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interpolations of sampled functions in euclidean spaces: Theoretical foundations, SIAM J. Math.
Analysis 48(6) (2016) 4126–4154] to cases when the underlying functions are in the class of Cα

or C1,β . We also establish Hausdorff stability when the functions involved are just assumed to
be bounded. The stability of our approximations in this paper is with respect to the Hausdorff
distance between graphs of the sampled functions.

Keywords: Compensated convex transforms, compact samples, complement of bounded open
sets interpolation, approximation, inpainting, bounded functions, Cα-functions, C1,β-functions,
error estimates, Hausdorff stability, Hausdorff distance, convex density radius.

2010 Mathematics Subject Classification: 65K10, 26B25 52A41, 94A20, 94A08.

1. Introduction and main results

In this paper we establish error estimates for average approximations defined by
compensated convex transforms [23] for bounded functions f : Rn → R when ei-
ther K = Rn\Ω where Ω ⊂ Rn is a bounded open set or K ⊂ Rn is a compact
set. We extend the approximation theorems obtained in [23] for uniformly con-
tinuous, Lipschitz, and C1,1 functions to Cα, C1,β-functions f : Rn → R as the
underlying functions to be approximated. We present asymptotically sharp error
estimates for approximations for such functions. Error estimates are important
issues for approximation/interpolation and image inpainting (see e.g., [4]). Fur-
thermore, we present a stability result for the average approximation of sampled
functions under the only assumption that the functions are bounded by using
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the Hausdorff distance between graphs of sampled functions. This result general-
izes the Hausdorff-Lipschitz continuity property for the average approximation for
bounded uniformly continuous functions established in [23] using the Hausdorff
distance between the sampled sets K.
Throughout the paper, we denote by Rn the standard n-dimensional Euclidean
space with the standard inner product x · y and norm |x| for x, y ∈ Rn. We
denote by B(x0; r) and B(x0; r) the open and closed balls centered at x0 with
radius r > 0 respectively. Also co[K] denotes the convex hull of K [11, 13] which
is the smallest convex set containing K. For a given function f : Rn → R bounded
below, the convex envelope Co[f ] of f is the largest convex function whose graph
lies below f [11, 13] .
Let us first recall the notions of quadratic compensated convex transforms for
bounded functions in Rn defined in [20, 21, 22], followed by definitions of upper,
lower, and the average compensated convex approximation [23]. For the defini-
tion of compensated convex transforms for functions under more general growth
conditions, see [20, Definition 1.1].
Let f : Rn → R satisfies the growth condition |f(x)| ≤ Cf |x|2 + C1 for some
constants Cf > 0, C1 > 0 and for all x ∈ Rn.

The quadratic lower compensated convex transform for f (lower transform for
short) is defined by

Cl
λ(f)(x) = Co[λ| · |2 + f(·)](x)− λ|x|2, x ∈ Rn, for λ > Cf , (1)

where Co[λ| · |2 + f(·)](x) is the value of the convex envelope of the function
y 7→ f(y) + λ|y|2 at x ∈ Rn [11, 13].
The quadratic upper compensated convex transform for f (upper transform for
short) is defined by

Cu
λ(f)(x) := −Co[λ| · |2 − f(·)](x) + λ|x|2, x ∈ Rn, for λ > Cf . (2)

The two quadratic mixed compensated convex transforms for f (mixed transforms
for short) are defined, respectively, by Cu

λ(Cl
τ (f)), and Cl

λ(Cu
τ (f)), x ∈ Rn, when

λ, τ > Cf . It is easy to see under our growth condition for f that we have
Cu
λ(f)(x) = −Cl

λ(−f)(x).

We only assume in this paper, unless otherwise specified that , K ⊂ Rn is either a
compact set or the complement of a bounded open set Ω ⊂ Rn. We call f : Rn → R
the underlying function to be approximated. We define fK : K ⊂ Rn → R, our
sampled function as fK(x) = f(x) for all x ∈ K, and ΓfK := {(x, f(x)) : x ∈ K)}
its graph. The aim for general interpolation / approximation for fK is to define
another function in co[K], which is equal to f on K or at least approximates f
on K.
Let K ⊂ Rn be a nonempty closed set and suppose that for some constant A0 > 0,
|fK(x)| ≤ A0 for all x ∈ K. Given a positive number M > 0, we define two
functions extending fK to Rn\K, as follows [23]:
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fM
K (x) =

{
fK(x), x ∈ K,

M, x∈Rn\K;
and f−M

K (x) =

{
fK(x), x ∈ K,

−M, x∈Rn\K.
(3)

Now we present the definitions of the lower, the upper, and the average compen-
sated convex approximations for a fixed M > 0 [23].

Definition 1.1. For M>0, the lower compensated convex approximation (the lo-
wer approximation for short) with scale λ>0 for the sampled function fK :K → R
is defined by

LM
λ (fK)(x) = Cl

λ(f
M
K )(x), x ∈ Rn. (4)

The upper compensated convex approximation (the upper approximation for short)
with scale λ > 0 for the sampled function fK : K → R is defined by

UM
λ (fK)(x) = Cu

λ(f
−M
K )(x), x ∈ Rn. (5)

The average compensated convex approximation (the average approximation for
short) with scale λ > 0 for the sampled function fK : K → R is defined by

AM
λ (fK)(x) =

1

2

(
Cl
λ(f

M
K )(x) + Cu

λ(f
−M
K )(x)

)
, x ∈ Rn. (6)

In addition, we can set M = +∞, then we can consider the following functions.

f+∞
K (x) =

{
fK(x), x ∈ K,

+∞, x∈Rn\K;
and f−∞

K (x) =

{
fK(x), x ∈ K,

−∞, x∈Rn\K.

and define the corresponding average approximation of A∞
λ (fK)(x) as follows:

A∞
λ (fK)(x) =

1

2

(
Cl
λ(f

+∞
K )(x) + Cu

λ(f
−∞
K )(x)

)
.

The following is a simple one-dimensional prototype example illustrating the ge-
ometric behaviour of the average approximation.

Example 1.2. Let f(x) = x2/4 for x ∈ R with K = {0, 1, 2, 3} and λ = 10.
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(c) Average approx.

Figure 1.1: In 1d the average approximation for a finite set is just the affine
interpolation of a given function when M > 0 is sufficiently large.

The present work is motivated by [23]. Our main results generalise those obtained
in [23]. We focus on two important problems, both are related to the robustness
of our method, namely Error Estimates and Stability. We first establish a general
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approximation theorem when either K = Rn\Ω where Ω ⊂ Rn is a bounded open
set (Theorem 1.5) or K ⊂ Rn is a compact set (Theorem 1.6 ). We generalize the
approximation theorems obtained in [23] to Cα, C1,β-functions f : Rn → R as the
underlying functions to be approximated. We show that when M > 0 is sufficiently
large, AM

λ (fK)(x) approaches fK in K as λ → ∞. For a point x in co[K], we use
the notion of convex density radius rc(x) [23] which is the smallest radius r ≥ 0
of closed ball B(x; r) such that x is in the convex hull of K ∩ B(x; r). We use
rc(x) to bound the errors of our approximation

∣∣AM
λ (fK)(x)− f(x)

∣∣ . We prove
also a similar error estimate for |A∞

λ (fK)(x)− f(x)|. We then prove a general
Hausdorff stability result for ΓfK → AM

λ (fK)(x) by using the Hausdorff distance
between graphs of sampled functions, showing that as long as the graph of two
sampled functions are close to each other, then the output of approximation will
be close to each other. Our approach is rather indirect by using a distance-like
function introduced in [23]. The main result for this part is Theorem 1.8 which
gives a very general Hausdorff stability result of the upper transform result for
bounded functions. As a direct consequence, the Hausdorff stability property of
the average approximation can be established.
Now we briefly discuss the backgrounds on approximation and interpolation meth-
ods for sampled functions. There are many methods of approximations and in-
terpolations for functions by polynomials and other smooth functions in one-
dimension [6, 16]. Reviews on classical interpolation methods for functions such
as Lagrange, Newton and other polynomial based interpolation can be found in,
for example [6, 12] and the basic idea of most of them is to find a polynomial
passing through the given sample points. Many one-dimensional interpolation
methods cannot be extended directly to higher dimensional cases such as scat-
tered data. For higher dimensional problems, radial basis functions [2, 8, 18], thin
spline plate methods [9], kernel and convolution methods [19] are widely used .
Based on geometric partial differential equations (PDEs) [17, 15, 3] and varia-
tional methods using total variation (TV) models [5, 14], many techniques have
been introduced to interpolate and approximate functions in image processing [5]
for different purposes such as image segmentation, denoising, modeling or repre-
sentation, restoration, salt & pepper noise removal, and image inpainting [5]. We
mainly focus on inpainting which is a problem in image processing. In general,
let Ω be the image domain, and f : Ω → R be the original image. We can con-
sider D ⊂ Ω as the area to be inpainted from Ω \ D to Ω. This means that D
is the region with missing information. The main aim is to reconstruct or repair
the damaged image by using the existing information of other parts of the image
f : Ω\D → R [23]. The most well-known PDE based inpainting method is the to-
tal variation regularization based model introduced by Rudian, Osher and Fatemi
(ROF model for short) [14]. Many of the PDE based methods give impressive
experimental results.
However, for functions to be interpolated or approximated, many methods are
not flexible with respect to types of sample sets such as scattered data, that is,
the set is finite and the points are isolated [23] or level set interpolation by using
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the infinity Laplacian (or AMLE) requires the sampled set to be unions of finitely
many sets of isolated point and Jordan curves [3] with output C1,α- functions in
2d [7]. Also, few known inpainting methods have been proved to be Hausdorff
stable. On the other hand, our compensated convexity based approximation can
be easily applied to data sets of more general types [23] such as level sets, edges,
finite sets, compact sets and the complement of bounded open sets. Moreover,
the basic average approximation AM

λ (fK)(x) has the Hausdorff stability property,
that means, if f is continuous and there is another sample sets E ⊂ Rn close to
K , then AM

λ (fE)(x) is close to AM
λ (fK)(x) [23].

As far as we know, many existing methods for inpainting, error estimates between
the original function and inpainted area are very difficult to obtain. The TV-
based inpainting methods [5] is one of such examples for which extra geometric
assumptions on solutions are required. In [4] an error estimate for the harmonic
inpainting was obtained . For this model, Chan and Kang solved the Dirichlet
problem for the Laplacian equation ∆u = 0 in D ⊂ Ω satisfying u = f on ∂D
was solved by assuming that f ∈ C2(Ω) and ∂D is smooth. They established the
following error estimate

|u(x)− f(x)| ≤ N

8
β2, x ∈ Ω,

where |∆f | ≤ N in Ω and β is the minor diameter of an ellipse covering the
domain D to be inpainted. They also presented [4] numerical experiments by
harmonic inpainting. They commented that the error estimate should depend on
the ’width’ of the inpainting domain rather than β.
On the other hand our approach does not require any smoothness assumptions
of the boundary. Under suitable assumptions on the continuity of the underling
function f , quantitative error estimates depending on the width of the domain to
be inpainted can be established [23]. Our method measures the difference between
the approximation of the sampled function and the original function in the missing
area. Applications of this method to scattered data interpolation and inpainting
are presented in [24].
Before we state our main results, we first introduce the notion of convex density
radius rc(x) [23, Definition 3.5] which is needed in Theorem 1.5, and Theorem 1.6.

Definition 1.3. Suppose K ⊂ Rn is a non-empty closed set and for x ∈ co[K]
consider the balls B(x; r) such that x ∈ co[B(x; r)∩K]. The convex density radius
of x with respect to K is defined by

rc(x) = inf{r ≥ 0, x ∈ co[B(x; r) ∩K]},

whereas the convex density radius of K in co[K] is defined as

rc(K) = sup{rc(x), x ∈ co[K]}.

Next we introduce the definition of Hausdorff continuity with respect to closed
sampled sets for transforms of continuous bounded real functions from Rn to R
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as follows [23, Definition 4.1]. For the definition of Hausdorff distance, we refer
to Definition 2.4 in Section 2.

Definition 1.4. A transform T : Rn → R is said to be Hausdorff continuous
with respect to closed sample sets at a continuous function f if the mapping
K → T(fχK) is Hausdorff continuous at each non empty closed set K0 ⊂ Rn, in
the sense that for every ϵ > 0, there exists δ > 0 such that

|T(fχK)(x)− T(fχK0)(x)| < ϵ,

for all x ∈ Rn whenever K is a non-empty closed set with distH(K,K0) < δ.

We generalize the approximation theorems obtained in [23] for a compact set
K ∈ Rn [23, Theorem 3.6 ] and for K = Rn\Ω with Ω a bounded open set [23,
Thereom 3.7] for uniformly continuous, Lipschitz, and C1,1 functions to Cα and
C1,β functions. Now we state our main results of the error estimates for the average
compensated convex approximation for Cα and C1,β functions, respectively. First
we consider the case when K = Ωc is the complement of a bounded open set
Ω ⊂ Rn and M is finite. The estimates are expressed in terms of the convex
density radius.
Theorem 1.5. Suppose f : Rn → R is a bounded continuous function, satisfying
|f(x)| ≤ A0 for some constant A0 > 0 and for all x ∈ Rn. Let Ω ⊂ Rn be a
bounded open set and K = Ωc. Denote by diam(Ω) the diameter of Ω (for the
definition of the diameter see Section 2).
(i) If f is a Cα-function (Hölder continous) in Rn for some 0 < α < 1 with

constant L > 0 satisfying |f(x)− f(y)| ≤ L|x− y|α for all x, y ∈ Rn, then
for λ > 0, M > A0 + diam(Ω)2 and x ∈ Rn, we have, for x ∈ Rn that∣∣AM

λ (fK)(x)−f(x)
∣∣ ≤ L

2
(rc(x))

α +
L

2

(
2

λ

(
λr2c (x) + L(rc(x))

α + C(α, λ)
))α

2

,

where rc(x) ≥ 0 and C(α, λ) =
(
2−α
2α

)
λ
(
αL
λ

) 2
2−α .

(ii) If f is a C1,β-function in Rn for some 0 < β < 1, with constant L > 0,
satisfying |Df(x) − Df(y)| ≤ L|x − y|β for all x, y ∈ Rn, then for λ > 0,

M > A0 + λ diam(Ω)2 and x ∈ Rn, we have, for x ∈ Rn that∣∣AM
λ (fK)(x)− f(x)

∣∣ ≤ L

2(β + 1)
(rc(x))

β+1

+
L

2(β + 1)

(
2

λ

(
λr2c (x) +

L

β + 1
(rc(x))

β+1 + C(β, λ)

))β+1
2

,

where C(β, λ) =
(

1−β
2(1+β)

)
λ
(
L
λ

) 2
1−β .

Then we consider the case when K is compact and M = +∞. We have the
following error estimate for our average approximation.
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Theorem 1.6. Suppose f : Rn → R is a bounded continuous function satisfying
|f(x)| ≤ A0 for some constant A0 > 0 and all x ∈ Rn, and let K ⊂ Rn be a
nonempty compact set.
(i) If f is a Cα-function (Hölder continous) in Rn for some 0 < α < 1 with

constant L > 0 satisfying |f(x)− f(y)| ≤ L|x− y|α for all x, y ∈ Rn, then
for all λ > 0, and x ∈ co[K], we have an asymptotic estimate depending
only on (rc(x))

α, as below
lim sup
λ→∞

|A∞
λ (fK)(x)− f(x)| ≤ L(rc(x))

α.

(ii) If f is a C1,β-function in Rn for some 0 < β < 1 with constant L > 0
satisfying |Df(x) − Df(y)| ≤ L|x − y|β for all x, y ∈ Rn, then for all
λ > 0, and x ∈ co[K], we have an asymptotic estimate depending only on
(rc(x))

β+1, as below

lim sup
λ→∞

|A∞
λ (fK)(x)− f(x)| ≤ L

(β + 1)
(rc(x))

β+1.

Next we extend the Hausdorff -Lipschitz continuity result for the upper transform
of bounded uniformly continuous functions [23, Theorem 4.10 ] to the case of
general bounded functions. The following is our main result on Hausdorff stability
of the upper compensated convex transform at a bounded upper semicontinous
function.
Theorem 1.7. Suppose f : Rn → R is a bounded upper semicontinuous function
such that for some constants m,M > 0 , 0 < m ≤ f ≤ M for all x ∈ Rn. Let
K,E ⊂ Rn be compact sets with distH(Γf

K
, ΓfE) < +∞. Then for all x ∈ Rn,

|Cu
λ(fχK)(x)− Cu

λ(fχE)(x)| ≤

(
2

√
Mλ+

M

4m

)
distH(ΓfK , ΓfE). (7)

Thus we can easily state Hausdorff stability for general bounded function.
Theorem 1.8. Suppose f : Rn → R is a bounded function such that for some
constants m,M > 0 , 0 < m ≤ f ≤ M for all x ∈ Rn. Let K,E ⊂ Rn be
compacts sets with distH(ΓfK , ΓfE) < +∞. Then for all x ∈ Rn,

|Cu
λ(fχK)(x)− Cu

λ(fχE)(x)| ≤

(
2

√
Mλ+

M

4m

)
distH(ΓfK , ΓfE). (8)

The stable ridge transform was introduced in [22] where the Hausdorff stability
property is proved for characteristic function.

Definition 1.9. Suppose f : Rn → R is a bounded function such that for some
constants m,M>0, 0<m≤f ≤ M for all x∈Rn. Let K be a non empty compact
subset of Rn. We define the stable ridge transform for fχK , x∈Rn, λ, τ > 0 by

SRλ,τ (fχK)(x) = Rτ (Cu
λ(fχK))(x) = Cu

λ(fχK)(x)−Cl
τ (Cu

λ(fχK)(x)).

As an immediate consequence of the Theorem 1.8, we obtain the following
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Corollary 1.10. Assume λ > 0, τ > 0 and under assumptions of Lemma 3.2, we
have, for all x ∈ Rn that

|SRλ,τ (fχK)(x)− SRλ,τ (fχE)(x)| ≤

(
4

√
Mλ+

M

4m

)
distH(ΓfK , ΓfE). (9)

The plan of the rest of the paper is as follows. Section 2 will present some pre-
liminary results which are needed for the proofs. We present the proofs of our
main results in Section 3.

2. Preliminary results

We first collect some basic results from convex analysis which will be used in the
following. The reader is referred to [11, 13] for further details and proofs. We
often use the following characterization of convex envelope in the proofs.
Proposition 2.1. [22, Propostion 2.1] Let f : Rn → R be bounded below and
x0 ∈ Rn. Then
(i) The convex envelope Co[f ](·) of f at x0 ∈ Rn is given by

Co[f ](x0) = inf
i=1,...,n+1

{
n+1∑
i=1

λif(xi) :
n+1∑
i=1

λi = 1,
n+1∑
i=1

λixi = x0, λi ≥ 0, xi∈Rn

}
. (10)

Further, if f is lower semicontinous and coercive in the sense that f(x)/|x| → ∞
as |x| → ∞, then the infimum can be attained by some (λ∗

i , x
∗
i ) for 0 < λ∗

i ≤ 1,
x∗
i ∈ Rn, for i = 1, . . . , k with 1 ≤ i ≤ k ≤ n + 1, satisfy

∑k
i=1 λ

∗
i = 1, and∑k

i=1 λ
∗
ix

∗
i = x0, such that

Co[f ](x0) =
k∑

i=1

λ∗
i f(x

∗
i ).

(ii) The value Co[f ](·) for f taking only finite values can also be obtained by an
affine functions as follows [20, 22]:

Co[f ](x0) = sup {ℓ(x0) : ℓ affine and ℓ(y) ≤ f(y) for all y ∈ Rn} .

with the sup attained by an affine function ℓ∗ ∈ Rn.

Next we list some basic properties of compensated convex transforms [20, 21, 22]
which will be used in the proofs. The lower and upper transforms are related to
each other when λ > 0 by the following relation

Cl
λ(f)(x) = −Cu

λ(−f)(x),

when both can be defined. Furthermore, the ordering property of compensated
convex transform holds for x ∈ Rn, 0 < λ < τ,

Cl
λ(f)(x) ≤ Cl

τ (f)(x) ≤ f(x) ≤ Cu
τ (f)(x) ≤ Cu

λ(f)(x), (11)



M. Alatawi, K. Zhang / Hausdorff Stability and Error Estimates ... 1285

and for f ≤ g in Rn, we have

Cl
λ(f)(x) ≤ Cl

λ(g)(x), and Cu
λ(f)(x) ≤ Cu

λ(g)(x). (12)

In addition, the compensated convex transforms enjoy the property [22] that

Cl
λ(f + ℓ)(x) = Cl

λ(f)(x) + ℓ, Cl
λ(f + ℓ)(x) = Cu

λ(f)(x) + ℓ, (13)

where ℓ is any affine function and we also have [22, Theorem 2.1(iii)]

Cu
τ (Cu

λ(f)) =

{
Cu
λ(f), if τ ≥ λ,

Cu
τ (f), if τ ≤ λ;

and Cl
τ (Cl

λ(f)) =

{
Cl
λ(f), if τ ≥ λ,

Cl
τ (f), if τ ≤ λ.

(14)

We will use the following translation -invariance property in our proofs [22, Prop-
sition 2.10] in order to allow us to consider the point x0 = 0 without loss of
generality.

Proposition 2.2. (Translation-invariance property) For any f : Rn → R bounded
below and for affine function ℓ : Rn → R, Co[f + ℓ] = Co[f ] + ℓ. Consequently,
both Cl

λ(f)(x) and Cu
λ(f)(x) are translation invariant against the weight function,

that is:
Cl
λ(f)(x) = Co[λ|(·)− x0|2 + f(·)](x)− λ|x− x0|2,

Cu
λ(f)(x) = −Co[λ|(·)− x0|2 − f(·)](x) + λ|x− x0|2.

for all x ∈ Rn and for every fixed x0 ∈ Rn. In particular, at x0

Cl
λ(f)(x0) = Co[λ|(·)−x0|2+f(·)](x0), Cu

λ(f)(x0) = −Co[λ|(·)−x0|2−f(·)](x0).

As usual we denote the class of globally Hölder continuous functions by Cα, and
the class of functions whose gradient is Hölder continous by C1,β [10] and the
upper/lower semicontinous envelope of f by f(x), f(x) see [11, 13].
The following properties of compensated convex transforms in [22, Proposition
3.1] will also be used:

Cu
λ(f)(x) = Cu

λ(f)(x), Cu
λ(f)(x) = Cl

λ(f)(x). (15)

Next we state the definition of Hausdorff distance between two non empty sets
[1, 22]. We first need the notation of δ-neighborhood of a set [22], and also define
the diameter of a set.
Definition 2.3. Given a non-empty subset E ⊂ Rn and δ > 0, we define the
δ-neighborhood Eδ of E by

Eδ = {x ∈ Rn : dist(x;E) < δ},

where dist(x;E) = inf{|y − x| : y ∈ E} and the diameter of E by

diam(E) := sup{|x− y|, x, y ∈ E}.
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Definition 2.4. Let E,F be non-empty bounded closed subsets of Rn. The Haus-
dorff distance between E and F is defined by

distH(E,F ) = inf{δ > 0 : F ⊂ Eδ and E ⊂ F δ}. (16)

This definition is equivalent to saying that

distH(E,F ) = max
{
sup
x∈E

dist(x;F ), sup
x∈F

dist(x;E)
}
.

Motivated by Definition 4.4 in [23], we introduce a notion of distance-like function.

Definition 2.5. Suppose f : Rn → R with 0 < f ≤ M. We define the following
distance-like functions for a closed set K ⊂ Rn :

dλ,fK (x, ΓfK ) = inf
y∈K

{
|y − x| −

√
fK(y)

λ

}
, x ∈ Rn, (17)

Dλ,fK (x, ΓfK ) = −
√
λ inf{0, dλ,fK (x, ΓfK )}. (18)

The last function can be reduced to Dλ(x,K) = max{0, 1 −
√
λ dist(x;K)} if

f ≡ 1 (see [22, Definition 5.1]).

We conclude this section by providing a few preliminary results which are needed
to prove the Hausdorff stability results.
Remark 2.6. Let f : K ⊂ Rn → R be a bounded below, lower semicontinous
and coercive function in the sense that if |xn| → +∞, then f(xn) → +∞. Then
inf f(x) can be reached.

The following result should be obvious. We state it here for convenience.
Corollary 2.7. Suppose that f(x) =

√
x and g(x) is a non-negative upper semi-

continuous, then f ◦ g is upper semicontinuous function.

The following is a simple property for dλ,fK (x, ΓfK ).

Corollary 2.8. Let f be a non-negative upper semicontinuous function on Rn

and K be closed, then the mapping x → dλ,fK (x, ΓfK ) is lower semicontinuous
function in Rn.

3. Proofs of the main results

We first prove Theorem 1.5 and Theorem 1.6.

Proof of Theorem 1.5. Part (i): By the translation invariance property for
the lower and upper compensated convex transforms, assume without loss of gen-
erality that x = 0. Since both y → λ|y|2 + fM

K (y) and y → λ|y|2 − f−M
K (y)

are coercive and lower semicontinuous, by Proposition 2.1 in [22], we have the
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following representations by convex combinations:

Cl
λ(f

M
K )(0) = Co[fM

K + λ| · |2](0) =
kl∑
j=1

λl
j(λ|xl

j|2 + fM
K (xl

j)), (19)

−Cu
λ(f

−M
K )(0) = Co[λ| · |2−f−M

K ](0) =
ku∑
j=1

λu
j (λ|xu

j |2 − fM
K (xu

j )), where

1 ≤ kl, ku ≤ n+1, λl
j > 0, xl

j ∈ Rn, j = 1, ..., kl,
∑kl

j=1 λ
l
j = 1,

∑kl
j=1 λ

l
jx

l
j = 0,

λu
j > 0, xu

j ∈ Rn , j = 1, . . . , ku,
∑ku

j=1 λ
u
j = 1,

∑ku
j=1 λ

u
jx

u
j = 0.

Equality (19) implies that there is an affine function ℓ(y) such that

ℓ(y) ≤ fM
K (y) + λ|y|2, for y ∈ Rn, and ℓ(xl

j) = fM
K (xl

j) + λ|xl
j|2. (20)

We first show that xl
j ∈ K for j = 1, 2, . . . , kl. If we assume M > A0+λ diam(Ω)2

with |f | ≤ A0, we can show by the definition of the convex envelope and a contra-
diction argument that in the above , all xl

j ∈ K. Assume that xl
j /∈ K, then there

is some 1 ≤ j0 ≤ kl such that xl
j0
∈ Ω. Since ℓ(xl

j0
) = fM

K (xl
j0
) + λ|xl

j0
|2, ℓ(y) is an

affine function of M + λ|y|2 at xl
j0

and hence is the unique tangent plane of the
function M +λ|y|2. Thus ℓ(y) = M +λ|xl

j0
|2+2λxl

j0
· y. If xl

j0
= 0, then ℓ(y) = M

which is a contradiction with the assumption that M > A0 + λ diam(Ω)2. If
xl
j0
6= 0 and xl

j0
∈ Ω, then since Ω is bounded, there are two points xl′

j0
, xl′′

j0
∈ ∂Ω

and some 0 < γ < 1, such that xl
j0

= γxl′
j0
+ (1 − γ)xl′′

j0
. By using the fact that

xl′
j0
, xl′′

j0
∈∂Ω and 0∈Ω, so |xl′

j0
−0| ≤ diam(Ω) and |xl′′

j0
−0| ≤ diam(Ω), we also get

γ(fM
K (xl′

j0
) + λ|xl′

j0
|2) + (1− γ)(fM

K (xl′′

j0
) + λ|xl′′

j0
|2)

= γ(f(xl′

j0
) + λ|xl′

j0
|2) + (1− γ)(f(xl′′

j0
) + λ|xl′′

j0
|2)

≤ A0 + λ diam(Ω)2 < M ≤ M + λ|xl
j0
|2 = fM

K (xl
j0
) + λ|xl

j0
|2.

Thus 1 =

kl∑
j=1

λl
j =

(
kl∑

j=1,j ̸=j0

λl
j

)
+ γxl

j0
+ (1− γ)xl

j0
, and

0 =

kl∑
j=1

λl
jx

l
j =

(
kl∑

j=1,j ̸=j0

λl
jx

l
j

)
+ γλl

j0
xl′

j0
+ (1− γ)λl

j0
xl′′

j0
,

and hence

Co[fM
K + λ| · |2](0) =

kl∑
j=1

λl
j(λ|xl

j|2 + fM
K (xl

j)) >

( kl∑
j=1, j ̸=j0

λl
j(λ|xl

j|2 + fM
K (xl

j))

)
+

+γλl
j0
(λ|xl′

j |2 + fM
K (xl′

j )) + (1− γ)λl
j0
(λ|xl′′

j |2 + fM
K (xl′′

j )).

Thus, there is a contradiction with the definition of convex envelope. Hence
xl
j ∈ K, for all j = 1, 2, . . . , kl.
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Now we give an estimate of Cl
λ(f

M
K )(0). We first define

B0 = min

{
n+1∑
k=1

λk|xk|2, λk > 0, xk ∈ K, k = 1, ..., n+ 1,
n+1∑
k=1

λk = 1,
n+1∑
k=1

λkxk = 0

}

=
m∗∑
k=1

λ∗
k|x∗

k|2,

for some 2 ≤ m∗ ≤ n + 1, λ∗
k > 0, x∗

k ∈ K for k = 1, . . . ,m∗,
∑m∗

k=1 λ
∗
k = 1, and∑m∗

k=1 λ
∗
kx

∗
k = 0, and let

C0 = min

{
n+1∑
k=1

λk|xk|2, λk > 0, xk ∈ B(0; rc(0)) ∩K, 1 ≤ k ≤ n+ 1,

n+1∑
k=1

λk = 1,
n+1∑
k=1

λkxk = 0

}
.

Furthermore, C0 =
n+1∑
k=1

λr
k|xr

k|2. Clearly C0 ≤ r2c (0) and by definition, we have

B0 ≤ C0 ≤ r2c (0).

Now using the Cauchy-Schwarz inequality, it follows that

B0 =
m∗∑
k=1

λ∗
k|x∗

k|2 =
m∗∑
k=1

λ∗
k

m∗∑
k=1

λ∗
k|x∗

k|2 ≥

(
m∗∑
k=1

√
λ∗
k

(√
λ∗
k|x

∗
k|
))2

,

so that
m∗∑
k=1

λ∗
k|x∗

k| ≤ rc(0).

Cl
λ(f

M
K )(0) ≤

m∗∑
k=1

λ∗
k(λ|x∗

k|2 + f(x∗
k)) = λ

m∗∑
k=1

λ∗
k|x∗

k|2 +
m∗∑
k=1

λ∗
kf(x

∗
k)

= λB0 + f(0) +
m∗∑
k=1

λ∗
k(f(x

∗
k)− f(0)) ≤ λB0 + f(0) +

m∗∑
k=1

λ∗
k|f(x∗

k)− f(0)|

≤ λB0 + f(0) +
m∗∑
k=1

Lλ∗
k|x∗

k|α.

Here we have used that f is Cα-function. By the Hölder’s inequality we get
m∗∑
k=1

λ∗
k|x∗

k|α =
m∗∑
k=1

(λ∗
k)

1−α(λ∗
k)

α|x∗
k|α =

m∗∑
k=1

(λ∗
k)

1−α(λ∗
k|x∗

k|)α

≤

(
m∗∑
k=1

λ∗
k

)1−α( m∗∑
k=1

λ∗
k|x∗

k|

)α

.

Then by (3) we have
m∗∑
k=1

λ∗
k|x∗

k|α ≤ (rc(0))
α.
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Furthermore, we have an upper bound of Cl
λ(f

M
K )(0) as follows:

Cl
λ(f

M
K )(0) ≤ λB0 + f(0) + L(rc(0))

α. (21)

Now we give an estimate of lower bound of Cl
λ(f

M
K )(0). From (19), we have

Cl
λ(f

M
K )(0) =

kl∑
j=1

λl
j(λ|xl

j|2 + f(xl
j)) = f(0) +

kl∑
j=1

λl
j

(
λ|xl

j|2 + (f(xl
j)− f(0))

)
≥ f(0) + λ

kl∑
j=1

λl
j|xl

j|2 −
kl∑
j=1

λl
j|f(xl

j)− f(0)|

≥ f(0) + λ

kl∑
j=1

λl
j|xl

j|2 − L

kl∑
j=1

λl
j|xl

j|α. (22)

Assume that t = |xl
j| and h(t) = λt2−Ltα = λt2

2
+(λt

2

2
−Ltα), and g(t) = λt2

2
−Ltα.

We need to find the minimum of g(t) in order to obtain the lower bound of (22).
Since g′(t) = 0 at t =

(
αL
λ

) 1
2−α and g′′

((
αL
λ

) 1
2−α

)
is positive, then g(t) has a

minimum value at t =
(
αL
λ

) 1
2−α , that means,

g(t) =
λt2

2
− Ltα ≥ −

(
2− α

2α

)
λ

(
αL

λ

) 2
2−α

= −C(α, λ), (23)

where C(α, λ) > 0. Hence we have

Cl
λ(f

M
K )(0) ≥ f(0) +

λ

2

kl∑
j=1

λl
j|xl

j|2 − C(α, λ). (24)

By comparing (21) with (24), it follows that

f(0) +
λ

2

kl∑
j=1

λl
j|xl

j|2 − C(α, λ) ≤ λB0 + f(0) + L(rc(0))
α,

and hence
kl∑
j=1

λl
j|xl

j|2 ≤
2

λ
(λB0 + L(rc(0))

α + C(α, λ))

≤ 2

λ

(
λr2c (0) + L(rc(0))

α + C(α, λ)
)
, (25)

which gives the upper bound of
∑kl

j=1 λ
l
j|xl

j|2. Again by using the Hölder’s inequa-
lity and (25), we obtain

kl∑
j=1

λl
j|xl

j|α =

kl∑
j=1

(λl
j)

1−α
2 (λl

j)
α
2 |xl

j|α =

kl∑
j=1

(λl
j)

1−α
2 (λl

j|xl
j|2)

α
2

≤

(
kl∑
j=1

λl
j

)1−α
2
(

kl∑
j=1

λl
j|xl

j|2
)α

2

≤
(
2

λ

(
λr2c (0) + L(rc(0))

α + C(α, λ)
))α

2

. (26)
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Now by substituting the estimate (26) in (22), we have

Cl
λ(f

M
K )(0) ≥ f(0) + λB0 − L

(
2

λ

(
λr2c (0) + L(rc(0))

α + C(α, λ)
))α

2

, (27)

and by combining (27) and (21), we obtain

f(0) + λB0 − L

(
2

λ

(
λr2c (0) + L(rc(0))

α + C(α, λ)
))α

2

≤ Cl
λ(f

M
K )(0) ≤ λB0 + f(0) + L(rc(0))

α.

Similarly, we can show that

f(0)− λB0 − L(rc(0))
α ≤ Cu

λ(f
M
K )(0)

≤ f(0)− λB0 + L

(
2

λ

(
λr2c (0) + L(rc(0))

α + C(α, λ)
))α

2

.

Furthermore, we obtain

2f(0)− L

(
2

λ

(
λr2c (0) + L(rc(0))

α + C(α, λ)
))α

2

− L(rc(0))
α

≤ Cl
λ(f

M
K )(0) + Cu

λ(f
M
K )(0)

≤ 2f(0) + L

(
2

λ

(
λr2c (0) + L(rc(0))

α + C(α, λ)
))α

2

+ L(rc(0))
α,

and thus∣∣AM
λ (fK)(0)− f(0)

∣∣ ≤ L

2
(rc(0))

α +
L

2

(
2

λ

(
λr2c (0) + L(rc(0))

α + C(α, λ
))α

2

.

Proof of Theorem 1.5. Part (ii): The proof is similar to that of part i. We can
use a similar argument to show that all xl

j are in K and then we have

Cl
λ(f

M
K )(0) ≤

m∗∑
k=1

λ∗
k(λ|x∗

k|2 + f(x∗
k)) = λ

m∗∑
k=1

λ∗
k|x∗

k|2 +
m∗∑
k=1

λ∗
kf(x

∗
k)

=λB0 + f(0) +
m∗∑
k=1

λ∗
k(f(x

∗
k)− f(0)).

From the definition of B0, we have
∑m∗

k=1 λ
∗
kx

∗
k = 0. Furthermore, we also have

m∗∑
k=1

λ∗
k Df(0) · x∗

k = 0.

Thus Cl
λ(f

M
K )(0) ≤ λB0 + f(0) +

m∗∑
k=1

λ∗
k (f(x

∗
k)− f(0)−Df(0) · x∗

k)

≤ λB0 + f(0) +
m∗∑
k=1

λ∗
k|f(x∗

k)− f(0)−Df(0) · x∗
k|.
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Following the Fundamental Theorem of Calculus, we have

Cl
λ(f

M
K )(0) ≤ λB0 + f(0) +

L

β + 1

m∗∑
k=1

λ∗
k|x∗

k|β+1.

Thus by the Hölder’s inequality we have
m∗∑
k=1

λ∗
k|x∗

k|β+1 =
m∗∑
k=1

(λ∗
k)

1−β
2 (λ∗

k)
β+1
2 |x∗

k|β+1 =
m∗∑
k=1

(λ∗
k)

1−β
2 (λ∗

k|x∗
k|2)

β+1
2

≤

(
m∗∑
k=1

λ∗
k

) 1−β
2
(

m∗∑
k=1

λ∗
k|x∗

k|2
)β+1

2

≤ (rc(0))
β+1 .

Then we obtain Cl
λ(f

M
K )(0) ≤ λB0 + f(0) +

L

β + 1
(rc(0))

β+1 , (28)

and also from (19), we have

Cl
λ(f

M
K )(0) =

kl∑
j=1

λl
j(λ|xl

j|2 + f(xl
j)) (29)

= f(0) +

kl∑
j=1

λl
j

(
λ|xl

j|2 +
(
f(xl

j)− f(0)−Df(0) · xl
j

))
≥ f(0) + λ

kl∑
j=1

λl
j|xl

j|2 −
kl∑
j=1

λl
j|f(xl

j)− f(0)−Df(0) · xl
j|

≥ f(0) + λ

kl∑
j=1

λl
j|xl

j|2 −
L

β + 1

kl∑
j=1

λl
j|xl

j|β+1. (30)

Assume that t = |xl
j| and h(t) = λt2 − L

β+1
tβ+1 = λt2

2
+ (λt

2

2
− L

β+1
tβ+1), and

g(t) = λt2

2
− L

β+1
tβ+1. We need to find the minimum of g(t) in order to obtain the

lower bound of (30). Since g′(t) = 0 at t =
(
L
λ

) 1
1−β and g′′

((
L
λ

) 1
1−β

)
is positive,

then g(t) has a minimum value at t =
(
L
λ

) 1
1−β , that means,

g(t) =
λt2

2
− L

β + 1
tβ+1 ≥ −

(
1− β

2(1 + β)

)
λ

(
L

λ

) 2
1−β

= −C(β, λ), (31)

where C(β, λ) > 0. Hence

Cl
λ(f

M
K )(0) ≥ f(0) +

λ

2

kl∑
j=1

λl
j|xl

j|2 − C(β, λ). (32)

By comparing (28) with (32), we obtain

f(0) +
λ

2

kl∑
j=1

λl
j|xl

j|2 − C(β, λ) ≤ λB0 + f(0) +
L

β + 1
(rc(0))

β+1 ,
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and thus
kl∑
j=1

λl
j|xl

j|2 ≤
2

λ

(
λB0 +

L

β + 1
(rc(0))

β+1 + C(β, λ)

)

≤ 2

λ

(
λr2c (0) +

L

β + 1
(rc(0))

β+1 + C(β, λ)

)
, (33)

which gives the upper bound of
∑kl

j=1 λ
l
j|xl

j|2. Again by using the Hölder’s inequal-
ity and (33), we obtain

kl∑
j=1

λl
j|xl

j|β+1 =

kl∑
j=1

(λl
j)

1−β
2 (λl

j)
β+1
2 |xl

j|β+1 =

kl∑
j=1

(λl
j)

1−β
2 (λl

j|xl
j|2)

β+1
2

≤

(
kl∑
j=1

λl
j

) 1−β
2
(

kl∑
j=1

λl
j|xl

j|2
)β+1

2

≤
(
2

λ

(
λr2c (0) +

L

β + 1
(rc(0))

β+1 + C(β, λ)

))β+1
2

. (34)

By substituting (34) in (30), we have

Cl
λ(f

M
K )(0) ≥ f(0) + λB0 −

L

β + 1

(
2

λ

(
λr2c (0) +

L

β + 1
(rc(0))

β+1 + C(β, λ)

))β+1
2

,

and by combining the last inequality and (28), we obtain

f(0) + λB0 −
L

β + 1

(
2

λ

(
λr2c (0) +

L

β + 1
(rc(0))

β+1 + C(β, λ)

))β+1
2

≤ Cl
λ(f

M
K )(0) ≤ λB0 + f(0) +

L

β + 1
(rc(0))

β+1.

Similarly, we can show that

f(0)− λB0 −
L

β + 1
(rc(0))

β+1 ≤ Cu
λ(f

M
K )(0)

≤ f(0)− λB0 +
L

β + 1

(
2

λ

(
λr2c (0) +

L

β + 1
(rc(0))

β+1 + C(β, λ)

))β+1
2

.

Furthermore, we obtain

2f(0)− L

β + 1

(
2

λ

(
λr2c (0) +

L

β + 1
(rc(0))

β+1 + C(β, λ)

))β+1
2

− L

β + 1
(rc(0))

β+1

≤ Cl
λ(f

M
K )(0) + Cu

λ(f
M
K )(0)

≤ 2f(0) +
L

β+1

(
2

λ

(
λr2c (0) +

L

β+1
(rc(0))

β+1 + C(β, λ)

))β+1
2

+
L

β+1
(rc(0))

β+1.



M. Alatawi, K. Zhang / Hausdorff Stability and Error Estimates ... 1293

Thus
∣∣AM

λ (fK)(0)− f(0)
∣∣ ≤

≤ L

2(β+1)
(rc(0))

β+1 +
L

2(β+1)

(
2

λ

(
λr2c (0) +

L

β+1
(rc(0))

β+1 + C(β, λ)

))β+1
2

,

which completes the proof.

Remark 3.1. Now we consider the asymptotic estimate

lim sup
λ→∞

lim sup
M→∞

∣∣AM
λ (fK)(0)− f(0)

∣∣ .
Since for fixed λ > 0 when M > λ is sufficiently large AM

λ is independent of M,
we can see that

lim
M→∞

AM
λ = A∞

λ .

Next we give an estimate |A∞
λ − f | hence obtain the following asymptotic error

estimate
lim sup
λ→∞

|A∞
λ (fK)− f(0)| ≤ L(rc(0))

α.

Proof of Theorem 1.6. The proof is very similar to that of Theorem 1.5 (i), (ii).
The only difference is in the infinite case that the convex envelope of f∞

K (x)+λ|x|2
does not need touch the ceiling M = +∞. For the case M = +∞, the trick is to
split the terms as follows λt2−Ltα = (1−ϵ)λt2+(ϵλt2−Ltα) and find the minimum
of the second term. The rest of the proof of Part (i) and Part (ii) then follows
from a similar argument to that of Part (i), (ii) of Theorem 1.5, respectively, and
we obtain another estimate depending only on λ and ϵ. In order to obtain the
asymptotic estimate, we first take the upper limit for λ → ∞, then we take the
upper limit for ϵ → 0+. Then we obtain an asymptotic estimates depending only
on (rc(0))

α.

We need the following preparations for the proof of our main Hausdorff stability
results.

Lemma 3.2. Suppose f : Rn → R is a bounded upper semicontinuous func-
tion such that for some constants m,M > 0 , 0 < m ≤ f ≤ M, for all
x ∈ Rn. If K,E ⊂ Rn are compacts sets with distH(ΓfK , ΓfE) < +∞ where
ΓfK := {(x, f(x)) : x ∈ K}, then

|dλ,fK (x, ΓfK )− dλ,fE(x, ΓfE)| ≤

(√
1 +

1

4λm

)
distH(ΓfK , ΓfE). (35)

Corollary 3.3. By relaxing the lower bound 0 < m ≤ f ≤ M, to 0 < f ≤ M, for
all x ∈ Rn in Lemma 3.2, then we have,

|dλ,fK (x, ΓfK )− dλ,fE(x, ΓfE)| ≤

(√
1 +

1

λ

)
distH(Γ√

fK , Γ
√
fE).
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Lemma 3.4. Under the assumption of Lemma 3.2, we have∣∣D2
λ,fK

(x, ΓfK )−D2
λ,fE

(x, ΓfE)
∣∣ ≤ (2√Mλ+

M

4m

)
distH(ΓfK , ΓfE). (36)

The following lemma in [23, Lemma 4.8] is important when considering the value
of the upper transform at a single point.

Lemma 3.5. Suppose f > 0 is upper semicontinous function and x0 ∈ Rn, then
for λ > 0,

Cu
λ(fχ{x0})(x) =


λ

(
|x− x0| −

√
fK(x0)

λ

)2

, for |x− x0| ≤
√

fK(x0)
λ

,

0, for |x− x0| ≥
√

fK(x0)
λ

.

The following result is a generalization of Lemma 4.9 in [23]

Lemma 3.6. Suppose f satisfies the assumptions of Lemma 3.2 and K ⊂ Rn is
closed . Then for λ > 0 and for all x ∈ Rn, we have

Cu
λ(fχK)(x) = Cu

λ(D
2
λ,fK

(·, ΓfK ))(x). (37)

We can generalize Lemma 3.2 to the case of bounded function as follows.

Lemma 3.7. Suppose f : Rn → R is a bounded function such that for some
constants m,M > 0 , 0 < m ≤ f ≤ M, for all x ∈ Rn. If K,E ⊂ Rn are
compacts sets with distH(ΓfK , ΓfE) < +∞, then

|dλ,fK (x, ΓfK )− dλ,f (x, ΓfE)| ≤

(√
1 +

1

4λm

)
distH(ΓfK , ΓfE). (38)

Next we prove our main Hausdorff stability results starting with the proofs of the
lemmas above.

Proof of Lemma 3.2: Fix x ∈ Rn. For every δ > distH(ΓfK , ΓfE), by Remark
(2.6), there is some xK ∈ K such that

dλ,fK (x, ΓfK ) = |xK − x| −
√

fK(xK)

λ
.

For (xK , fK(x
K)) ∈ ΓfK , there is some (xE, fE(x

E)) ∈ ΓfE such that∥∥(xE, fE(x
E))− (xK , fK(x

K))
∥∥
2
< δ. (39)

Thus

dλ,fE(x, ΓfE)− dλ,fK (x, ΓfK ) = dλ,fE(x, ΓfE)−

(
|xK − x| −

√
fK(xK)

λ

)

≤ |xE − x| −
√

fE(x
E)

λ
− |xK − x|+

√
fK(xK)

λ
.
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By using the triangle inequality, the conjugate, and since m ≤ f , we have

dλ,fE(x, ΓfE)− dλ,fK (x, ΓfK ) ≤ |xE − xK |+ 1

2
√
mλ

∣∣fE(xE)− fK(x
K)
∣∣ .

By using the Cauchy-Schwarz inequality and (39), we also have

dλ,fE(x, ΓfE)− dλ,fK (x, ΓfK ) ≤
√

1 +
1

4λm

√
|xE − xK |2 +

∣∣fE(xE)− fK(xK)
∣∣2

≤
√
1 +

1

4λm

∥∥(xE, fE(x
E))− (xK , fK(x

K))
∥∥
2
≤
√

1 +
1

4λm
δ,

for all δ > distH(ΓfK , ΓfE). Then by letting δ tend to distH(ΓfK , ΓfE), we obtain

dλ,fE(x, ΓfE)− dλ,fK (x, ΓfK ) ≤
√
1 +

1

4λm
distH(ΓfK , ΓfE).

Similarly, we can show that

dλ,fK (x, ΓfK )− dλ,fE(x, ΓfE) ≤
√

1 +
1

4λm
distH(ΓfK , ΓfE),

and the conclusion then follows.

Proof of Corollary 3.3: The proof is very similar to that of Lemma 3.2. The
only difference is we apply the Cauchy Schwarz inequality directly.

Proof of Lemma 3.4: The proof is very similar to the proof of Lemma 4.7 in
[23]. We have∣∣D2

λ,fK
(x, ΓfK )−D2

λ,fE
(x, ΓfE)

∣∣
≤ (|Dλ,fK (x, ΓfK )|+ |Dλ,fE(x, ΓfE)|) |Dλ,fK (x, ΓfK )−Dλ,fE(x, ΓfE)| .

By definition of Dλ,fK (x, ΓfK ), we then have if

inf
y∈K

(
|y − x| −

√
fK(y)

λ

)
> 0, |Dλ,fK (x, ΓfK )| = 0.

Similarly, we have |Dλ,fE(x, ΓfE)| = 0, and if

dλ,fK (x, ΓfK ) = inf
y∈K

(
|y − x| −

√
fK(y)

λ

)
= |xK − x| −

√
fK(xK)

λ
< 0

for some xK ∈ K, then

|Dλ,fK (x, ΓfK )| =
∣∣∣−√

λ dλ,fK (x, ΓfK )
∣∣∣ = √

λ

∣∣∣∣∣|xK − x| −
√

fK(xK)

λ

∣∣∣∣∣
≤
√

fK(xK) ≤
√
M.

Similarly, we have |Dλ,fE(x, ΓfE)| ≤
√
M .
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Next, by the formula min{0, a} = (a− |a|)/2 for a ∈ R, we then have

|Dλ,fK (x, ΓfK )−Dλ,fE(x, ΓfE)|

=

√
λ

2
|dλ,fK (x, ΓfK )− dλ,fE(x, ΓfE) +|dλ,fE(x, ΓfE)| − |dλ,fK (x, ΓfK )||

≤
√
λ |dλ,fK (x, ΓfK )− dλ,fE(x, ΓfE)| .

By Lemma 3.2, we have

|Dλ,fK (x, ΓfK )−Dλ,fE(x, ΓfE)| ≤
√
λ

(√
1 +

1

4λm

)
distH(ΓfK , ΓfE).

Hence (36) follows.

Proof of Lemma 3.6: The proof is very similar to the proof of Lemma 4.9 in
[23]. We need first to show that

fχK(x) ≤ D2
λ,fK

(·, ΓfK )(x), (40)

for all x ∈ Rn, where fχK(x) is upper semicontinuous envelope of fχK . So that
by ordering property of the upper transform, we have

Cu
λ(fχK)(x) ≤ Cu

λ(D
2
λ,fK

(·, ΓfK ))(x), (41)

for all x ∈ Rn. If x /∈ K, then fχK(x) = 0 ≤ D2
λ,fK

(x, ΓfK ). If x ∈ K, since

dλ,fK (x, ΓfK ) = inf
y∈K

(
|y − x| −

√
fK(y)

λ

)
≤ |x− x| −

√
fK(x)

λ
= −

√
fK(x)

λ
< 0,

we then have

Dλ,fK (x, ΓfK ) = −
√
λ inf

y∈K
{0, dλ,fK (x, ΓfK )} = −

√
λ dλ,fK (x, ΓfK ) ≥

√
fK(x),

and thus D2
λ,fK

(x, ΓfK ) ≥ fK(x). Therefore, (40) holds for all x ∈ Rn. Then by
using the order property (12), (41) will follow.
Next, we show that the opposite inequality also holds,

Cu
λ(fχK)(x) ≥ Cu

λ(D
2
λ,fK

(·, ΓfK ))(x). (42)

We will consider two cases as follows.
Case 1: If dλ,fK (x, ΓfK ) > 0, then by definition, Dλ,fK (x, ΓfK ) = 0 and hence
D2

λ,fK
(x, ΓfK ) = 0. Therefore we show in this case

Cu
λ(D

2
λ,fK

(·, ΓfK ))(x) = 0 ≤ Cu
λ(fχK)(x).

Consider the function z 7→ λ|z − x|2 − D2
λ,fK

(z, ΓfK ) for z ∈ Rn. We show that
the value of the convex envelope of this function at x is zero.
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Let ℓ(z) = 0 for all z ∈ Rn be the affine function and show that

0 = ℓ(x) =
(
λ|z − x|2 −D2

λ,fK
(z, ΓfK )

)
|z=x, (43)

and 0 = ℓ(z) ≤ λ|z − x|2 −D2
λ,fK

(z, ΓfK ), z ∈ Rn. (44)

Equality (43) holds since
(
λ|z − x|2 −D2

λ,fK
(z, ΓfK )

)
|z=x = −D2

λ,fK
(x, ΓfK ) = 0.

Now we prove (44), that is, λ|z − x|2 −D2
λ,fK

(z, ΓfK ) ≥ 0, is equivalent to

D2
λ,fK

(z, ΓfK ) ≤ λ|z − x|2, z ∈ Rn. (45)

If dλ,fK (z, ΓfK ) > 0, then D2
λ,fK

(z, ΓfK ) = 0 hence (45) holds for all z ∈ Rn. If
dλ,fK (z, ΓfK ) < 0, then D2

λ,fK
(z, ΓfK ) = λ d2λ,fK (z, ΓfK ). We need to show that

λ d2λ,fK (z, ΓfK ) = λ

(
inf
y∈K

(
|y − x| −

√
fK(y)

λ

))2

≤ λ|z − x|2,

which is equivalent to − inf
y∈K

(
|y − z| −

√
fK(y)

λ

)
≤ |z − x|,

which is equivalent to inf
y∈K

(
|y − z| −

√
fK(y)

λ

)
+ |z − x| ≥ 0.

Since inf(f + a) = a+ inf f , then we have

inf
y∈K

(
|z − x|+ |y − z| −

√
fK(y)

λ

)
≥ 0.

By using the triangle inequality, we have

inf
y∈K

(
|z − x|+ |y − z| −

√
fK(y)

λ

)
≥ inf

y∈K

(
|y − x| −

√
fK(y)

λ

)
= dλ,fK (x, ΓfK ) > 0.

Thus (44) holds. Therefore,

0 = Co[λ|(·)− x|2 −D2
λ,fK

(·, ΓfK )](x) = −Cu
λ(D

2
λ,fK

(·, ΓfK ))(x),

which implies

D2
λ,fK

(·, ΓfK )](x) ≤ Cu
λ(D

2
λ,fK

(·, ΓfK ))(x) = 0 ≤ Cu
λ(fχK)(x). (46)

Case 2: Finally we consider the case when

dλ,fK (x, ΓfK ) = inf
y∈K

(
|y − x| −

√
fK(y)

λ

)
= |xK − x| −

√
fK(xK)

λ
< 0.
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By Lemma 3.5, we have

Cu
λ(fχ{xK})(y) =

 λ

(
|y − xK | −

√
fK(xK)

λ

)2

, for |y − xk| ≤
√

fK(xK)
λ

,

0, for |y − xK | ≥
√

fK(xK)
λ

.

Since xK ∈ K, then we have fχ{xK}(y) ≤ fχK(y) for all y ∈ Rn. So that by the
ordering property of upper transforms,

Cu
λ

(
fχ{xK}

)
(y) ≤ Cu

λ

(
fχK

)
(y), for all y ∈ Rn.

Since dλ,fK (x, ΓfK ) < 0, then we also have |xK − x| <
√

fK(xK)
λ

. Thus

Cu
λ(fχ{xK})(x) = λ

|xK − x| −

√
fK(xK)

λ

2

= λ d2λ,fK (x, ΓfK ) = D2
λ,fK

(x, ΓfK ).

So, in this case, D2
λ,fK

(x, ΓfK ) = Cu
λ(fχ{xK})(x) ≤ Cu

λ

(
fχK

)
(x). By combining

this case and (46), we have for all x ∈ Rn,

D2
λ,fK

(x, ΓfK ) ≤ Cu
λ

(
fχK

)
(x).

So by using the ordering property (12) and the property of compensated convex
transforms (14) in the previous inequality, we have

Cu
λ(D

2
λ,fK

(·, ΓfK ))(x) ≤ Cu
λ

(
Cu
λ(fχK)

)
(x) = Cu

λ(fχK)(x) ∀x ∈ Rn.

Since the opposite inequality also holds in (41), we have

Cu
λ(fχK)(x) = Cu

λ(D
2
λ,fK

(·, ΓfK ))(x), (47)

for all x ∈ Rn. By using the property of upper transform (the first equation in
(15)), then we obtain

Cu
λ(fχK) = Cu

λ(D
2
λ,fK

(·, ΓfK ))(x) ∀x ∈ Rn,

which completes the proof.

Proof of Theorem 1.7: The proof is very similar to the proof of Theorem 4.10
in [23]. By Lemma 3.4, we have for all x ∈ Rn,

∣∣D2
λ,fK

(x, ΓfK )−D2
λ,fE

(x, ΓfE)
∣∣ ≤ (2√Mλ+

M

4m

)
distH(ΓfK , ΓfE).
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Thus

D2
λ,fE

(x, ΓfE)−

(
2

√
Mλ+

M

4m

)
distH(ΓfK , ΓfE)

≤ D2
λ,fK

(x, ΓfK ) ≤ D2
λ,fE

(x, ΓfE) +

(
2

√
Mλ+

M

4m

)
distH(ΓfK , ΓfE).

By taking the upper transform in the above inequality and using the ordering pro-
perty (12), and the affine covariant property of the upper transform (13), we get

Cu
λ(D

2
λ,fE

(x, ΓfE))−

(
2

√
Mλ+

M

4m

)
distH(ΓfK , ΓfE)

≤ Cu
λ(D

2
λ,fK

(x, ΓfK )) ≤ Cu
λ(D

2
λ,fE

(x, ΓfE)) +

(
2

√
Mλ+

M

4m

)
distH(ΓfK , ΓfE).

This is equivalent to∣∣Cu
λ(D

2
λ,fK

(x, ΓfK ))− Cu
λ(D

2
λ,fE

(x, ΓfE))
∣∣ ≤ (2√Mλ+

M

4m

)
distH(ΓfK , ΓfE).

By Lemma 3.6, we have for all x ∈ Rn,

Cu
λ(fχK)(x) = Cu

λ(D
2
λ,f (·, ΓfK ))(x).

Hence the result then follows.

Proof of Corollary 1.10: From the definition of stable ridge transform, we have

SRλ,τ (fχK)(x)− SRλ,τ (fχE)(x)

= Cu
λ(fχK)(x)− Cu

λ(fχE)(x) + Cl
τ (Cu

λ(fχE)(x))− Cl
τ (Cu

λ(fχK)(x)).

By using the triangle inequality, we obtain
|SRλ,τ (fχK)− SRλ,τ (fχE)|

≤ |Cu
λ(fχK)− Cu

λ(fχE)|+
∣∣Cl

τ (Cu
λ(fχE)(x))− Cl

τ (Cu
λ(fχK)(x))

∣∣ .
By taking the lower transform in (7) and using the ordering property of the lower
compensated convex transforms, we have∣∣Cl

τ (Cu
λ(fχE)(x))− Cl

τ (Cu
λ(fχK)(x))

∣∣ ≤ (2√Mλ+
M

4m

)
distH(ΓfK , ΓfE).

Thus, we obtain

|SRλ,τ (fχK)− SRλ,τ (fχE)| ≤

(
4

√
Mλ+

M

4m

)
distH(ΓfK , ΓfE),

which completes the proof.

Proof of Lemma 3.7: Fix x ∈ Rn. For every δ > distH(ΓfK , ΓfE) we have, by

definition, dλ,fK (x, ΓfK ) = infy∈K

(
|y − x| −

√
fK(y)

λ

)
.
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Then for all xK ∈ K, dλ,fK (x, ΓfK ) ≤ |xK − x| −
√

fK(xK)

λ
.

Also from the definition of dλ,fE(x, ΓfE) we have that for all ϵ > 0 there exists
xE ∈ E such that

|xE − x| −
√

fE(xE)

λ
< dλ,fE(x, ΓfE) + ϵ.

Then for (xE, fE(x
E)) ∈ ΓfE , there exists (xK , fK(x

K)) ∈ ΓfK such that∥∥(xK , fK(x
K))− (xE, fE(x

E))
∥∥
2
< δ. (48)

Thus

dλ,fK (x, ΓfK )−dλ,fE(x, ΓfE) ≤ |xK−x| −
√

fK(x
K)

λ
−

(
|xE−x| −

√
fE(xE)

λ
− ϵ

)
,

≤ |xK − xE|+ 1

2
√
mλ

∣∣fK(xK)− fE(x
E)
∣∣+ ϵ.

By using the Cauchy-Schwarz inequality and the inequality (48), we have

dλ,fK (x, ΓfK )− dλ,fE(x, ΓfE) ≤
√
1+

1

4λm

√
|xK−xE|2 +

∣∣fK(xK)−fE(xE)
∣∣2 + ϵ

≤
√
1 +

1

4λm

∥∥(xK , fK(x
K))− (xE, fE(x

E))
∥∥
2
+ ϵ ≤

√
1 +

1

4λm
δ + ϵ,

for all ϵ > 0 and for all δ > distH(ΓfK , ΓfE). Then by letting ϵ → 0+ and
δ → distH(ΓfK , ΓfE) in the inequalities above, we have

dλ,fK (x, ΓfK )− dλ,fE(x, ΓfE) ≤
√
1 +

1

4λm
distH(ΓfK , ΓfE).

Similarly, we can show that

dλ,fE(x, ΓfE)− dλ,fK (x, ΓfK ) ≤
√

1 +
1

4λm
distH(ΓfK , ΓfE),

and conclusion then follows.

Proof of Theorem 1.8 : The proof is the same as the proof of Theorem 1.7.

The next example shows that we do need the Hausdorff distance between graphs of
sampled functions when the underlying function is not continuous. If the function
is uniformly continuous [23, Theorem 4.10] we can use the Hausdorff distance
between the sampled sets to measure stability. If a function is not continuous, we
cannot use the Hausdorff distance between sets only to measure the difference of
the upper transforms obtained from two different samples.

Example 3.8. Let f(x) =

{
2, for x /∈ Q,
1, for x ∈ Q.

We will take two samples sets in R depending on n, say En and Fn such that for
any C > 0, when n is large CdistH(En, Fn) < |Cu

λ(fχFn)(x)− Cu
λ(fχEn)(x)|.
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Therefore for the discontinuous case we cannot use the Hausdorff distance between
sets to bound the difference of the upper transforms taking from two sampled sets.
Consider En be the set of rational numbers En = { k

n
: k = 0, · · · , n} and Fn be

the set of irrational numbers Fn = { k
n
+

√
2

4n
: k = 0, · · · , n− 1}. Then we conclude

that distH(En, Fn) ≤ 1
n
√
2
. Since the En and Fn are closed to each other, then

distH(En, Fn) tends to zero as n → ∞. Next we use the upper transforms of
characteristic function of {−1

2n
, 1
2n
} to calculate the upper transform for fχEn in

[0, 1] and for fχFn in [
√
2

4n
, n−1

n
+

√
2

4n
]. It is easy to see that

Cu
λ

(
χ{−1

2n
, 1
2n

}

)
(0) = 1− λ

4n2
.

For x ∈ [0, 1], Cu
λ(fχFn)(x) ≥ 2− λ

4n2 in [
√
2

4n
, n−1

n
+

√
2

4n
], Cu

λ(fχEn)(x) ≤ 1 in [0, 1],
we then have the following difference

Cu
λ(fχFn)(x)− Cu

λ(fχEn)(x) ≥ 2− λ

4n2
− 1 = 1− λ

4n2
.

However for C > 0 when n is large, as the Hausdorff distance distH(En, Fn) ≤ 1
n
√
2
,

we have

CdistH(En, Fn) ≤
C

n
√
2
< 1− λ

4n2
≤ |Cu

λ(fχFn)(x)− Cu
λ(fχEn)(x)| .

Therefore, we use the Hausdorff distance of the graph of the sampled function
defined on En and Fn, that means, Γ(fEn) = {( k

n
, 1)}, Γ(fFn) = {( k

n
+

√
2

4n
, 2)},

distH(ΓfFn
, ΓfEn

) ≥ 1. Then the estimate (8) in Theorem 1.8 using the Hausdorff
distance between graphs is necessary as follows:

|Cu
λ(fχFn)(x)− Cu

λ(fχEn)(x)| ≤

(
2

√
2λ+

1

2

)
distH(ΓfFn

, ΓfEn
).
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