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1. Introduction and main results

In this paper we establish error estimates for average approximations defined by
compensated convex transforms [23] for bounded functions f: R™ — R when ei-
ther K = R™"\Q where {2 C R" is a bounded open set or K C R™ is a compact
set. We extend the approximation theorems obtained in [23] for uniformly con-
tinuous, Lipschitz, and C™! functions to C®, C'S-functions f: R® — R as the
underlying functions to be approximated. We present asymptotically sharp error
estimates for approximations for such functions. Error estimates are important
issues for approximation/interpolation and image inpainting (see e.g., [4]). Fur-
thermore, we present a stability result for the average approximation of sampled
functions under the only assumption that the functions are bounded by using
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the Hausdorff distance between graphs of sampled functions. This result general-
izes the Hausdorff-Lipschitz continuity property for the average approximation for
bounded uniformly continuous functions established in [23] using the Hausdorff
distance between the sampled sets K.

Throughout the paper, we denote by R" the standard n-dimensional Euclidean
space with the standard inner product z - y and norm |z| for z, y € R". We
denote by B(zo;7) and B(xo;r) the open and closed balls centered at x, with
radius > 0 respectively. Also co[K| denotes the convex hull of K [11, 13] which
is the smallest convex set containing K. For a given function f: R” — R bounded
below, the convex envelope Colf] of f is the largest convex function whose graph
lies below f [11, 13] .

Let us first recall the notions of quadratic compensated convex transforms for
bounded functions in R" defined in [20, 21, 22|, followed by definitions of upper,
lower, and the average compensated convex approximation [23]. For the defini-
tion of compensated convex transforms for functions under more general growth
conditions, see [20, Definition 1.1].

Let f: R" — R satisfies the growth condition |f(x)| < Cylz* + C; for some
constants Cy > 0, C; > 0 and for all x € R".

The quadratic lower compensated convex transform for f (lower transform for

short) is defined by
CA(F)(x) = Co[Al - [+ f()](x) = Alz*, = €R", for A > C, (1)

where Co[)\| - |> + f(-)](z) is the value of the convex envelope of the function
y— f(y)+ Myl* at x € R™ [11, 13].

The quadratic upper compensated convex transform for f (upper transform for

short) is defined by
CX(f)(x) == —Co[A - [* = f()l(x) + Az, 2 €R", for A>Cp.  (2)

The two quadratic mized compensated convez transforms for f (mixed transforms
for short) are defined, respectively, by C¥(CL(f)), and CL(C*(f)), = € R", when
A, 7 > (4. It is easy to see under our growth condition for f that we have
Ci(f) (@) = —CA(=f)(@).

We only assume in this paper, unless otherwise specified that , K C R" is either a
compact set or the complement of a bounded open set 2 C R". Wecall f: R® - R
the underlying function to be approximated. We define fx: K C R" — R, our
sampled function as fx(x) = f(z) for all x € K, and Iy, :={(z, f(z)) 1z € K)}
its graph. The aim for general interpolation / approximation for fx is to define

another function in co[K], which is equal to f on K or at least approximates f
on K.

Let K C R"™ be a nonempty closed set and suppose that for some constant Ay > 0,
|fr(z)] < Ap for all x € K. Given a positive number M > 0, we define two
functions extending fx to R™\ K, as follows [23]:
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fK(x)v .CUEK, _ fK(x)7 IEK:
fi (@) = and  fi' () = (3)
M, reR"\ K; —M, reR"\ K.

Now we present the definitions of the lower, the upper, and the average compen-
sated convex approximations for a fixed M > 0 [23].

Definition 1.1. For M >0, the lower compensated convex approximation (the lo-
wer approximation for short) with scale A >0 for the sampled function fx: K — R

is defined b
' LY (fi)(@) = CL(Y) (), = € R (1)

The upper compensated convez approzimation (the upper approximation for short)
with scale A > 0 for the sampled function fx: K — R is defined by

U (fx)(@) = C(f") (@), = € R™. ()

The average compensated convex approximation (the average approximation for
short) with scale A > 0 for the sampled function fx: K — R is defined by

AV (@) = £ (U@ + CURM @) » € B (©

In addition, we can set M = +o00, then we can consider the following functions.

fK(m)7 r € K, fK(l’), r e K,
+o0 _ —00 o
0 (x) = { oo, rERMK: and  f7(z) = { oo, TERMK.

and define the corresponding average approximation of A°(fx)(x) as follows:
o0 1 o0 u —00
AT (fre) (@) = 5 (CA(f™) (@) + CR(fi™) () -

The following is a simple one-dimensional prototype example illustrating the ge-
ometric behaviour of the average approximation.

Example 1.2. Let f(z) = 2?/4 for z € R with K = {0,1,2,3} and \ = 10,

/

-

(a) Lower approx. (b) Upper approx. (c) Average approx.

Figure 1.1: In 1d the average approximation for a finite set is just the affine
interpolation of a given function when M > 0 is sufficiently large.

The present work is motivated by [23]. Our main results generalise those obtained
in [23]. We focus on two important problems, both are related to the robustness
of our method, namely Error Estimates and Stability. We first establish a general
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approximation theorem when either K = R™\{) where Q C R™ is a bounded open
set (Theorem 1.5) or K C R™ is a compact set (Theorem 1.6 ). We generalize the
approximation theorems obtained in [23] to C%, C1#-functions f: R® — R as the
underlying functions to be approximated. We show that when M > 0 is sufficiently
large, AN (fx)(z) approaches fr in K as A — oo. For a point x in co[K], we use
the notion of convex density radius r.(z) [23] which is the smallest radius r > 0
of closed ball B(xz;r) such that z is in the convex hull of K N B(x;r). We use
ro(z) to bound the errors of our approximation |AY(fx)(z) — f(z)|. We prove
also a similar error estimate for |A®(fx)(x) — f(z)|. We then prove a general
Hausdorff stability result for I's, — AY(fx)(z) by using the Hausdorff distance
between graphs of sampled functions, showing that as long as the graph of two
sampled functions are close to each other, then the output of approximation will
be close to each other. Our approach is rather indirect by using a distance-like
function introduced in [23]. The main result for this part is Theorem 1.8 which
gives a very general Hausdorff stability result of the upper transform result for
bounded functions. As a direct consequence, the Hausdorff stability property of
the average approximation can be established.

Now we briefly discuss the backgrounds on approximation and interpolation meth-
ods for sampled functions. There are many methods of approximations and in-
terpolations for functions by polynomials and other smooth functions in one-
dimension [6, 16]. Reviews on classical interpolation methods for functions such
as Lagrange, Newton and other polynomial based interpolation can be found in,
for example [6, 12] and the basic idea of most of them is to find a polynomial
passing through the given sample points. Many one-dimensional interpolation
methods cannot be extended directly to higher dimensional cases such as scat-
tered data. For higher dimensional problems, radial basis functions [2, 8, 18], thin
spline plate methods [9], kernel and convolution methods [19] are widely used .

Based on geometric partial differential equations (PDEs) [17, 15, 3] and varia-
tional methods using total variation (TV) models [5, 14], many techniques have
been introduced to interpolate and approximate functions in image processing [5]
for different purposes such as image segmentation, denoising, modeling or repre-
sentation, restoration, salt & pepper noise removal, and image inpainting [5]. We
mainly focus on inpainting which is a problem in image processing. In general,
let €2 be the image domain, and f: 2 — R be the original image. We can con-
sider D C Q as the area to be inpainted from 2\ D to Q. This means that D
is the region with missing information. The main aim is to reconstruct or repair
the damaged image by using the existing information of other parts of the image
f: Q\'D — R [23]. The most well-known PDE based inpainting method is the to-
tal variation regularization based model introduced by Rudian, Osher and Fatemi
(ROF model for short) [14]. Many of the PDE based methods give impressive
experimental results.

However, for functions to be interpolated or approximated, many methods are
not flexible with respect to types of sample sets such as scattered data, that is,
the set is finite and the points are isolated [23] or level set interpolation by using
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the infinity Laplacian (or AMLE) requires the sampled set to be unions of finitely
many sets of isolated point and Jordan curves [3] with output C''*- functions in
2d [7]. Also, few known inpainting methods have been proved to be Hausdorff
stable. On the other hand, our compensated convexity based approximation can
be easily applied to data sets of more general types [23] such as level sets, edges,
finite sets, compact sets and the complement of bounded open sets. Moreover,
the basic average approximation AY (fx)(z) has the Hausdorff stability property,
that means, if f is continuous and there is another sample sets £ C R™ close to
K, then AY(fg)(x) is close to AY (fx)(z) [23].

As far as we know, many existing methods for inpainting, error estimates between
the original function and inpainted area are very difficult to obtain. The TV-
based inpainting methods [5] is one of such examples for which extra geometric
assumptions on solutions are required. In [4] an error estimate for the harmonic
inpainting was obtained . For this model, Chan and Kang solved the Dirichlet
problem for the Laplacian equation Au = 0 in D C  satisfying v = f on 9D
was solved by assuming that f € C?(Q) and 9D is smooth. They established the
following error estimate

N
_527 er?

u(x) - ()] < 5

where |Af| < N in Q and f8 is the minor diameter of an ellipse covering the
domain D to be inpainted. They also presented [4] numerical experiments by
harmonic inpainting. They commented that the error estimate should depend on
the 'width’ of the inpainting domain rather than 5.

On the other hand our approach does not require any smoothness assumptions
of the boundary. Under suitable assumptions on the continuity of the underling
function f, quantitative error estimates depending on the width of the domain to
be inpainted can be established [23]. Our method measures the difference between
the approximation of the sampled function and the original function in the missing
area. Applications of this method to scattered data interpolation and inpainting
are presented in [24].

Before we state our main results, we first introduce the notion of convex density
radius r.(x) [23, Definition 3.5] which is needed in Theorem 1.5, and Theorem 1.6.

Definition 1.3. Suppose K C R" is a non-empty closed set and for x € co[K]

consider the balls B(z;r) such that € co[B(z;r)NK]. The convex density radius
of x with respect to K is defined by

ro(r) = inf{r > 0,2 € co[B(z;r) N K]},

whereas the convex density radius of K in co[K] is defined as

re(K) = sup{rc(z),z € co[K]}.

Next we introduce the definition of Hausdorff continuity with respect to closed
sampled sets for transforms of continuous bounded real functions from R” to R
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as follows [23, Definition 4.1]. For the definition of Hausdorff distance, we refer
to Definition 2.4 in Section 2.

Definition 1.4. A transform T: R" — R is said to be Hausdorff continuous
with respect to closed sample sets at a continuous function f if the mapping
K — T(fxxk) is Hausdorff continuous at each non empty closed set Ky C R", in
the sense that for every € > 0, there exists 0 > 0 such that

IT(fxx) (@) = T(fxro)(@)] <,
for all x € R™ whenever K is a non-empty closed set with disty (K, Ky) < 0.

We generalize the approximation theorems obtained in [23] for a compact set
K € R"™ [23, Theorem 3.6 | and for K = R"\Q with 2 a bounded open set [23,
Thereom 3.7] for uniformly continuous, Lipschitz, and C'! functions to C* and
C18 functions. Now we state our main results of the error estimates for the average
compensated convex approximation for C* and C'? functions, respectively. First
we consider the case when K = ¢ is the complement of a bounded open set
Q C R™ and M is finite. The estimates are expressed in terms of the convex
density radius.

Theorem 1.5. Suppose f: R" — R is a bounded continuous function, satisfying

|f(z)] < Ao for some constant Ay > 0 and for all x € R™. Let Q C R" be a

bounded open set and K = Q°¢. Denote by diam(Q)) the diameter of ) (for the

definition of the diameter see Section 2).

(i)  If f is a C*-function (Holder continous) in R™ for some 0 < o < 1 with
constant L > 0 satisfying | f(z) — f(y)| < Llz — y|* for all x, y € R", then
for A>0, M > Ay + diam(Q)2 and x € R", we have, for v € R™ that

A (i)~ )] < 5 e + 5 (5 (o2e) + L) + Cla )|

where ro(z) >0 and C(a, N) = (52) A (%)% .

2« A

(i) If f is a CYP-function in R™ for some 0 < B < 1, with constant L > 0,
satisfying |Df(x) — Df(y)| < Llz — y|® for all x,y € R™, then for A > 0,
M > Ag+ X diam(Q)* and = € R*, we have, for x € R" that

AV i) @) = f(@)] < 2<5—L+1>(n<w>>ﬁ“
L (2 (w2 + L . ox
+ m <X ()\%(55') + ﬁ I 1(1“0(1-))/3 + C(ﬁ, )\))) 7

where C(8,3) = (55 ) A (5) 7 .

Then we consider the case when K is compact and M = 4o0o. We have the
following error estimate for our average approximation.
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Theorem 1.6. Suppose f: R"™ — R is a bounded continuous function satisfying
|f(x)| < Ay for some constant Ay > 0 and all x € R", and let K C R™ be a
nonempty compact set.

(i)  If f is a C*-function (Holder continous) in R™ for some 0 < o < 1 with
constant L > 0 satisfying | f(x) — f(y)| < Lz — y|* for all z, y € R", then
for all X > 0, and x € co[K], we have an asymptotic estimate depending
only on (r.(z))*, as below

lim sup AT (fx) () — f(2)] < Lre(x))".
—00

(i) If f is a CYP-function in R™ for some 0 < B < 1 with constant L > 0
satisfying |Df(x) — Df(y)| < Llz — y|? for all z, y € R", then for all
A > 0, and x € co[K], we have an asymptotic estimate depending only on
(1(x))?*L, as below

. 00 L B+1

im sup | AT (f) () ~ £(2)] < 7 rele)
Next we extend the Hausdorff -Lipschitz continuity result for the upper transform
of bounded uniformly continuous functions [23, Theorem 4.10 | to the case of
general bounded functions. The following is our main result on Hausdorff stability
of the upper compensated convex transform at a bounded upper semicontinous
function.

Theorem 1.7. Suppose f: R™ — R is a bounded upper semicontinuous function
such that for some constants m, M >0 ,0<m < f < M for all x € R". Let
K, E CR" be compact sets with disty (I, I's,) < +00. Then for all z € R™,

C (@) — G ) (@)] < (2\/ M+ %) disty (I I)- (7

Thus we can easily state Hausdorff stability for general bounded function.

Theorem 1.8. Suppose f: R® — R is a bounded function such that for some
constants m,M > 0 , 0 <m < f < M for all xt € R". Let K,E C R" be
compacts sets with disty (I, 'y,) < +00. Then for all x € R",

CH( ) (@) = G (a)] < (2\/MA + %) distw(Iy, [pe). (8)

The stable ridge transform was introduced in [22] where the Hausdorff stability
property is proved for characteristic function.

Definition 1.9. Suppose f: R® — R is a bounded function such that for some
constants m, M >0, 0<m < f < M for all t e R". Let K be a non empty compact
subset of R™. We define the stable ridge transform for fxg, t€R", A\, 7 > 0 by

SR+ (fxx)(x) = Re(CX(fxx)) (@) = CX(fxx) (x) = C(CA (fxw) (@) H

As an immediate consequence of the Theorem 1.8, we obtain the following
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Corollary 1.10. Assume A > 0,7 > 0 and under assumptions of Lemma 3.2, we
have, for all x € R™ that

ISRar(fxic) (@) = S (Fx)(@)] < (4\/MA + %) distu( Ty Te) (9

The plan of the rest of the paper is as follows. Section 2 will present some pre-
liminary results which are needed for the proofs. We present the proofs of our
main results in Section 3.

2. Preliminary results

We first collect some basic results from convex analysis which will be used in the
following. The reader is referred to [11, 13| for further details and proofs. We
often use the following characterization of convex envelope in the proofs.

Proposition 2.1. [22, Propostion 2.1] Let f: R® — R be bounded below and
xo € R™. Then

(i) The convex envelope Co[f](-) of f at zop € R" is given by

n+1 n+1 n+1
Co[f](zy) = inf {Z Aif(z) Y Ni=1) Ny =m0, \i > O,xiE]R”}. (10)
i= i=1 i=1 i=1

i=1,...,n+1

Further, if f is lower semicontinous and coercive in the sense that f(zx)/|x| — oo

as |x| — oo, then the infimum can be attained by some (Af,x}) for 0 < \f <1,

iy € R" fori=1,...)k with1l <i <k < n+1, satisfy Zle)\; =1, and
Zle Nxf = g, such that

Colf](z0) = Dz‘f@cr).

(ii) The value Colf](-) for f taking only finite values can also be obtained by an
affine functions as follows [20, 22]:

Co|f](xg) = sup{l(xg) : £ affine and {(y) < f(y) for ally € R"}.
with the sup attained by an affine function * € R™.

Next we list some basic properties of compensated convex transforms [20, 21, 22]
which will be used in the proofs. The lower and upper transforms are related to
each other when A > 0 by the following relation

CA(f)(@) = =CX(=f)(2),

when both can be defined. Furthermore, the ordering property of compensated
convex transform holds for x € R", 0 < A < 7,

CA(f)(@) < CL()(x) < flz) < CHf)(x) < CX(f)(@), (11)
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and for f < g in R", we have

CA(f)(x) < Ci(9)(x),and  CX(f)(x) < CX(9)(). (12)
In addition, the compensated convex transforms enjoy the property [22] that
CA(f +O)(x) = CA(N)(x) + £, CA(f +0)(x) = CR(f)(x) + £, (13)

where ¢ is any affine function and we also have [22, Theorem 2.1(iii)]

Ci(f), if >\
Cu(f), ifm <A

CL(f), ifT> A

CL(f), if T <A (1)

CH(CL()) = { and  CL(CL(f)) = {

We will use the following translation -invariance property in our proofs [22, Prop-
sition 2.10] in order to allow us to consider the point zy = 0 without loss of
generality.

Proposition 2.2. (Translation-invariance property) For any f: R" — R bounded
below and for affine function £: R" — R, Colf + (] = Col[f] + ¢. Consequently,
both C4(f)(x) and C¥(f)(z) are translation invariant against the weight function,
that is:

CA(f)(x) = Co[A|(-) — wof* + f())(x) — Ajx — o,
CX(f)(@) = = Co[A|() — wol* = F()](2) + Alx — wo|*.

for all x € R™ and for every fized xo € R™. In particular, at x
CA(f)(z0) = Co[A|(-) = o> + f(-)](wo), CX(f)(wo) = —Co[N|(-) — o] — f(-)](0)-

As usual we denote the class of globally Holder continuous functions by C'“, and
the class of functions whose gradient is Holder continous by C*P [10] and the
upper /lower semicontinous envelope of f by f(x), f(x) see [11, 13].

The following properties of compensated convex transforms in [22, Proposition
3.1] will also be used:

Cx(N)() = CX(N)(z), Cx(f)(x) =CA(f)(@). (15)

Next we state the definition of Hausdorff distance between two non empty sets
[1, 22]. We first need the notation of §-neighborhood of a set [22], and also define
the diameter of a set.

Definition 2.3. Given a non-empty subset £ C R™ and § > 0, we define the
d-neighborhood E° of E by

B’ = {r € R" : dist(x; ) < §},
where dist(z; F) = inf{|y — z| : y € E'} and the diameter of E by

diam(F) := sup{|z — y|,z,y € E}. O
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Definition 2.4. Let E, F' be non-empty bounded closed subsets of R”. The Haus-
dorff distance between E and F' is defined by

disty(E, F) = inf{d >0: F C E° and E C F°}. (16)
This definition is equivalent to saying that

disty(F, F') = max { sup dist(x; F), sup dist(x; E)} ]

zel zeF

Motivated by Definition 4.4 in [23], we introduce a notion of distance-like function.

Definition 2.5. Suppose f: R*" — R with 0 < f < M. We define the following
distance-like functions for a closed set K C R":

da (2, Iyy) = nf{|y—x|— fKT(y)}, x € R, (17)

1
yeK
D)\»fK(x7FfK) = _\/Xinf{ovdk,fK(x’FfK)}' (18>

The last function can be reduced to Dy(z, K) = max{0,1 — VA dist(x; K)} if
f =1 (see [22, Definition 5.1]).

We conclude this section by providing a few preliminary results which are needed
to prove the Hausdorff stability results.

Remark 2.6. Let f: K C R® — R be a bounded below, lower semicontinous
and coercive function in the sense that if |z,| — +o0, then f(z,) — +o0o. Then

inf f(x) can be reached. O
The following result should be obvious. We state it here for convenience.

Corollary 2.7. Suppose that f(x) = /x and g(x) is a non-negative upper semi-
continuous, then f o g is upper semicontinuous function.

The following is a simple property for d s, (z, Iy, ).

Corollary 2.8. Let f be a non-negative upper semicontinuous function on R"
and K be closed, then the mapping x — dy s (x, Iy, ) is lower semicontinuous
function in R™.

3. Proofs of the main results

We first prove Theorem 1.5 and Theorem 1.6.

Proof of Theorem 1.5. Part (i): By the translation invariance property for
the lower and upper compensated convex transforms, assume without loss of gen-
erality that x = 0. Since both y — Ay|®> + fM(y) and y — Ay|? — f™(y)
are coercive and lower semicontinuous, by Proposition 2.1 in [22], we have the
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following representations by convex Combinations

CL(f&)(0) = Colfx + Al - | ZA’ (A=) + f& (25)), (19)
ku
—C(f™)(0) = Co[A| - P=M)(0) = D Nv(A2¥]” — f&! (z1)), where
j=1
1<k ke <n+1, N, >0 2 eRY, j=1,.. k:l,z“] Zjl/\éxé—()
u u n N ku u_ ku u u_
A >0, 27 €R ,j—l,...,]{?u,zj LA ,ZJ LAt =0,

Equality (19) implies that there is an affine function ¢(y) such that
((y) < M (y) + Ay|?, for y € R", and é(xé) = f[]‘g(xé) + >\|$§»|2. (20)

We first show that xé € Kforj=1,2..., k.If weassume M > Ay+ \ diam(Q)2

with | f| < Ag, we can show by the definition of the convex envelope and a contra-
diction argument that in the above , all xé € K. Assume that xl ¢ K, then there
is some 1 < jo < k; such that z4 € Q. Since £(z) = fi! («}) + )\]:c 2, £(y) is an
affine function of M + A|y|* at xl~ and hence is the unique tangent plane of the
function M + A|y|*. Thus {(y) = M+/\|x > +2xzl -y If 2l =0, then £(y) = M
which is a contradiction with the assumption that M > Ay + A diam(Q) If
xéo # 0 and xl € (2, then since (2 is bounded, there are two points mm, xjo € 00

and some 0 < v < 1, such that xjo = 7%’0 + (1 - ’y)a:jo. By using the fact that
zt ! - €0 and 0€1, so |x50—0| < diam(f2) and |x§g—0| < diam(€2), we also get

Jo’

YR (5) + Al ) + (L =) (F& (25) + A )
= (f(2f) + Al [*) + (1= 7)(f(afy) + Al )
< Ag + X diam(Q)° <M<M—|—)\|x |2—fK( )—I—)\|x 2.

ky
Thus 1:ZA§-:( Z )\l>—|—7x]0—|—(1—7) x5, and
=1 J=1.3#jo
ky

0- zx ( 3 A;x;)w (=

J=1,3#350
and hence
Ky
Colf! + |- Dl P+ ) > (30 MU+ el )+
J=1, j#jo
+7)‘j0()‘|xj’2+fK (@) + (L= A=l [P+ R (=),

Thus, there is a contradiction with the definition of convex envelope. Hence
mé e K,forall j=1,2,... k.
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Now we give an estimate of Ci(f¥)(0). We first define

n+1 n+1 n+1
BO = min {Z >\k’l’k’2,>\k > O,J?k c K,/{Z = 1, Nt 1,Z>\k = 1,2/\kxk = O}
k=1 = =

=Y Nl
k=1
for some 2 < m* <mn+1, A\; >0, 27 € K for k=1,...,m", ZZL:I)\Z =1, and
S Ak = 0, and let
nt1
Co = min {Z >\k|$k|27 A >0, o € E(O;rC(O)) NK, 1<k<n+1,

k=1 n+1 n+1
Z )\k:L Z)\kl‘k:()}
k=1 k=1

n+1
Furthermore, Cjy = Z M |zi|?. Clearly Cp < 72(0) and by definition, we have
k=1
BO S C[) S 7"3(0)

Now using the Cauchy-Schwarz inequality, it follows that
m* 2
NI M MUETE (z A (VAR )) ,
k=1 k=1

so that Z Arlzr] < re(0)

m*

CL(fR( Z (il + f(273)) )‘Z)\ | k|2+z>‘ flzy)

k=1

< ABy + £(0) + ZLA*|xk|a

Here we have used that f is C*-function. By the Hoélder’s inequality we get

Mlzil® =0 ) il = D (0 (i)
k=1 k=1 k=1

m* l1—a m* o
() ()
k=1 k=1

*

Then by (3) we have Z Ap|zr]|® < (r.(0))*.

k=1



M. Alatawi, K. Zhang / Hausdorff Stability and Error Estimates ... 1289

Furthermore, we have an upper bound of C(f¥)(0) as follows:
CA(fK)(0) < ABo + f(0) + L(re(0))". (21)

Now we give an estimate of lower bound of C}( f}‘f )(0). From (19), we have

CA(f& ZAZ (Al + f (= +ZAI Alsl* + (f(23) = £(0)))

7=1

ky ky
0) + A AJah P = > N[ f(h) — £(0)]
j=1 j=1
kl kl
0) + XY NP = LY Njat (22)
j=1 j=1

Assume that ¢ = |2t and h(t) = M2 — Lt = 22 4+ (A2 — Lt*), and g(t) = 2& — Lt®.
We need to find the minimum of g(t) in order to obtain the lower bound of (22).

1
Since ¢'(t) = 0 at t = (O‘AL)2 @ and ¢’ <( )2‘“> is positive, then g¢(¢) has a

minimum value at ¢ = (%) s , that means,

g(t):%?—[,t"‘> - (22_0‘>A<%> — (o), (23)

«

where C'(a, A) > 0. Hence we have
C,\(fK)( Z/\l|95 > - S A)- (24)
By comparing (21) with (24), it follows that

ky
# 3 NP~ Cla) S AR+ 0) + L0

[\

and hence Z ALfzh[? < T (ABo+ L(re(0))" + C(a, V)

(Ar2(0) + L(re(0))* + C(a, N)) (25)

>4|1\3

which gives the upper bound of $* \:c |>. Again by using the Holder’s inequa-
lity and (25), we obtain
kl kl kl

DNl =Y (DR ET =Y ()T E(N 2 P)®

Jj=1 J=1 J=1

J=1"

o
2

S(Z)‘§'> (szﬁ) < (2 020+ 2000+ Cla ) ) )
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Now by substituting the estimate (26) in (22), we have

=4

L0 = 10)+ 350~ L (5 (r20) + Lin @) +C@n) ) o D)

and by combining (27) and (21), we obtain

(=1
2

f(0)+A\By — L (; (Ar2(0) + L(re(0)* + C(a, A)))

< CA(f&)(0) < ABo + f(0) + L(re(0))*.
Similarly, we can show that

F(0) = ABo — L(re(0))* < CX(fx)(0)

< F(0) —~ ABy+ L (; (M2(0) + L(ro(0))* + Cla, A)))

Furthermore, we obtain

[N]1)

N]l)

2/(0) ~ L (§ (V2O + LOo0)" + Cla ) ) = Lr(0)°

CA(f&)(0) +CX(fx)(0)
<2f(0 ( ) + L(re(0))" + Ca, A))) : + L(r.(0))",
and thus
400 ~ 50 < S0.00+ 5 (2 (0020) 2@ + 00

Proof of Theorem 1.5. Part (ii): The proof is similar to that of part i. We can
use a similar argument to show that all xl are in K and then we have

CL(f&)( <Z>\k (i |* + f(x)) _/\Z/\kl k;|2+z)‘ f(z)

m*

=ABy + f(0) + Y Ni(f () — f(0)).

k=1

From the definition of By, we have 2?21 Apzy = 0. Furthermore, we also have

Thus  CL(f&)(0) < ABy+ £(0) + > A; (f(z}) — £(0) — Df(0) - )

k=1

< ABy + f(0 +Z>\|fa:k f(0) = Df(0) - az].
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Following the Fundamental Theorem of Calculus, we have

L &
CAf&)(0) S ABo + f(0) + ——— > Njlaz"™.
f+la
Thus by the Holder’s inequality we have
* - 18 4B, > " 6+1
ZA 2 =30 0 T = Y00 (Al
k=1 k=1
2 =
(50)” () <o
L
Then we obtain Ch(fA)(0) < ABy + f(0) + s (ro(0))"" (28)
and also from (19), we have
CA(f& ZAZ (Alz5* + f(a})) (29)

0) + Z X5 (Mgl + (£(a5) = £0) = DF(0) - 23))
0) + A DXl = 3 j1f(23) = f(0) = DF(0) -

]Cl kl
L
Jj=1 Jj=1

Assume that t = [2}| and h(t) = X\ — B+1t/3+1 = ’\—52 + (%Q — ﬂ+1tﬁ+l), and

g(t) = %t? — Bﬂtﬁ+1 We need to find the minimum of g(¢) in order to obtain the

lower bound of (30). Since ¢/(t) = 0 at ¢t = (£ )1 7 and ¢’ ((L)1 6) is positive,

then ¢(¢) has a minimum value at ¢t = (%)ﬁ , that means,
A2 L 1-8 L\T7
=" ——t > [ —_ A= =—-C(B,\ 31
o0 =" - 5110 =~ (55 ) A (5) 6.3, 6D
where C'(8,A) > 0. Hence
CA(f&)(0) = ZAlle > = C (B, \). (32)

By comparing (28) with (32), we obtain

LIk |2 L +1
ZMx\ )< ABo - £(0) + 5 ()
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L
p+1

k
2
and thus Z NJah]? < X <)\Bo +

Jj=1

(r(0))1 + C(5, A))

<2 (Ar?(o) T ) A)) L3

which gives the upper bound of Z ]x |2. Again by using the Holder’s inequal-

ity and (33), we obtain

J1]

ky ky

wa =S F )T 2 = 3T (el )

J=1 J=1
1-p B+1

kl T2 kl 2
l l 112
< (D) (Dw)
i=1 j=1

< (3 (mo+ e rcn)) T e

By substituting (34) in (30), we have

A0 = 10) + 350~ 5 (5 (o) +

L
B+1 B+1

and by combining the last inequality and (28), we obtain

f«»4—ABO—~—£L-(2 (AﬁXO)+

B+1 B+1

< CA(fK)(0) < ABo + f(0) +

) 4. )

Similarly, we can show that

F0) = ABo = 5 (r0)" < GO
<10 -+ 555 (5 (W0 + S e ) )
Furthermore, we obtain
L 2 2 L +1 E L +1
20) - 757 (5 (W20 + 00+ C60) ) T - S0

<0 + R0
<20+ 755 (3 (W20 + SO 4 0B.)) T o)
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Thus  [AY (f)(0) — £(0)] <

L L (2,

which completes the proof. O

B+1
2

o)™+ cn) )

<
p+1

Remark 3.1. Now we consider the asymptotic estimate

lim sup limsup |A} (fx)(0) — £(0)].

A—00 M—o0

Since for fixed A > 0 when M > X is sufficiently large A}! is independent of M,
we can see that ] Y

lim Ay = AY.

M—o0
Next we give an estimate |A® — f| hence obtain the following asymptotic error
estimate

lim sup [AT*(fx) = f(0)] < L(rc(0))". =

A—00

Proof of Theorem 1.6. The proof is very similar to that of Theorem 1.5 (i), (ii).
The only difference is in the infinite case that the convex envelope of f52(z)+ \|z|?
does not need touch the ceiling M = +o0. For the case M = 400, the trick is to
split the terms as follows A\t — Lt® = (1—e) A+ (eAt* — Lt*) and find the minimum
of the second term. The rest of the proof of Part (i) and Part (ii) then follows
from a similar argument to that of Part (i), (ii) of Theorem 1.5, respectively, and
we obtain another estimate depending only on A and e. In order to obtain the
asymptotic estimate, we first take the upper limit for A — oo, then we take the
upper limit for ¢ — 0+. Then we obtain an asymptotic estimates depending only
on (r.(0))*. O

We need the following preparations for the proof of our main Hausdorff stability
results.

Lemma 3.2. Suppose f: R" — R is a bounded upper semicontinuous func-
tion such that for some constants m,M > 0 , 0 < m < f < M, for all
r € R". If K,E C R" are compacts sets with disty (s, r,) < 400 where
Iy - =A{(z, f(z)) : ® € K}, then

/ 1 .
|d>\7fK('T? FfK) - dA,fE(xﬂpr)‘ < ( 1+ M) dlStH<FfK7FfE>' (35>

Corollary 3.3. By relaxing the lower bound 0 <m < f < M, to 0 < f < M, for
all x € R™ in Lemma 3.2, then we have,

/ 1 .
|d>\7f1<<x7rf1<) - d)‘va(1:7FfE)| < ( 1+ X) dlStH(F\/Ev FVE)'
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Lemma 3.4. Under the assumption of Lemma 3.2, we have

/ M )
’Di,fK(I7FfK) - Di,fE(xvprﬂ < <2 M+ R) dlStH(Fvapr)' (36)

The following lemma in [23, Lemma 4.8] is important when considering the value
of the upper transform at a single point.

Lemma 3.5. Suppose f > 0 is upper semicontinous function and xo € R™, then

for A >0,
2
)\(|x—x0|— —fo\xo)) , for |z — xo| < \/—fKE\IO),
C;f(fX{zo})(I) =

0, for ]x—x(]]z\/w.

The following result is a generalization of Lemma 4.9 in [23]

Lemma 3.6. Suppose f satisfies the assumptions of Lemma 3.2 and K C R" is
closed . Then for A > 0 and for all x € R™, we have

C(fxx)(@) = CX(D3 1o (- I ) (). (37)
We can generalize Lemma 3.2 to the case of bounded function as follows.

Lemma 3.7. Suppose f: R" — R is a bounded function such that for some
constants m,M > 0 , 0 <m < f < M, for all x € R*. If K, E C R" are
compacts sets with disty (I, y,) < +00, then

/ 1 )
|d>\7fK('r7FfK) - d%f(x?FfE” < ( 1+ m> dlStH<FfK7FfE)' (38)

Next we prove our main Hausdorff stability results starting with the proofs of the
lemmas above.

Proof of Lemma 3.2: Fix € R". For every § > disty (L., I,), by Remark
(2.6), there is some z% € K such that

g Ty) = a7 — ] [ L)
For (2%, fx(2%)) € I}, there is some (Z¥, fp(T¥)) € I}, such that
[@", fe(@) — (", fx (@), <o (39)

Thus

fr(2F)
dA:fE(x7FfE) - dA:fK(x7 FfK) = d/\:fE(x7FfE> - <‘xK - m‘ - T

< |z" - F !+\/7
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By using the triangle inequality, the conjugate, and since m < f, we have

da g (2, Ty) — do g (w, Ty ) < |77 — 25| +

1 _E K
s Me(@) = fila™)]

By using the Cauchy-Schwarz inequality and (39), we also have

g5 (€, Tpy) = d e (@, T ) < \/1+m \/\_E—JGKI + | f@") = fr(@)|”
B 1
<\t g 1@ 1@ = @5 e )], <41+ 58

for all 6 > disty (I, ;). Then by letting ¢ tend to disty (I, s, ), we obtain

1
dxpe (@, Lpp) = d g (@, Ty ) <4 [1+ 5~ Do disty (I, Lyy)-

Similarly, we can show that

/ 1 )
d)wa(x> FfK) - d)va('r’ FfE) < 1+ m dlStH(FfK’ FfE)?

and the conclusion then follows. O]

Proof of Corollary 3.3: The proof is very similar to that of Lemma 3.2. The
only difference is we apply the Cauchy Schwarz inequality directly. [

Proof of Lemma 3.4: The proof is very similar to the proof of Lemma 4.7 in
[23]. We have

|D§\7fK(x’FfK) - Di,fE(:E’ FfE){
< (IDx g (@, i )|+ D g (2, Dy ) ) 1D g (7, Ty ) = D g (0, Ly )| -

By definition of D, ¢, (z, s, ), we then have if

inf <|y—x| - fK;”) >0, | Dagie (2, T )| = 0.

yeK

Similarly, we have |Dy ¢, (z,I%,)] =0, and if

K
Ao prc (@, I'py) = mf ly — x| — fx(y) T M<O
ye \ S
for some 2% € K, then
fre(@F)
|D)\’fK<x7FfK)| - ‘_\/X d/\va(‘r7FfK)’ = \/X |IK — J}| — K

< Vfx(@®) < VM.

Similarly, we have |Dy ¢, (z, I'f,)| < VM.
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Next, by the formula min{0,a} = (a — |a|)/2 for a € R, we then have

| D grc (7, Tyye) = D g (0, Ty

VA
=5 i (T, Dpye) — A (2, ) +ldn g (2, Ly )| — |d g (20, T )|
< VAdr g (@, Tpe) = dgp (2, Ty, -

By Lemma 3.2, we have

1 .
|D>\afK(’I’FfK) - D)\va(vafE” < \/X ( T+ m) dlStH(Fvapr)'

Hence (36) follows. O

Proof of Lemma 3.6: The proof is very similar to the proof of Lemma 4.9 in
[23]. We need first to show that

fX_K(I) < Di,fK('vprxx)v (4())

for all x € R™, where fxk(z) is upper semicontinuous envelope of fxg. So that
by ordering property of the upper transform, we have

CX(Fxx) (@) < CR(D3 4, (5 Tric)) (), (41)

for all z € R™. If ¢ K, then fxg(z) =0< D3, (x,1},). If v € K, since

d,\,fK(x,FfK) :;glf( <|y_x| — fKT(y)> <l|o—z|— /fK>E$) _ /fK>E$) <0,

we then have

D)"fK('I.’FfK) = _\/X?Jiglf;{()?d)\,fk(x’[’fk)} = _\/X d)va(x7FfK) >y fK(x)7

and thus D3 ;, (z, Iy,) > fx(x). Therefore, (40) holds for all z € R”". Then by
using the order property (12), (41) will follow.

Next, we show that the opposite inequality also holds,

Cy(fxr)(x) = CY(D3 4, (- T ) (). (42)
We will consider two cases as follows.

Case 1: If dy s (x,I,) > 0, then by definition, D, s, (x,[,) = 0 and hence
D3 4. (%, I, ) = 0. Therefore we show in this case

CX(D3 1 (5 T D (@) = 0 < CX(fxx) (@)

Consider the function z +— Az — x> — D3 ; (2, Iy,) for z € R". We show that
the value of the convex envelope of this function at x is zero.
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Let ¢(z) = 0 for all z € R™ be the affine function and show that
0="{(z) = (Az — 2| = D3 s, (2. Tpe)) lo=as (43)
and 0=10(z) < Mz—a> = D3 (2,1 ), 2 € R (44)
Equality (43) holds since (A|z — z|* — D3 ; (2, If,))ls=a = —D3 4. (#, Iy, ) = 0.
Now we prove (44), that is, A|z — z|* — D3 ; (2, I'y,.) > 0, is equivalent to
D3 4 (2, Tp) < Mz — ), 2 € R™ (45)

If dy i (2, ) > 0, then D3 (2, Is) = 0 hence (45) holds for all z € R". If
dygic(2,1p,) <0, then D3 ; (2, Iy,) = X d3 4, (2, 'y ). We need to show that

2
: fr(y)

Y

uf <|y—z|— fKT(y)>s|z—x|,

— 1
yeK

nf <|y—z| — fK(y)) + |z —z| > 0.

which is equivalent to

which is equivalent to

i
yeK A

Since inf(f + a) = a + inf f, then we have

. fx(y)
— — — > ().
ylgf <\z x|+ |y — 2| 5y 0

By using the triangle inequality, we have
. fk(y) : Jr(y)
z}gKf <|z 7+ Iy ==l A z}gKf v =l A

Thus (44) holds. Therefore,

0= Co[A|() — @ = DX s, (-, o)) (x) = =CX(D3 . ( i) (),

which implies

D3 1 (3 Tl (@) < CUDS f (5 Tr)) (@) = 0 < CR(fxe) (). (46)

Case 2: Finally we consider the case when

nf (!y —z| — fK—(y)> = |2® — 2| — Jic(") < 0.

i
yeK A

dfic (T, ) =
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By Lemma 3.5, we have

IN
~s
=
0

_ 2
A(\y—ﬂcKI— %”CK)) for |y — x*|

Cr( Xy (y) =

0, for |y — x

Since #* € K, then we have fxx}(y) < fxx(y) for all y € R". So that by the
ordering property of upper transforms,

¢ (Ferey) ) < €8 (Fxc) (v), for all y € R™.

Since dy f, (, Ity ) < 0, then we also have |25 — x| < 4/ @ Thus

2

fre(@X)
N = A d?\,f}(('r’FfK) = Di,f}(('x’FfK)'

CL X)) = A [ 12 — ] — 155

So, in this case, D3 (v, If,) = Cy(fxixy)(z) < C¥ (fxx) (z). By combining
this case and (46), we have for all x € R",

Di,fK(xver> < C;\L (fX_K) (l’)

So by using the ordering property (12) and the property of compensated convex
transforms (14) in the previous inequality, we have

C(D3 5 (- T (@) < €3 (CH(TX)) () = CL(Fxa)(@) Var € R
Since the opposite inequality also holds in (41), we have
C(fxw)(x) = CXU(D3 4o (- I )) (@), (47)

for all z € R™. By using the property of upper transform (the first equation in
(15)), then we obtain

Cy(fx) =CY(D3 (- Tp))(x) Vo €RY,
which completes the proof. [

Proof of Theorem 1.7: The proof is very similar to the proof of Theorem 4.10
in [23]. By Lemma 3.4, we have for all x € R",

/ M .
‘Di,fk(‘%?[’fl() _Di,fE(x>FfE)| S (2 M)\‘F@) dlStH(FfK,FfE>.
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Thus

/ M\ .
Di,fE(‘anE) - (2 M+ m) dlStH(kavpr>
/ M\ .
= DifK(x’FfK) < DiafE(x’FfE) + (2 MM+ R) dlStH(FfK7FfE>.

By taking the upper transform in the above inequality and using the ordering pro-
perty (12), and the affine covariant property of the upper transform (13), we get

/ M .
C;L(Di,fE(xv FfE)) - (2 MM+ R) dlSt’H(kavrfE)
u 2 u 2 M :
< CR(DX g (2, Ly ) < CX(D3 g (2, L)) + (2\/ M+ R) distay (L, Iy)-

This is equivalent to

/ M .
|C;\L(D/2\,fK(x7FfK>> _C;(Di,fg<x7FfE))‘ < (2 MX+ R) dlStH(FvarfE)'

By Lemma 3.6, we have for all z € R,
Ch(fxx) (@) = CX(D3 4 (-, Iy )) ().

Hence the result then follows. O]

Proof of Corollary 1.10: From the definition of stable ridge transform, we have

SRy (fxr) (@) — SBr-(fxE)(z)
= Ca(fxx)(x) = Ci(fxe) (@) + CLCA(fxe)(x)) — CL(CR(fxx)(2)).
By using the triangle inequality, we obtain
|SRy-(fxr) — SBA-(fxB)|

<|CX(fxx) — CX(fxe)| + ‘Ci(C;‘(fXE)(:c)) - Ci(ci‘(fXK)(iU))‘ .

By taking the lower transform in (7) and using the ordering property of the lower
compensated convex transforms, we have

o) - s runol] < (/o ) a1,

Thus, we obtain

/ M\ ..
’SR)\,T(fXK) - SR)\J’(fXEH < (4 M+ R) dlStH(rfxvrfE)v

which completes the proof. O

Proof of Lemma 3.7: Fix © € R". For every § > disty(I},,[s,) we have, by

definition, d) s, (x, Iy, ) = inf ek <‘3/ — x| - \/ fKA(y))'
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[r(z®)
=

Also from the definition of dy r,(z,Is,) we have that for all € > 0 there exists
x¥ € E such that

Then for all zX € K, dy . (z,I,) < |2% — 2] —

JZE
|$E . ’ i fE(/\ ) < d)\,fE(«TT,FfE) Te
Then for (2, fg(z¥)) € Iy, there exists (TX, fr(TX)) € Iy, such that
1@, fx @) = (27, fo(a™)], < 6. (48)
Thus
g, )=y 0,T3) < [ o] — 12T <|xE—x| L )
1

< |zF —2F| +

|fr (@) = fu(a®)| +e

2vVmA

By using the Cauchy-Schwarz inequality and the inequality (48), we have

1 _ _ 2
Dagic (@, Tpie) = dagp (@, Typ) < AJ14 \/|$K—$E|2 + | fre (@) = fo(@P)|" + e

<1+ ﬁ |, fie @) = @, fe@®)]|, +€ < \/% re

for all € > 0 and for all 6 > disty (I, ;). Then by letting e — 0+ and
0 — disty (I, [y,) in the inequalities above, we have

/ 1 .
d)\,fK(x>FfK) - d/\,fE(xv FfE) < I+ m dlStH(FfK7 FfE)'

Similarly, we can show that

/ 1 )
d)‘ufE(x7 FfE) - d)\ny(% FfK) < 1+ 4)\_m dlStH(FfK’ FfE)v

and conclusion then follows. OJ

Proof of Theorem 1.8 : The proof is the same as the proof of Theorem 1.7. [

The next example shows that we do need the Hausdorff distance between graphs of
sampled functions when the underlying function is not continuous. If the function
is uniformly continuous [23, Theorem 4.10] we can use the Hausdorff distance
between the sampled sets to measure stability. If a function is not continuous, we
cannot use the Hausdorff distance between sets only to measure the difference of
the upper transforms obtained from two different samples.

Example 3.8. Let f(z)= { ?7 igi i i %,

We will take two samples sets in R depending on n, say F, and F), such that for
any C' > 0, when n is large Cdisty (E,, F,,) < [C¥(fxr,)(z) — C¥(fxE,)(z)|.
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Therefore for the discontinuous case we cannot use the Hausdorff distance between
sets to bound the difference of the upper transforms taking from two sampled sets.

Consider E,, be the set of rational numbers E, = {% :k=0,---,n}and F, be

the set of irrational numbers F,, = {% + }4/—3 :k=0,---,n—1}. Then we conclude
that disty (F,, F,) < #ﬁ Since the E, and F,, are closed to each other, then

disty (E,, F,) tends to zero as n — oo. Next we use the upper transforms of
characteristic function of {;—é, %} to calculate the upper transform for fypg, in

[0,1] and for fxp, in [}4/—3, a1y }4/—3] It is easy to see that
A

cu (X{M ) 0)=1- 15

For z € [0, 1], CY(fxk,)(x) = 2 = 25 in 2, %2 + 21, Ci(fxm,)(x) < 1in [0,1),
we then have the following difference

A

A
CX(fxr.)(x) = CY(fxe,)(x) > 2 — T 1=1- Pl

However for C' > 0 when n is large, as the Hausdorff distance disty (E,, F,) < 7
we have

Cdisty (B, F,) < F <1l- 4)\2 < [CX(fxr.)(x) = CX(fxE.) ()] -

Therefore, we use the Hausdorff distance of the graph of the sampled function

defined on E, and F,, that means, I'(fg,) = {(£,1)}, D(fr,) = {(£ + 4n, 2)},
disty (I, , I, ) > 1. Then the estimate (8) in Theorem 1.8 using the Hausdorff

distance between graphs is necessary as follows:

ICX(fxr.)(x) = CX(fxE,)(2)] < (2\/2A'+ 1) disty (Ip, s Lrp, )-
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