOC(rip1, 741, R") = M} e WCC(r;,7;,R").

In view of Corollary 4.4(i) we get M* € WCC(Ry—¢, Ry, R") = WCC (r, 77, R™).
By induction we obtain M} € WCC(r;,r;,R") for all i € {0, ...,1}. Proposition
2.10 implies that the reachable sets of the game M} (and similarly M) are bodily
smooth for all i€ {0, ..., I'}. O

Smoothness of the game reachable sets stated in Theorem 5.2 allows the effective
numerical approximation algorithms to be used.
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