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1. Introduction

In recent decades, the theory of random sets has been extensively studied and gave
rise to applications in several fields, such as optimization and control, stochastic
and integral geometry, mathematical economics, statistics and related fields. In
1975, Artstein and Vitale [2] proved the strong law of large numbers (SLLN) for
sequences of independent and identically distributed random compact sets in R,
with convergence in the Hausdorff metric. It was extended to random closed sets
in R? by Artstein and Hart [1]. It is somewhat harder to deal with both non-
compact values and an infinite dimensional carrier space at the same time. The
Hausdorff metric is too strong to hold the law of large numbers and so need to be
replaced by an appropriate weaker topology among a plethora of candidates from
the literature of hyperspace topology.
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Hiai [11] extended the SLLN of Artstein and Hart [1] to separable Banach space
by using the Mosco topology. Also, Hess [9] independently proved similar results
for random sets in an infinite dimensional Banach space. Moreover, Hess [10]
obtained a convergence result on the Wijsman topology of SLLN for sequence of
pairwise independent identically distributed random sets in a separable Banach
space. In particular, Hess showed that the SLLN for the slice topology follows from
the SLLN for the Wijsman topology, provided the space has a strongly separable
dual ([10, Proposition 3.9]). The SLLN for a double array of independent (or
pairwise independent) random sets was introduced by Castaing et al. [6, 7] with
Mosco convergence, Wijsman convergence and slice convergence. In [15], some
SLLNs for arrays of rowwise independent random sets with Mosco convergence
were provided.

The slice topology on the hyperspace is the weak (or initial) topology determined
by the family of gap functionals {D(C,.) : C'is a nonempty slice of a ball}. How-
ever, in the practical applications of probability theory, we need to consider sets
C that are bounded and convex. In this context, the best candidate seems to be
the gap topology given by the weak (or initial) topology corresponding to the gap
functionals {D(C,.) : C'is a nonempty bounded convex set}.

Using the gap topology, Teran [17] established the SLLN for sequences of pairwise
independent and identically distributed random sets. This result improves upon
and unifies the laws of large numbers with convergence in the Wijsman, Mosco
and slice topologies, without requiring extra assumptions on either the properties
of the space or the kind of sets that can be taken on by the random set as values.
Quang et al. [16] stated some SLLNs for double arrays of independent (or pairwise
independent) random sets under various setting. To this direction, in this paper,
we establish several SLLNs for triangular arrays of rowwise independent random
sets with the gap topology and with or without compactly uniformly integrable
condition. Let us note that, even in the case of single-valued random variables,
the SLLNs for sequences and for double arrays cannot imply SLLNs for triangular
arrays.

This paper is organized as follows. In Section 2, we introduce some basic notions:
hyperspace of a Banach space, random set, Painlevé-Kuratowski convergence,
Wijsman convergence, slice convergence, convergence in the gap topology. In
Section 3, we establish some lemmas which will be used to prove the main results.
The strong laws of large numbers for triangular arrays of rowwise independent
random sets with the gap topology under various settings are given in Section 4.

2. Preliminaries

Throughout this paper, let (€2, A, P) be a complete probability space, (X, ||.||) be a
separable Banach space. Let X* be the dual space of X and S* be its unit sphere.
R (resp. Q) (resp. N) will denote the set of all real numbers (resp. rational
numbers) (resp. positive integers).

Let ¢(X) (resp. k(X)) be the family of all nonempty closed (resp. compact) subsets
of X. For any A, B € ¢(X), clA, coA, c6A denote the norm-closure, the convex
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hull and the closed convex hull of A respectively; the distance function d(., A) of
A, the support function s(., A) of A, the norm ||A|| of A and the gap D(A, B)
between two sets A and B are defined by

d(z,A) =inf{||lz —y|| : y€ A}, z€X, s(z*, A) =sup{(z*,y) : ye A}, z* X",
|Al| = sup{l|z| : = € A}, D(A,B)=inf{||lz —y| : 2 € A,y € B},
and also, for any r > 0, we put A" = {z € X : d(x,A) <r}.
Let U™ == {C € ¢(X) : CNU # 0}, where U C X. Let Byx) be the o-field
on ¢(X) generated by the sets U™, taken for all open subsets U of X. We call
B.x) the Effros o-field. A mapping F': Q — ¢(X) is said to be a random set

if it is (A, Bex))- measurable, namely, for every open subset U of X, we have

FYU") e A.
Given a random set F', we define a sub-o-field of A by Ap = {F~1(U):U € B.x)}-

For each F-measurable random set F', the family of all F-measurable random
elements f with f(w) € F(w) a.s., is denoted by S%(F), where F is a sub-o-field
of A. Shortly, S%(A) is denoted by SY.

For 1 < p < oo, LP(Q, A, P,X) = LP(X) denotes the space of A-measurable
functions f: 2 — X such that the norm || f|, = (E||f||p)% is finite.

Set SH(F) ={f e L*(, F,P,X) : f(w) € F(w), a.s.}. If F = A, then SL(F) is
denoted for short by Sh.

For any sub-o-field F of A and any JF-measurable random set F', the expectation
of F over €2, with respect to F, is defined by E(F,F) = {Ef : f € Sk(F)}, where
Ef = fQ fdP is the usual Bochner integral of f. We denote E(F, .A) for short by
EF. We note that E'F is not always closed.

Let {r;,j > 1} be a symmetric Bernoulli sequence; that is, {r;, j > 1} is a sequence

of independent identically distributed random variables with P(ry = 1) = P(r; =
—1) = 1/2. The Banach space X is said to be of type p (1 < p < 2) if there exists

a positive constant C' such that
i , 1/p i 1/p
(EH > ) < c(Z uvjrw)
=1 j=1

for every i > 1 and v; € X (1 < j <1).

Hoffmann-Jgrgensen and Pisier [12, Theorem 2.1] proved that a real separable
Banach space is of type p (1 < p < 2) if and only if there exists a positive constant

C such that E|| Y f;||" < C' 3 E||f;||P for every finite collection {f1, fa, ..., fu}
= =1

of independent mean 0 random elements. If a real separable Banach space is of
type p for some 1 < p < 2, then it is of type ¢ for all 1 < ¢ < p. Every real
separable Hilbert space and real separable finite-dimensional Banach space is of
type 2. In particular, the real line R is of type 2.
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Let us denote by s the strong topology of X. Let {A, : n > 1} be a sequence in
c(X). We put

s-liminf A, ={r € X : 2 = s lim z,,2, € A,,Vn > 1},
n—oo

n—oo

s-limsup A, ={r eX:z= s—klim T, T € Ay k> 1},
—00

n—oo
where {4,, : kK > 1} is a subsequence of {A, : n > 1}.
A sequence {A, : n > 1} converges to A, in the sense of Painlevé-Kuratowski,
relative to the topology s, as n — oo, if s-liminf, ., A, = s-limsup,,_, . A, = A.
Clearly, this is true if and only if the following inclusions hold:

s-limsup A, C A C s-liminf A,,.

n—00 n—00

The Wijsman convergence on ¢(X) is the pointwise convergence of distance func-
tions. This means that a sequence {4, : n > 1} C ¢(X) converges to A as

n — oo with respect to Wijsman convergence, if for every x € X, one has
d(xz, A) = lim, . d(z, Ay).

A sequence {4, : n > 1} C ¢(X) converges in the slice topology to A as n — oo if
D(A,,C) — D(A,C) as n — oo for all sets C' being a nonempty slice of a ball,
and it converges in the gap topology to A as n — oo if D(A,,C) — D(A,C) as
n — oo for all nonempty bounded closed convex subsets C' of X.

A triangular array of random elements {f,; : n > 1,1 < i < n} is said to be
compactly uniformly integrable (CUI for short) if for every € > 0, there exists a
compact subset K of X such that

sup B (| il g0 <

For a subset A of € the complement of A in () is denoted by A°.

A triangular array of random sets {F,; : n > 1,1 < i < n} is said to be compactly
uniformly integrable (CUI for short) if for every € > 0, there exists a compact
subset K of X such that

sup (1 s ey ) < =

The random elements { f,;} are uniformly bounded by a random variable ¢ if for
alln > 1,1 <17 <n and for every real number ¢ > 0,

P([[fuill > 1) < P([¢] > 1).

3. Lemmas

In this section, we give some lemmas which will be used later.

Lemma 3.1. Assume that {F,; : n > 1,1 < i < n} is a triangular array of CUI
random sets. Then {fni:n > 1,1 <1 <n} is a triangular array of CUI random
elements, where f,; € S%m_ foralln>1,1<1<n.
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Proof. Since {F,; : n > 1,1 <i < n} is a triangular array of CUI random sets,
for every € > 0, there exists a compact subset K of X such that

sup B (|| Full 15, ) ) < =

Since f,; € S%m_ (n>1,1<i<mn),
(fui() € K) C (Fri(.) C K)° foralln>1,1<i<n.
This implies
il L ogr) < 1 FuillLei)crye foralln>1, 1 <4 <mn,
and so

E(Ifuilllg0g0) < E(IFulllocrr) foralln>1,1<i<n.

Thus, sup E(H fm||1(fm(,)¢m) < sup E(||Fm|]1(pm(_)cK)c> <. O

The following lemma establishes the Chung’s SLLN for triangular arrays of row-
wise independent random variables in separable Banach spaces and it will be used
to prove the main results.

Lemma 3.2. Let {f, : n > 1,1 < i < n} be a triangular array of rowwise
independent and CUI random elements in a separable Banach space. Let 1(t) be
a positive, even, convex, continuous function such that

w(t]) D(|t])
WT andwi as [t| T oo, (1)

for some nonnegative integer r and there exists a positive constant C7 with
P(a+b) < Ci(Y(a) + (b)) for all real numbers a, b. (2)

Then the following conditions

n=1 i=1

z(z |2

<o, (4)

for some positive integer k, imply that

— 0 a.s. as n — oo.

H— (i = E)
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Proof. First, we prove this lemma for the case r > 2.

Since {fn :n > 1,1 <i < n} is a triangular array of CUI random elements, for
all ¢ > 0, there exists a compact subset K of X such that

sup E{|[| fuill s (gm0} < e (5)

Let 9ni = fm]-(fm()GK) and hnz fnz (fri(EK)-

By the compactness of K, there exists x1, 2o, ..., 2,, € K such that
K C U B(zj,¢), where B(zj,e) ={r € X: ||z — x| <e}.
j=1
Forn > 1,1 <i <n, we define W,,; = Upi1s,,()ek), where

m

Uni = T1-1(fi()eB(a1,e) T Z L5111 ()eBes )Nz (i (VEB e )]
j=2

It is easy to check that W,; = Z T L (Wy=a;), EWni = Z ;. P(W,; = z;) for

allnzl,lgignandwehave

1 & 1 <&
< =D Mot = guall + = D llgui — W
i=1 i=1

1 RS 1 ¢
+ " Z [Whi — EWnil| + o Z | EWni — Egnill + o Z | Egni — E fill
i=1 i=1 i=1

H— (i = B1)

Z:J1+J2+J3+J4+J5.

1 — 1 —
By (5 btain =Y Ellhyll ==Y E{|lfulllis . <e, d
y (5), we obtain n; (| A | n; W fnillLpu)em t <&, and so

1 n
— E E||huil| — 0 as n — oc. (6)
n

=1

Since {fn; : n > 1,1 < i < n} is a triangular array of rowwise independent
random elements, {||hu;|| — El|hni] : n > 1,1 <i < n} is also a triangular array of
rowwise independent random variables with mean 0. Moreover, using increasing
of the function (|t|), we have

D[l s ]| = Ellhnill]))

ZZ e ' ZZ ([l s | +)EHhmH))

n=1 i=1
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hm
<20 Z Z H D (by Jensen’s inequality)

n=1 =1

<20, 33 200 ) ”M' <0 (by (3)).

n=1 =1

On the other hand, by the ¢,-inequality and (4),

2k 2k
[~ | il = B[Rl 2 [N g Pill + Bl il 2
<

3 (3o el ) o5 (57 (el ElRe
n=1 =1 n=1 i=1

oo n h 9 2k oo n 9 2k

n n
n=1 i=1 n=1 i=1

Hence, applying the SLLN for the triangular array of rowwise independent ran-
dom variables {||hn;||— E|hni]|:n > 1,1 < i < n} (see [14, Theorem 2.1]), we get

LS (lhall = Elll)) 0 a5, 55— oc,

Combining this with (6), we obtain
1 n
== E |hnill = 0 a.s. as n — oo.
n
=1

For Ja, ||gni = Whill = || fai — Unil| (£ )ex) < €. Therefore, J, < e.
For Jy, |[EWpni — Egnill < E||Whi — gnil| < €. Then, Jy < e.

By (3). Js < 1 3 Ellh| <.

For J, Z Wi — EW,i]| < Z ]|~ Z Wasmes) — P(Wai = 2,) |

Since {fpi:n>1,1<i< n} is a triangular array of rowwise independent random
elements, for each j = 1,2,...,m, {1w,,=;) — PWni = z;) :n > 1,1 <i <n}
is a triangular array of rowwise independent random variables with mean 0 and
for every t > 0,

P(Ywyi=ey) = P(Whi = 25)| > 1) < P(Lw,i=a;) + PWyi = ;) > 1)
< P(|f] > t), where f(w) =2 forall we Q.
By applying the SLLN for the triangular array {1uw,,—z;) — P(Wni = 2;) : n > 1,
1 <i < n} of rowwise independent random variables (see [13, Theorem 2]), we
get for each j =1,2,...,m,
- Z Whi=z;) — P(Whi = atj)) — 0 completely as n — oo,

Therefore, J3 — 0 completely as n — oo.
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From the above arguments we obtain

H— (i = B)

— 0 a.s. as n — oc. (7)

For the case r = 1, by applymg the SLLN for the triangular array of rowwise
independent random variables {||hn;|| — El|hn] : n > 1,1 < i < n} (see [14,
Theorem 2.2]) and by the same proof as above, we obtain (7).

Next, for the case r = 0, by applying the SLLN for the triangular array of rowwise
independent random variables {||hn;|| — El|hn] : n > 1,1 < i < n} (see [14,
Theorem 2.3]) and by the same proof as above, we also obtain (7). O

Remark 3.3. There are many functions satisfying the conditions (1) and (2).
For example, the exponentiation functions (t) = a.|t|"™ and the functions
Y(t) = a.|t|". logy(|t| + ¢), for some nonnegative integer r and the real numbers
a,b,c,e satisfy a >0,b>1,c>e, 0 <e <1 (where e is the base of the natural
logarithm). N

Remark 3.4. Similar as in [14], if the condition (1) is satisfied for r = 0, r = 1,
then the conclusion of Lemma 3.2 is true without the condition (4). 0]

Beer-Tamaki’s lemma for the multidimensional case with the convergence as
Nyin — 00 was provided in [8, Lemma 4.5]. In the following we get a similar
result for the triangular array case.

Lemma 3.5. Let A € ¢(X) and {A,; :n > 1,1 <i<n} be a triangular array in
co(X). If (Api))" — A" as n — oo in the sense of Painlevé-Kuratowski, relative to
the topology s, for everyr > 0, then A,; — A as n — oo in the Wijsman topology.

4. Main results

The first two theorems will establish SLLNs for triangular arrays of rowwise in-
dependent and CUI random sets with respect to the gap topology.

Theorem 4.1. Let {F,; : n > 1,1 < i < n} be a triangular array of rowwise
independent and CUI random sets in a separable Banach space. Let (t) be a
positive, even, convez, continuous function and (t) satisfies (1) and (2) for some
nonnegative integer r. If the following conditions are satisfied

Sy EEUE) g Z(zEH? ) <00, (®)
n=1 i=1

n=1 i=1
for some positive integer k and there exists X € k(X) such that

HFmH

X C s-liminf(clE(F|Ar,)); 9)
n—oo
limsup s(z*, clEF,;) < s(z*, X) for all x* € X*, (10)

n—oo

then —chFm — coX almost surely, in the gap topology, as n — oc.



D. X. Giap et al. / Multivalued Strong Laws ... 1165

Proof. For any = € coX and € > 0, there exists z1,...,x,, € X such that
72| < o)
JR— l’ _ .
2 x €
J=1

By condition (9), for each z; € X, j = 1,...,m, there exists sz'e clE(FlAxr,.)
such that ||z}, — ;|| — 0 as n — oo. Therefore, there exists y,; € E(F,|Ap,,)
such that ||y}, — z);|| = 0 as n — oo.

Hence, there exists a triangular array {fn; : n > 1,1 <i <n} of f,; € S (Ap,,)
such that
||Efn,(i_1)m+j — x]H — 0, for each j =1,2,...,m. (12)

Put y,; = Efy foralln > 1,1 <i<n.Ifn=(l—1)m+p, where 1 <p <m,
then

H%if;fm(w)—%fj

SHRZ(,}”M — Yni )+ Z ZH Yn (i ymtj = T5)

1 l 1
D D B o Py
j=p+1 J=1

For I, since {F,; : n > 1,1 < i < n} is a triangular array of rowwise independent
and CUI random sets, by Lemma 3.1 we get that {f,; :n > 1,1 <i <n}isa
triangular array of rowwise independent and CUI random elements.

)+ S

f ni — Yni

::Il+IQ+I3+I4.

Moreover, by (8) 1 (]t|) is an increasing function of |t|, and we obtain

ZZ ) o 555 EGUED) .,

n=1 i1=1
22k oo n F‘22k
) = (sel®)

for some positive integer k. By applying Lemma 3.2, we obtain

> (3ol

n=1

I = H%Z(fm—Efm) ’ — 0 a.s. as n — oo.
i=1

For I, and I3, by the CUI condition of the triangular array {F,,;:n > 1,1 <i < n},
for each 7 =1,2,...,m, fix g > 0, there exists a compact subset K of X with

sup E(HFmﬂl CK)C> < €p.

nz
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HEFMH < EHFmH = E(HFniHl(Fm ) +E(||Fm||1 Fri(l)CK)e )
<|IK||+e:=C forall n>1,1<i<n. (13)

Therefore, for all I > 1,1 <i </,

Hyu—1yn+px¢-ang —-xjH I:Hl?fﬁ(r-nnwﬂ'—-ij
<N Efui-vyms|| + 125l < | EFnGvymes || + 2]l < C+ |24 (14)

Combining (12) and (14), we have that {||yu—1)m+p,(-1)m— 25| : 1 > 1,1 <0 <1}
satisfies all the assumptions of [15, Lemma 3.3]. Therefore, by applying this lemma
for the triangular array {||yg—1)ym+p,(i-1)m+j — |l : 1> 1,1 <4 <1} we get

L
ZZH%’ Vmtj — xjH—>0asl—>oo.

Hence, Iy — 0 as n — oo and, as n — o0,

Z szn (i=1)m+j — Zyn (i—1)m+j

J =p+1 =1
ATy
= ﬁ Z “72(:971(7, 1)m+j '173)
j=p+1 i=1
-1 1 < I—1
T l_—12(yn,(@ m+j %) + (1— / )xa
=1
m 1 !
Z (7 Z ‘ Yn,(i—1)m+j
j=1 i=

L1 — 1
T l— Z ‘ Yn,(i—ym+j — Tj + i‘ Z; — 0.
Moreover, since (% — —) — 0asn — oo, Iy — 0 as n — oco. Therefore,

IDoANEES 38
i=1 j=1

This implies that L > z; € s-liminf (2cl Y Fi(w)) a.s. Combining this with
(11), we get

_ RS
coX C s-liminf (ﬁcl;Fm(wD a.s

n—oo
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Therefore, there is a null subset N; of Q so that, for every w € Q\ N; and
x € coX, we can choose z,, € %cl Y iy Fui(w) such that lim, . z, = x. Hence,
for any y € r.B, lim,,_,oo(z, + y) = x + y, where B is the closed unit ball with
respect to the fixed arbitrary equivalent norm of X and r > 0. Thus, we obtain

n—oo

1 n
X + 7B C s-liminf (cl > F B).
coX +r s-lim in nc; (w)+r

Since X € k(X), by applying [16, Lemma 3.4], we have ¢coX +r.B = ¢o(X +1.B).
Combining this with the separation theorem,

coX +r.B = ﬂ {z: (2", z) <s(z",c0X +1r.B)}.
x*eS*

Since X is separable, there exists a countable Mackey dense subset D* of S* such
that
coX +r.B= ﬂ {z: (2", x) < s(z*,c6X +r.B)}.

z*eD*

Next, by (9) and [11, Lemma 3.1}, we easily obtain

s(z*, X) < liminf s(z*, clEF,;).

n—o0

Combining this with (10), we obtain
E(s(z*, Fy)) = s(z*, clEF,;) — s(z*, X) = s(2",c0X) < 00 as n — 0.
On the other hand,
B (s(2*, Fui)) — 5(2",@X)]| < |E(s(a", )| + [s(a", @)
< E||Fuill + |s(z*,@0X)| < C + |s(z*,c0X)|
forall n > 1, 1 < i < n. By applying [15, Lemma 3.3] for the triangular array
{E(s(z*, Fy,;)) — s(z*,¢0X) :n > 1,1 < i < n}, we have

%Z E(s(z*, Fp;)) — s(z*,c0X) as n — oo, (15)
i=1

Furthermore, since {F,,; : n > 1,1 < i < n} is a triangular array of rowwise
independent random sets, {s(z*, F,;) : n > 1,1 < i < n} is a triangular array of
rowwise independent random variables. Therefore, {s(z*, F,,;) — E(s(z*, Fi)) :
n > 1,1 < i < n} is also a triangular array of rowwise independent random
variables with mean 0 and by (1), (2), and (8) we obtain

© n E<¢(|S($*,Fm)—E(S(m*’Fm))D>

2% 0

n=1 i=1
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n E(w(|s(x*,Fnz)| + ‘E(s(x*,Fm))D)
Y(n)

n=1 =1 n=1 1=1 1/)(71) -
and, for some positive integer k,
> <Zn:E s(z*, Foi) — E(s(z*, Fy)) ‘2> 2
n=1 i=1 n
2
o0 n E(‘s(az*,Fm)’ +|E(s(m*,Fm))D 2k
=22 -
n=1 i=1
22E| o, Fi) * *
o3 (R EREI) s (3 ER
n=1 =1 =

ni

F,
:4%; <;E‘ -

2)
Hence, the triangular array {s(z*, F,;) — E(s(:c*, Fm)) :n > 1,1 < i< n} satisfies
all the conditions of Lemma 3.2. This implies that

- Z ( s(z*, Fri(w)) — E(s(z*, Fm))> — 0 a.s. as n — oo. (16)

Combining (15) with (16), we obtain

n

(1: —chFm )— Z (¥, Fri(w)) — s(z*,c0X) a.s. as n — 0.

i=1
Therefore, there is a null subset Ny of €2 so that, for every w € 2\ No,

n

(x —chFm >— 12 (x*, Fri(w)) — s(z*,c0X) as n — oo.

=1

Fix any w € Q\ Ny. If z € s-limsup (%CIZ Fri(w) + r.B), then there exists
i=1

n—oo

T, € nicl Z F,.i(w) and ys € r.B for s > 1 such that z = lim (x5 + y,). And so
s =1 S—00
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(*,z) = lim <(:p*,x5> + (:E*,ys>>

§—00

< hmsups( —CIZF,” )—l—hmsups(z r.B)

5§—00 S§—00

= s(z",c0X) + s(z” ,T.B) = s(z*,c0X + r.B) for every z* € D*.
This implies z € coX + r.B. Hence,

s—limsup( chFm —|—7“B) C coX +r.B for all w € Q\ Ns.

n—oo

Put N = N; U N;y. Then N has probability zero and for every w € Q\ N,
—ClZFm )+7r.B—coX +r.B,

in the Painlevé-Kuratowski sense, relative to the topology s, as n — oo, for all
r > 0 and for B being the unit ball of any equivalent norm, in which the choice
of N7 and N, does not depend on B and r.

Therefore, by Lemma 3.5 and by the equality A" = A+ r.B,

—ClZFm — coX as n — o0,

in all the Wijsman topologies generated by equivalent norms, except on the set
Q\ N. Combining this with [3, Theorem 5.2] and [4, Theorem 3.1}, we obtain this
convergence for the gap topology in the convex case.

Thus, in the convex case, we achieve convergence in the slice topology or the gap
topology. It remains to prove that this convergence extends to the non-convex
case. Let A be a non-empty bounded closed convex set. We must prove that

1 n
D(—cl Fi A D(coX, A) a.s.
(nc Z:: ni(w), A) = D(c0X, A) a.s. as n — o0

except on a null set simultaneously valid for all such A.

By the definition of the gap functional, we get

D(eX,A) = inf inf ||z —y| = 1nf d(y,coX)

r€coX yeA

Therefore, D(coX, A) < d(y,coX) for all y € A. (17)
Moreover, for any ¢’ > 0, we can find y € A such that

|D(@X, A) — d(y,c6X)| < €. (18)
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Furthermore, by (17), we get

D(%cli@Fni(w),A> < D(%diFm(w),A) < d<y, %diFm(w)) (19)

For any w € Q\ N, by virtue of our intermediate results for the gap and Wijsman
topologies, we obtain

1 N~ _
D(ECIZCOFM(W), A) — D(coX,A) asn — oo, (20)
and lim d< —clz:Fm ) = d(y,coX) for all y € A. (21)

Combining (18), (19), (20) and (21), we conclude that

lim sup ‘D( CIZ Fi(w A) — D(coX,A)| <¢

n—oo

This with the arbitrariness of ¢’ > 0 yields the desired result irrespective of the
nonempty closed bounded convex set A. [

In the proof of Theorem 4.1, we need the CUI condition of the triangular array
{Fui :n >1,1 <i < n}. The following example shows that the CUI condition
is not deducible from the other conditions. Namely, we can choose a triangular
array {F,; :n > 1,1 <i < n} of random sets such that the CUI condition is not
satisfied although all other conditions are satisfied.

Example 4.2. Consider the Banach space X = R. We can choose ¢ (t) = |t[>**,
where ¢ is a certain real number satisfying 0 < ¢ < 1. Then (t) satisfies the
condition (1) for » =5 and (2).

We define the random sets F,;(w) = [-nY/",n"/ " forallw e Q,n>1,1<i<n.
Clearly, Ap,, = {0,Q}. Therefore, we infer that {F,; : n > 1,1 < i < n} is a
triangular array of rowwise independent random sets and for alln > 1,1 <i <n,
EF,; = [-n"",nY7]. Hence, EF,; is not bounded for all n > 1, 1 < i < n. This
implies that {F,;:n > 1,1 <i < n} is not a triangular array of CUI random sets.

Moreover, | Fil|(w) = sup{|| f||, f € Fos(w)} = n*'",
Fni Fni 1
=2 ) = iy = L
Then
; =1 W B ; ; n5+€ ; ; n4+2+66 - ; n3+2+65 1

2%
) - Z (Z n12/7> - Z iokr < O
=1

n=1 1= n=
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Thus, the triangular array {F,; : n > 1,1 < i < n} is rowwise independent and
satisfies the conditions (1), (2), and (8), but the CUI condition does not hold for
it. O

Theorem 4.3. Let {F,; : n > 1,1 < i < n} be a triangular array of rowwise
independent and CUI random sets in a separable Banach space.

If {||Fril| - n > 1,1 < i < n} are uniformly bounded by a random variable & with
FE&* < 0o and there exists X € k(X) satisfying (9) and (10), then

—cl Z Fhi(w) — coX

almost surely, in the gap topology, as n — oo.

Proof. For any x € c6X and ¢ > 0, there exists z1,...,x, € X satisfying (11).
By the same argument as in the proof of Theorem 4.1, there exists a triangular
array {fni:n >1,1<i<n} of f,; € Sy (Ap,,) satisfying (12).

Putting y,;, = Efy; foralln > 1,1 <i<n.Ifn=(I—1)m+p, where 1 <p <m,
then

1< 1 &
Z [PA—— HZ@
J =p+

fnz ynz)

I m l
+EZ%Z‘%(Z Dm+j5 —

7j=1 =1

= [5+[6+I7+[8-
For Ig, I7, Ig, by the same argument as for I, I3, I4 of Theorem 4.1, we obtain
Ie >0, I -0 and I3 — 0 as n — oc.

For I, since {F,; : n > 1,1 < i < n} is a triangular array of rowwise independent
and CUI random sets, by Lemma 3.1 we have that {f,; : n > 1,1 < i < n} is
a triangular array of rowwise independent and CUI random elements. Therefore,
{fni = Efni :n>1,1<i<n} is also a triangular array of rowwise independent
random elements with mean 0 and furthermore, for all t > 0,

P(|| fni = Efuill > t) < P(|| fuill + || E fuill > t)
< P(||Ful +C > t) < P(I€] + C > t) with E€2 < 00 (by (13)).

Therefore, by applying [13, Theorem 3], we have

15—H— > (fule) = Efra)

1=

’—)Oa.s. as n — oo.
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From the above arguments, we obtain

[P IABEED W
i—1 j=1

n—oo

1 n
This implies that co0X C s-liminf (—CIZFm(w)) a.s. Similarly as in the
n 4

proof of Theorem 4.1, we get

coX +r.B C s- hminf( chFm +rB)

n—o0

where B is the closed unit ball with respect to the fixed arbitrary equivalent norm
of X and r > 0. By (9), (10) and [11, Lemma 3.1], we obtain

E(s(z*, Fp)) = s(z”,clEF,;) = s(z*, X) = s(2",c0X) < 0o as n — oo.

Thus, —ZE s(z*, Fpi)) — s(x*,c0X) as n — oc.

On the other hand, since {F,; : n > 1,1 < i < n} is a triangular array of rowwise
independent random sets, {s(z*, F;;) : n > 1,1 < i < n} is a triangular array of
rowwise independent random variables. Therefore,

{s(z*, Fy) — E(s(z*, F;)) :n>1,1<i <n}

is also a triangular array of rowwise independent random variables with mean 0
and for any real number ¢ > 0, we get

P()s(g;*,Fm) . E(s(gx*,Fm))‘ > t) < P(\s(x*, F)| + |E(s(a®, )| > t)
< P<||Fm-|| + B||Fl| > t) < p(|§| +C > t) (by (13)).

Therefore, by applying the SLLN for the triangular array of rowwise independent,
CUI random variables (see [13, Theorem 2]), we get

z Z ( s(z*, Fri(w)) — E(s(a”, Fm))> — 0 a.s. asn — 00,

and so

1 < 1
SR, ) i  Fri(w)) — s(2*,@X) as. asn — oo,
s(a: ~C ; (w) nlz:;sx s(z*,c0X) a.s. asn — oo

3

Thus, there is a null subset N, of Q so that, for every w € Q\ Ny,

< —chFm >— i (x*, Fri(w)) — s(z*,c0X) asn — oo.

=1

For the rest of the proof we proceed as in the proof of Theorem 4.1. O
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The theorem below will establish the SLLN for a triangular array of rowwise
independent random sets in a separable Banach space of type p (1 < p < 2)
with respect to the gap topology, based on Teran’s method [17] and the results of
Quang and Giap in [15].

Theorem 4.4. Let {F,; : n > 1,1 < i < n} be a triangular array of rowwise
independent, bounded expectation random sets in a separable Banach space of
type p (1 < p < 2). Let {a,} be a sequence of positive real numbers such that
Api1 > ap and lim, o a, = +oo. Let (t) be a positive, even, convex, continuous
P(It) P(It])

i ;T
monotone decreasing function of |t| for some nonnegative integer r, and there
exists a positive constant Cy so that ¥ (t) satisfies (2). If the following conditions
are satisfied

function such that

is a monotone increasing function of |t|

1S a

x & \an = (I Fapr)
>SN < S (Se) <

for some positive integer k, and there exists X € k(X) satisfying (9) and (10), then
—cl Z F,i(w) = X

almost surely, in the gap topology, as n — oo.

Proof. By applying [15, Theorem 3.4], we get

n—oo

1 n
X C s-liminf (—cl Y Fu(w)) as.
coX C s-liminf { ~c 2 (w)) as
Similarly as in the proof of Theorem 4.1, we obtain

coX +r.B C s- liminf( chFm + 7. B) a.s.,

n—00

where B is the closed unit ball with respect to the fixed arbitrary equivalent norm
of X and r > 0. By (9), (10) and [11, Lemma 3.1], we get

E(s(z*, Fu)) = s(z*, clEF,;) = s(z*, X) = s(2",¢0X) < 0o as n — oc.
1 n
Therefi — ) — ¥, c0X — 00.
erefore, - 2; s(z* s(z*,c0X) asn — oo
Moreover, since {F,; : n > 1,1 <1i < n} is a triangular array of rowwise indepen-

dent random sets, {s(z*, F,;;) — E(s(z*, F;)) : n > 1,1 < i < n} is a triangular
array of rowwise independent random variables with mean 0 and
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n E<¢(‘S(I*,Fni) — E(s(a", Fui)) D)

e
<33 EMSW?FM)%E(SW’ L) S
e iz E(@b(}s(as*,Fm)\);j)(\E(s(:v*,Fm->)|)) e )
<y 3 Pl ,anzﬂ(%*, L) S
a3y E@(\S(l’*:Fm>\)¢+(§(w(!s<x*,Fm>|))) comesity of (1)

npkP

n E(|s(z*, Fu)| + |E(s(z*, Fy)) P\ pk
<Z ( [+ )>

n 27 E(|s(z*, Fu)|") + E|E(s(z*, Fi))|") \ "
(Z ( ( ‘311’ = ) )> (¢,-inequality)

=1
p.k
p
< 00,

Hence, by applying the results of Bozorgnia et al. (see [5, Theorem 2.2] for r > 2,
[5, Theorem 2.3] for » = 1 and [5, Theorem 2.4] for r = 0), we get

=1

(Zn: 2PE<‘s(z;, Fm‘)p>>p.k . 2p2k§: (iE

—1

3

8

Fni
n

IN

n

for some positive integer k.

%i (s(:p*, Fpi(w)) — E(s(z", Fm))> — 0 a.s. as n — oo.

For the rest of proof, we proceed as in proof of Theorem 4.1. O
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