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1. Introduction

In recent decades, the theory of random sets has been extensively studied and gave
rise to applications in several fields, such as optimization and control, stochastic
and integral geometry, mathematical economics, statistics and related fields. In
1975, Artstein and Vitale [2] proved the strong law of large numbers (SLLN) for
sequences of independent and identically distributed random compact sets in Rd,
with convergence in the Hausdorff metric. It was extended to random closed sets
in Rd by Artstein and Hart [1]. It is somewhat harder to deal with both non-
compact values and an infinite dimensional carrier space at the same time. The
Hausdorff metric is too strong to hold the law of large numbers and so need to be
replaced by an appropriate weaker topology among a plethora of candidates from
the literature of hyperspace topology.
∗Corresponding author.
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Hiai [11] extended the SLLN of Artstein and Hart [1] to separable Banach space
by using the Mosco topology. Also, Hess [9] independently proved similar results
for random sets in an infinite dimensional Banach space. Moreover, Hess [10]
obtained a convergence result on the Wijsman topology of SLLN for sequence of
pairwise independent identically distributed random sets in a separable Banach
space. In particular, Hess showed that the SLLN for the slice topology follows from
the SLLN for the Wijsman topology, provided the space has a strongly separable
dual ([10, Proposition 3.9]). The SLLN for a double array of independent (or
pairwise independent) random sets was introduced by Castaing et al. [6, 7] with
Mosco convergence, Wijsman convergence and slice convergence. In [15], some
SLLNs for arrays of rowwise independent random sets with Mosco convergence
were provided.
The slice topology on the hyperspace is the weak (or initial) topology determined
by the family of gap functionals {D(C, .) : C is a nonempty slice of a ball}. How-
ever, in the practical applications of probability theory, we need to consider sets
C that are bounded and convex. In this context, the best candidate seems to be
the gap topology given by the weak (or initial) topology corresponding to the gap
functionals {D(C, .) : C is a nonempty bounded convex set}.
Using the gap topology, Terán [17] established the SLLN for sequences of pairwise
independent and identically distributed random sets. This result improves upon
and unifies the laws of large numbers with convergence in the Wijsman, Mosco
and slice topologies, without requiring extra assumptions on either the properties
of the space or the kind of sets that can be taken on by the random set as values.
Quang et al. [16] stated some SLLNs for double arrays of independent (or pairwise
independent) random sets under various setting. To this direction, in this paper,
we establish several SLLNs for triangular arrays of rowwise independent random
sets with the gap topology and with or without compactly uniformly integrable
condition. Let us note that, even in the case of single-valued random variables,
the SLLNs for sequences and for double arrays cannot imply SLLNs for triangular
arrays.
This paper is organized as follows. In Section 2, we introduce some basic notions:
hyperspace of a Banach space, random set, Painlevé-Kuratowski convergence,
Wijsman convergence, slice convergence, convergence in the gap topology. In
Section 3, we establish some lemmas which will be used to prove the main results.
The strong laws of large numbers for triangular arrays of rowwise independent
random sets with the gap topology under various settings are given in Section 4.

2. Preliminaries
Throughout this paper, let (Ω,A, P ) be a complete probability space, (X, ∥.∥) be a
separable Banach space. Let X∗ be the dual space of X and S∗ be its unit sphere.
R (resp. Q) (resp. N) will denote the set of all real numbers (resp. rational
numbers) (resp. positive integers).
Let c(X) (resp. k(X)) be the family of all nonempty closed (resp. compact) subsets
of X. For any A,B ∈ c(X), clA, coA, coA denote the norm-closure, the convex
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hull and the closed convex hull of A respectively; the distance function d(., A) of
A, the support function s(., A) of A, the norm ∥A∥ of A and the gap D(A,B)
between two sets A and B are defined by
d(x,A) = inf{∥x− y∥ : y∈A}, x∈X, s(x∗, A) = sup{⟨x∗, y⟩ : y∈A}, x∗∈X∗,

∥A∥ = sup{∥x∥ : x ∈ A}, D(A,B) = inf{∥x− y∥ : x ∈ A, y ∈ B},

and also, for any r > 0, we put Ar = {x ∈ X : d(x,A) ≤ r}.
Let U− := {C ∈ c(X) : C ∩ U ̸= ∅}, where U ⊂ X. Let Bc(X) be the σ-field
on c(X) generated by the sets U−, taken for all open subsets U of X. We call
Bc(X) the Effrös σ-field. A mapping F : Ω → c(X) is said to be a random set
if it is (A,Bc(X))- measurable, namely, for every open subset U of X, we have
F−1(U−) ∈ A.
Given a random set F , we define a sub-σ-field of A by AF = {F−1(U) :U ∈Bc(X)}.
For each F -measurable random set F , the family of all F -measurable random
elements f with f(ω) ∈ F (ω) a.s., is denoted by S0

F (F), where F is a sub-σ-field
of A. Shortly, S0

F (A) is denoted by S0
F .

For 1 ≤ p < ∞, Lp(Ω,A, P,X) = Lp(X) denotes the space of A-measurable
functions f : Ω → X such that the norm ∥f∥p = (E∥f∥p)

1
p is finite.

Set SpF (F) = {f ∈ Lp(Ω,F , P,X) : f(ω) ∈ F (ω), a.s.}. If F = A, then SpF (F) is
denoted for short by SpF .
For any sub-σ-field F of A and any F -measurable random set F , the expectation
of F over Ω, with respect to F , is defined by E(F,F) = {Ef : f ∈ S1

F (F)}, where
Ef =

∫
Ω
fdP is the usual Bochner integral of f . We denote E(F,A) for short by

EF . We note that EF is not always closed.
Let {rj, j ≥ 1} be a symmetric Bernoulli sequence; that is, {rj, j ≥ 1} is a sequence
of independent identically distributed random variables with P (r1 = 1) = P (r1 =
−1) = 1/2. The Banach space X is said to be of type p (1 ≤ p ≤ 2) if there exists
a positive constant C such that(

E
∥∥∥ i∑
j=1

rjvj

∥∥∥p)1/p

≤ C

(
i∑

j=1

∥vj∥p
)1/p

for every i ≥ 1 and vj ∈ X (1 ≤ j ≤ i).
Hoffmann-Jørgensen and Pisier [12, Theorem 2.1] proved that a real separable
Banach space is of type p (1 ≤ p ≤ 2) if and only if there exists a positive constant

C such that E
∥∥ n∑
j=1

fj
∥∥p ≤ C

n∑
j=1

E∥fj∥p for every finite collection {f1, f2, . . . , fn}

of independent mean 0 random elements. If a real separable Banach space is of
type p for some 1 < p ≤ 2, then it is of type q for all 1 ≤ q < p. Every real
separable Hilbert space and real separable finite-dimensional Banach space is of
type 2. In particular, the real line R is of type 2.
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Let us denote by s the strong topology of X. Let {An : n ≥ 1} be a sequence in
c(X). We put

s- lim inf
n→∞

An = {x ∈ X : x = s- lim
n→∞

xn, xn ∈ An, ∀n ≥ 1},

s- lim sup
n→∞

An = {x ∈ X : x = s- lim
k→∞

xk, xk ∈ Ank
, k ≥ 1},

where {Ank
: k ≥ 1} is a subsequence of {An : n ≥ 1}.

A sequence {An : n ≥ 1} converges to A, in the sense of Painlevé-Kuratowski,
relative to the topology s, as n→ ∞, if s- lim infn→∞An = s- lim supn→∞An = A.
Clearly, this is true if and only if the following inclusions hold:

s- lim sup
n→∞

An ⊂ A ⊂ s- lim inf
n→∞

An.

The Wijsman convergence on c(X) is the pointwise convergence of distance func-
tions. This means that a sequence {An : n ≥ 1} ⊂ c(X) converges to A as
n → ∞ with respect to Wijsman convergence, if for every x ∈ X, one has
d(x,A) = limn→∞ d(x,An).
A sequence {An : n ≥ 1} ⊂ c(X) converges in the slice topology to A as n→ ∞ if
D(An, C) → D(A,C) as n → ∞ for all sets C being a nonempty slice of a ball,
and it converges in the gap topology to A as n → ∞ if D(An, C) → D(A,C) as
n→ ∞ for all nonempty bounded closed convex subsets C of X.
A triangular array of random elements {fni : n ≥ 1, 1 ≤ i ≤ n} is said to be
compactly uniformly integrable (CUI for short) if for every ε > 0, there exists a
compact subset K of X such that

sup
n,i

E
(
∥fni∥1(fni(.)/∈K)

)
< ε.

For a subset A of Ω the complement of A in Ω is denoted by Ac.
A triangular array of random sets {Fni : n ≥ 1, 1 ≤ i ≤ n} is said to be compactly
uniformly integrable (CUI for short) if for every ε > 0, there exists a compact
subset K of X such that

sup
n,i

E
(
∥Fni∥1(Fni(.)⊂K)c

)
< ε.

The random elements {fni} are uniformly bounded by a random variable ξ if for
all n ≥ 1, 1 ≤ i ≤ n and for every real number t > 0,

P (∥fni∥ > t) ≤ P (|ξ| > t).

3. Lemmas

In this section, we give some lemmas which will be used later.
Lemma 3.1. Assume that {Fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of CUI
random sets. Then {fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of CUI random
elements, where fni ∈ S0

Fni
for all n ≥ 1, 1 ≤ i ≤ n.
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Proof. Since {Fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of CUI random sets,
for every ε > 0, there exists a compact subset K of X such that

sup
n,i

E
(
∥Fni∥1(Fni(.)⊂K)c

)
< ε.

Since fni ∈ S0
Fni

(n ≥ 1, 1 ≤ i ≤ n),

(fni(.) /∈ K) ⊂ (Fni(.) ⊂ K)c for all n ≥ 1, 1 ≤ i ≤ n.

This implies

∥fni∥1(fni(.)/∈K) ≤ ∥Fni∥1(Fni(.)⊂K)c for all n ≥ 1, 1 ≤ i ≤ n,

and so

E
(
∥fni∥1(fni(.)/∈K)

)
≤ E

(
∥Fni∥1(Fni(.)⊂K)c

)
for all n ≥ 1, 1 ≤ i ≤ n.

Thus, sup
n,i

E
(
∥fni∥1(fni(.)/∈K)

)
≤ sup

n,i
E
(
∥Fni∥1(Fni(.)⊂K)c

)
< ε.

The following lemma establishes the Chung’s SLLN for triangular arrays of row-
wise independent random variables in separable Banach spaces and it will be used
to prove the main results.
Lemma 3.2. Let {fni : n ≥ 1, 1 ≤ i ≤ n} be a triangular array of rowwise
independent and CUI random elements in a separable Banach space. Let ψ(t) be
a positive, even, convex, continuous function such that

ψ(|t|)
|t|r

↑ and ψ(|t|)
|t|r+1

↓ as |t| ↑ ∞, (1)

for some nonnegative integer r and there exists a positive constant C1 with

ψ(a+ b) ≤ C1(ψ(a) + ψ(b)) for all real numbers a, b. (2)

Then the following conditions

∞∑
n=1

n∑
i=1

E(ψ(∥fni∥))
ψ(n)

<∞; (3)

∞∑
n=1

( n∑
i=1

E
∥∥∥fni
n

∥∥∥2)2k <∞, (4)

for some positive integer k, imply that

∥∥∥ 1
n

n∑
i=1

(fni − Efni)
∥∥∥→ 0 a.s. as n→ ∞.
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Proof. First, we prove this lemma for the case r ≥ 2.
Since {fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of CUI random elements, for
all ε > 0, there exists a compact subset K of X such that

sup
n,i

E{∥fni∥1(fni(.)/∈K)} < ε. (5)

Let gni = fni1(fni(.)∈K) and hni = fni1(fni(.)/∈K).
By the compactness of K, there exists x1, x2, . . . , xm ∈ K such that

K ⊂
m⋃
j=1

B(xj, ε), where B(xj, ε) = {x ∈ X : ∥x− xj∥ ≤ ε}.

For n ≥ 1, 1 ≤ i ≤ n, we define Wni = Uni1(fni(.)∈K), where

Uni = x1.1(fni(.)∈B(x1,ε)) +
m∑
j=2

xj.1[(fni(.)∈B(xj ,ε))∩[∪j−1
t=1 (fni(.)∈B(xt,ε))]c]

.

It is easy to check that Wni =
m∑
j=1

xj.1(Wni=xj), EWni =
m∑
j=1

xj.P (Wni = xj) for

all n ≥ 1, 1 ≤ i ≤ n and we have∥∥∥ 1
n

n∑
i=1

(fni − Efni)
∥∥∥ ≤ 1

n

n∑
i=1

∥fni − gni∥+
1

n

n∑
i=1

∥gni −Wni∥

+
1

n

n∑
i=1

∥Wni − EWni∥+
1

n

n∑
i=1

∥EWni − Egni∥+
1

n

n∑
i=1

∥Egni − Efni∥

:= J1 + J2 + J3 + J4 + J5.

By (5), we obtain 1

n

n∑
i=1

E∥hni∥ =
1

n

n∑
i=1

E{∥fni∥1(fni(.)/∈K)} < ε, and so

1

n

n∑
i=1

E∥hni∥ → 0 as n→ ∞. (6)

Since {fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of rowwise independent
random elements, {∥hni∥−E∥hni∥ : n ≥ 1, 1 ≤ i ≤ n} is also a triangular array of
rowwise independent random variables with mean 0. Moreover, using increasing
of the function ψ(|t|), we have

∞∑
n=1

n∑
i=1

E
(
ψ(|∥hni∥ − E∥hni∥|)

)
ψ(n)

≤
∞∑
n=1

n∑
i=1

E
(
ψ(∥hni∥+ E∥hni∥)

)
ψ(n)

≤ C1

∞∑
n=1

n∑
i=1

E
(
ψ(∥hni∥) + ψ(E∥hni∥)

)
ψ(n)

(by (2))
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≤ 2C1

∞∑
n=1

n∑
i=1

E
(
ψ(∥hni∥)
ψ(n)

(by Jensen’s inequality)

≤ 2C1

∞∑
n=1

n∑
i=1

E
(
ψ(∥fni∥)
ψ(n)

<∞ (by (3)).

On the other hand, by the cr-inequality and (4),
∞∑
n=1

(
n∑
i=1

E
∣∣∣∥hni∥ − E∥hni∥

n

∣∣∣2)2k

≤
∞∑
n=1

(
n∑
i=1

E
(∥hni∥+ E∥hni∥

n

)2)2k

≤ 42k
∞∑
n=1

(
n∑
i=1

E
(∥hni∥

n

)2)2k

≤ 42k
∞∑
n=1

(
n∑
i=1

E
∥∥∥fni
n

∥∥∥2)2k

<∞.

Hence, applying the SLLN for the triangular array of rowwise independent ran-
dom variables {∥hni∥−E∥hni∥ :n ≥ 1, 1 ≤ i ≤ n} (see [14, Theorem 2.1]), we get

1

n

n∑
i=1

(
∥hni∥ − E∥hni∥

)
→ 0 a.s. as n→ ∞.

Combining this with (6), we obtain

J1 =
1

n

n∑
i=1

∥hni∥ → 0 a.s. as n→ ∞.

For J2, ∥gni −Wni∥ = ∥fni − Uni∥1(fni(.)∈K) < ε. Therefore, J2 < ε.
For J4, ∥EWni − Egni∥ ≤ E∥Wni − gni∥ < ε. Then, J4 < ε.

By (5), J5 ≤ 1
n

n∑
i=1

E∥hni∥ < ε.

For J3,
1

n

n∑
i=1

∥Wni − EWni∥ ≤
m∑
j=1

∥xj∥
∣∣∣ 1
n

n∑
i=1

(
1(Wni=xj) − P (Wni = xj)

)∣∣∣.
Since {fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of rowwise independent random
elements, for each j = 1, 2, . . . ,m, {1(Wni=xj) − P (Wni = xj) : n ≥ 1, 1 ≤ i ≤ n}
is a triangular array of rowwise independent random variables with mean 0 and
for every t > 0,

P (|1(Wni=xj) − P (Wni = xj)| > t) ≤ P (1(Wni=xj) + P (Wni = xj) > t)

≤ P (|f | > t), where f(ω) = 2 for all ω ∈ Ω.

By applying the SLLN for the triangular array {1(Wni=xj) − P (Wni = xj) : n ≥ 1,
1 ≤ i ≤ n} of rowwise independent random variables (see [13, Theorem 2]), we
get for each j = 1, 2, . . . ,m,

1

n

n∑
i=1

(
1(Wni=xj) − P (Wni = xj)

)
→ 0 completely as n→ ∞,

Therefore, J3 → 0 completely as n→ ∞.
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From the above arguments, we obtain∥∥∥ 1
n

n∑
i=1

(fni − Efni)
∥∥∥→ 0 a.s. as n→ ∞. (7)

For the case r = 1, by applying the SLLN for the triangular array of rowwise
independent random variables {∥hni∥ − E∥hni∥ : n ≥ 1, 1 ≤ i ≤ n} (see [14,
Theorem 2.2]) and by the same proof as above, we obtain (7).
Next, for the case r = 0, by applying the SLLN for the triangular array of rowwise
independent random variables {∥hni∥ − E∥hni∥ : n ≥ 1, 1 ≤ i ≤ n} (see [14,
Theorem 2.3]) and by the same proof as above, we also obtain (7).
Remark 3.3. There are many functions satisfying the conditions (1) and (2).
For example, the exponentiation functions ψ(t) = a.|t|r+ε and the functions
ψ(t) = a.|t|r. logb(|t| + c), for some nonnegative integer r and the real numbers
a, b, c, ε satisfy a > 0, b > 1, c ≥ e, 0 < ε < 1 (where e is the base of the natural
logarithm).

Remark 3.4. Similar as in [14], if the condition (1) is satisfied for r = 0, r = 1,
then the conclusion of Lemma 3.2 is true without the condition (4).

Beer-Tamaki’s lemma for the multidimensional case with the convergence as
nmin → ∞ was provided in [8, Lemma 4.5]. In the following we get a similar
result for the triangular array case.
Lemma 3.5. Let A ∈ c(X) and {Ani : n ≥ 1, 1 ≤ i ≤ n} be a triangular array in
c(X). If (Ani)r → Ar as n → ∞ in the sense of Painlevé-Kuratowski, relative to
the topology s, for every r > 0, then Ani → A as n→ ∞ in the Wijsman topology.

4. Main results

The first two theorems will establish SLLNs for triangular arrays of rowwise in-
dependent and CUI random sets with respect to the gap topology.

Theorem 4.1. Let {Fni : n ≥ 1, 1 ≤ i ≤ n} be a triangular array of rowwise
independent and CUI random sets in a separable Banach space. Let ψ(t) be a
positive, even, convex, continuous function and ψ(t) satisfies (1) and (2) for some
nonnegative integer r. If the following conditions are satisfied

∞∑
n=1

n∑
i=1

E
(
ψ(∥Fni∥)

)
ψ(n)

<∞, and
∞∑
n=1

(
n∑
i=1

E
∥∥∥Fni
n

∥∥∥2)2k

<∞, (8)

for some positive integer k and there exists X ∈ k(X) such that

X ⊂ s- lim inf
n→∞

(clE(Fni|AFni
)); (9)

lim sup
n→∞

s(x∗, clEFni) ≤ s(x∗, X) for all x∗ ∈ X∗, (10)

then 1

n
cl

n∑
i=1

Fni(ω) → coX almost surely, in the gap topology, as n→ ∞.
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Proof. For any x ∈ coX and ε > 0, there exists x1, . . . , xm ∈ X such that

∥∥∥ 1

m

m∑
j=1

xj − x
∥∥∥ < ε. (11)

By condition (9), for each xj ∈ X, j = 1, . . . ,m, there exists zjni ∈ clE(Fni|AFni
)

such that ∥zjni − xj∥ → 0 as n → ∞. Therefore, there exists yjni ∈ E(Fni|AFni
)

such that ∥yjni − zjni∥ → 0 as n→ ∞.
Hence, there exists a triangular array {fni : n ≥ 1, 1 ≤ i ≤ n} of fni ∈ S1

Fni
(AFni

)
such that ∥∥Efn,(i−1)m+j − xj

∥∥→ 0, for each j = 1, 2, . . . ,m. (12)
Put yni = Efni for all n ≥ 1, 1 ≤ i ≤ n. If n = (l − 1)m + p, where 1 ≤ p ≤ m,
then∥∥∥ 1

n

n∑
i=1

fni(ω)−
1

m

m∑
j=1

xj

∥∥∥ ≤
∥∥∥ 1
n

n∑
i=1

(
fni(ω)− yni

)∥∥∥+ ∥∥∥ 1
n

n∑
i=1

yni −
1

m

m∑
j=1

xj

∥∥∥
≤
∥∥∥ 1
n

n∑
i=1

(
fni(ω)− yni

)∥∥∥+ l

n

m∑
j=1

1

l

l∑
i=1

∥∥∥(yn,(i−1)m+j − xj
)∥∥∥

+
1

n

m∑
j=p+1

∥yn,(l−1)m+j∥+
( l
n
− 1

m

)∥∥∥ m∑
j=1

xj

∥∥∥ := I1 + I2 + I3 + I4.

For I1, since {Fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of rowwise independent
and CUI random sets, by Lemma 3.1 we get that {fni : n ≥ 1, 1 ≤ i ≤ n} is a
triangular array of rowwise independent and CUI random elements.
Moreover, by (8) ψ(|t|) is an increasing function of |t|, and we obtain

∞∑
n=1

n∑
i=1

E
(
ψ(∥fni∥)

)
ψ(n)

≤
∞∑
n=1

n∑
i=1

E
(
ψ(∥Fni∥)

)
ψ(n)

<∞,

∞∑
n=1

(
n∑
i=1

E
∥∥∥fni
n

∥∥∥2)2k

≤
∞∑
n=1

(
n∑
i=1

E
∥∥∥Fni
n

∥∥∥2)2k

<∞,

for some positive integer k. By applying Lemma 3.2, we obtain

I1 =
∥∥∥ 1
n

n∑
i=1

(
fni − Efni

)∥∥∥→ 0 a.s. as n→ ∞.

For I2 and I3, by the CUI condition of the triangular array {Fni :n ≥ 1, 1 ≤ i ≤ n},
for each j = 1, 2, . . . ,m, fix ε0 > 0, there exists a compact subset K of X with

sup
n,i

E
(
∥Fni∥1(Fni(.)⊂K)c

)
< ε0.
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This implies

∥EFni∥ ≤ E∥Fni∥ = E
(
∥Fni∥1(Fni(.)⊂K)

)
+ E

(
∥Fni∥1(Fni(.)⊂K)c

)
≤ ∥K∥+ ε0 := C for all n ≥ 1, 1 ≤ i ≤ n. (13)

Therefore, for all l ≥ 1, 1 ≤ i ≤ l,∥∥y(l−1)m+p,(i−1)m+j − xj
∥∥ =

∥∥Efn,(i−1)m+j − xj
∥∥

≤
∥∥Efn,(i−1)m+j

∥∥+ ∥xj∥ ≤
∥∥EFn,(i−1)m+j

∥∥+ ∥xj∥ ≤ C + ∥xj∥ (14)

Combining (12) and (14), we have that {∥y(l−1)m+p,(i−1)m+j−xj∥ : l ≥ 1, 1 ≤ i ≤ l}
satisfies all the assumptions of [15, Lemma 3.3]. Therefore, by applying this lemma
for the triangular array {∥y(l−1)m+p,(i−1)m+j − xj∥ : l ≥ 1, 1 ≤ i ≤ l} we get

1

l

l∑
i=1

∥∥yn,(i−1)m+j − xj
∥∥→ 0 as l → ∞.

Hence, I2 → 0 as n→ ∞ and, as n→ ∞,

I3 =
1

n

m∑
j=p+1

∥∥∥ l∑
i=1

yn,(i−1)m+j −
l−1∑
i=1

yn,(i−1)m+j

∥∥∥
=

l

n

m∑
j=p+1

∥∥∥1
l

l∑
i=1

(
yn,(i−1)m+j − xj

)
− l − 1

l
.

1

l − 1

l−1∑
i=1

(
yn,(i−1)m+j − xj

)
+
(
1− l − 1

l

)
xj

∥∥∥
≤

m∑
j=1

(
1

l

l∑
i=1

∥∥∥yn,(i−1)m+j − xj

∥∥∥
+
l − 1

l
.

1

l − 1

l−1∑
i=1

∥∥∥yn,(i−1)m+j − xj

∥∥∥+ 1

l

∥∥∥xj∥∥∥)→ 0.

Moreover, since
(
l
n
− 1

m

)
→ 0 as n→ ∞, I4 → 0 as n→ ∞. Therefore,

∥∥∥ 1
n

n∑
i=1

fni(ω)−
1

m

m∑
j=1

xj

∥∥∥→ 0 a.s. as n→ ∞.

This implies that 1
m

m∑
j=1

xj ∈ s- lim inf
n→∞

(
1
n
cl

n∑
i=1

Fni(ω)
)

a.s. Combining this with

(11), we get

coX ⊂ s- lim inf
n→∞

( 1
n

cl
n∑
i=1

Fni(ω)
)

a.s.
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Therefore, there is a null subset N1 of Ω so that, for every ω ∈ Ω \ N1 and
x ∈ coX, we can choose xn ∈ 1

n
cl
∑n

i=1 Fni(ω) such that limn→∞ xn = x. Hence,
for any y ∈ r.B, limn→∞(xn + y) = x + y, where B is the closed unit ball with
respect to the fixed arbitrary equivalent norm of X and r > 0. Thus, we obtain

coX + r.B ⊂ s- lim inf
n→∞

( 1
n

cl
n∑
i=1

Fni(ω) + r.B
)
.

Since X ∈ k(X), by applying [16, Lemma 3.4], we have coX + r.B = co(X + r.B).
Combining this with the separation theorem,

coX + r.B =
⋂

x∗∈S∗

{x : ⟨x∗, x⟩ ≤ s(x∗, coX + r.B)}.

Since X is separable, there exists a countable Mackey dense subset D∗ of S∗ such
that

coX + r.B =
⋂

x∗∈D∗

{x : ⟨x∗, x⟩ ≤ s(x∗, coX + r.B)}.

Next, by (9) and [11, Lemma 3.1], we easily obtain

s(x∗, X) ≤ lim inf
n→∞

s(x∗, clEFni).

Combining this with (10), we obtain

E(s(x∗, Fni)) = s(x∗, clEFni) → s(x∗, X) = s(x∗, coX) <∞ as n→ ∞.

On the other hand,

|E(s(x∗, Fni))− s(x∗, coX)| ≤ |E(s(x∗, Fni))|+ |s(x∗, coX)|

≤ E∥Fni∥+ |s(x∗, coX)| ≤ C + |s(x∗, coX)|

for all n ≥ 1, 1 ≤ i ≤ n. By applying [15, Lemma 3.3] for the triangular array
{E(s(x∗, Fni))− s(x∗, coX) : n ≥ 1, 1 ≤ i ≤ n}, we have

1

n

n∑
i=1

E
(
s(x∗, Fni)

)
→ s(x∗, coX) as n→ ∞. (15)

Furthermore, since {Fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of rowwise
independent random sets, {s(x∗, Fni) : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of
rowwise independent random variables. Therefore, {s(x∗, Fni) − E

(
s(x∗, Fni)

)
:

n ≥ 1, 1 ≤ i ≤ n} is also a triangular array of rowwise independent random
variables with mean 0 and by (1), (2), and (8) we obtain

∞∑
n=1

n∑
i=1

E
(
ψ
(∣∣s(x∗, Fni)− E

(
s(x∗, Fni)

)∣∣))
ψ(n)
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≤
∞∑
n=1

n∑
i=1

E
(
ψ
(∣∣s(x∗, Fni)∣∣+ ∣∣E(s(x∗, Fni))∣∣))

ψ(n)

≤ C1

∞∑
n=1

n∑
i=1

E
(
ψ
(∣∣s(x∗, Fni)∣∣)+ ψ

(∣∣E(s(x∗, Fni))∣∣))
ψ(n)

≤ 2C1

∞∑
n=1

n∑
i=1

E
(
ψ
(∣∣s(x∗, Fni)∣∣))
ψ(n)

≤ 2C1

∞∑
n=1

n∑
i=1

E
(
ψ
(∥∥Fni∥∥))
ψ(n)

<∞,

and, for some positive integer k,
∞∑
n=1

(
n∑
i=1

E

∣∣∣∣∣s(x∗, Fni)− E
(
s(x∗, Fni)

)
n

∣∣∣∣∣
2)2k

≤
∞∑
n=1

(
n∑
i=1

E
(∣∣s(x∗, Fni)∣∣+ ∣∣E(s(x∗, Fni))∣∣)2

n2

)2k

≤
∞∑
n=1

(
n∑
i=1

22E
∣∣s(x∗, Fni)∣∣2
n2

)2k

≤ 42k
∞∑
n=1

(
n∑
i=1

E
∥∥Fni∥∥2
n2

)2k

= 42k
∞∑
n=1

(
n∑
i=1

E
∥∥∥Fni
n

∥∥∥2)2k

<∞.

Hence, the triangular array {s(x∗, Fni)−E
(
s(x∗, Fni)

)
: n ≥ 1, 1 ≤ i ≤ n} satisfies

all the conditions of Lemma 3.2. This implies that

1

n

n∑
i=1

(
s(x∗, Fni(ω))− E

(
s(x∗, Fni)

))
→ 0 a.s. as n→ ∞. (16)

Combining (15) with (16), we obtain

s
(
x∗,

1

n
cl

n∑
i=1

Fni(ω)
)
=

1

n

n∑
i=1

s(x∗, Fni(ω)) → s(x∗, coX) a.s. as n→ ∞.

Therefore, there is a null subset N2 of Ω so that, for every ω ∈ Ω \N2,

s
(
x∗,

1

n
cl

n∑
i=1

Fni(ω)
)
=

1

n

n∑
i=1

s(x∗, Fni(ω)) → s(x∗, coX) as n→ ∞.

Fix any ω ∈ Ω \ N2. If z ∈ s- lim sup
n→∞

(
1
n
cl

n∑
i=1

Fni(ω) + r.B
)

, then there exists

xs ∈ 1
ns

cl
ns∑
i=1

Fnsi(ω) and ys ∈ r.B for s ≥ 1 such that z = lim
s→∞

(xs + ys). And so
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⟨x∗, z⟩ = lim
s→∞

(
⟨x∗, xs⟩+ ⟨x∗, ys⟩

)
≤ lim sup

s→∞
s
(
x∗,

1

ns
cl

ns∑
i=1

Fnsi(ω)
)
+ lim sup

s→∞
s(x∗, r.B)

= s(x∗, coX) + s(x∗, r.B) = s(x∗, coX + r.B) for every x∗ ∈ D∗.

This implies z ∈ coX + r.B. Hence,

s- lim sup
n→∞

( 1
n

cl
n∑
i=1

Fni(ω) + r.B
)
⊂ coX + r.B for all ω ∈ Ω \N2.

Put N = N1 ∪N2. Then N has probability zero and for every ω ∈ Ω \N ,

1

n
cl

n∑
i=1

Fni(ω) + r.B → coX + r.B,

in the Painlevé-Kuratowski sense, relative to the topology s, as n → ∞, for all
r > 0 and for B being the unit ball of any equivalent norm, in which the choice
of N1 and N2 does not depend on B and r.
Therefore, by Lemma 3.5 and by the equality Ar = A+ r.B,

1

n
cl

n∑
i=1

Fni(ω) → coX as n→ ∞,

in all the Wijsman topologies generated by equivalent norms, except on the set
Ω\N . Combining this with [3, Theorem 5.2] and [4, Theorem 3.1], we obtain this
convergence for the gap topology in the convex case.
Thus, in the convex case, we achieve convergence in the slice topology or the gap
topology. It remains to prove that this convergence extends to the non-convex
case. Let A be a non-empty bounded closed convex set. We must prove that

D(
1

n
cl

n∑
i=1

Fni(ω), A) → D(coX,A) a.s. as n→ ∞

except on a null set simultaneously valid for all such A.
By the definition of the gap functional, we get

D(coX,A) = inf
x∈coX

inf
y∈A

∥x− y∥ = inf
y∈A

d(y, coX).

Therefore, D(coX,A) ≤ d(y, coX) for all y ∈ A. (17)

Moreover, for any ε′ > 0, we can find y ∈ A such that

|D(coX,A)− d(y, coX)| ≤ ε′. (18)
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Furthermore, by (17), we get

D
( 1
n

cl
n∑
i=1

coFni(ω), A
)
≤ D

( 1
n

cl
n∑
i=1

Fni(ω), A
)
≤ d
(
y,

1

n
cl

n∑
i=1

Fni(ω)
)
. (19)

For any ω ∈ Ω\N , by virtue of our intermediate results for the gap and Wijsman
topologies, we obtain

D
( 1
n

cl
n∑
i=1

coFni(ω), A
)
→ D(coX,A) as n→ ∞, (20)

and lim
n→∞

d
(
y,

1

n
cl

n∑
i=1

Fni(ω)
)
= d(y, coX) for all y ∈ A. (21)

Combining (18), (19), (20) and (21), we conclude that

lim sup
n→∞

∣∣∣D( 1
n

cl
n∑
i=1

Fni(ω), A
)
−D(coX,A)

∣∣∣ ≤ ε′.

This with the arbitrariness of ε′ > 0 yields the desired result irrespective of the
nonempty closed bounded convex set A.
In the proof of Theorem 4.1, we need the CUI condition of the triangular array
{Fni : n ≥ 1, 1 ≤ i ≤ n}. The following example shows that the CUI condition
is not deducible from the other conditions. Namely, we can choose a triangular
array {Fni : n ≥ 1, 1 ≤ i ≤ n} of random sets such that the CUI condition is not
satisfied although all other conditions are satisfied.
Example 4.2. Consider the Banach space X = R. We can choose ψ(t) = |t|5+ε,
where ε is a certain real number satisfying 0 < ε < 1. Then ψ(t) satisfies the
condition (1) for r = 5 and (2).
We define the random sets Fni(ω) = [−n1/7, n1/7] for all ω ∈ Ω, n ≥ 1, 1 ≤ i ≤ n.
Clearly, AFni

= {∅,Ω}. Therefore, we infer that {Fni : n ≥ 1, 1 ≤ i ≤ n} is a
triangular array of rowwise independent random sets and for all n ≥ 1, 1 ≤ i ≤ n,
EFni = [−n1/7, n1/7]. Hence, EFni is not bounded for all n ≥ 1, 1 ≤ i ≤ n. This
implies that {Fni :n ≥ 1, 1 ≤ i ≤ n} is not a triangular array of CUI random sets.

Moreover, ∥Fni∥(ω) = sup{∥f∥, f ∈ Fni(ω)} = n1/7,∥∥∥Fni
n

∥∥∥(ω) = sup{∥f∥, f ∈ Fni
n

(ω)} =
1

n6/7
.

Then
∞∑
n=1

n∑
i=1

E
(
ψ(∥Fni∥)

)
ψ(n)

=
∞∑
n=1

n∑
i=1

n
5+ε
7

n5+ε
=

∞∑
n=1

n∑
i=1

1

n4+ 2+6ε
7

=
∞∑
n=1

1

n3+ 2+6ε
7

<∞;

∞∑
n=1

(
n∑
i=1

∥∥∥Fni
n

∥∥∥2)2k

=
∞∑
n=1

( n∑
i=1

1

n12/7

)2k
=

∞∑
n=1

1

n10k/7
<∞.
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Thus, the triangular array {Fni : n ≥ 1, 1 ≤ i ≤ n} is rowwise independent and
satisfies the conditions (1), (2), and (8), but the CUI condition does not hold for
it.

Theorem 4.3. Let {Fni : n ≥ 1, 1 ≤ i ≤ n} be a triangular array of rowwise
independent and CUI random sets in a separable Banach space.
If {∥Fni∥ : n ≥ 1, 1 ≤ i ≤ n} are uniformly bounded by a random variable ξ with
Eξ2 <∞ and there exists X ∈ k(X) satisfying (9) and (10), then

1

n
cl

n∑
i=1

Fni(ω) → coX

almost surely, in the gap topology, as n→ ∞.

Proof. For any x ∈ coX and ε > 0, there exists x1, . . . , xm ∈ X satisfying (11).
By the same argument as in the proof of Theorem 4.1, there exists a triangular
array {fni : n ≥ 1, 1 ≤ i ≤ n} of fni ∈ S1

Fni
(AFni

) satisfying (12).
Putting yni = Efni for all n ≥ 1, 1 ≤ i ≤ n. If n = (l−1)m+p, where 1 ≤ p ≤ m,
then∥∥∥ 1
n

n∑
i=1

fni(ω)−
1

m

m∑
j=1

xj

∥∥∥ ≤
∥∥∥ 1
n

n∑
i=1

(
fni(ω)− yni

)∥∥∥
+
l

n

m∑
j=1

1

l

l∑
i=1

∥∥∥yn,(i−1)m+j − xj

∥∥∥+ 1

n

m∑
j=p+1

∥yn,(l−1)m+j∥+ (
l

n
− 1

m
)
∥∥∥ m∑
j=1

xj

∥∥∥
:= I5 + I6 + I7 + I8.

For I6, I7, I8, by the same argument as for I2, I3, I4 of Theorem 4.1, we obtain

I6 → 0, I7 → 0 and I8 → 0 as n→ ∞.

For I5, since {Fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of rowwise independent
and CUI random sets, by Lemma 3.1 we have that {fni : n ≥ 1, 1 ≤ i ≤ n} is
a triangular array of rowwise independent and CUI random elements. Therefore,
{fni − Efni : n ≥ 1, 1 ≤ i ≤ n} is also a triangular array of rowwise independent
random elements with mean 0 and furthermore, for all t > 0,

P (∥fni − Efni∥ > t) ≤ P (∥fni∥+ ∥Efni∥ > t)

≤ P (∥Fni∥+ C > t) ≤ P (|ξ|+ C > t) with Eξ2 <∞ (by (13)).

Therefore, by applying [13, Theorem 3], we have

I5 =
∥∥∥ 1
n

n∑
i=1

(
fni(ω)− Efni

)∥∥∥→ 0 a.s. as n→ ∞.
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From the above arguments, we obtain∥∥∥ 1
n

n∑
i=1

fni(ω)−
1

m

m∑
j=1

xj

∥∥∥→ 0 a.s. as n→ ∞.

This implies that coX ⊂ s- lim inf
n→∞

( 1
n

cl
n∑
i=1

Fni(ω)
)

a.s. Similarly as in the

proof of Theorem 4.1, we get

coX + r.B ⊂ s- lim inf
n→∞

( 1
n

cl
n∑
i=1

Fni(ω) + r.B
)

a.s.,

where B is the closed unit ball with respect to the fixed arbitrary equivalent norm
of X and r > 0. By (9), (10) and [11, Lemma 3.1], we obtain

E(s(x∗, Fni)) = s(x∗, clEFni) → s(x∗, X) = s(x∗, coX) <∞ as n→ ∞.

Thus, 1

n

n∑
i=1

E(s(x∗, Fni)) → s(x∗, coX) as n→ ∞.

On the other hand, since {Fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of rowwise
independent random sets, {s(x∗, Fni) : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of
rowwise independent random variables. Therefore,

{s(x∗, Fni)− E
(
s(x∗, Fni)

)
: n ≥ 1, 1 ≤ i ≤ n}

is also a triangular array of rowwise independent random variables with mean 0
and for any real number t > 0, we get

P
(∣∣∣s(x∗, Fni)− E

(
s(x∗, Fni)

)∣∣∣ > t
)
≤ P

(∣∣s(x∗, Fni)∣∣+ ∣∣E(s(x∗, Fni))∣∣ > t
)

≤ P
(
∥Fni∥+ E∥Fni∥ > t

)
≤ P

(
|ξ|+ C > t

)
(by (13)).

Therefore, by applying the SLLN for the triangular array of rowwise independent,
CUI random variables (see [13, Theorem 2]), we get

1

n

n∑
i=1

(
s(x∗, Fni(ω))− E

(
s(x∗, Fni)

))
→ 0 a.s. as n→ ∞,

and so

s
(
x∗,

1

n
cl

n∑
i=1

Fni(ω)
)
=

1

n

n∑
i=1

s(x∗, Fni(ω)) → s(x∗, coX) a.s. as n→ ∞.

Thus, there is a null subset N2 of Ω so that, for every ω ∈ Ω \N2,

s
(
x∗,

1

n
cl

n∑
i=1

Fni(ω)
)
=

1

n

n∑
i=1

s(x∗, Fni(ω)) → s(x∗, coX) as n→ ∞.

For the rest of the proof we proceed as in the proof of Theorem 4.1.



D. X. Giap et al. / Multivalued Strong Laws ... 1173

The theorem below will establish the SLLN for a triangular array of rowwise
independent random sets in a separable Banach space of type p (1 < p ≤ 2)
with respect to the gap topology, based on Terán’s method [17] and the results of
Quang and Giap in [15].
Theorem 4.4. Let {Fni : n ≥ 1, 1 ≤ i ≤ n} be a triangular array of rowwise
independent, bounded expectation random sets in a separable Banach space of
type p (1 < p ≤ 2). Let {an} be a sequence of positive real numbers such that
an+1 > an and limn→∞ an = +∞. Let ψ(t) be a positive, even, convex, continuous
function such that ψ(|t|)

|t|r is a monotone increasing function of |t|, ψ(|t|)
|t|r+p−1 is a

monotone decreasing function of |t| for some nonnegative integer r, and there
exists a positive constant C1 so that ψ(t) satisfies (2). If the following conditions
are satisfied

∞∑
n=1

n∑
i=1

E
(
ψ(∥Fni∥)

)
ψ(n)

<∞,
∞∑
n=1

(
n∑
i=1

E
∥∥∥Fni
n

∥∥∥p)p.k

<∞,

for some positive integer k, and there exists X∈k(X) satisfying (9) and (10), then

1

n
cl

n∑
i=1

Fni(ω) → coX

almost surely, in the gap topology, as n→ ∞.

Proof. By applying [15, Theorem 3.4], we get

coX ⊂ s- lim inf
n→∞

( 1
n

cl
n∑
i=1

Fni(ω)
)

a.s.

Similarly as in the proof of Theorem 4.1, we obtain

coX + r.B ⊂ s- lim inf
n→∞

( 1
n

cl
n∑
i=1

Fni(ω) + r.B
)

a.s.,

where B is the closed unit ball with respect to the fixed arbitrary equivalent norm
of X and r > 0. By (9), (10) and [11, Lemma 3.1], we get

E(s(x∗, Fni)) = s(x∗, clEFni) → s(x∗, X) = s(x∗, coX) <∞ as n→ ∞.

Therefore, 1

n

n∑
i=1

E(s(x∗, Fni)) → s(x∗, coX) as n→ ∞.

Moreover, since {Fni : n ≥ 1, 1 ≤ i ≤ n} is a triangular array of rowwise indepen-
dent random sets, {s(x∗, Fni) − E

(
s(x∗, Fni)

)
: n ≥ 1, 1 ≤ i ≤ n} is a triangular

array of rowwise independent random variables with mean 0 and
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∞∑
n=1

n∑
i=1

E
(
ψ
(∣∣s(x∗, Fni)− E

(
s(x∗, Fni)

)∣∣))
ψ(n)

≤
∞∑
n=1

n∑
i=1

E
(
ψ
(∣∣s(x∗, Fni)∣∣+ ∣∣E(s(x∗, Fni))∣∣))

ψ(n)
(by ψ(|t|) ↑)

≤ C1

∞∑
n=1

n∑
i=1

E
(
ψ
(∣∣s(x∗, Fni)∣∣)+ ψ

(∣∣E(s(x∗, Fni))∣∣))
ψ(n)

(by (2))

≤ C1

∞∑
n=1

n∑
i=1

E
(
ψ
(∣∣s(x∗, Fni)∣∣)+ ψ

(
E
∣∣s(x∗, Fni)∣∣))

ψ(n)
(by ψ(|t|) ↑)

≤ C1

∞∑
n=1

n∑
i=1

E
(
ψ
(∣∣s(x∗, Fni)∣∣)+ E

(
ψ
(∣∣s(x∗, Fni)∣∣)))

ψ(n)
(convexity of ψ(t))

= 2C1

∞∑
n=1

n∑
i=1

E
(
ψ
(∣∣s(x∗, Fni)∣∣))
ψ(n)

≤ 2C1

∞∑
n=1

n∑
i=1

E
(
ψ
(
∥x∗∥.∥Fni∥

))
ψ(n)

≤ 2C1

∞∑
n=1

n∑
i=1

E
(
ψ
(∥∥Fni∥∥))
ψ(n)

<∞ (by ψ(|t|) ↑),

∞∑
n=1

(
n∑
i=1

E

∣∣∣∣∣s(x∗, Fni)− E
(
s(x∗, Fni)

)
n

∣∣∣∣∣
p)p.k

≤
∞∑
n=1

(
n∑
i=1

E
(∣∣s(x∗, Fni)∣∣+ ∣∣E(s(x∗, Fni))∣∣)p

np

)p.k

≤
∞∑
n=1

(
n∑
i=1

2p−1
(
E
(∣∣s(x∗, Fni)∣∣p)+ E

∣∣E(s(x∗, Fni))∣∣p)
np

)p.k

(cr-inequality)

≤
∞∑
n=1

(
n∑
i=1

2pE
(∣∣s(x∗, Fni)∣∣p)

np

)p.k

≤ 2p
2k

∞∑
n=1

(
n∑
i=1

E
∥∥∥Fni
n

∥∥∥p)p.k

<∞,

for some positive integer k.
Hence, by applying the results of Bozorgnia et al. (see [5, Theorem 2.2] for r ≥ 2,
[5, Theorem 2.3] for r = 1 and [5, Theorem 2.4] for r = 0), we get

1

n

n∑
i=1

(
s(x∗, Fni(ω))− E

(
s(x∗, Fni)

))
→ 0 a.s. as n→ ∞.

For the rest of proof, we proceed as in proof of Theorem 4.1.



D. X. Giap et al. / Multivalued Strong Laws ... 1175

Acknowledgements. The research of the first author was funded by the Ministry
of Education and Training of Vietnam, under grant number B2019-TDV-01. The
research of the second and the fourth author was supported by the Vietnam Na-
tional Foundation for Science and Technology Development (NAFOSTED) under
grant number 101.03-2017.24, and by the Department of Science and Technolo-
gy (HCMC-DOST) and the Institute for Computational Science and Technolo-
gy (ICST) at Ho Chi Minh City, Vietnam, under grant number 14/2017/HD-
KHCNTT.

References
[1] Z. Artstein, S. Hart: Law of large numbers for random sets and allocation processes,

Math. Oper. Res. 6 (1981) 485–492.
[2] Z. Artstein, R. A. Vitale: A strong law of large numbers for random compact sets,

Ann. Probability 3 (1975) 879–882.
[3] G. Beer: Topologies on closed and closed convex sets and the Effros measurability

of set valued functions, Sém. Anal. Convexe 21 (1991) 44 pp.
[4] G. Beer: Wijsman convergence of convex sets under renorming, Nonlinear Analysis

22 (1994) 207–216.
[5] A. Bozorgnia, R. F. Patterson, R. L. Taylor: Chung type strong laws for arrays of

random elements and bootstrapping, Stochastic Anal. Appl. 15 (1997) 651–669.
[6] C. Castaing, N. V. Quang, D. X. Giap: Mosco convergence of strong law of large

numbers for double array of closed valued random variables in Banach space, J.
Nonlinear Convex Analysis 13 (2012) 615–636.

[7] C. Castaing, N. V. Quang, D. X. Giap: Various convergence results in strong law
of large numbers for double array of random sets in Banach spaces, J. Nonlinear
Convex Analysis 13 (2012) 1–30.

[8] D. X. Giap, N. V. Quang: Multidimensional and multivalued ergodic theorems for
measure-preserving transformations, Set-Valued Var. Analysis 24 (2016) 637–658.

[9] C. Hess: Loi forte des grands nombres pour des ensembles aléatoires non bornés à
valeurs dans un espace de Banach séparable (French), C. R. Acad. Sci. Paris Sér.
I Math. 300 (1985) 177–180.

[10] C. Hess: The distribution of unbounded random sets and the multivalued strong
law of large numbers in nonreflexive Banach spaces, J. Convex Analysis 6 (1999)
163–182.

[11] F. Hiai: Convergence of conditional expectations and strong laws of large numbers
for multivalued random variables, Trans. Amer. Math. Soc. 291 (1985) 613–627.

[12] J. Hoffmann-Jørgensen, G. Pisier: The law of large numbers and the central limit
theorem in Banach spaces, Ann. Probability 4 (1976) 587–599.

[13] T. C. Hu, F. Móricz, R. L. Taylor: Strong laws of large numbers for arrays of row-
wise independent random variables, Acta Math. Hungar. 54 (1989) 153–162.

[14] T. C. Hu, R. L. Taylor: On the strong law for arrays and for the bootstrap mean
and variance, Internat. J. Math. Math. Sci. 20 (1997) 375–382.



1176 D. X. Giap et al. / Multivalued Strong Laws ...

[15] N. V. Quang, D. X. Giap: Mosco convergence of SLLN for triangular arrays of
rowwise independent random sets, Statist. Probab. Lett. 83 (2013) 1117–1126.

[16] N. V. Quang, D. X. Giap, B. N. T. Ngoc, T. C. Hu: Some strong laws of large num-
bers for double arrays of random sets with gap topology, J. Convex Analysis 26
(2019) 719–738.

[17] P. Terán: A multivalued strong law of large numbers, J. Theoret. Probab. 29 (2016)
349–358.


