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We use the sub-supersolution method and the Mountain Pass Theorem in order to show existence
and multiplicity of solution for an anisotropic problem given by
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oo (al 5
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u>0inQ, u =0 on 0.

) } = a(x)u + h(z,u) in Q,

We also prove the uniqueness of the solution for the linear anisotropic problem, a Comparison
Principle for the anisotropic operator and a regularity result.
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1. Introduction

In this paper we are concerned with existence of solution to the class of nonlinear
boundary value anisotropic problems given by

i=1 Oz;

w>0inQ, we W (Q),

where ?:@17 "'7pN)7 pi > 17 Zf\il pll > 17 Y41 S b2 S SPN and p* = N
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N
N 1°

Zi:l Di

It is well known that W, ’?(Q), which is the completion of the space D(2) with
respect to the norm

In this paper p denotes the harmonic mean p =

N

lull =

=1

ou

is a reflexive Banach space and is continuously embedded in LP"(Q2). Here ||.||,, is
the usual norm in LPi ().

Since € is a bounded domain of RY, from [16, Theorem 1], the continuity of the

embedding W, ?(Q) — L*(Q), for all s € [1,p*] relies on a well-known Poincaré-
type inequality. More precisely, denoting by ey, ..., e, the canonical basis of R¥,

assume that 2 has width b > 0 in the direction of e;, namely sup (x — y,e;) = b.
z,y€ef

Thus, for every ¢ > 1, we have for all u € D(Q)

bq‘ ou

8%2'

Jally < 3 2)

q

By a solution for (1) we understand as a function 0 < u € W, ?(Q) satisfying

>

for all p € W, 7(9) The function a satisfies
(a1) a € L™(Q) with a(z) >0 a.ein €.

ou
81’2'

" 0u Op dm—/a(m)u d:zc—l—/h(x u)p dx (3)
0931- 8377, - o ¥ 0 ) ¥ )

In this paper h is a continuous function on 2 x [0, 00) satisfying

(h1) There is § > 0 such that
h(z,t) > (1 —t)a(zx), for every 0 <t < ¢ a.ein (.
(h2) There are 1 < r < p* such that
h(z,t) < a(z)(t"' +1), for every 0 < ¢ and a.e in (.
The main results of this paper are the following:

Theorem 1.1. Assume that conditions (a1), (hy) and (hy) hold. Then, problem
(1) has a positive weak solution if ||al| is small.

In order to establish the existence of two solutions for problem (1), we also assume:

(hs) There are ty > 0 and 6 > py such that

t
0<0H(z,t)= 0/ h(z,s)ds < th(z,t), for every to <t in 2 and a.e in §.
0
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Theorem 1.2. Assume that conditions (ay), (h1) — (hs) hold. Then, problem (1)
has two positive weak solutions if ||a||s is small.

We would like to highlight that our theorems can be applied to the following
nonlinear model.

Fixed sy > 0, the function

a(x)(1—1t) if t €0, sol,
h(z,t) = .
a(a:)((l —So) + (t —s0)" 1) if t € (sg,00).
satisfies (hy) and (hg) for § € (0, so] and r > 1. It also satisfies (hq), (h2) and (h3)
for tg > 0 large and r € (pn,p*). Note that, for sy > 1, we have h(x,t) < 0 em
(]_, 80).

In the last years the main interest in this class of problems has been due to the
fact that they arise from applications in biology and the operator has different
orders of derivations in different directions. For instance, as can be seen in [26], it
modelizes directionally dependent phenomena and appear in biology, see [7] and
[8], as a model describing the spread of an epidemic disease in heterogeneous en-
vironments. They also emerge, see [4] and [6], from the mathematical description
of the dynamics of fluids with different conductivities in different directions.

In [5], [14], [17], [19], [22], [25] the anisotropic case with variable exponent was
studied.

The case in R? with exponential nonlinearity and concentration results was studied
in [29]. In [1] it was studied a priori estimates for solutions to anisotropic elliptic
problems via symmetrization and a comparison result. Using an approximation
approach, the authors of [18] proved the existence and regularity of the solutions
to an anisotropic problem involving a singular nonlinearity.

For other interesting articles involving anisotropic operator, we refer to [2], [10],
[11], [12], [13], [15], [16], [28] and [27]. In particular, in [2], at least to our know-
ledge, it was used in the first time( see Chapter 5 in that paper) the method of
sub-supersolution for an anisitropic problem.

The present work is strongly influenced by [1] and [2]. Below we list what we
believe that are the main contributions of our paper.

(i) In [2] the subsolution and the supersolution are constants. Here, motived
by [20], the subsolution and the supersolution are not necessarily constant
functions.

(ii) Unlike [1], in the present paper we show existence and unicity of solution
for the anisotropic linear problem, a comparison principle of solutions and a
regularity result without making use of arguments involving symmetrization.

This paper is organized as follows. In Section 2 we prove the unicity of solutions for
the linear anisotropic problem, a Comparison Principle and a regularity result for
solutions to this class of problems. In Section 3 we prove Theorem 1.1. Theorem
1.2 is proved in Section 4.
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2. Technical results

We start by proving a result of unicity of solution to the linear problem and a
Comparison Principle of the anisotropic operator.

Lemma 2.1. There is a unique solution u € W&’?(Q) for the problem
N ‘
0 (| 0w |Pi=2 0w .

w = 0 on Of).

(4)

Proof: Consider the operator T : Wol’?(Q) — (Wol’?(ﬂ))’ such that < T'u, ¢ >

is given by
Nl ou P ou 06
T = )
Since the inequality
|ou _ov|"_ /| Ou P 0u | ov "M ov du Ov )

is true for some C; > 0 and for all 2 = 1, ..., N, we have that
<Tu —Tv,u — v>> 0 for all u,v e Wol’ﬁ(Q) with u # v.

Moreover, if ||u|| — 400, then, without loss of generality, we can assume that

/(9u
ol 0

Z;

pi
dr > 1, for some : =1,2,..., N.

Hence, since 1 < p; < p;, forall t =1,2,..., N, we have

N . N . jan N

ou | ou | Pi 1 ou P

> >
> flan] 2Ll )" me (S,
=1 =1 — LP:
C <Tu,u>
which implies =
lull o0 [|ul]

Thus, by Minty-Browder’s Theorem [9, Teorema 5.16], there exists a unique func-
tion u € Wol’ﬁ(Q) that satisfies Tu = a(x). O

Lemma 2.2. If Q is a bounded domain and if u,v € Wol’?(Q) satisfy

N . N .
(e E) =l ) e e

5 Ox;
=1
u<wvon 0f,

then u < wv a.e in ).
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Proof: Taking 0 < ¢ = maz{u —v,0} € W&’?(Q) as a test function, we obtain

ou|P? ou P 2ou du v
_—, — — dr < 0.

N
/Qﬂ[u>v] zzl<

From inequality (5), we conclude that ||(u —v)*|| <0, which implies u < v a.e in
Q. O]

Before proving the L*°-regularity we enunciate an iteration lemma by Stampacchia
that we will use.

Lemma 2.3. (See [23]) Assume that ¢: [0,00) — [0,00) is a nonincreasing func-
tion such that if h > k > ko, for some a > 0,8 > 1, ¢(h) < C(¢(k))?/(h — k)°.
Then ¢(ko + d) =0, where d* = CQBLflqzﬁ(ko)ﬁ*l and C is a positive constant.

Lemma 2.4. Letv € WOI’?(Q) be a solution to problem

_[iai()g; Y] =rima

i=1 Oz;

v=0 on 01,

where f € L"(Q) with r > p*/(p* —p1). Then v € L>®(Q). In particular, if || f||, is
small, then also ||v||so is small.

Proof: Consider v, = sign(u)(ju| — k), then v, € W&’?(Q) and g—; = gix’: in
A(k) ={z € Q : |u(x)| > k}. Let |A(k)| be the Lebesgue measure of A(k). Using

vk as test function and Holder inequality, we have

- P o 1
;/A(k) dx /vakdw < (/Q‘UH dx) </Q]f] dx) |A(k)| .
N

1 Di
Let 0<S= inf { —

ueDLT (BN),|lullx =1 (= Pi

(%k
8:1:'2-

ou
8x,~

}, see [13].

pi

Once that p; > p; > 1, we have

r X ou
S /up*dx> < /
( Q| 121 ol 0z;

pP1—
This implies S ( / v,
A(k)

pi
dx, for all u € WOI’?(Q).

d) "< (/ !fr’”dx>rrA<k>|1-<pﬂ+i>.
Q

Note that if 0 < k < h, A(h) C A(k) and
p*dx) ’ ,

1

awpn-n-( [ G- )< o
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| A ()| - ()
then 4001 < e 1P 1409) |
Since r = plp—il [1- (pL + 1)]> 1. Therefore, if we define
o(h) = Ao =", B = L [1 = (= + )]k =0,
p—1 Pt

we have that ¢ is a nonincreasing function and

p(h) < ﬁqﬁ(lﬁ)ﬁ, for all h > k > 0.

1
By Lemma 2.3, we have ¢(d) = 0 for d = C|| f||7* ' Q| /S7 T, then

ClfIF 01"
< —

[ufloe <

]

PioT
Lemma 2.5. Assume that (a1), (h1) and (hs) hold. If ||a|| is small, then there
exist v,V € Wolj(Q) () L>=(2) such that
(i) ||lleo < 0, where 6 is the constant that appeared in the hypothesis (hy).
(ii)) 0<w(z) <ov(x) a.ein .
(iii) v is a subsolution and v is a supersolution of (1).

Proof: Let v € W, 7(9) be the unique solution of problem (4). By Lemma 2.4,
v € L*(Q) and there exits C* > 0 such that ||v]|e < C*||a]l. Now we fix ||a]/o
such that [|v|ls < 0.

In order to prove (i), we consider T € W, 7(9) () L>=(2), the unique solution of

problem
N -
B [; aii (‘ 86;

7 =0 on 0f).

pi—2 Oy

axi

) } =14 a(x) in Q, )

Note that, for all 0 < p € W&’?(Q), we have

N —Pi—2 A
v |"77 0v Oy
= >
;/ﬂ Ox; Ox; 01, d /[a( )+ 1p dox > /QCL($)(,0 dx
Z/ > v dp .
B axl aflfz 81:1

Then, from Lemma 2.2 we conclude that v(z) < 7(z) a.e in €, which proves the
condition (ii).

First we use the maximum principle of [12, Corollary 4.4] and conclude that v > 0.
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Now using the definition of v and (h;), we obtain, for each ¢ > 0,

2 v 8g0

S/Qa(x)cpd:v—/ga(w)ggodx—/Qa(x)cpdij/Qa(x)yp dz = 0.

Since T is the solution of problem (6) and (hy), we have for ||a||~ sufficiently small
> ov Oy

Z/ 9z Ot dac—/ga(a:)modx—/ﬂh(x,ﬁ)godac
> <1 = llallellollce = llalloo = Hal\ooHUHZZI) Jo ¢ dz>0.

ox;

Then ¥ is a supersolution of (1). O

3. Proof of Theorem 1.1

Consider the function

a(x)v(x) + h(z,v(x)), t>7(x)
o(,) = { a(e)t + hia ), o) < t <(a) @
a(x)v(z) + h(z, v(z)), t<u(z),

and the auxiliary problem
i—2
)] = wwme,

Y0 0
_[; 3:)31-()6; ox;

u>0inQ, we Wol’?(ﬂ).

We define the functional ®: W, 7(9) — R by

ST

where G(z,t) = [ g(x, s)ds. We have ® € Cl(Wlﬁ( Q),R) with

o3 [

dx — /G(x,v)dx, 9)

Q

(?scz

> v Op
97, O dx —/ (z,v)pdx,
Q

ox;

for all v, € WhP (Q).
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From (hs) and the definition of g, we have that
lg(z,t)] < K for some K >0, a.ein . (10)

From (10), we have that ® is coercive. Then, we can obtain that (v,) is a bounded
sequence in W, ?(Q) such that

®(v,) — ¢ =inf @,
where Mz{véW&’?(Q):ggvgﬁa. e. in Q}.

Hence, up to subsequence, we have

U, — v in WOI’?(Q),
v, = vin L¥(Q), 1 < s < p*, (11)

v () = v(z) a.e in Q.

Now, note that M is closed and convex in W, ?(Q) By [24, Therem 1.2], the
restriction <I>| v attains its infimum at a point v in M. Using the same argument
as in the proof of [24, Therem 2.4], we see that v weakly solves (8). Since g(z,t) =
a(x)t + h(z,t) for t € [v,7], then v is a positive weak solution of (1). O

4. Proof of Theorem 1.2

Consider h and v € WOI’F(Q)HLOO(Q) the subsolution of Problem (1). The
next result shows that the functional ® satisfies the geometric hypotheses of the
Mountain Pass Theorem [3]. Consider the function

a(z)t + h(z,t), t

v(x)

- (12)
a(2) o(a) + hix, v(e)), ¢ < o)

g(fE,t) =

and define the functional ®: W, ?(Q) — R by

-3 [

0

U
al’i

: dr — /@(x,u)dm, (13)

Q

where G(z,t) = fot g(x, s)ds. Note that by (hs) and (12), we have

~

G(x,t) < C|t| + a(z)[t|", for all t >0, (14)
for some constant C > 0.

Lemma 4.1. The functional o satisfies the (PS)-condition for every c € R.
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Proof: Let (v,) C W&’?(Q) be a sequence such that
d(v,) = ¢ and D'(v,) — 0. (15)

Using (hs) and (14), we get that (v,) is a bounded sequence in WOI’?(Q) and
hence, up to subsequence, we have
vy — v in Wy’ ?( Q),
v, = vin L¥(Q), 1 < s < p*, (16)
vn(z) = v(z) a.e in Q.

Using (15), (16), (5), the Lebesgue dominated convergence theorem and standard
arguments, up to subsequence, we obtain

ov, Ov
< (1),
Z/ ox; &El < on(1)
which implies v, — v in W 7(Q) O

Lemma 4.2.  Assume that (a1), (hy) — (hs) hold. Then for |al|p~ small, ®
satisfies:

(i)  There are R > ||jv|| and B > 0, such that

d < inf ®
(v) <0< B < ot (u).

(ii)  There are e € W&’?(Q) \ Byr(0) such that ®(e) < f3.

Proof: Since v is a subsolution of (1), @(m,y) = (a(z)v + h(z,v))v and p; > 1,
fort=1,2,...N, we have

<Z/

Now, let ||u|| = R > 1, without loss of generality, we can assume that

8% dq} - /Q(a(x)ﬂ—i- h(z,v))v dz < 0.

ou |?

e

Hence, using this inequality and (14) with the Sobolev Embedding Theorem, we
find positive constants, ¢y, cs, c3 > 0 such that

de>1, forallt=1,2,...,N.

X

B(u) > erlul”Y = callull — eslal e, for all ful| =

We fix R such that ¢; RPY — coR > ¢; RPN /2 and R > ||v]|. Choose |a|p~ small
such that ¢; RPN /2 > c3la|p=R", we have (ii) for 5 = ¢y RPY /2 — csla| = R".
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Now, using (hs), we get
H(x,t) > H(x,to)t,t* — C, for all t > 0.

Then, we obtain for each t > 1

d(tv) tPNZ/p

for some constant C' > 0. Since H (z,%)to > 0 and 6 > py we obtain (i7). O

dx —t? /H(x to)tg %0’ dx + C,

Q

8%

Remark 4.3. Note that v and e satisfy the geometric hypotheses of the Mountain
Pass Theorem [3]

le—v|| >R >0 and max{&;(v }<1nf{<I> :flu— || < R}

Proof of the Theorem 1.2: Let v,v be the subsolution and the supersolution
of (1) given in Lemma (2.5) and v; the solution of (1) obtain in Theorem 1.1.

Using Lemma 4.2, we conclude, with the Mountain Pass Theorem (see [3]), that

¢ = inf max ®(v(t)) where I = {v € C([0,1], Wol’?}(Q)): 7(0) = v, y(1) = e},

~vel' t€]0,1]

is a critical value of ®.
By (7) and (12), g(x,t) = g(z,t) for ¢ € [0,7], thus ®(v) = ®(v) for u € [0,7],
where ® and ® are given in (9) and (13), respectively. Then,

O(v;) = inf P

(11) = inf B(u)

where M = [v,7]| was given in proof of Theorem 1.

Therefore, the problem (1) has two weak solutions vy, vy € W, ’?(Q), such that
B(v) < B(v) <0< B <T=B(vy).

Recall that v; € [v,7], thus v; > 0. Now, we will show that vy > 0.

Taking (v—wv9)™, as test function and defining {vy < v} := {x € Q : vo(z) < v(2)},
we have

Since v is a subsolution of (1), using (17) we obtain

Z/ " axlail(v—vg da:—Z/

From inequality (5), we conclude that ||(v — v2)*|| < 0, this implies
0 <w(x) <wvy(z) a.ein . O

Pim2 Ouy O

8?]2 n
oz, Oz, (v—19)" do = /{W@} a(x)v + h(z,v)(v —ve)dz. (17)

017

P2y O
0x; 0x;

ov
ox;

8’02
aiCi

(v —w9)T dx <0.
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