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1. Introduction

It is well-known that a slight tightening of the Mangasarian-Fromovitz constraint
qualification in nonlinear programming is a necessary and sufficient condition for
the uniqueness of Lagrange multipliers. Moreover, it implies the satisfaction of
second order necessary optimality conditions (see, for example, [23, 25, 26, 38]).
As explained in detail in [15], the implication on necessity was first proved by
Hestenes [25] and, a few years later, by Kyparisis [26].

Thus, implicit in the title of the paper, are the words “uniqueness of multipliers”
and “second order necessary conditions.” We shall deal in this paper with the
latter, in an optimal control context.

We shall be concerned with the derivation of second order necessary conditions
for a fixed endpoint optimal control problem involving inequality and equality
isoperimetric constraints. A detailed study of the problem we shall deal with can
be found in the classical book on calculus of variations and optimal control by
Hestenes [24], where second order conditions are derived under a strong normality
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assumption. In this paper we shall show how that assumption can be considerably
weakened if it is replaced with, precisely, a strict Mangasarian-Fromovitz type
condition.

First order conditions for that problem are well established. In particular, a
maximum principle is stated in [24, Theorem 2.1, p 254] and proved in that text
by means of a theory of derived sets and derived cones. Since then, many authors
have provided different first order necessary conditions, including nonsmooth data
in the functions delimiting the problem, and we refer to [11] for an excellent and
comprehensive presentation of the subject.

Second order necessary conditions are also derived in [24]. The result proved in
[24, Theorem 9.1, p. 285] shows that, if an extremal corresponding to an optimal
strongly normal process is given, then a quadratic form will be nonnegative in a
class of differentially admissible variations which takes into account the sign of
the multipliers associated with the extremal. The arguments used in [24] to prove
this result are based on embedding theorems of differential equations as well as,
thanks to the strong normality assumption, an application of the implicit function
theorem. This yields a one-parameter family of differentially admissible processes
which, in turn, implies a certain type of regularity of the original process. The
existence of the family of processes, and the property of regularity applicable to
the curvilinear tangent space, yield the desired result.

In this paper, the tangent space for which the notion of regularity is applied
corresponds not to the curvilinear one (as in the classical approach) but to a space
defined in terms of a generalized notion of directionally convergent sequences.
The normed space obtained in this manner coincides with the contingent cone as
defined in [5, 23]. Regularity is then defined in terms of this cone and, by showing
that normality implies this type of regularity, we reach the desired conclusion.
A similar procedure can be found in a recent paper [8] where the isoperimetric
problem of Lagrange in the calculus of variations is studied.

In the literature, one can find other approaches to establish second order neces-
sary conditions for the isoperimetric control problem. Some deal also with implicit
function theorems (see, for example, [16, 22, 28, 39]), obtaining a similar condi-
tion under an equivalent assumption of normality. Others treat the maximum
of a quadratic form for different types of minima [27, 29, 30|, or new notions of
conjugacy and critical directions [13, 14, 28, 34-37].

Special attention deserves the research developed in [1-4] where one of the main
features is that the necessary conditions obtained make sense, and are derived,
without a priori assumptions of normality. A full account of these results and oth-
ers related to the inverse function theorem can be found in [1]. It is important to
mention that the second order conditions derived in those references are expressed
in terms of the maximum of a quadratic form, over certain multipliers, for all the
elements of the critical cone of the original set of constraints. In our main result,
on the other hand, we are able to preserve the set of critical directions given in [24]
and, at the same time, weaken the usual assumption of strong normality found in
the literature.
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Our approach will be direct in nature. We keep the integral constraints explicitly,
as a fundamental part of the problem, allowing us to easily compare our result
with the well-known theorem proved in [24]. We pose the problem and the cor-
responding theorem on second order conditions exactly as in [24], and then show
by comparison that the main result (without any reduction or transformation)
can be notably improved. Also, we have chosen this approach because there are
situations where it may be more convenient to deal with isoperimetric problems
than problems with side constraints. For example, as mentioned in [24, p 159], the
theory of Mayer fields does not apply to an isoperimetric problem without trans-
forming it to a problem of Lagrange, and different methods applicable to cases in
which Mayer fields may not exist can certainly provide optimality conditions in a
desirable way.

The paper is organized as follows. In Section 2 we pose the problem we shall deal
with and state the well-known result on second order necessary conditions found
in [24]. In Section 3 we “unfold” this result by explaining in detail some of its
main features and show how it can be derived by applying the implicit function
theorem and embedding theorems of differential equations. In Section 4 we provide
a useful characterization of the notion of strong normality, a notion which was
used as a crucial assumption in the well-known result on second order conditions.
The characterization obtained, similar to the one given in [7] in a calculus of
variations context, shows that the strong assumption actually corresponds to a
much simpler notion of normality applied to a set of constraints involving only
active indices. In Section 5 we weaken the strong assumption and establish our
main result by showing that regularity, defined in terms of the contingent cone, is a
consequence of normality. This implication is established by introducing a notion
of properness (similar to the constraint qualification of Mangasarian-Fromovitz in
nonlinear programming) which, as we show, is equivalent to that of normality. In
Section 6 we provide an example illustrating the usefulness of our main result and
for which the classical result found in the literature cannot be applied. In the last
section, a brief comparison with other works is given, showing some fundamental
differences with our approach.

It is worth mentioning that, for that comparison, we show explicitly how to intro-
duce new variables in order to enlarge the system of differential equations and thus
expressing the isoperimetric constraints as endpoint equality and inequality con-
straints. For the works mentioned in Section 7, as we explain in detail, a method
applied to Banach spaces does not work for our setting. Moreover, in contrast
with works for which the cost multiplier may vanish, the main discussion in our
paper is precisely on conditions which imply a positive cost multiplier, a situation
analogous to that in a mathematical programming context. Finally, we may find
in some of those references results for which, given an admissible variation, there
exists a multiplier for which the second variation is nonnegative while, in our case,
the second variation is nonnegative for all admissible variations (elements of the
critical cone) related to the extremal under consideration.
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2. Statement of the problem and the main result

Suppose we are given an interval T := [to,#1] in R, two points &, & in R™,
functions L, L, mapping 7' x R" x R™ to R and f mapping 7' x R" x R™ to R",
and scalars b, in R (y =1,...,¢).

Denote by X the space of piecewise C' functions mapping T to R"™, by U the
space of piecewise continuous functions mapping 7" to R™, set Z := X x U, and
consider the sets

D= {(z,u) € Z | i(t) = f(£,2(t), u(t) (t€T), x(to) = &o, x(t1) =&},
S :={(z,u) € D|I(z,u) <0 (v € R), Ig(z,u) =0 (8 €Q)}
where R={1,...,r},Q@={r+1,...,q}, and

t1

Lw = b+ [ (s Ou@)i ()€ 2y =10)
to

The problem we shall deal with, which we label (P), is that of minimizing I on

S, where

I(:c,u):/tlL(t,:c(t),u(t))dt (z,u) € 7).

A common and concise way of formulating this problem is as follows:

t1
Minimize ](a:,u):/ L(t,x(t),u(t))dt subject to

to

x: T — R" is piecewise C', u: T — R™ is piecewise continuous;

w(t) = f(t,z(t),ut)) (t €T), x(to) =& and z(h) = &;
I(z,u) <0 (€ R) and Ig(z,u) =0 (8 € Q).

Our main reference will be the classical text on calculus of variations and optimal
control by Hestenes [24]. Implicit in the statement of the problem is a relatively
open subset O of T' x R" for which the domain of L, L, and f is O x R™.

Elements of Z will be called processes, and a process (x,u) is admissible if it
belongs to S and (¢, z(t)) € O (t € T). A process (z,u) solves (P) (locally) if it
is admissible and (upon shrinking O if necessary) we have I(x,u) < I(y,v) for all
admissible processes (y,v). Given (x,u) € Z we shall use the notation (Z(t)) to
represent (¢, z(t),u(t)), and ‘*” denotes transpose. With respect to the smoothness
of the functions delimiting the problem, we assume that L, L. and f are C.

The following definition of s-normality, which corresponds to the constraint qua-
lification (as in nonlinear programming) on which classical second order necessary
conditions for our problem are based, can be found in [24, p 273].

Definition 2.1. An admissible process (z,up) is said to be s-normal if there
exist ¢ + n processes (y,,V,) € Z satisfying

(1) = fo(@o()y(t) + fu(Zo()v(t) (L €T), y(to) =0
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and such that the determinant

_[,/Y(SCQ, Uos Yo U(T)

A = ~
Yo (t1)

is different from zero, where

I (o, uo; y, v) = /t 1{Lm(fo(t))y(f) + Lyu(Zo(®)v(t)}dt - ((y,v) € Z)

denotes the first variation of I, along (o, uo).

For all (t,x,u,p, A\, o) in T x R" x R x R" x R? x R let
q
H(t,x,u,p, A\, No) := (p, f(t,z,u)) — N L(t,z,u) — Z ALy (t, z,u)
1
and, for any (z,u,p,\) € Z x X x R, define

T (s g, 0) = / 20 y(), v()dt (g 0) € )

to

where, for all (t,y,v) € T x R x R™,

2Q(t,y,v) == —((y, Haa[t]y) + 2{y, Hpu[t]v) + (v, Hyu[t]V))

and H([t] denotes H(t,x(t),u(t), p(t), A, 1).
The main theorem on second order necessary conditions for a minimum derived

in [24] corresponds to the following result (see [24, Theorem 9.1, p. 285]).

Theorem 2.2. Let (xg,ug) €S and suppose there ezists (p, \) € X x RY such that
(a) Ao >0 and NIy (x0,u9) =0 (a0 € R);

(b) p(t) = —f7(Zo(t))p(t) + L3 (Zo(t)) + 21 M L5, (o (1)) (t € T);

(e) ful@o(t))p(t) = Ly(To(t)) + 221 Ay L3, (%0(2) (L€ T).

If (xo,up) solves (P) and is s-normal, then J"(xo,u;y,v) > 0 for all (y,v) € Z
satisfying

() 9(t) = folZo(t))y(t) + fulZo(t))o(t) (E€T) and y(to) = y(t1) = 0;

(i) 1. (zo,up;y,v) <0 (a € R with I,(zo,up) =0 and A\, = 0);

(iil) Ij(wo,uo;y,v) =0 (B € R with \g >0, or B € Q).

Our objective is to show that, in this well-known theorem, one can reach exactly
the same conclusion on the nonnegativity of the quadratic form, but imposing
an assumption on the solution (xg,ug) to the problem which may, in general, be
much weaker than that of s-normality.
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3. Unfolding the main result

Let us “unfold” Theorem 2.2 in several respects. In this explanation we shall
actually provide a proof based on the notion of curvilinear tangent cone and a
simple application of the implicit function theorem.

Let us begin with the assumption on the admissible process (zg, ) concerning
the existence of a couple (p, A) satisfying 2.2(a), (b) and (c). First order necessary
conditions are well established and one version can be stated as follows (see [24,
Theorem 2.1, p. 254]).

Theorem 3.1. If (z9,ug) solves (P), there exist \g >0, A € R? and p € X, not
vanishing simultaneously on T, such that

(a) Ao >0 and M\o1o(xo,u0) =0 (v € R);
(b) p(t) = —H:(Zo(t),p(t), A, Xo) on every interval of continuity of ug.
() Hyu(Zo(t),p(t), A\, Xo) =0 (t €T).

As shown in [24, Theorem 7.2, p 275], if (zg,up) is s-normal in Theorem 3.1,
then \g is positive. In this event, the multipliers Ay, A\, p can be chosen so that
Ao = 1 and, when so chosen, they are unique. This property defines a set £ whose
elements will be called extremals and which plays a crucial role in the theory that
follows.

Definition 3.2. Denote by £ the set of all (x,u,p,\) € Z x X x R? such that
(a) Ao >0 and A Iy(z,u) =0 (a € R);

(b) p(t) = =f2(@(0)p(t) + LL(E()) + 221 Ay L3, (2(1)) (¢ € T);
(¢) fa@@)p(t) = Ly(2(1) + 221 M L5, (2(1) (teT).

Thus, if (xg, ug) is s-normal in Theorem 3.1, there exists a unique pair (p, \) such
that (xg,up,p, A) € €. The letter ‘s in this type of normality stands for strong
and processes with this property will also be called strongly normal. This notion
can certainly be weakened, as we shall show below.

Note also that, in Theorem 2.2, our first assumption on the admissible process is
simply that there exists (p, A) such that (xg,ug,p, \) is an extremal.

Let us now introduce the notion of curvilinear tangent space. It corresponds to a
generalization we propose of the standard notion, for the finite dimensional case,
as presented in [24, p 203].

Definition 3.3. Denote by Cgs(zg,ug) the curvilinear tangent space of S at

(x0,up) given by those (y,v) € Z for which there exist 6 >0 and (z(-,€),u(-,€)) €S

(0 < e < §) satisfying

(i) x(t,e) is continuous and has continuous first and second derivatives with
respect to €; &(t,€) and their first and second derivatives with respect to €
are piecewise continuous with respect to ¢.

(i) (x(t,0), u(t,0)) = (xo(t), uo(t)) (£ € T);
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(iil) (2e(2,0), uc(t, 0)) = (y(t), v(t)) (¢ € T);
(iv) (x(-, € O) u(-,€)) = (zo,up) and (zc(-,€), uc(-,€)) = (y,v) uniformly in 7" as
€ —

The following result gives us straightforwardly second order necessary conditions
for optimality in terms of the curvilinear tangent space of a subset of the ori-
ginal set of isoperimetric constraints. It should be observed that the function
J" (o, uo;y,v) appearing both in the following result and in Theorem 2.2 is actu-
ally the second variation of the integral J defined below.

Theorem 3.4. Let (xg,ug) € S and suppose there exists (p,A) € X x R? such
that (xg,ug,p, A) € €. Let

S1=A{(z,u) € S| Iy(z,u) =0 (¢ € R, \y >0)}.
If (zo,ug) solves (P) then J"(xo,up;y,v) >0 for all (y,v) € Cs, (xq, uo).

Proof: Let ¢ := (p(t1),&1) — (p(to), &) + D Ayb, and define

Iz, u) ::c+/1F(t,x(t),u(t))dt (z,u) € Z)

to

where, for all (t,z,u) € T x R* x R™,
q
F(tvgjvu) = L(t7$7u) - <p(t),f(t,l’,U)> + Z)\’YL’Y(tax7u) - <p(t)7$>
1

Observe that F(t,z,u) = —H(t,z,u,p(t),\, 1) — (p(t), )
and, if (z,u) € S, then

J(z,u) = I(z,u) + Z)\b —|—Z)\/ St z(t), u(t)dt

= I(z,u) + Z AL (2, ).
Note that 1
S1={(z,u) € S| Aada(z,u) =0 (€ R)} ={(z,u) € S| J(z,u) = I(z,u)}.
Since (xg, ug) € S1, (xg, ug) minimizes J on Sj.

Now let (y,v) € Cg,(zo,up) and let 6 > 0 and (z(-,€),u(-,€)) € S; (0 < e < 9)
satisfy the relations given in Definition 3.3. Then g(€) := J(x (-, €),u(:, e)), where
0 < e < 0, satisfies

gle) = I(x(- €),u(- €)) > I(xg,ug) = J(xo,u9) = g(0) (0 <e<9).
Note that, for all t € T, F,(Zo(t )) = —H,(Zo(t),p(t), A(t),1) — p*(t) = 0 and
Fu(Zo(t)) = —Hu(To(t),p(t),A(t),1) = 0, and therefore

9'(0) = J' (o, uo; y,v /{F y(t) + Fyu(Zo(t))v(t)}dt = 0

implying that ¢”(0) > 0. The result then follows since ¢”(0) = J"(xo, up; y,v). O
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The conditions obtained above are expressed in terms of the curvilinear tangent
space of S at (xg, up), whose membership is usually difficult to determine. Tan-
gential constraints help to ease this situation and play a fundamental role in the
theory of second order conditions.

Definition 3.5. Given (zg,ug) € S let
L(xo,uo) == {(y,v) € Z | §(t) = A@)y(t) + B(t)v(t) (t € T), y(to) = y(t) = 0}

where A(t) = f.(Zo(t)), B(t) = fu(Zo(t)). Denote the set of active indices at

(l’o,UO) by .
I(zo,u0) = {7y € R | I,(x0,uo) = 0},

and define the set of processes satisfying the tangential constraints at (o, ug) with
respect to S by
1, (w0, uo; y,v) <0 (o € I*(z0,u0)),
Rs(wo, uo) := 4 (y,v) € L(x0,u0) | :
Ig(wo, up;y,v) =0 (B €Q)
Note 3.6. For all (xg,ug) € S, Cs(xo,up) C Rs(xg, up).

Proof: Let (y,v) € Cs(zo,up) and let § > 0 and (z(-,¢),u(-,¢)) € S be as in
Definition 3.3. Then, for all 0 < e < 9,
(t,e) = f(t,x(t,€e),u(t,e)) (t€T), x(to,€) =&, x(t1,€) =&

and so, by taking partial derivatives with respect to € and evaluating at ¢ = 0,
(y,v) belongs to L(zg,up). Also, for all € € [0,9),

I(x(- e),u(-€) <0 (e R), Ig(x(e),ul-e)=0(8€qQ).

Fix v € RUQ and set g(e) := I,(x(-, €),u(, €)) so that ¢g'(0) = I’ (o, uo; y,v). If
v € I%(xg, up) then ¢’(0) < 0. If v € @ then ¢'(0) = 0. O

Definition 3.7. We say that the process (xo,ug) is c-regular relative to S if
Cs(wo,u0) = Rs(wo, up).

The property of c-regularity is desirable for various reasons. In particular note
that if, in Theorem 3.4, c-regularity relative to S; holds with respect to the so-
lution (g, ug) to the problem, the theorem will provide a second order condition
on Rg, (zo,up), a set for which verifying membership is of a much easier nature
than that of Cg, (xg,ug). As we show next, c-regularity is implied precisely by
s-normality.

Theorem 3.8. If (xg,up) € S is s-normal then it is c-reqular relative to S.

Proof: Suppose (2o, ug) is s-normal and let (y,v) € Rs(xo, up). We want to prove
that (y,v) € Cs(xo,up). Assume, without loss of generality, that I*(zq,uo) = R,
that is, all indices are active at (xg, uo).

Let N :=q¢+n and let (y,,v,) € Z (0 =1,...,N) satisfy
Yo (t) = A()yo(t) + Bt)vo(t) (L €T), yo(to) =0

and such that the determinant
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(v=1,...,¢;i=1,...,n)
1,...,q+n)

L (o, uo; Yo, Vo)
Yo (t1)

is different from zero where, as before, A(t) = f.(Zo(t)) and B(t) = fu(Zo(t)).

A:

)
I

N
Define u(t, e, a) == ug(t) + ev(t) + Z%Ui(t) (teT, e,a; €R)
i=1

where a = (ayq, ..., ay). By the embedding theorem of differential equations (see,
for example, [24, Theorem 14.2, p 49]), the equation

.CE(t) = f(ta x(t),ﬂ(t, €, Oé)) (t € T)? x(tﬂ) = SO

has a unique solution Z(t, €, ) (t€T, |e|<mn, || <n) such that z(¢,0,0) = zo(t).
The function Z(t,€, ) is continuous and has continuous first and second deriva-
tives with respect to the variables €, ay, ..., ay. The functions z(t, €, a) and their
first and second derivatives with respect to €, aq, ..., ay are piecewise continuous
with respect to t. By differentiation with respect to € and «; at (¢,) = (0,0) it
is found that

T(t,0,0) = A(t)Z.(t,0,0) + B(t)v(t), Zc(to,0,0) =0,
To,(t,0,0) = A(t)T4,(¢,0,0) + B(t)vi(t), Ta,(to,0,0) =0
and therefore  7.(t,0,0) = y(t), Z,,(t,0,0) =y (t) (teT).
Let G := (—n,n) and define g: G x GN = RN, g= (¢,...,¢"), by

g'(e,a) == L(Z(- 6, 0),u(-, 6, ) — el (wo, uo; y,v) (v =1,...,9),
gt (e, a) == T (t,e,) — € (i=1,...,n).

Note that ¢(0,0) = 0 and |g4(0,0)] = A # 0. By the implicit function theorem,
there exist 0 < § < n and f: (=d,6) — R of class C? such that 3(0) = 0 and
g(e,B(€)) = 0 (|e] < §). We obtain, taking the derivative with respect to € at

e=0,
0= g¢(0,0) + 94 (0,0)5'(0) = g4 (0,0)5'(0)
implying that 5'(0) = 0. Let us show that the one-parameter family
x(t,e) = z(t e, B(e)), wult,e) :=ult,e,flc)) (LT, [e] <9)

has the properties, with respect to (y,v), given in the definition of Cg(z,u).
Clearly 3.3(i) and (ii) hold, as well as 3.3(iii) since

£(1,0) = 20(£,0,0)8'(0) + y(t) = y(t),  1elt,0) = Ga(t,0,0)5'(0) + v(t) = v(t)
Moreover, the family belongs to S for 0 < € < § since
]’Y<x('a 6)7 u('u 6)) = 6‘['(/('1;07 U0y Y, U) (7 =1,... 7q>

Tty €) — &€ =T (ty, 6, B(t,€) —EE=0 (i=1,...,n).
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It remains to establish the convergence properties given in 3.3(iv), that is, we
must show (x(-,€),u(-,€)) — (xo,up) and (x(-,€),uc(,€)) — (y,v) uniformly in
T as e — 0. To do so, take first an arbitrary n > 0 and a nonnegative constant
M such that |v(t)] < M and |v,(t)| < M for each o. Then we have

for all t € T and, since f3,(¢) — 0 as € — 0, we can find 0 < ¢y < min{n/2M,J}

Ju(t, €) — uo(t)| =

ev(t —I—Zﬁg €)vy(t ‘<M{€—I—

satisfying < ﬁ, which implies
u(t,e) —up(t) < M|~ + | =5 forall (t,¢) € T x [0, o).
’ 2M  2M ’ ’

Thus u(-, €) = up uniformly in 7" as € — 0. Since

lue(t, €) — v(

and /3 (¢) — 0 as € — 0, the uniform convergence in T as € — 0 of u.(+,€) to v
can be proved in a similar way.

Now, if we define the function F' as F(t,x,€) := f(t,x,u(t,€)), then F is continu-
ous in sets of the form S; := [t;,t;11] x clU x [0, §], where {¢;} is a finite partition
of T' such that the functions ug, v and v, are all continuous in each T; := [t;, t;11],
and U is a neighborhood of x¢(7T"). Clearly, F' is also Lipschitz continuous uni-
formly in each S; in the variable z, because f € C? also satisfies this property.
Therefore, we can invoke [12, Theorem 7.4, p 29] to guarantee the uniqueness of
the solutions of

(t) = F(t,z(t),0), z(t;) = xo(t;) (t€S5;)
for each S;. This implies that z( is the only solution of the equation
(t) = F(t,z(t),0), z(tg) =& (teT).
It is also clear that F' satisfies the following Carathéodory type hypotheses:
(C1) F(-,x,€) is measurable in ¢ for every (x,¢) € clU x [0, d];
(C2) F(t,-,€) is continuous in z for every (t,e) € T x [0, d];

(C3) there exists a Lebesgue integrable function m over T' such that, for fixed

teT, |f(t,z,u)] <mf(t) for all (x,u) € clU x [0, 4].

The uniform convergence z(t,e) — o in T as € — 0 follows from [12, Theorem
4.2, p.59]. To prove that the last convergence is also uniform in 7" as € — 0, define
the function K by

K(t,z,€) := fo(t,x(t,e),ult,€))z + fu(t,x(t,€),u(t,€))uc(t,e).
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Note that z(-,€) is a solution of the equation 2(t) = K(t,2(t),¢€), 2(ty) = 0,
and y is a solution of the equation 2(t) = K(t, 2(t),0), z(to) = 0. Finally, since
the remarks on F' that made possible the use of [12, Theorem 4.2, p.59| can
also be made with respect to K, the desired convergence follows and the proof is
complete. Il

Recall that the set S, defined in the statement of Theorem 3.4, depends on a
certain vector A in R? with A\, > 0 (a € R) given beforehand. It corresponds to
S1 =51\ ] ={(z,u) € S| I(z,u) =0 (a €T)}

where I' := {a € R | A, > 0}. Clearly we have
S1A) ={(z,u) € D | I,(z,u) <0 (0 € R, \y =0), Ig(z,u) =0 (BT UQ)}

Thus, the set of processes satisfying the tangential constraints at (g, ug) with
respect to Si()) is given by

I;<x0au0§yav) <0 (ae]a(m07u0)7 Ao = 0)7
R, (xo, up) = {(%U)Eﬁ(%,uo)

I (o, ug;y,v) =0 (B €TUQ)

On the other hand, observe that s-normality is defined in terms of the first varia-
tion of I, along (xg,ug) for all v =1,...,¢, that is, it does not take into account
if the indices correspond to inequality or equality constraints. Thus, this notion
will not vary if it is expressed in terms of S or S;. By Theorem 3.8 we conclude
that, if (xg, ug) is s-normal, then it is c-regular relative not only to S but also to
Si.

A combination of these remarks with Theorem 3.4 shows that the following result
holds. It corresponds precisely to Theorem 2.2 rewritten in a succinct way.

Theorem 3.9. Let (xg,uq) € S and suppose that there exists (p,A) € X x R4
such that (xg,uo, p, \) € E. If (xo,up) solves (P) and is strongly normal, then we
have J" (g, up; y,v) > 0 for all (y,v) € Rs, (xq, uo).

4. A characterization of normality

Theorem 3.1 provides first order necessary conditions which yield in a natural
way a notion of normality relative to S which implies the positivity of Ag, the cost
multiplier.

Definition 4.1. We shall say that (zg,ug) € S is normal relative to S if, given
(p, A) € X x RY satisfying

(i) Ao > 0and A1, (x0,u9) =0 (o € R);

(i) p(t) = —f7(@o(0)p(t) + 32T M LE,(20(t) [= —H(Z0(t), p(t), A, 0) ] (t€T);
(i) 0= f1(Fo()p(t) — ST M (Eo(e) [ = Hio(),p(t)10)] (€T
then (p, ) = (0,0).
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Clearly, if (g, ug) solves (P) and is normal relative to S, then A\g > 0 in Theorem
3.1. Dividing by this multiplier it follows that (xq, ug, p, A) € & for some (p, \) €
X xR1. Note that, due to the sign of the multipliers in 4.1(i), we cannot guarantee
uniqueness of (p, A). If we remove in 4.1(i) the condition that A, > 0 (o € R) then,
as we shall see below, (p, A) will be the unique pair satisfying (zo, ug, p, A) € €.

By introducing a subset of S and applying the definition of normality relative to
that subset, we obtain the desired condition. Consider the subset of S defined
only by equalities for active indices, that is, given (xg,ug) € S, let

So [= So(xo, )] = {(z,u) € D | L(x,u) =0 (v € I*(xo,u) UQ)}.

Note 4.2. Applying Definition 4.1 to this subset of S we deduce that (xg,ug) € S
is normal relative to Sy if, given (p, A) € X x RY satisfying

(i) Aala(z0,u0) =0 (a € R);

(i) p(t) = = f3(@o(2))p(t) + 221 A L3, (To(2)) (t € T);
(i) 0= £2(o(t)p(t) — X9 A L2, (Go(t) (¢ € T),
then (p, ) = (0,0).

As mentioned before, unique couples (p, A) producing extremals (xg, ug, p, \) ap-
pear under the assumption of normality relative to Sy.

Proposition 4.3. If (xg,ug) solves (P) and is normal relative to Sy then there
exists a unique pair (p,\) € X x R? such that (xg,ug,p,\) € £.

Proof: By Theorem 3.1, 3\g > 0, A € R? and p € X, not vanishing simultane-
ously on T', such that

(a) Ao >0 and A\, I,(zg,u) =0 (a € R);

(b) p(t) = =f3(Zo()p(t) + Ao L3 (Fo(t)) + 221 M L3, (To(t)) (t € T).

(©) ful@o()p(t) = ALy (To(t)) + 221 A L3, (Z0(1)) (t€T).

By normality relative to Sy (and hence relative to S), A\g > 0 and we can assume,

without loss of generality, that Ay = 1, so that (xq,ug,p,\) € €. Suppose now
that (¢, ) € X x RY is such that (zg,ug,q, ) € E. Then

(1) [Aa = #alla(zo,u0) = 0 (a € R);

(i) [p(t) — a(®)] = —=f2(@o()[p(t) — a(®O)] + 25Ny — 1] L34 (20(1)) (t € T);

(iii) [ (Zo(0)[p(t) — q(8)] = 221Ny — pa) L3, (Z0(2)) (¢ € T),

implying that p = ¢ and A = p. [
Let us point out that the notion of normality relative to Sy plays a fundamental
role in the theory of optimality conditions not only due to this uniqueness property
(see also [6, 9, 23, 38] for an analogous situation in mathematical programming)

but also because, as we shall prove in this section, it turns out to be equivalent
precisely to the notion of s-normality introduced before.
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To prove this result we shall first establish a different characterization of strong
normality. Let (xg,ug) € S and set A(t) := f.(To(t)), B(t) :== fu(Zo(t)). Choose
solutions of the differential systems

Gs(t) + A"()gs(t) = L, (To(1)),  qs(t)) =0 (B=1,....9),

W)+ WAL =0, W(t) =1
that is,  qg;(t) + Z qsi(1) A5() = Lgai (To(1)), qsi(t) =0 (j =1,...,n),
Wi () + ) WanAl(t) =0, Wy(t) =d; (,5=1,...,n).

Define Fﬁ(tvrvu) :Lﬁ(twrau)_<Qﬂ(t)7f(t7x’u)>_<QB(t)’x> (ﬂ:L...,q)

Fyai(t, z,u) = Wi(t) f(t, 2, u) + Wi(t)z = ZVVijfj + ijxj (i=1,...,n)

J J
where W; = (W, ..., W;,) denotes the i-th row of W, and let

twmw:%—@w@@+/"%wwmwmﬁ B=1,....q),

to

o1 (m,u) = Wi(to)éo — & + /t1 Foii(t,z(t),u(t)dt (i=1,...,n).

to

Note that F), has been constructed so that
or,
Ox
Also, if (z,u) € Z satisfies ©(t) = f(¢,z(t),u(t)) (t € T'), we have
Talw,u) = Io(w,w) + {gs(to), 5(t0) — &) (B=1,..,0),
Jywi(w,u) = @' (t) — & — Wilto)(z(to) — &) (i=1,...,n)
and so, if also x(tg) = &, then
Js(z,u) = Ig(z,u) (B=1,...,q) and Ji(z,u)=2'(t;) =& (i=1,...,n).

Without loss of generality, I,(xo,up) = 0 (o € R). Thus J,(x9,up) = 0 where
p=1,...,9+n). Let v € U,, and define

=0 along (2o, up).

u(t,e) :==up(t) +ev(t) (teTl).
By the embedding theorem of differential equations, the equations

I(t) - f(tvx(t)7u(t7 6)) (t S T>’ ‘I(tO) = &o (1>

have a one-parameter family of solutions z(-,€) for |e| < €y with z(¢,0) = zo(t).
The functions x*(t, €) are continuous and have continuous derivatives with respect
to €. The process

y(t) = z.(t,0), ov(t) =uc(t,0) (teT)
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is called the variation of the family (x(-,€),u(-,€)) along (xg,ug). It satisfies

y(t) = At)y(t) + B(t)v(t), y(to) =0 (2)
where Ai() = gf . Bit) - gj: ot (4 o(t), uolt)).

Equation (2) is the equation of variation of (1) along (xo,ugp).

The first variations of I3, J, along (xg,uo) are given by

d
[;5(170, U3 Y, U) = &[/g(.ﬁlﬁ(, 6)7 U(', 6)) ‘520

Jp(ZL‘o,Umy,’U) Ejp(x( 7€)au< 76))‘6,0
h " OF
— [ Eetnt = [ G0 (=1, )
to k to U
OF,
where Foi(t) = a—w’:(t,xo(t),uo(t)) (tel).
Note that
_ oL e Of
j of o
Fi(t ZW’J O)B(t) =W;(t)=— (d=q+i,i=1,...,n).
8uk
oy _
Therefore 50 = Lg, —q3(t)B(t) (B=1,...,9),
oFs o

By (1) we know that, for |¢| < €,

Ja(( ), ul,€)) = Ia(x(-, €),ul-€)) (B=1,...,9),
and Jori(x(€),u(-,€) = a'(ty,e) =& (i=1,...,n).
It follows that

J5 (0, uo; y,v) = I(wo,uos y,v) (B=1,...,q),
and Jii(@o, o3y, 0) =y (t) (i=1,....n)

subject to conditions (2).
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The definition of strongly normal corresponds to the existence of ¢ + n solutions
(Yo, vo) Of
y(t) = At)y(t) + B(t)u(t), y(to) =0

such that the determinant

A = | (@0, 03 Yo, v5)

YL (t1) (c=1,...,q+mn)
is different from zero. Note that
. "OF,
A = [J)((z0, u0); (Yo, vs))| = = (T (1))vo (D).
to

In this determinant, v, can be chosen arbitrarily, while the corresponding varia-
tions y, are determined by (2). In particular, we may choose

vo(t) = 8825 (Fot) (0=1,....q+4n)

and so (zg,up) is s-normal if and only if the ¢ + n functions

vy(t) = L7, (To(1)) = B* ()¢5 (t)  (v=1,...,9)
Vgri(t) = B*()Wr(t) (i=1,...,n)

are linearly independent on 7' (see also [24, p 266] where some of these arguments
are used to prove the maximum principle given in [24]).

We are now in position to prove the equivalence between s-normality and normal-
ity relative to Sp.

Theorem 4.4. (zg,ug) is strongly normal < (x,uy) is normal relative to Sy.

Proof: Assume, without loss of generality, that all indices are active, that is,
[a(f,Eo,uO) = R.

‘=": Suppose (p,A) € X x RY satisfies
() p(t) = = f2(@o())p(t) + 27 A L3, (Zo(t)) (t € T);
(if) 0= fi(Zo(t))p(t) — 227 A L3, (Fo(1)) (t € T).

We want to prove that (p,A) = (0,0). Let A\, := —p;i(t1) (¢ = 1,...,n) and
define the function

q n
z(t) = Z Ay (t) — Z Ag+iWi (t)
y=1 i=1
where ¢, and W; are as before. Note that

(1) = Z )‘qu(t) - Z )‘q+in‘* (t)

= D N [ATB)ay (8) + Ly (Fo(0)] + ) A A" ()W (1)
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= —AT(t)z(t) + > AL, (Fo(t))

implying that, if w = p — z, then w(t) = —A*(t)w(t) (t € T). Since z;(t1) =
—Ag+i = pi(t1), we have w(t;) = p(t1) — 2(t1) = 0 and, therefore, w = 0. This
implies that

p(t) = Z Ay (t) — Z Ag+iWi (1)

From this equality and (ii) above, we have for all t € T

q q n
D AL (Eo(t) = BT (0)p(t) = D A B (1) (t) = D A B (WS (1),

1 1 i

q+n q n
e, > Ava(t) =Y M (L5,(E0(1) — BY(H)gy (1) + Y A BT (&)W (t) = 0.

1 1 1

Since (z,up) is strongly normal, A, = 0 for all 0 = 1,...,¢ + n and so we get
(p,A) = (0,0).
‘=": Suppose now that (zo,u) is normal relative to Sy and, for some A, in R

(c=1,....,¢+n), X1 N\v,(t) =0 (t € T). Define

p(t) == Z Ay (t) — Z AW (t) (teT)

and note that, as before, p(t) = —A*(t)p(t) + >_1 A, L%, (Zo(t)). Moreover,

B*()p(t) = Z A B*(t)g,(t) — Z A+ B (OW;(t) = Z )‘szu(jO(t»‘

Hence p = 0 and A\, = 0 (y = 1,...,¢). But this also implies that we have
Agri = —pit) =0 (i=1,...,n). O

5. Normality implies regularity
The notion of normality relative to S can, of course, be applied also to the set
S1 = S1(A) for a given A € R?. Recall that, if ' = {a € R | A\, > 0}, then

S1A) ={(z,u) € D | I,(z,u) <0 (0 € R, \y =0), Ig(z,u) =0 (BT UQ)}
A process (g, up) is normal relative to Si(A) if, given (p, u) € X x R satisfying
(i) pa >0 and paly(zo,u0) =0 (@ € R, A\ = 0);

(i) (1) = — 2 (Go(t)p(t) + X4 A L2, (F0(t)) (L € T);

(i) 0= F1(Fo(t)p(t) — XU A L2, (Fo(t) (t € T),
then (p, 1) = (0,0).

As mentioned in [8], a fundamental question posed in the literature (see [13-16,
28, 34-37] for other problems in optimal control) is if, in Theorem 3.9 (or Theorem
2.2), the assumption of strong normality can be replaced with that of normality
relative to S without altering the set Rg, (o, ug) of critical directions where the
second order conditions hold. In other words, the question is if the following result
is valid or not.
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Conjecture 5.1. Let (zg,up) € S and suppose there ezists (p, \) € X x R? such
that (xo,up,p, \) € E. If (xo,up) solves (P) and is normal relative to S1(\), then
J" (o, up;y,v) > 0 for all (y,v) € Rg, (xo, uo).

Before attempting to solve this conjecture, let us first introduce a notion of tan-
gency in terms not of curvilinear but of sequential tangents. It corresponds to
a generalization of the notion given by Hestenes [24, 25| for finite dimensional
spaces (see also [5, 23] for equivalent definitions).

Definition 5.2. For any z = (z,u) € Z, consider the norm

1]l = ll(z, w)]| = sup(|z(t)] + [&(£)]) + sup u(?)].
teT teT
We shall say that a sequence {z, = (z,, uy)} C Z converges to zy = (xg, ug) in the
direction w = (y,v) if w is a unit process (|Jw|| = 1), z, # 2o, and
lim ||z, — 20| = 0, lim —2— 0 —
400 a0 [|zg — 2|

Given zy € S C Z, the tangent or contingent cone of S at zy, denoted by Tg(20),
is the cone determined by the unit vectors w for which there exists a sequence
{z,} in S converging to z; in the direction w. Equivalently, Ts(zp) is the set of all
w € Z for which there exist a sequence {z,} in S and a sequence {¢,} of positive

numbers such that
Zq — 20

= w. (3)

lim €, = 0, lim
q— 00 q— o0 Eq

For our original isoperimetric control problem (P), where
t1
Ho) = [ Leatuo)i (@) € 2),
to

the first and second variations of I are given by

Iy, 0) / @ y(t) + Lo (@ (0)v(t) bt

I"(2,u;y,v) = t {<y(t)7sz(a~j(t))y(t)> + 2(y(t), Lyu(2(t))0(t))
° + (0(t), Lun(3(0)0(0)
A proof similar to that of [24, p 74] shows that
1(2) = I(20) + I'(205 2 — 20) + 71(205 2 — 20)
I(z) = 1(20) + I'(20; 2 — 20) + %["(zo; z— 29) +12(20; 2 — 20)

where lim —Tl(zo; ) =0, lim —TQ(ZO; k)
e=z0 ||z — 20| a=z20 ||z — zol|?

= 0.

Therefore, if {z,} converges to zy in the direction w, then

lim Nz) = I(z0) = I'(zp; w),

and
a0 |24 — 20
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lim I(24) — I(20) — I'(20; 24 — 20)

400 124 = 20|

= 11" (20, w).

From these relations we obtain the following second order conditions for optima-
lity. Compare this result with Theorem 3.4.

Theorem 5.3. Let (xg,ug) € S and suppose there exists (p,A) € X x R such
that (zo,up,p, ) € €. If (xo,ug) solves (P) then J"(xg,uo;y,v) > 0 for all
(y,v) € Ts, (20, uo)-

Proof: As in the proof of Theorem 3.4, let ¢ := (p(t1),&1) — (p(to), &o) + D 1 Ayby
and

Iz, u) ::c+/1F(t,x(t),u(t))dt (z,u) € 7)

to
where F(t,z,u) = —H(t,x,u,p(t),\, 1) — (p(t),xz). We have
S1={(x,u) € S| J(zx,u) =I(z,u)}
and so (g, ug) minimizes J on Sy. If (y,v) € Tg, (zo,up), since J'(zg, ug; y,v) = 0,

we have J"(xq, ug;y,v) > 0. O

Now, as one readily verifies, Ts(xo, up) C Rs (o, up) where

Rs (0, u) = {<y,v>ez<xo,uo> La{eo, uiy,v) < 0 <a€f“<xo,uo>>,}

Ig(xo,uo;y,v) =0 (BeQ)

denotes, as before, the set of processes satisfying the tangential constraints at
(x0,up) with respect to S. We shall say that a process (zg,up) € S is regular
relative to S if Tg(xg,ug) = Rs(xo,ug). Thus, if we assume in Theorem 5.3 that
the optimal process (xg, ug) is regular relative to Sy, then J”(xq, uo;y,v) > 0 for
all (y,v) € Rg, (w0, up).

This notion of regularity plays a fundamental role in the theory to follow. To begin
with, it implies nonemptiness of £. To prove it, let us first state an auxiliary result
on linear functionals (see [24], p 13).

Lemma 5.4. Let L, Ly, ..., L, be linear forms on X, a real vector space, and let
R={r€X|Ly(z) <0 (x€A), Lg(x)=0 (B € B)}

where A = {1,...,p} and B = {p+1,...,m}. Suppose that L(x) > 0 for all
r € R. Then there exist A, > 0 (o € A) and \g € R (B € B) such that

Theorem 5.5. Suppose (zg,ug) solves (P). If (xg,uo) is regular relative to S,

then &£ is nonempty.

Proof: Take (y,v) € Ts(wo, uo) = Rs(xo, up) and {(z,,u,)} € S and {¢,} satis-
fying (3). Since (z,up) is a local minimum of (P),

0 S hm ]('TQ’UCI) _I(xO,UO)

= I'(xo, uo; y, v).
q—0 €

q
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Observe that

Fo(y,v) <0 (a € I%(xg,up)),
Fs(y,v) =0 (B=r+1,....,q+n)|’

Rs(xg,ug) = {(y,v) € Lo(xg, up)

where Lo(z,up) is the real vector space defined by
Lo(zo, uo) = {(y,v) € Z | y(t) = A()y(t) + B(t)v(t), y(to) = 0},
and the functionals F,: Lo(zg,uo) — R are defined by
Fy(y,v) = I}(wo,uo;y,v)  and  Fopi(y,v) =y (1)

for v € I*(zg,up) UQ and ¢ = 1,...,n. By Lemma 5.4, there exist multipliers
A >0 (€ R)and \g € R (B=r+1,...,q+ n) such that we have A\, = 0 if

a € R~ I%(xq,up) and
q+n

I'(zo, ug; y,v) + Z)\WFW(y,v) =0 for all (y,v) € Lo(xg, ug).
v=1
Define p as the only solution of the differential equation

q
() = —A"(Op(t) + Li(Fo(t) + Y Ay La, (Fo(t))
v=1
and endpoint condition p'(t;) = =N\ (1 = 1,...,n). Setting A = (A1,...,\)",

we see at once that (p, \) satisfies 3.2(a) and 3.2(b). Only 3.2(c) is left to verify.
On one hand, from equation (1), we get

St ) = [ { (o) + 30 Loatiale) oo
T (Lu@o(t)) s M%u(%(ﬂ)) v(t)}dt,
while on the other hand, from equation (2), h

> p 1y (1) = / O + (g0} dt

q

- [H{(-rwan+ Lo + > M Lanlial®) (0
+ OO0 + B
_ / { (Lz@o(t)) + Z Mww») y(t) + p*(t)B(t)v(t)}dt‘

These two equations imply that for all (y,v) € Lo(zo, uo)

| (Lu<szo<t>> £3° A Lo (olt) — p*<t>B<t>)v<t>dt 0,
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but for every v € U, there exists a function y € X such that (y,v) € Lo(zo, uo).
Hence, the above equation is true for all v € U, implying the pointwise equality

B*()p(t) = Li(@o(1) + Y A La,(@0(1)) (t € [to, 1)),
which is precisely 3.2(c). ! O

Note at this point that, if we prove that normality relative to S implies regularity
relative to S, then the conjecture posed above will be established. Let us set out
to prove this statement.

Recall that (xg,ug) € S is normal relative to S if, given (p, \) € X x RY satisfying
(i) Ao >0and A\y1o(z0,u0) =0 (a € R);

() p(t) = —F2(@o(E)p(t) + X9 ML, (F0(1)) (¢ € T

(i) 0= J3(E(O)p() — TIALL,(Eo(1) (t € T,

then (p, \) = (0,0).

Let us introduce a concept which, as we shall see below, characterizes normal-
ity relative to S. Note that this notion, when applied to the constraints defin-
ing the set .S, corresponds to a Mangasarian-Fromovitz type condition. On the

other hand, if it is applied to the constraints defining S;(\), it becomes a strict
Mangasarian-Fromovitz type condition.

Definition 5.6. We call (xg,ug) € S proper relative to S if

(a) (xg,up) is normal relative to S, := {(x,u) € D | Ig(z,u) =0 (8 € Q)};

(b) there exists (y,v) € L(xg,ug) such that I (zg, up;y,v) < 0 (o € 1%(x0,up))
and I5(zo, uo;y,v) =0 (B € Q).

To prove that properness and normality are equivalent we shall make use, as

before, of a well-known auxiliary result on linear functionals (see [25, p 201]).

Lemma 5.7. Let Lq,...,L,, be linear forms on X, a real vector space, and let
R={reX|Ls(x) <0 (ax€A), Lg(x) =0 (8 € B)}

where A = {1,...,p} and B = {p+1,...,m}. Suppose that L;(x) = 0 for all
r € R andi € AUB. Then there exist \o, >0 (o € A) and \g € R (B € B) such

Theorem 5.8. (zg,ug) is normal relative to S < (xg,ug) is proper relative to S.

Proof: Without loss of generality assume that all constraints are active at
(x0,up), that is, R = I*(xq, up).

‘=" Suppose (zg,up) is proper relative to S. Let (p, \) satisfy (i)—(iii) above.
If R =10, then S = S, and the result follows. If R # (), choose a process (y,v)
satisfying 5.6(b). Since

B8 + 9 (OAWD) = ) A Loa(@o(t)) and p"()B(t) = ) A\ Lyu(Fo(t)),
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webave  H(p()y(6) = 30 MLysEo)(O) + LGl ()]
and therefore 0= i M. (w0, uos y,v) = i M (w0, uo; Y, v).

But I’ (zo, uo; y,v) < 0 (v € R) and so A, = 0 (y € R). The result then follows
by 5.6(a).

‘=" Suppose (2o, ug) is normal relative to S. Clearly, 5.6(a) holds. Without loss
of generality, R # (). Define

C:={a € R| I (xo,up;y,v) <0 for some (y,v) € Rs(xg,uo)}
and let E:=R~C={a € R|a¢C}. Note that

I (w0, up; y,v) =0 forall y € EUQ and (y,v) € Rs(xo, uo).
Consider now the following two sets involving isoperimetric constraints:

Vi={(z,u) € D| I,(z,u) <0 (e € E), Ig(z,u) =0 (5 €Q)},
Vo :={(z,u) e D| I, (x,u) =0 (y€ EUQ)}

as well as their corresponding sets of tangential constraints at (xg, uo):

I! (o, up;y,v) <0 (v € E),
[,é(xo,uo;y,W =0(BeQ)

Ry (20, u0) = {(y,v) € L(x0,u0) | I;(xo»uo;y,v) =0(yeEUQ)}

Ry (xg, ug) = {(y,v) € L(xg,up)

Let us prove that Ry (xg,ug) = Ry, (2o, uo). To do so, consider the following
subset of S:

S={(z,u) € D | Iy(z,u) <0 (e € C), I(z,u) =0 (y € EUQ)}.
and the tangential constraints at (z, ) associated with S:

I (w0, u0;y,v) <0 (0 € O), }

Rs(xo,u) = {(ym) € L(xo, uo) I (zo,u0;y,v) = 0 (y € EUQ)

As one readily verifies, Rs(zo, uo) = Rg(zo,uo). We can assume, without loss of
generality, that C' # () for, otherwise,

RS(:EQ,U()) = RVO (afo,U()) and RS(ZL‘Q,U()) = Rv(l‘Q,UO).

For a € C, choose a process (Yo, V) € Rs(xg, ug) for which I/, (zq, uo; Yo, va) <0,
and define (9,9) := > c-(Ya,va). Observe that

I (20, u0;9,0) <0 (a € C) and I (wo,up;9,0) =0 (y € EUQ).
Let (y,v) # (0,0) in Ry (xo, up), and let € > 0 be such that
I(/x<x07 Up; Y + Ega v+ 6@) = [&(*1'07 Up; y,U) + EI(;<:C07 Uo; ?)7 6) <0 (a € C)
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Clearly, we have
I (wo, uos y + €5, v + €0) = I}, (w0, uo; 9, 0) <0 (o € E),
and Iy(xo,uo;y +€g,v+€0) =0 (B €Q)
and therefore (y + ey, v + €0) € Rs(zo, uo) = Rg(xo, up). Hence
L (o, u0;y + €y, v + €0) = I (z0,u0;y,v) =0 (y € EUQ)
and so (y,v) € Ry, (o, uo).

Now, an application of Lemma 5.7 yields the existence of A\, > 0 (o € E) and
As € R (B € Q) such that, for all (y,v) € L(xg, up),

Z Ao 1l (20, uo; y,v) + Z AsI5(xo, uo; y,v) = 0.

acl BER
Note that, in view of our normality assumption, we have F = (). As before, we
can then find (y,v) € L(xg,ug) satisfying 5.6(b) by selecting, for each a € R, a
process (Yo, Vo) € Rs(xo, ug) such that I’ (g, uo; Ya, va) < 0, and setting (y,v) :=
ZaéR(yav Ua)' u

An important property of the tangent cone, which we shall use in the next result,
is that it is closed. To prove it, suppose (y,v) Z (0,0), {(y4, v4)} C Ts(xo,uo) and
that (4, v,) converges to (3. v). Since (4, v3)/ (g, 20) | —> (4:0)/1 (s, ). we may

assume without loss of generality that ||(y,v)|| = ||(y4. ve)|| = 1. Let (z4,u,) € S
satisfy
1 Ty, Ug) — (Tg, U 1
0< 6= g ug) — (o)l <+ and | Frtal ZE0to) ) 2
q €q q
Note that
(g, tg) — (20, o) (g, Ug) — (20, Uo)
ool Zoto) | < ||t 2000 ()] 00)— ()
q q

1
< 5+ (g, vg) — (y,0)]|.

Thus (3) holds and so (y,v) € Ts(xo,up). This proves the claim.

Theorem 5.9. If (xg,ug) is proper relative to S, then (xg,ug) s reqular relative
to S.

Proof: Assume, without loss of generality, that R = I%(zg,up). By 5.6(b),
R = C, that is, E = (). By Theorem 3.8 and the characterization of normality
given in the previous section, 3.5(a) implies that (xg,ug) is c-regular relative to
Se. Since, as one readily verifies, Cs(xo, ug) C Ts(xo, ug), this implies that (xg, ug)
is regular relative to S, = Vo = {(x,u) € D | Ig(x,u) =0 (8 € @)}, that is,

Tvo (20, u0) = R, (20, u0) = {(y,v) € L(z0,uo) | [é(l"o,uo;y,v) =0 (BeQ)}
If R =0, then Vj = S and the result follows. If R # (), consider the set

[éz(xmuo;y?U) <0 (Oé € R)a}

Ks(wo, ) := {(yﬂf) € Llrow0) | oo ugsy,v) = 0 (8 € Q)
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As we show next, Kg(zo,ug) C Ts(zo,uo). Indeed, if (y,v) € Kg(zo,up), then,
since (y,v) € Ry, (zo,u0) = Ty, (20, uo), there exist sequences {(z,, u,)} in V4 and
{€; > 0} such that (3) holds. Therefore

Iv(xqv uq) — lim fv(l‘q, uq) - 17(1'07 UO)

q—00 €

lim
g—00 €

= I'(zo, u0;y,v) (v=1,....0q).

q q

Since I’ (xg,uo;y,v) < 0 (o« € R), there exists N such that, for all ¢ > N,
I,(z4,uy) <0 (a € R). Since {z,,u,} C Vy, we have (z4,u,) € S for all ¢ > N.
Hence, (y,v) € Ts(xo,up). To end the proof, let (7,0) € Rg(xo,uo) and let (y,v)
satisfy 5.6(b) so that (y,v) € Ks(xg,up). Then

(9 + ey, v+ ev) € Kg(xg,ug) C Ts(xo,u0) (e >0)
and, since Tg (g, up) is closed, (7,0) € Ts(xo, up). O

We have proved that normality implies regularity. In particular this implies, as
explained before, that Conjecture 5.1 is a theorem. We have reached our main
result.

Theorem 5.10. Let (z9,up) € S and suppose there exists (p, \) € X x RY such
that (xg,ug,p, \) € E. If (xg,ug) solves (P) and is normal relative to Sy(\), then
J”<x07 Uo; Y, U) >0 fO?” all (y,’U) € 7?'51 (x()?uo)'

Proof: By Theorem 5.3, J"(zo,ug;y,v) > 0 for all (y,v) € Ts,(z0,up). By
Theorem 5.8, (xg, ug) is proper relative to S;. By Theorem 5.9, (0, ug) is regular
relative to S; and the result follows. O

6. Example

In this section we provide a simple example for which the classical theory cannot
be applied since, for the extremal (xg, ug, p, A) under consideration, (xg,ug) is not
strongly normal. In Theorem 2.2 (or Theorem 3.9) this assumption is basic. The
extremal, however, is such that (zg,u) is normal relative to S;(A\) and so, by
applying Theorem 5.10, we can conclude that (xg,ug) is not a solution to the
problem.

Example 6.1. Consider the isoperimetric control problem (P) of minimizing

) = 5 [ (a0 + 230 — () — (o)
subject to
Ti(t) =w()(z:(t) +1) (eT), (0)=zi(1)=0 (i=1,2),
/ (21(8) + 22()}dt <0 and / (21() + 22(8) + w3(t) + w3 ()}t < 0.

In this case, T = [0,1], n=m=r=2, { =& =0, by =by =0,
Li(t,z,u) =z + 29, Lo(t,x,u) = 21 + 29 +uS + uj.
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We want to see if the process (zg,u9) = (0,0), which is clearly admissible, is a
solution to the problem.

In the analysis of this example we shall prove the following claims:

(A) (x0, up) is normal relative to S but not normal relative to Sy (or strongly
normal).

(B) (o, ug, p, A) with (p, A) = (0,0) is an extremal.

(C) With A =0, (zg,up) is normal relative to S;(A).

(D) A(y,v) € Rs, (wg, ug) such that J”(zg, ug;y,v) < 0.

Let us begin with the normality assumptions. By Definition 4.1, (o, ug) is normal
relative to the set S = {(z,u) € D | I,(z,u) <0 (e =1,2)} if (p,\) = (0,0) is
the only solution of the system

(i) Ao > 0and A\y1o(z0,u0) =0 (o =1,2);
(i) B(t) = —f3 (@ (0)p(t) + 7 A Ly, (20(t)) (t € T);
(iii) 0= fi(@o(t)p(t) — 327 A, L5, (Z0(1)) (t € T).

Since I,(zg,up) = 0 (v = 1,2), condition (i) simply says that A\;, \a > 0. For
condition (ii), note that

Foltan) = (

(751 0
0 U9

pi(t) —p1(t)uor(t) + A1 + Ae A+ Ao
heref . = = )
and therefore (pQ(t)) (—pQ(t)U(m(t) + A+ A AL+ Ao

> . Lig(t,x,u) = Loy (t,x,u) = (1,1)

Similarly,
o T + 1 0 o - 2 2
fult,z,u) = ( 0 2y 4 1) ,  Liu(t,z,u) = (0,0), Loyu(t,z,u) = (3uj, 3u3)

and so (iii) corresponds to

<o> B (mt)(m(t) 1) - 3A2u31<t>> B <p1<t>)

0 Pa(t) (o2 (t) + 1) = 3Aaugs (1) p(t))

Since, by (iii), p = 0, we have by (ii) that A; + X2 = 0 and, by (i), Ay = Ay = 0. We
conclude that (zo,up) is normal relative to S. However, it is not normal relative

to the set
So={(z,u) € D | I,(x,u) =0 («=1,2)}

since clearly, in Note 4.2, we can let (A1, A2) = (1,—1) and (p,\) = (0,\) # 0
satisfies conditions 4.2(i)—(iii). This proves (A).

Observe now that the set £ of extremals is given by those (x, u,p, \) satisfying
(a) Ao >0and A\1y(z,u) =0 (a = 1,2);

(b) B(t) = —f2(@E)p(t) + Ly (2(8) + 7 M La,(2(1)) (¢ € T);

() fa(@O)p(t) = Ly(@(1) + X3\ L5, (E(1) (¢ € T).
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Since L, (t,z,u) = (x1,23) and L, (t,z,u) = (—u1, —uy) we clearly have, in view
of the above relations, that (xg, ug, p, A) with (p, A\) = (0,0) is an extremal. This
proves (B). With respect to this extremal, note that S;(A) = S, and so (zg, ug) is
also normal relative to Sy, Thus (C) holds.

Let us now evaluate the second variation of J along (x¢, ug). Recall that

Py = [ 290 y(e) o(0)d((.0) € 2

to
where, for all (t,y,v) € T x R x R™,
20(t,y,v) = —((y, Hua[tly) + 2{y, Heu[t]v) + (v, Hua[t]0))

and H([t] denotes H(t,x(t),u(t),p(t), A, 1). For this example, we have

H(t,x,u,p, A\ 1) = prun (21 + 1) + paug (22 + 1) — (2] + 23 — ui — u3)/2

— (@1 + 29) — Ny + 29 + b+ ud)
and therefore
Ho(t,x,u,p, A\, 1) = (prur — 21 — A1 — Ao, potiz — T2 — A1 — Ag),
H,(t,z,u,p, A\, 1) = (pr(z1 + 1) +up — 3\ui, pa(w2 + 1) + uy — 3Nu3).

The second partial derivatives of H evaluated at (¢, z,u,p, A\, 1) are given by

. —1 0 i 1—6)\21/4 0 . (P 0

so that, with respect to the extremal (xq, ug, p, A) with (p, A) = (0,0), we have

T (0105 > ) = / [R3(0) + 3(t) — v2() — ()}t

Let us now turn to the set of tangential constraints at (xg, ug) with respect to Sj.
It corresponds to

RSI('T()?uO) = {<yav) € [»(fo,lbg) ’ IQ(SU(MUO;Z/;U) <0 (Oé = 172)}

where (y,v) € Z belongs to L(zg,up) if and only if

WO\ _ s o (O (10
(B0) = staaton () + ftaoto (7)) e
and y;(0) = y;(1) = 0 (¢ = 1,2). In our case, with (zg,u9) = (0,0), the linear

equation corresponds simply to 9;(t) = v;(t) (i = 1,2). On the other hand, we
have

1
[{(xo,uo;y,v):/ {y1(t) + yo(t)}dt, and
0

I3(xo, uo; ¥, v) :/0 {w1(t) + y2(t) + Bugy i (t) + Bugyua(t) et :/0 {1 (t) + va(t) ydt.



1340 J. A. Becerril, J. F. Rosenblueth / A Strict Mangasarian-Fromovitz ...

Consider the process (y,v) defined for i = 1,2 by

-t if telo,1/2] -1 it teo,1/2)
ilt) = {t—l if tell1/2,1] uilt) = { 1 if te[1/2,1].

Note that
1

1/2 1
I (2o, uos y,v) = I5(x0, uos y,v) = / —2tdt +/ 2(t — 1)dt = —5 <0
0 1/2

and so (y,v) € Rg, (o, up). Let us now evaluate J”(xo, uo;y,v). We have

)y 12 ! ) 11
J'(wo,uosyv) =2 | (= Ndt+2 [ {(t—=1)" = 1}dt = —— <0
0 1/2

and so (D) holds.

From these four statements, now proved, we reach the following conclusion. Since
(x0, up) is not strongly normal, we cannot apply Theorem 2.2, the classical theorem
on second order necessary conditions. However, by an application of Theorem
5.10, we deduce that (xg, ug) is not a solution to the problem.

7. Comparison with other works

In dealing with integral constraints, a usual technique found in the literature is
based on the introduction of new variables in order to obtain an enlarged sys-
tem of differential equations, thus converting the original Lagrange isoperimetric
problem into a Mayer problem with endpoint equality and inequality constraints.
Explicitly, define f = (fo,fl, o ,f”*q) fori=1,...,nandy=1,...,q as

folt, &,u) = Lt ), fi(t,2,u) = f(te,u), and f*(t & u) = Ly(t, @, u),

where & = (2%, 2!, ... ") € R"™*1. Then the isoperimetric Lagrange control
problem posed in Section 2 is equivalent to the Mayer optimal control problem of
minimizing go(#(t1)) subject to

~

() = f(t,2(t),u(t)) (t € T),
2(to) = o,
Gnra(Z(t1)) <0 (0€R) and g;(2(t1)) =0 (i=1,....,n; i=n+8 (B€Q))

where & = (0,8, ...,€2, by, ..., b,) and the function g mapping R™ 7+ to R+t
is given by

n+-y

g(2) =12 @) =2"-¢& (i=1,..,n), gu,(2) =2 (v=1,...,q).

In the literature, particularly in recent papers of Osmolovskii, Frankowska, Dmi-
truk and Bonnans, second order necessary conditions have been obtained for prob-
lems involving not only endpoint state constraints (as in the problem posed above)
but also pointwise control or even mixed constraints. We refer the reader to [10,
17-21, 31-33] for the impressive body of recent, new results on the subject. There
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are, however, at least three main differences between those results and our main
theorem.

e To begin with, the control functions in our problem are piecewise continuous
and so do not form a Banach space. In the references mentioned above, results
from abstract optimization on Banach spaces are applied to the optimal control
problem, a method which does not work for our setting.

e Second, in some of those references the control set may be an arbitrary compact
subset of R™; in others, one may find conditions of linear independence of the
gradients of active control constraints, and so on. In all cases, however, the
(endpoint or terminal) Lagrange function involves a nonnegative cost multiplier.
Thus, no extra conditions are imposed on the functions delimiting the endpoint
constraints. On the other hand, in our result, the main discussion is precisely
on conditions which imply a positive cost multiplier. As we show, the condition
imposed in [24] is too strong, and we are able to weaken it without altering
the critical cone. In other words, we are providing a second order constraint
qualification weaker than the one given in [24], and this is the main result of the

paper.

A similar situation occurs in mathematical programming. The well-known Ka-
rush-Kuhn-Tucker conditions (or first order Lagrange multiplier rule) affect the
constraints but not the cost function, while the Fritz John necessary condition
includes a nonnegative cost multiplier. The former holds under additional as-
sumptions (constraint qualifications) while the latter holds without them. In our
paper, we discuss different (second order) constraint qualifications in order to have
a positive cost multiplier, while in the above references no extra assumptions are
added and the cost multiplier may be zero.

e Finally, in our result, given a Lagrange multiplier corresponding to a solution to
the problem, we show that the second variation is nonnegative for all admissible
variations (elements of the critical cone) related to the extremal, contrary to what
is shown in some of those references, namely, that given an admissible variation
there exists a multiplier for which the second variation is nonnegative.

To provide a concrete example illustrating some of these ideas, let us compare the
results obtained in this paper with the main result provided in [33]. Define (P>)
as the problem stated in Section 2 when minimization takes place in the space
W = Whi([to, t1]; R™) x L>=([to, t1]; R™) rather than Z. Suppose that (xq,uo) € Z
is a local solution of both (P) and (P*°). In this particular setting, the results
from [33] and this paper are applicable. As one readily verifies, through the
transformation given above, the set A(zy,ug) defined in Section 2 of [33] becomes
the set of all (p, A, A\g) € X x R? x R such that

(i) Ao >0, Ay >0and A\, (x0,u9) =0 (x € R);
(i) Ao+ Z;:l Ao + quzrﬂ sl =1;

(Hl) _p(t) = H; (ta Lo (t)7 Uo (t)>p7 >‘7 )‘0>;

(iv) Hy(t,zo(t), uo(t), p, A\, Ag) = 0.
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The set of critical directions C, as defined in [33], corresponds to the set of all
(y,v) € W such that

() 9(t) = A(t)y(t) + B(t)v(t) ae. in [to, t1];
(ii) y(to) = y(t1) = 0;
(iii) I, (%o, uo; y,v) < 0 (a € {0} U I%(wo, up)) and Ig(zo, up;y,v) =0 (8 € Q).

According to [33, Theorem 1], the set A(zo, ug) is nonempty and, for all (y,v) € C,
there exists (p, A, Ag) € A(xg, ug) such that

[ 20050000030 2 0

to

The dependence of the integrand on (p, A, Ag) means that the second derivatives of
the Hamiltonian are being evaluated along (¢, zo(t), uo(t), p(t), A, Ao) (see Sec. 2).

Our efforts go in the opposite direction. Instead of fixing a critical direction
and asserting the nonnegativity of the above functional for some multiplier in A
(where Ao can be zero), we fix a multiplier in £ (where Ay = 1) and construct a
cone of critical directions 7s, where the above functional is nonnegative in every
such direction (Theorem 5.3). Of course, the set £ can be empty while A is
not. Regularity relative to S does remedy this situation (see Theorem 5.5). The
stronger hypothesis of regularity relative to S; simplifies considerably verifying
whether an element belongs to 7s, or not, while normality relative to S; implies
regularity relative to Si, a task much easier to verify in practice than the latter.
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