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1. Preliminaries

In this expository section we collect some basic notation, definitions and facts.

As usual, R™ denotes the n-dimensional Euclidean space with inner product

)"

(x,y) = inyi for x = (ml,...,xn)T andy = (y1,. -, Yn
i=1

n 1/2
and norm |Ix|| = (Z xf) for x = (zy1,...,2,)".
i=1

Hereafter the symbol (-)7 stands for the transpose of a matrix.

The space R™ is equipped with the entrywise order < given by
y<x iff y;<ax; foreachi=1,...,n,
where x = (xq,...,2,)T andy = (y1,...,9.)T.

A function ®: C' — R defined on a convex set C' C R" is said to be convezr on C, if
for any points x; € C' and scalarst; > 0,7 =1,...,k, with Zle t; = 1, the following

Jensen’s inequality holds:
k
¢ (Z tixi> <Y H0(xy). (1)

i=1 i=1
It is well known that if ®: C — R is a differentiable convex function then the
gradient inequality holds, as follows:

<V®(Y)7X - Y> < @(x) - (I)(Y) for X,y € Ca (2)
where the symbol V stands for the gradient, and (-, -) is the inner product on R™.
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Given two n-tuples x = (z1,...,2,)T € R"andy = (y1,...,y.)? € R", we say that
y is majorized by x, and write y < x, if

! !

Zym < me forl=1,...,n, and zn:yz = Zn:%,
i=1 i=1 i=1

=1

where xpj; > -+ > xp,) and yp > -+ > yp) are the entries of x and y, respectively,
stated in decreasing order [9, p. 8].

From now on the symbol conv means ”"the convex hull of”, and P, denotes the group
of n X n permutation matrices.

It is known that y < x if and only if y € convP,x (3)

for x,y € R” (see [13], [9, p. 10]).

An n xm real matrix S = (s;;) is said to be column stochastic (resp. row stochastic)

provided that s;; > 0fori=1,...,n, j=1,...,m, and all column sums (resp. row
sums) of S are equal to 1, i.e., > s =1 for j=1,...,m (resp. Y 7" s;; = 1 for
i=1,...,n).

Observe that S is a column stochastic matrix iff ST is a row stochastic matrix.

If an n x n real matrix S is both column stochastic and row stochastic then S is
called doubly stochastic |9, pp. 29-30].

The set of all n x n doubly stochastic matrices is denoted by €2,,.
By Birkhoft’s Theorem, Q, =convP, (4)
(see [9, Theorem A.2.]). In consequence, for x,y € R", (3) can be rewritten as

y < x if and only if y = Sx (5)

for some doubly stochastic n x n matrix S depending on x and y [9, p. 33].

Following [9, pp. 79-154] we say that a function ®: J" — R with an interval J C R
is Schur-convex (resp. Schur-concave) on J" if for x,y € J",

y < x implies ®(y) < (resp. >) O(x).

The following celebrated Majorization Theorem provides some important examples
of Schur-convex functions.

Theorem A. (Hardy-Littlewood-Pélya [5] and Karamata [8])
Let f: J — R be a real convex function defined on an interval J C R.
Then, for x = (21,29, ..., 2,)T € J" andy = (y1,%2, ..., yn)* € J",

y < x implies Zf(yl) < Zf(xz) (6)
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An essential extension of Theorem A is the following result.

Theorem B. (Sherman [14].) Let f be a real conver function defined on an
interval J C R. Assume a = (ay,...,a,)" € R?, b = (by,...,b,)" € R},
x=(21,...,xp) T €J™and y = (y1,...,yn)? € J".

If y =Sx and a=S"b (7)

for some n x m row stochastic matriz S = (s;5), then

D_bif ) < aif(x). (8)

The interested reader is referred to [1, 2, 3, 4, 6, 7, 10, 11, 12] for interpretations,
generalizations and applications of Sherman’s inequality (8). Statement (7) is called
Sherman’s condition.

Note that the Sherman inequality (8) says that

®1(f(y),b) < ®2(f(x),a), (9)

where ®4(-,-) = (-,-); is the standard inner product on R™ and ®y(-,-) = (-, )2
is the standard inner product on R™, and f(z) = (f(z1),..., f(z))? for a vector
z=(21,...,2)" € J¥ and any k € N.

In what follows we develop this idea for another pair of (nonlinear) maps ®; and ®,
induced by both the sides of the gradient inequality (2) for a differentiable convex
function .

See [12] for a general discussion of nonlinear Sherman type inequalities in the case
Cbl = @2.

2. An extension of the gradient inequality
Throughout the symbols J and Jy represent any intervals in R.

A function F' defined on J" is said to be P,,-invariant (also called, symmetric), if
F(px) = F(x) forp € P, and x € J". (10)
A function F': J" — R" is said to be P,-equivariant if
F(px) =pF(x) forpeP, and x € J" (11)

Example 2.1. If f: J — R is a one-variable real function, then its action can
expand from J to J" by

F((z1,...,20)") = (f(z1),..., f(za)" foray,...,z, € J. (12)

It is not hard to check that F'is P,-equivariant.
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Example 2.2. Let F': J* — R be a differentiable Schur-convex function. Then F'
is necessary IP,,-invariant. In consequence, the gradient function VF(-): J" — R" is
P,,-equivariant.

Hereafter < stands for the componentwise order on R! with any [ € N.
We say that a function F: J* — R is convex on J" if

k k
F (Z tixi> <Y HF (x) (13)

forany ke N, x; € J", ¢, >0,i=1,...,k, Zletizl.

In the forthcoming theorem we present a majorization generalization of the gradient
inequality (2) for a symmetric convex function ®. Thus we obtain an inequality of
the form (9) with the nonlinear maps ®; and ®, defined by (17)—(18).

Theorem 2.3. Let &: J* — R be a differentiable P,-invariant convezr function,
and F: J§ — J" be a P,-equivariant conver function. Let x,y € J} and a,b € J"
with V®(b) > 0.

If y=Sx and a=S"b (14)
for some n x n doubly stochastic matriz S, then

(Ve(b), F(y) —b) < ®(F(x)) — @(a). (15)

Remark 2.4. Inequality (2) gives the standard inequality:
(Ve(b), F(y) — b) < ®(F(y)) — (b). (16)

Inequality (15) has a potential to be a refinement of (16) in some situations. Namely,
in Theorem 2.3, if in addition the composite function ® o F' is Schur-concave and
b=e=(1,...,1)7 € R, then (14) implies y < x and e = STe = STb = a, so
O(F(x)) < ®(F(y)) and ®(b) = ®(e) = ®(a).

Proof of Theorem 2.3. We define
Oy (v,w) = (V®(w),v—w) forv,weJ (17)
Oy(v,w) = O(v) — &(w) for v,w € J" (18)
(i) The maps ®; and ®, possess the following property
1 (pv,w) < ®y(v,p'w) forv,w € J" and p € P,,. (19)

To see this, we use the P,-invariance of ®, and we get V®(p'w) = p?’V®(w) in
consequence. Therefore we obtain

Py (pv,w) = (VO(w),pv—w) = (VO(w),p(v—p 'w)) = (p" V&(w),v—p'w)
= (Vo(p'w),v —p'w) < &(v) — &(p"w) = Oy(v,p’w).

The last inequality is satisfied by (2). Thus (19) holds, as required.
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(ii) For each w € J" the one-variable map ®;(-,w) is convex on J", that is, for
Vi,..., Vi € Jn, tl,...,tk Z 0, Zleti = 1,

D, (i tivi,w> < Zt@l(vi,w). (20)

In fact, we have

®, (Z tivi, w) = (VP (w), Ztivi —w) = (V®(w),) t;(vi—w))

i=1
k k

= Zt,(V@ (W) ,V; — W> = Zticbl(vi,w
i=1 1=1

This implies (20), as claimed.

(iii) For each v € J" the one-variable map ®5(v,-) is concave on J", that is, for
Wi,...,Wg € Jn7 tl,...,tk Z 0, Z?:lti = 1,

=1

Zt Oy (v, w;) < Dy ( ZE“@) ) (21)

Indeed, since the function ® is convex, we obtain

Therefore (21) holds. Furthermore, by Birkhoff’s Theorem (see (4)), we have S =
Zle t;p; for some p; € P, and t; > 0 with Zle t;, = 1.

By combining (20), (19), (21), with any v € J" and v; = p;v for i = 1,...k, we
find that

k k k
D, (Z tz‘Pz‘V7b) < th@1(Pz‘Vab) < Ztiq)Q(V,Pin)
i1 i1 i=1

k
P, <v, Ztmfb) = ®, (v,8"b) = &y (v,a). (22)
=1

The last equality is valid by (14). By putting v = F(x) into (22), we get

@, (Z tipiF(X)ab) < @y (F(x),a). (23)
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Because of the convexity (w.r.t. <) and P,-equivariance of F' on JJ, we can write

F (Z tipix> < Z tiF(pix) = Z tipi F(x). (24)

k k
Therefore, F <Z tipix> —b < Z tip:F'(x) — b, (25)
i=1 i=1

and further, as V®(b) > 0, we have

(Ve(b), F (Z tipix> —b) < (Ve(b), Z tipiF'(x) —b). (26)

k k
i=1 i=1

In light of (14), (27) and (23) we obtain
@, (F(y),b) = &1 (F(Sx),b) = &, (F (Z tiPiX) ,b>
<P (Z tipiF(x), b> < @y (F(x),a). (28)

Because @ (F' (y),b) = (V®(b), F(y)—b) and ®5(F(x),a) = ®(F(x))—P(a) (see
(17)—(18)), the statement (28) leads to

(Ve(b), F(y) —b) < ®(F(x)) — @(a),

completing the proof of (15). O

Remark 2.5. In Theorem 2.3, if F' =id (the identity map) with Jy = J, then the
assumption V®(b) > 0 can be deleted, because in this case the needed inequalities
(26) and (27) become equalities and hold trivially.

Remark 2.6. In Theorem 2.3, if S = [,,(the n x n identity matrix) then a = b and
y = X (see (14)). In consequence, if in addition /' = id then inequality (15) reduces
to the usual gradient inequality (2) for a differentiable convex function ®:

(Vo(a),x —a) < ¢(x) — (a). (29)
Therefore inequality (15) is an extension of the standard inequality (29).

Corollary 2.7. Let F: J* — R be a Schur-convex function. If the function
VE(): Jy — J" is convex, then, under the remaining assumptions of Theorem
2.3 on ®, x, y, a, b, the following inequality holds true:

(Ve(b), VF(y) —b) < ®(VF(x)) — ©(a). (30)
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Proof. Apply Theorem 2.3 and Example 2.2. O
We use the notation e = (1,...,1)T € R".

Corollary 2.8. Let®: J" — R be a differentiable P, -invariant convex function with
LeJ, and F: J} — J" be a P,-equivariant convex function such that V®(e) > 0.
Let x,y € J.

If y <X, (31)
then (Vd(e), Fy) —e) < ®(F(x)) — D(e). (32)

Proof. Assumption (31) ensures that there exists an n x n doubly stochastic matrix
S such that y = Sx. Simultaneously, e = STe, as ST is doubly stochastic, too.

It is now sufficient to make use of Theorem 2.3 for a=b = e. L]

Example 2.9. Let ®: J* — R be a differentiable P,,-invariant convex function with
leJ,and F: J — J" be a P,-equivariant convex function such that V®(e) > 0.

(i) Let x = (z1,...,z,) € Jand y =x = (7,...,2)", wherez =1 3" ;.

It is well known that X < x. For this reason, Corollary 2.8 guarantees that
(Vo(e), F(x) —e) < ®(F(x)) — P(e).

(ii) Assume Jy =R7.
Lety = (y1,...,un) €RT and x =y, = (y1 + ... + ¥»,0,...,0)T € R".
Since y < ys, Corollary 2.8 gives

(VO(e), Fy) —e) < ®(F(ys)) — ©(e).

Theorem 2.10. Let ¢: J — R be a differentiable convex function, and f: Jy — J
be a convexr function. Let x = (x1,...,2,)7 € J3, y = (y1,...,yn)" € JI and
a=(ay,...,a,)7 € J", b= (by,...,0,)T € J" with ¢'(b;) >0 fori=1,... n.

If y =Sx and a=S"b (33)

for some n x n doubly stochastic matrix S, then

Z @' (0s)(f(ys) — b;) < Z(SO(f(l"z)) —¢(a;)). (34)

Proof. We introduce functions ®: J* — R and F': J' — J" of n-variables in the
following manner:

d(c) = ng(c,-) forc = (c1,...,c,)T € Jv | (35)
and F(z) = (f(z1),..., f(za))' forz=(z1,...,2,)" € J2. (36)

Then ®: J* — R is a differentiable P,,-invariant convex function with

Vo(c) = (¢ (c1),..., ¢ ()t forc=(cy,...,cn)T € J".
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Additionally, F': J' — J" is a P,-equivariant function convex with respect to the
componentwise order < on R".

So, we are allowed to use Theorem 2.3. Therefore we deduce that
Z @' (0i)(f(yi) — bi) = (VO(b), F(y) — b) < &(F(x)) — ®(a)
= > (@) — ().

which proves (34). O

We now discuss conditions under which inequality (34) is a refinement of the stan-
dard gradient inequality.

Theorem 2.11. Let ¢: J — R be a differentiable convex function on J = («, ),
such that ¢ is decreasing on J; = (a,7) and ¢ is nondecreasing on Jo = [, ).
Assume 1 € J with ¢'(1) > 0.

Let 4 be the restriction to Jy of ¢, and ¢¥=': ¢(J)) — Jy the inverse function of 1.

Let g: Jo — ¥(J1) be a concave function such that the composite function f =
v log: Jy— Jy is well-defined.

Letx = (z1,...,2,)T € J8, y = (Y1, -, yn)? € J§ be such that
y < X. (37)
Then

Y AMfy) -1 < Z(W(f(ffi)) —¢(1) < Z(sﬁ(f(yi)) — (1)) (38)

i=1
Proof. The function f: Jy — J; C J is convex on Jy. In fact, g is concave and
1~ is nonincreasing and convex.

Therefore the left-hand side inequality of (38) follows easily from (34).

We shall focus on the proof of the right-hand side inequality of (38).

It is not hard to check that po f=1o f=1oyptog=g.

So, the composition p o f: Jy — R is concave on Jy, because ¢ is so.

We introduce functions ®: J” — R and F': J}' — J" of n-variables as in (35)—(36).
In consequence, for z = (21,...,2,)T € J,

n n

O(F(z) = D((f(21),- -, flz)T) = D el f(z) =D g(z).

i=1 i=1

Since ¢ is concave on Jy, by virtue of Theorem A we infer that the function ® o F’
is Schur-concave on J'. For this reason, on account of (37), we get

O(F(x)) < ©(F(y))- (39)
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Again, by (37), we obtain y = Sx for some n x n doubly stochastic matrix S.

We now define b = e and a = S”b, where e = (1,...,1)T € R*. So, we get
a = S’e = e. Thus we have ®(a) = ®(b).

Finally, we conclude from (39) that

O(F(x)) — @(e) < O(F(y)) — ().

This is equivalent to the right-hand side inequality of (38), which was to be proved.
O

Example 2.12. We consider the function ¢(t) = tlogt for t € J = (0,00). It is
differentiable with ¢'(¢) = logt + 1 for t € J. Hence, ¢’ is a nondecreasing function
on J, so ¢ is convex on .J.

In particular, ¢/(t) < 0 for t € J; = (0,e71), and ¢'(t) > 0 for t € Jp = [e7}, 00).
So, ¢ is decreasing on Ji, and ¢ is nondecreasing on Js.

Let 1 be the restriction to J; of o, and ¥~: ¥ (J;) — J; be the inverse function
of 1. Since 1 is decreasing on J; and because we have lim; o+ ¥(t) = 0, we get

Y(1) = (=€, 0).
Let g: Jo — ¥(J1) = (—e™1,0) be a concave function. Then the composite function
f=v"log:Jy— J = (0,et) is well-defined.

Fix arbitrarily x = (xq,...,2,)" € J@ and y = (y1,...,yn)" € J§ such that
y <X (40)

Set a; =b; =1 fori=1,...,n. Hence ¢(b;) = p(1) =0 and ¢'(b;) = ¢'(1) = 1.
In this situation (38) takes the form

n

Z(f(yi) —-1) < Z f(z;)log f(z;) < Z f(yi) log f(y:)- (41)

=1

The outer inequality of (41) comes from the standard gradient inequality for &
induced by ¢(t) = tlogt, t > 0, at the points F(y) and e, where ® and F are
defined as in (35)—(36).
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