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We introduce two notions of convexity for an infinite regular tree. For these two notions we
show that given a continuous boundary datum there exists a unique convex envelope on the tree
and characterize the equation that this envelope satisfies. We also relate the equation with two
versions of the Laplacian on the tree. Moreover, for a function defined on the tree, the convex
envelope turns out to be the solution to the obstacle problem for this equation.
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1. Introduction

In mathematics, a real-valued function defined on an interval is called convex if
the line segment between any two points on the graph of the function lies above or
on the graph. Equivalently, a function is convex if its epigraph (the set of points
on or above the graph of the function) is a convex set. For a twice differentiable
function of a single variable, if the second derivative is always greater than or
equal to zero in the entire interval then the function is convex.

Convex functions play an important role in many areas of mathematics. They
are especially important in the study of optimization problems where they are
distinguished by a number of convenient properties. For instance, a (strictly)
convex function has no more than one minimum. Even in infinite-dimensional
spaces, under suitable additional hypotheses, convex functions continue to satisfy
such properties and as a result, they are the most well-understood functionals in
the calculus of variations. In probability theory, a convex function applied to the
expected value of a random variable is always less than or equal to the expected
value of the convex function of the random variable.

On the other hand, linear and nonlinear equations (coming mainly from mean
value properties) on trees are models that are close (and related to) to linear
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and nonlinear PDEs in the unit ball of RY, therefore, it seems natural to look
for convex functions on trees. This is our main goal in this paper. For other
analytical issues on discrete structures (including graphs such as trees) we refer
to [1, 3,6, 7, 8,10, 11, 14, 15, 16] and references therein.

Let us begin by making precise the well-known notion of convexity in RY. We fix
a bounded smooth domain 2 C RY. A function u: Q — R is said to be a convex
function if for any two points z,y € € such that the segment [z, y| is contained in

Q, it holds that
u(te + (1 —t)y) < tu(z) + (1 —t)uly),  Vte(0,1). (1)

With this definition one can define the convex envelope of a boundary datum
g: 000 —- R as

uw*(z) ;= sup {u(z): u is convex and verifies u|spg < g} . (2)
Here by ulgq < g, we understand

limsupu(z) < g(z) Vze 05

QSz—z

This convex envelope turns out to be the largest solution to
A (D%*u)(z) =0 z € Q, (3)

(the equation has to be interpreted in the viscosity sense) with u(z) < g(z), x € 9.
Here A\; < Ay < --- < Ay are the ordered eigenvalues of the Hessian matrix, D?u.
Werefer to [4, 9, 12, 13]. Notice that the equation A\;(D?u)(z) = 0 is equivalent to

min {(D*u(z)v,v): v € RY such that ||[v]| =1} =0.

This says that the equation that governs the convex envelope is just the minimum
among all possible directions of the second derivative of the function at x equal to
zero. Here we notice that we have existence of a continuous up to the boundary
convex envelope for every continuous data if and only if the domain is strictly
convex, see [4, 9, 13].

In this paper, our main goal is to develop similar ideas and concepts on a tree.
When one wants to expend the notion of convexity to an ambient space beyond
the Euclidean setting the two key ideas are to introduce what is a “segment”
in our space and once this is done, to understand what is a “midpoint” in the
segment. We introduce two different definitions of segments and midpoints and
study the associated notion of convexity linked to each of them. In particular, for
both definitions we are able to characterize the related equation that governs the
convex envelope of a given boundary datum.

Closely related to our results is [2] where the authors considered convex functions
on finite trees and showed that some relevant functions that are naturally related
to spectral problems on the tree are convex.
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Before starting with our main goal, we need to introduce our ambient space. Given
m € N>, a tree T,, with regular m-branching is an infinite graph that consists
of the empty set () and all finite sequences (aq,as,...,ax;) with k& € N, whose
coordinates a; are chosen from {0,1,...,m — 1}.

A tree with 3-branching.

The elements in T,, are called vertices. Each vertex x has m successors, obtained
by adding another coordinate. We will denote by

S(z) :={(z,1):i€{0,1,...,m—1}}

the set of successors of the vertex x. If x is not the root then z has a only an
immediate predecessor, which we will denote 2. The segment connecting a vertex
x with & is called an edge and denoted by (z, z).

A vertex z € T, has level k € N if z = (a1, aq, ...,ax). The level of z is denoted
by |z| and the set of all k-level vertices is denoted by T/. We say that the edge
e = (&, z) has k-level if x € T}

A branch of T,, is an infinite sequence of vertices, where each one of them is
followed by one of its immediate successors. The collection of all branches forms
the boundary of T,,, denoted by 9T,,. Observe that the mapping ¢ : IT,, — [0, 1]
defined as

—+00

— N\ %
() = Z mk
k=1
is surjective, where m = (ay,...,a,...) € dT,, and a € {0,1,...,m — 1} for all
k € N. Whenever = = (ay,...,a) is a vertex, we set

W(x) :=Y(ay,...,a,,0,...,0,...).

At this point, we just have to recall that as we have mentioned, the definition of a
convex function depends on what we understand by a segment and how to define
the midpoint of the segment.

A path from a vertex x to a vertex y in T,, is a sequence of vertices xg, 1, T2, ..., Tk
such that xqg = x, r, = yo and for any ¢ = 1,2, ... k we have that either z;,_; = x;
or r; € S(x;_1), that is, x; and z;,, are adjacent (connected) in the graph T,,.
A path is called a minimal path if and only if all the vertices on the path are
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different. Observe that for any z,y € T,, there is a unique minimal path from
x to y. This minimal path is denoted by [z, y]. This is our first idea of what is a
segment of T,,.

A /N AN/ /\\ /\\ /\\

012012021201201201 2

A path from a vertex = to a vertex y.

In a slight abuse of notation, we say that an edge e belongs to a path ~ if there
is a vertex = € v such that e = (Z,z). We now define the length of an edge e as
follows:

1
length(e) :== — if e has level k.
m

With this length we can define the total length of a path v as the sum of the
lengths of the edges involved in v, that is,

lenght(~y Z length(e

ecy

Now, with this notion of length of an edge and then of a path, let us consider the
distance between nodes given by the length of the minimal path. That is, given
two nodes x, y we let
d(x,y) := lenght([z, y]).

Remark that d is a genuine metric since d(z,y) > 0, d(z,y) = 0 iff x = y and
the triangular inequality holds (since the infimum of the lengths of the paths that
joins x with y is less or equal than the infimum of the length of the paths that
joins = with z plus the infimum of the length of the paths that joins z with y).

We are now ready to introduce our first notion of convex function. We say that a
function w : T,, — R is convex if for any z,y, 2z € T,, with z € [z, y], it holds that

d(y, z) d(zx, z)
d(z,y) d(z,y)

u(z) < u(r) + u(y).

Using this definition, we can look for the convex envelope of a function defined on
OT,,. Given a function g: [0,1] — R, we define the convex envelope of g on T,,

as follows
uy () := sup {u(a:) u € C(g)}, (4)
where

C(g) :== {u: T,, — R: u is a convex function and limsup u(x) < g(w(ﬁ))} :

7€,
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The convex envelope is unique (this follows easily since the maximum of two
convex functions is also convex). Moreover, associated to this convex envelope we
have a nonlinear equation that is verified on the whole tree.

Theorem 1.1. The convez envelope of a continuous function g: [0,1] — R is the
largest solution to

w(z) =min{ min W EUE L w@dmu@) L )
y,2€8(x) 2 yeS(x) m+ 1
y#z
that verifies limsup u(z) < g(¥(n)). (6)
=T,

Let us clarify that in the case x = (), relation (5) is understood as

_ i @) +uz)
T
y#2z

since () does not have a predecessor because it is the root of T,,.
Notice that (5) is a nonlinear mean value property at the nodes of the tree.

Once we have characterized the convex envelope by means of being the largest
solution to (5) that is below the datum on 0T,,, we want to study the associated
Dirichlet problem, that is, given a datum ¢ on JT,,, we want to solve the equation
in T,, and find a solution that attains continuously the datum in the sense that
lim (@) = g(u(r). (7)

For this Dirichlet problem, we can show existence and uniqueness for continuous
data.

Theorem 1.2. Given a continuos boundary datum g, there is a unique solution
to (5) that verifies (7).

Therefore, from Theorems 1.1 and 1.2, we have that for every continuous datum
on JT,, the unique convex envelope attains this datum with continuity, that is,
(7) holds. Recall that in the Euclidean case we have to require the domain 2 to
be strictly convex for the validity of this continuity up to the boundary of the
convex envelope. Notice that equation (5) can be rewritten as

0 =min{ min U(y)—i—u(z)—Qu(x); min u(@)+muly) —(m + 1)u(z)
y,2€S(x) 2 yeS(z) m 4 1

Y72

o (8)

and hence we identify one possible analogous to the eigenvalues of the Hessian for
the Euclidean case but in the case of the tree

{u(% i) + u(;;,j) — 2u(z) }Kj and {U(i) + mu(fgil(m + 1)u(x) }yes(x) . (9)
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Recall that for the convex envelope in the Euclidean space the associated equation

reads as
. ) 2 _
Rune A (D?u) =0,
and compare it with (8). Then, recalling that in the Euclidean setting when
we add the eigenvalues of the Hessian we obtain the Laplacian, we obtain the
following versions of a Laplacian on the tree adding the expressions found in (9),

2 e o miA2m =1 )

Notice that this is a special case of the equations (given by mean value properties)
that we previously studied in [5] showing existence and uniqueness for the Dirichlet
problem.

Finally, we also study the convex envelope of a function defined on T,,. That is,
given a bounded function f : T,, — R (not necessarily convex), we look for its
convex envelope that is given by

wi(z) :=sup {u(x): u e C(f)}, where (11)

C(f):= {u: T,, — R: u is a convex function and u(x) < f(z) Va € ']I‘m}.

The convex envelope is unique (this follows easily since the maximum of two
convex functions is also convex). Notice that when f attains a minimum this
minimum coincides with the minimum of the convex envelope (and it is attained
at the same vertices). This convex envelope turns out to be the solution to the
obstacle problem for the equation (5). For the analogous property in the Euclidean
setting, we refer to [12]. Recall that for the obstacle problem one important set
is the coincidence set, that is given by the set of points where f and its convex
envelope u} coincide,

CS(f)={z€Tn : flz) =uj(z)}.

Theorem 1.3. The convex envelope of a function f: T,, — R is the solution to
the obstacle problem for the equation (5). That is, uy is the largest solution to

u(zr) <min{ min M; min u(@) +mu(y) on T, (12)
y,2€8(x) 2 yeS(z) m+1
y#z
that verifies u(z) < f(x) Vo € T,

In the coincidence set, the function f wverifies the inequality

f(x) < min y,gg?x)w;yga)%w on CS(f), (13)
y#z
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while outside the coincidence set the conver envelope u} is a solution of the equa-
tion, i.e., it holds

uwj(x) =min ¢ min —u}(y)qLu}(z) min u’}(i)—}—mu;(y)
! y,ze;f(x) 2 ’ yeS(x) m+1
Y#£z

on T, \CS(f). (14)

On the other hand, in the arborescence (directed) tree, i.e., the tree defined as
before but adding a direction to the edges in such a way that any two edges are
not directed to the same vertex and the root is the unique vertex that has no
edge directed into it), the Laplacian is defined as the mean value of the successors
minus the value at the vertex, that is,

Au(zx) = % Z u(y) —u(x) VoeT,,
)

yeS(z

see [10]. Now, to obtain an interpretation of this Laplacian as the sum of eigen-
values of the Hessian as we did before, we just have to change the notion of
convexity.

Now we need to introduce extra notations. Given x € T,,, T3 denotes the set of
all subgraphs B that are formed from a finite subset of the vertices of T,, and
such that = € B, S(x) N B has two elements and for any y € B\ {z},

« Yyl > fal;

o either S(y) NB =0 or S(y) N B has exactly two elements.

We say that y € B is an endpoint of B if S(y) "B = (). The set of all endpoints of
B is denoted £(B). That is, B is just a finite binary subtree of T,,.

An element of T3. Root: z. Endpoints: (x,1), (z,2,0), and (z,2,1).

Our second notion of convexity is the following: a function u : T,, — R is called
binary convex if for any x € T,,

1 €T
u(z) < Z Wu(y) VB e T3. (15)
ye&(B)

In this notion of convexity, a segment is B, a finite binary subgraph of T,,; a
midpoint is the root of this subgraph B and the convexity property just says that
the value of the function at the midpoint is less or equal than the mean value of
the values at the endpoints.
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Associated to this new version of convexity, we have a convex envelope of a
bounded boundary datum g that is, defined as in (4), that is we define the binary
convex envelope of g on T,, as follows

tgy(z) :=sup{u(z): v e B(g)}, where
u is a binary convex function on T,,,
Blg) = T = R hinsup () < g((r))

z—m€dT,

For this notion of binary convex envelope, we also have an equation (simpler than
with the previous notion).

Theorem 1.4. The binary convex envelope of a bounded boundary datum g is the
largest solution to

. ou(y) +Fu(z)
_ WY TUE) on T, 16
u(x) y,%sr(li) 2 " ( )
y#£z

that verifies (6).

Again, when g is continuous we have a unique solution to the equation that attains
the boundary datum continuously.

Theorem 1.5. Given a continuous boundary datum g, there exists a unique (16)
that verifies (7).

In this case, writing (16) as

1 1
O = i — — —
y%s% {Qu(y) + 5u(?) U(:v)} :
Y#z

we can identify the analogous to the eigenvalues of the Hessian that for this case
are given by,

{utei) + qut. ) - u(sc)}Kj - a7

Then, adding the eigenvalues in (17), we obtain

0=— 3 uly) - ulx). (18)

m
y€S(z)
Notice that this is the usual Laplacian in the arborescence tree studied in [10].

For this notion of convexity we can also deal with the problem of the convex
envelope of a function f : T,, — R defined as in (11). In this case we also find that
this convex envelope can be characterized as the solution to the obstacle problem
for the associated equation, (16), and prove a theorem analogous to Theorem 1.3
for this case. Once we have proved Theorem 1.4, the proof of this result is similar
to the one of Theorem 1.3 and hence we leave the statement and the proof to the
reader.
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To end this introduction, let us give a natural generalization of the notion of
binary convexity. Given k € {2,...,m — 2} and z € T,,, T¢* denotes the set of
all subgraphs B that are formed from a finite subset of vertices in T,, and such
that, z € B, S(x) N B has exactly k elements and for any y € B\ {z},

oyl > lzl;

o either S(y) NB =0 or S(y) N B has exactly k elements.

Observe that T%? = T3. As before we denote by £(B) (the set of endpoints) the
set of points y € B such that S(y) NB = 0.

A function u : T,, = R is called k-convez if for any = € T,,

<> k|y| uly) VB e T3

ye&(B)

As before, associated to this version of convexity, we have a convex envelope of a
bounded boundary datum g that we will call the k-convex envelope of g. Following
the proof of Theorems 1.4 and 1.5, we can show that the k-convex envelope of g
is the largest solution to

CCkES
mﬁézj

k
1
u(r) = min E z:: x;) on T, (19)

that verifies (6). Moreover, if g is a continuous function then the k-convex envelope
of g is the a unique solution to (19) that verifies (7). In this case, writing (19) as

1 k
0= -

xﬁém]

we identify the analogous to the eigenvalues of the Hessian,

{% Z u(z, j;) — u(x), } . (20)

Adding the eigenvalues in (20), we obtain again (18), the usual Laplacian on the
arborescence tree.

Organization of the paper. In Section 2, we will prove general results for
convex functions; In Section 3, we prove our main result for the convex envelope;
In Sections 4 and 5, we extend the results of previous sections to the notion of
binary convexity.

2. Convex functions

We begin this section showing a different characterization of convex functions.
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Lemma 2.1. A function u on the tree is convex if and only if u satisfies

u(z) < min<{ min M; min M
A3 2 ves — m+1
YF#z

Ve eT,. (21)

Proof. Let u be a convex function. Our goal is to show that (21) holds. Given x
for any y, z € S(x) with y # z we have that

1

u(y) + Su(z)

u(z) < 5

1
2
due to the fact that u is a convex function (just take = € [y, 2], d(y,z) = —Z,
and d(y, ) = d(z,2) = —7 in the definition of convexity). Then, we get

u() < min uly) + u(z)

T y,2€8(x) 2
y#z

for any z € T,,. Now, given z € T,, for any y € S(z)

m 1

u(z) < m—Hu(y) + m—HU(@

again due to the fact that u is a convex function (in this case, take z € [z,y],
d(z,y) = 24, d(2,x) = —, and d(y, z) = —r7). Thus
u(z) < min A EMU)
yeS(x) m+1

for any x € T,,. Hence, we have that if u is a convex function then u satisfies (21).

To see the converse, let u be a function defined on the tree that verifies (21)
at every node and z,y € T,,. We begin by analyzing the case that [z,y] is a
“straight line”, that is the vertices xg,...,xy of [z,y] are such that xy = =z,
Ty =Y, T = x;yq for any i € {0,..., N — 1}. More precisely, first we show that
if [z,y] is a “straight line” then

d(x;, xN)

. e d(xy, o)
N5 L0

(@) < d(xy, o)

u(xzg) Vie{0,...,N}. (22)

We proceed by induction on N. When N = 2, by (21), we have

u(za) + mu(zo)  d(zq,x0) d(xq,x2)
< = RS
u(z1) < m+ 1 d(xs, a:o)u(x2> * d(xs, xo)u(xg)
since d(w1, ) = 7, d(@y, w0) = gy = e and d(2,%0) = JEAE

Suppose now that (22) is true for all straight lines with N—1 vertices, where N > 2.
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Thon o) S Gt + o

) S e G e

e S G G T
d d _
T o).

Therefore,

(@1, xn-1) [d(z1, 25 )u(@0) + d(21, To )u(TN)]

> [d(xy_1,m0)d(z1, xN) — d(1,20)d(TN_1,ZN)] u(x7)

> [{d(zn, z0) —d(zn, n-1)} {d(zn, 20) —d(21, o) } —d(21, 20)d(2N—1, )] u(21)
> d(xy,zo) [d(xn,x0) — d(zN, xN_1) — d(21, 20)] u(21)

> d(xn, xo)d(z1, xn—1)u(T1).

Then u(zy) < M ( d(r1,7N)

(,CE ) i d(:cN,l,xN)

i o0) u(zy). (23)

If z € [x,y] \ {z0, 21, 2Nn_1, N}, by the inductive hypothesis and (23), we have

u(z) < % xg) + % (xn_1)
< el + S TN
S LA P G
eyt
< Ty ) + e a) O S e
< %u( ) ;?T”))u v0),

showing that indeed (22) holds when [x,y] is a straight line.
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When [x,y] is not a straight line, there is a z € [z, y] such that [z, z] and [z, y] are
straight lines. Observe that [z, y] = [z, 2] U [z, y] and S(2) N [z, y] = {w1, ws}. We
can assume that wy € [z, z] and w, € [2,y].

Thus, from (22), we have
2u(z) < u(wy) + u(ws)
d(wy, x) | d(ws,y)
d(z, 2) d(y, 2)
2d(x, z)d(y, z) — d(wy, x)d(z,y) — d(we, y)d(z, x)u
d(z,z)d(z,y)

d(wy, 2) d(ws, 2)
< 10 2) u(z) + 0.2) u(y).

Since d(wy,z) = d(ws, 2), we get
d(wy, 2) [d(y, z)u(z) + d(z, 2)u(y)]
> [2d(x, 2)d(y, z) — d(wy, 2)d(z, y) — d(ws, y)d(z, x)] u(2)
> {2d(z, 2)d(y, z) — [d(w, 2) — d(wy, 2)] d(z, y)
= [d(y, 2) — d(ws, 2)] d(z, ) fu(z)
> d(wy, 2) [d(z,y) + d(z, )] u(z)
> d(wy, z)d(x, y)u(z).

d(z, z) d(y, z)
d(o.y) " Ay

If we |z,y]\ {z, 2y} then w € [z,2] or w € [z,y]. In the case that w € [z, 2],
since [z, z] is a straight line we have

u(w) < FTEY

Then,

)
z)

Therefore, we obtain  u(z) <

<

<

[d(x,y) — d(y,w)]d(y, z) + d(z, w)d(x,y)u(x)
d(x, z)d(z,y)

w)]d(z,y) — d(y, w)d(y, z)
a0 F T, 2)d(z, ) ()

IA

IN

IA

IN
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In the case when w € [z,y] the proof is similar. Therefore, we conclude that a
function u that verifies (21) is also a convex function in T,,. O

Our second result shows that the sum of convex function is also a convex function.

Corollary 2.2. Let u,v: T,, = R be convex functions. Then u+ v is a convex
function.

Proof. Since u,v are convex function, by Lemma 2.1, for any x € T,, we have

y,2€5(2) 2 yesx)  m+1
y#z
+ min min M’ min M
y,2€S(z) 2 yeS@  m+1
y#z
Cmind i YOFHE) | PW)HUE) L u(@)Emuly) | (@) mo(y)
y,2€8(x) 2 2 ves(zy m+1 m+ 1
y7#2
Therefore, by Lemma 2.1, u + v is a convex function. []

It is immediate to check that the constant function v = 1 is a convex function
such that

lim u(z) = Xo,,(¥(7)) V7 € 0T,

T—rT

We now show that for any zo € Ty, \ {0} there is a convex function u such that

limsup u(z) < X1, (Y(m)) me dT,,.

T—T

Here I, is the interval associated to the vertex z, of length ﬁ given by

Ia:o = ¢(I0),¢(JI0> +

mlzol |

Observe that for zy € T,,, I,,,NIT,, is the subset of OT,, consisting of all branches
that pass through x,. To find such a convex function we introduce the following
set: given xg € T,,, we consider T2 :={z € T,,: || > |xo|, [» C I}

Lemma 2.3. Let xg € T, \ {0}. Then the function u,,: T,, = R
0 if v & T?O,

m—1 ] o= |z

=0

Uz (T) 1=

is a conver function such that

lim sup u,, () < X1, (Y(m)) Vme dT,,.

T—T
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Moreover,

Vo € T,p,,

Uy, (,CE) — min min Uz (y) + Uz (2) . min Ug, (37) —+ MUy, (y>

y,2€8(z) 2 ’yES(a}) m—+1
Y72

and for any w € T, such that () is not one of the two endpoints of I, we have

i 1, () = X, (9 ().

T—T

Proof. Let us start by showing that the function wu,, is convex. By Lemma (2.1),
it is enough to show that w,, satisfies (21). If x € T,, \ T* then there exist
y,z € S(z) such that y # z, u, (y) = us,(2) = 0. So, we have

min{ min -2 () + vy (2). min 2 (2) & miuiay (9) =0=1ug(x). (24)

y,2€S8(x) 2 7yES(a:) m+1
y#2z

If & = o, then u,,(20) = 0 and ug, (y) = Z=2(1+ L) for any y € S(xo). Therefore

i Iﬁg? )1@m(y)-;-uxo(2); gg?l)uwotr)4i:z§xo@d
,2e€8(x eS(x m
! y#zo Yo (25)
1 1 —1
=R {14 1= )
m m m

Now, suppose that x € T,, \ {zo}, and so,

m—1 |z[—1—]zo] m— 1 || +1—|z0] 1
T ) = —— — d . = — —.
I R RS UR e
Hence, we obtain
Hlin mln ufEO (y) + uﬂfo(z) 7 Hlln uwo (ZU) + mu-'EO (y)
y,2€8(z0) 2 yeS(z0) m+1
y#£z
|2|+1~]zol || —|zol || —|zol (26)
m—-1 . |J"&" 1 &R m—1" "1
Therefore, by (24), (25) and (26) we get
Uze () = min ¢ min Uan () + uxO(Z); min 20 (#) + Moz, (y) Vo € T,,.
y,2€8(x) 2 yeS(x) m+1

y#z

Thus, u,, is a convex function. Finally, we have to show that

lim sup u,, () < X1, (¢(m)) for all m € OT,,.

T—T
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Case 1. If 7 € 9T,,, ¢(7) € I,, and 9(m) is not an endpoint of I,, then for any
sequence {zy}gen in Ty, such that 7 = (z1,..., 2, ... ), there is kg € N such that
xy € T7O for all k > k. Then

m—1 lzk| |0l 1
. = — —  Vk < k.
U 0($k) m ; me > Ro
Thus, as k — oo we have u,,(rg) — 1 = X1, (¢(m)).

Case 2. Similarly, if 7 € 9T,,, ¥(w) & I, then for any sequence {xy}reny on Ty,
such that 7 = (xq,...,zx,...), we get

Uz (T1) — 0 = X1, (¥(m)) as k — oo.

Case 3. Finally suppose that w€9T,,, ¥ (7)€ I,, and ¢ () is an endpoint of I,,.

In the case when () = 0 or ¢)(7) = 1 for any sequence {z }ren on T,, such that
7= (21,...,%,...), there is kg € N such that z;, € T for all k > k. Therefore

Uz (T1) = 1 = Xlzo (¥(m)) as k — oo.

In the case when 1(m) & {0,1} there exists sequences {xy}ren, {Ur}ren on T,
and kg € N such that 7 = (z1,..., %k, ... ), T = (Y1, -, Yk, ... ), for all k > ky we
get x1, € T2 and y;, € T0. Therefore,

Uxo(xk:) —1= X]wo (w(ﬂ—))? and u:co(yk) —0< leco (¢(W))

This fact, together with the previous cases 1 and 2, completes the proof. O

3. Convex envelopes

In this section we deal with convex functions on the tree. Let us start by showing
that the convex envelop w; of function g: [0,1] — R, defined in (4), is a convex
function.

Lemma 3.1. For any function g: [0,1] — R, the convex envelop u} is a convex
function.

Proof. This follows easily from the fact that the supremum of convex functions
is also convex. Given g: [0,1] — R, for every function u € C(g) it holds that
d(y, 2) d(z, z) d(y, 2) ,

u(e) + suly) <G8 () +

d(z, z)

ulz) < d(z,y)

for any x,y,2z € T, with z € [z, y].

d(y,z) .
d(z,y) *

for any z,y,z € T, with 2 € [z,y]. Thus u} is a convex function. O

Hence we get uy(2) <
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Our second aim is to show that if g is a continuous function then

lim —wy(z) = g(¢(m)) Vr € IT,,.

7€,
To prove this property, we need to show a comparison principle.

Lemma 3.2. Let u and v satisfy

u(xr) > min{ min M; min ulo) + muly) Ve € Ty,
y,2€S(z0) 2 y€S(x0) m+1
Y7z
v(x) < min min M; min v(Zo) + mu(y) Ve eT,,,
¥,2€8(x0) 2 yeS(x0) m+1
y#z
with lim  w(zx) > lim  v(x),
=TTy, z—m€Ty,

for every m € OT,,. Then, u(x) > v(x) for all z € T,,.

Proof. Adding a positive constant ¢ to u, we may assume that

lim  w(x) > lim  o(x).
z—m€ITm z—2€0TH

(27)

(28)

(29)

(30)

Our goal is to show that in this case we have u(xz) > v(x) for all z € T,, (and

then we obtain the result just by letting ¢ — 0).

We argue by contradiction and assume that

M = max(v(z) — u(zx)) > 0.

€T

Notice that the maximum is attained thanks to (30). Also thanks to (30), we
have that M is attained only in a finite set of nodes. Let x be one of such nodes.

From (28) and (29) we obtain

M =v(z) —u(x) <min ¢ min M; min oldo) +mu(y)
y,26€8(x0) 2 y€S(z0) m+1
y#£z
Cmind i WU W) +mu(y)
y,ZG;Z(IO) 2 yeS(z0) m+1
y#£z

From this inequality, using that

M > (M) — (M) Vy,z € S(wo), y # z,

and M > (v(fi‘o) + mv(y)) - <U(i’o) + mul(y)

m+ 1 m+ 1 ) ¥y € S(wo),
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we get M < min min —v(y) i U(Z); min v(Fo) + mu(y)
y,2€8(z0) 2 y€S(z0) m—+1
y#z
— min min M; min (o) +muly) < M.
y,in(xo) 2 y€S(z0) m—+1
YyF#z

Hence, we obtain that there are two nodes x; and xs connected with x (one of
them can be the predecessor) such that

v(zy) —u(xy) = M, and v(xg) — u(xg) = M.

Since this happens for every x in the set of maximums of v —u and this set is finite,
we obtain a contradiction that shows that w(z) > v(x), proving the result. O
Now we will prove (27).

Theorem 3.3. Let g:[0,1] — R be a continuous function. Then, for any m € OT,,,

lim () = g((m)).

7€,

Proof. Let us start by observing that, for any constant ¢, u € C(g) if only if
u—+c € C(g+ c). Therefore, without loss of generality, we may assume that g is a
nonnegative function.

Let mo = (Y1, -+, Yk, ... ) € OT,,. For any n € T,,, there exist z, € T7 and k¢ such
that ¥ (yx) € I, for all k > kq. Now taking ¢ = min{g(¢): t € I,,} and w,, = cu,,
where u,, is given by Lemma 2.3, we have that w, is a convex function such that

lim w,,(z) < g(¢ (7)), vV € 0T,,.

T—T

Here, we are using that g > 0. Then, w, € C(g), and therefore w,(z) < u;(z) for
any x € T,,. In particular, wy,(yx) < u}(yx) for any k. Therefore,

min{g(t): t € 1, } = klggo Wy (yg) < li;gioglf Uy (Yk)-

Taking the limit as n — oo, we have g(¢(m)) < liminfy o u*(yx) since g is a
continuous function. Moreover, taking

w"(z) = a(l —us,) +bu., =a+ (b—a)w,
where a = 2max{g(t): t € [0,1]} and b = max{g(t): t € I, }, we have

w"(z) = a+ (b — a)w,(z)

y,2€S8(x0) 2 yeS(z0) m+1

=a + (b— a)min { min wy(y) + wn(z); i wy(To) + maw,(y) }
y#£z
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(b—a)(wn(y) + wn(2)).

I

y,2€8(z0) 2

= max { max a -+
y#£z
nmxa+xb—anA@o+nwm@»}

y€S(20) m+1

:mw{ w(y) + w(2) uﬂ@+mwwq

max ; max
¥,2€8(z0) 2 y€S(x0) m+1
y#z
> min min v (y) tw (Z), min v ($) +mw (y)
y,zei(xg) 2 yeS(z0) m+1
y#z

for any z € T,, and g(¢ (7)) < liminf, ,, w™(zg) for all = € IT,,.
Thus, by Lemma 3.2, for any u € C(g) we have that u(z) < w"(x) for any z € T,,.
Therefore uy(z) < w"(x) for any x € T,,. In particular, u}(yx) < w"(yx) for any k.

Then lim sup uy (yx) < limw,(yx) = max{g(t): t € I, }.

k—o0

Again, taking the limit as n — oo, we have limsup;_,., u}(yr) < g(¢(m0)).
Therefore, we conclude that limy . u*(yx) = g((m)).
As my € 0T, was arbitrary, we conclude lim, ., u*(z) = g(¢»(m)) for any

o € 8']I'm O]

Now our next goal is to find the equation that uj verifies on Ty,.

Theorem 3.4. Let g: [0,1] — R be a continuous functions. The convex envelope

uy is characterized as the largest solution to

u(z) = min{d min WU w@ Emu) U
y,2€S8(x) 2 yeS(z) m+1
y#2z
that verifies limsup u(z) < g(¥(n)).
x—m€0Tm

Proof. Given g: [0,1] — R, by Lemmas 3.1 and 2.1 we get that u} verifies (21).
Now, to see that we have an equality, we argue by contradiction.

Assume that at some node xg € T,,, we have

d(ro) < mind min W EHE) L (@) £ muy(y)
o y’zei(%) 2 " yeS(x0) m—+1
Y+=z
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Taking 6 > 0 such that

W (zo) + 6 < mind min W FGE) L 6@+ me)
o y’zejf) 2 TyeS(a) m+1
YF£2z

and consider v(z) =

{u;(m) if © # xo,

ui(wo) +6 if 2 = 2.

Observe that v verifies (21). Thus, by Lemma 2.1, v is convex. In addition,
we have that v € C(g). Therefore v(x) < wy(z) for all z € T,,, leading to a
contradiction. This proves that u} is a solution to (31).

Finally, to see that uj is the largest solution to (31) that verifies

limsup u,(r) < g(y(m)),

7€,
it is enough to define

u(x) = sup {u(x) w verifies (31) and limsup u(z) < g(w(w))} :
z—m€eT
This function @ trivially verifies (x) > u}(x) for all € T,,; just notice that u}
belongs to the set defining .

On the other hand, since @ is a solution to (31), by Lemma 2.1, we have that @ is
convex and therefore w € C(g). Then u(x) < wj(z) for all z € T,,. We conclude

uy () = u(x) = sup {U(x): u verifies (31) and limsup u(z) < g(¢(ﬂ))} O

7€ T,

Observe that in consequence of Lemma 3.2 and Theorem 3.4, for any continuous
function g: [0,1] — R, the equation defining the convex envelope has a unique
solution that attains the datum g continuously.

Theorem 3.5. Let g: [0,1] — R be a continuous function. There exists a unique
solution to (31) such that, for any © € T,,,
LJm - u(z) = g(y(n)).

To end this section we prove Theorem 1.3 that deals with the convex envelope of
a function f: T,, — R given by (11).

Theorem 3.6. The convexr envelope of a function f: T,, — R is the solution to
the obstacle problem for the equation (5).

Proof. Let us call v* to the largest solution to

u(z) <mind min WU u@ Emel) U 6g)
y,ze;(x) 2 yeS(z) m+1
YF=z
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that verifies u(x) < f(x) for all x € T,,.
We have to prove that the convex envelope of f, u}, verifies
up(z) = v (), Ve € T,y,.
Since u} is convex from Lemma 2.1 we obtain that it is a solution to (32) that
verifies u} < f on T, and then we obtain u}(z) < v*(x) for all z € T,,.

We have also from Lemma 2.1 that, v* being a solution to (32), is a convex function
and verifies v* < f on T,,. Hence, v*(x) < uj(z) for all x € T,,.

We conclude that u}(z) = v*(z) for all x € T,,.

In the coincidence set, the function f verifies an inequality. From the fact that u}
is convex and smaller than f we obtain for x € C'S(f),

ut(y) + up(2) ut(2) +mui(y)

) =u%(r) < min hin 2 TR in
f( ) U/f( ) —= y,?ES(I) 9 ’yES(x) m1
y#z
< min min M; min M
y,2€S(z) 2 yeS(z) m+ 1

y#2

Finally, outside of the coincidence set the convex envelope, u}, is a solution to the
equation. In fact, arguing by contradiction, assume that for some xy ¢ C'S(f) it
holds

ut(y) +up(2) u} (o) + mut(y)

*(20) < mi i © mi 33
uj (o) < min y,z%%@ 2 yest)  m+1 (33)
YyF#£z

Then, since zo &€ CS(f) and we have a strict inequality in (33) there exists 6 > 0
such that the function

if © # xg,
(xo) +0 if 2 = xg

=
&
I
—
S
R
&

is convex and still verifies v < f on T,, contradicting the maximality of the convex
envelope u}. This contradiction shows that we have an equality in (33). 0

4. Binary convex functions

As in Section 2, we begin showing a different characterization of binary convex
functions.

Lemma 4.1. A function u on the tree is binary convez if and only if u satisfies
u(z) < min uly) + u(z)

- y,2€8(x) 2
y#z

Vo € T, (34)
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Proof. Let us start the proof observing that if x € T,,, y,2 € S(x) and y # 2
then [y, z] € T3 and &([y, 2]) = {y, z}. Therefore if u is a binary convex function,
xz € Ty, and y, 2z € S(z) are such that y # z then

) < M0+ uls)
2
Thus, u satisfies (34) in T,,.

Now assume that u satisfies (34). Our aim is to prove that u is a binary convex
function, that is, we aim to show that

u(y) .
u(z) < > oo VBETS (35)
y€eE(B)

Fix z € T,,. Given B € T3, we define
IB| := max {|z| — |z]: z€ £B)} €N and T3":={BeT;: [B|=n} CT;.

The proof of (35) runs by induction on n. Observe that in the case |B| = 1 there
exist y, z € S(z) such that B = [y, 2] and obviously £(B) = {y, z}. Then, since u
satisfies (34), we get

u(y) + u(z) u(y)
u(e) < =5 5 - ;g(:@) 2|y£\x|‘

That is, (35) holds for any B € T%!.

Now we assume that (35) holds for any B € T3", and we will show that it also
holds for any B € T;"’(”“.

IfB e T then B = B\ {y € EB): |y| — |z| = n+ 1} € TZ". Then, by the

inductive hypothesis, we get

wwys Y 0 (30

ye&(B)

On the other hand, for any y € £(B) we have that y € £(B') or there are w € £(B')
and z€&(B) \ {y} such that y, z€S(w). Since u satisfies (34), we get from (36)

D

yeE(B)

Finally, since x is arbitrary, we conclude that u is a binary convex function. [

Remark 4.2. Now, by Lemmas 2.1 and 4.1, it is easy to check that a convex
function is also a binary convex function.

Proceeding as in the proof of Corollary 2.2 we can prove the following result.

Corollary 4.3. Let u,v: T,, — R be binary convex functions. Then u+ v is a
binary convex function.
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Now we obtain the following result, whose proof is similar to Lemma 2.3.

Lemma 4.4. Let xg € T,, \ {0}. Then the function ug,: T,, — R defined by

JO0 difx g Ty,
tap (¥) 1= 1 if x e T,

is a binary convex function such that

lim sup u,, (z) < X1, (¥(m)) Vm e IT,,.

T—T

Moreover, Uy, () = min Uzy (Y) + Ugy (2)
y,zej(w) 2
YyF#£z

Ve eT,,,

and for any ™ € T,, such that ¥(m) is not an endpoint of I, we have

lim u,, () = X1, (¥()).

T—T

5. Binary convex envelopes

Proceeding as in the proof of Lemma 3.1 we can show that the binary convex
envelope is a binary convex function.

Lemma 5.1. For any function g: [0,1] — R, the binary conver envelop U, is a
binary convex function.

In a similar way to Section 3, we will show that if ¢ is a continuous function, then

lim  a,(z) = g(¢(r)) Vmre dT,. (37)

7€,

As before, to prove this claim we need a comparison principle.

Lemma 5.2. Let u and v satisfy

wz)> min AWFUE) oo (38)
y,2€8(z0) 2
y#2
v(z) < min M, Ve e T, (39)
y,2€8(z0) 2

Y72
with  lim,_qeor,, u(z) > lim,_zcor,, v(x) for every m € OT,,.
Then, u(z) > v(z) for all x € T,,.
Proof. Adding a positive constant ¢ to u, we may assume that

AR 10

We argue by contradiction and assume that M = max,er,, (v(z) — u(x)) > 0.
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Notice that the maximum is attained thanks to (40). Also by (40), we have that
M is attained only in a finite set of vertices. Let x be one of such vertices. From
(38) and (39) we obtain

M=) —u(z) < min SWHEUE s w) tulz)
y,2€8(z0) 2 y,2€8(z0) 2
y#2 y#z

Now, using that

M (v(y)ﬂ;v(Z)> B (U(y) +U(2)> WSy e

2
weget  M< min ‘WG wwruE) o,
y,2€S8(x0) 2 y,2€8(x0) 2
y#2 y#z

Then, there exist two nodes x1, xo € S(z) such that
v(zry) —u(xy) = M, and v(xg) — u(xe) = M.

Since this happens for every x in the set of maximums of v —u and this set is finite,
we obtain a contradiction that shows that u(z) > v(x), proving the result. [

Now we will show (37).

Theorem 5.3. Let g: [0,1] — R be acontinuous function.
Then, for any m€0T,,, lim, ,.cor,, Ug(x) = g(¢(m)).
Proof. Let us start by observing that, for any constant ¢, u € B(g) if only if

u+ ¢ € B(g + ¢). Therefore, without loss of generality, we may assume that g is
nonnegative.

Consequently, by Remark 4.2 and Theorem 3.3, we have, for any 7 € 9T,,,

7€, z—medT

liminf a,(z) > lim = uy(z) = g(¢(7)).

To complete the proof, we proceed as in the end of the proof of Theorem 3.3,
using Lemmas 4.4 and 5.2 instead of Lemmas 2.3 and 3.2. 0

Finally, with analogous arguments of the Section 3, we get the following results.

Theorem 5.4. Let g: [0,1] = R be a continuous functions. The binary convexr
envelope g4 1s characterized as the largest solution to

u(z) = y,?el‘isr(la:) M on T, (41)
y#£z
that verifies limsup u(z) < g(¢(m)).

7€,
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Theorem 5.5. Let g: [0,1] — R be a continuous function. Then, there exists a
unique solution to (41) such that for any m € T,,

lim —u(z) = g(¢(m)).

z—7€T,
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